
Homework 6, due Thursday, March 29

Please turn in well-written solutions for the following:

(1) Use an ε-based argument to show that f(x) =
1

x2
is integrable on [1, 2].

(In other words, you may not simply cite the fact that f is monotone or
continuous to conclude integrability.)

(2) Suppose that f : [a, b] → R is continuous and f(x) ≥ 0 for all x ∈ [a, b].

Prove that if

∫ b

a

f(x) dx = 0, then f(x) = 0 for all x ∈ [a, b].

(3) (a) Suppose that f : [a, b] → R is bounded on all of [a, b] and is contin-
uous everywhere except at a single point, x0 ∈ [a, b]. Prove that f is
integrable on [a, b].

(b) Now suppose that f : [a, b]→ R is bounded on [a, b] and is continuous
at all but a finite amount of points, {x1, x2, x3, . . . , xn} ⊂ [a, b]. Prove
that f is integrable on [a, b].

(4) Suppose that f : [a, b]→ R and g : [a, b]→ R are both bounded, integrable
functions. Prove that the product h = fg is integrable on [a, b].

(5) For each k ∈ Z+, define xk =
k

k + 1
. Then for each k, 0 < xk < 1, and

moreover, we have that

0 < x1 < x2 < x3 < · · · < xk < xk+1 < · · · < 1,

and sup{xk | k ∈ Z+} = 1. Define a function f : [0, 1]→ R by

f(x) =

{
1 if x ∈ [0, x1) ∪ [x2, x3) ∪ [x4, x5) ∪ · · ·
0 if x = 1 or x ∈ [x1, x2) ∪ [x3, x4) ∪ · · ·

Prove that f is integrable on [0, 1].
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