p-Values for Postmortem Intervals from
Arthropod Succession Data
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Two approaches, one based on the likelihood-ratio statistic and the other based on
unconditioning Fisher’s exact test, are examined for obtaining a p-value in the comparison
of the combination of arthropod species present on a mystery carcass to the observed
frequency distribution of species combinations on carcasses exposed to the elements for a
known time interval.
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1. INTRODUCTION

The time since death, or postmortem interval (PMI), often is of crucial importance in
investigations of untimely deaths. Physical and biological changes that depend on time since
death can provide useful clues. During the first day or two, the physical and histochemical
consequences of death are usually the most reliable PMI indicators (Hennsge, Madea,
Knight, Nokes, and Krompecher 1991), but they are less useful after that, when more
accurate results may be obtained from ecological information concerning organisms on or
in the vicinity of the body.

Two time-dependent processes make insects useful in estimating PMIL. One is the
growth of species whose larvae eat carrion, such as flies in the families Calliphoridae,
Sarcophagidae, and Muscidae, and beetles in the families Silphidae and Dermestidae (Smith
1986). Sizes of larvae gathered from the carcass can be compared to experimental data on
growth patterns in order to estimate the age of the larvae and hence to estimate a lower bound
on PMI (adult females generally do not deposit eggs on a live body). Long used to estimate
PMI (Catts and Goff 1992), only recently have statistical procedures been developed to
assess the accuracy of estimates based on sizes of larvae (Wells and LaMotte 1995).
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The second time-dependent process is called succession. During the progressive decay
of a carcass exposed to the elements, there is a fairly regular pattern of arthropod taxa present
at a given time and the list of taxa changes over time. Presented with a carcass exposed for
an unknown time, knowledge of this pattern of succession can be used to get some idea of
the PMI (Schoenly and Reid 1987; Schoenly 1992). In contrast to larval growth, succession
models can be used to estimate both the least and the greatest possible PMI.

In the remainder of this paper, we develop and investigate statistical procedures for
obtaining p-values for PMI estimates based on succession data. This requires a probability
model, developed in the next section, that incorporates variation inherent both in the exper-
imental data that provide the basis for the estimate and in the pattern of species observed
to be present on the mystery carcass. The third and fourth sections formulate extreme sets
for two test statistics, and the fifth section shows some numerical comparisons.

Clearly, this setting is biologically complex, with many environmental factors that can
affect succession patterns (Smith 1986). Accurate PMI estimation requires both careful
reconstruction of crime scene conditions and the availability of matching reference data.
Pigs have recently become the most common model for human decay used by forensic
entomologists in North America. Reference data may come from experiments under con-
ditions likely to be useful in the future (e.g., Anderson and VanLaerhoven 1996) or from
experiments that try to duplicate conditions at a crime scene after the fact (e.g., Goff 1992).

In practice, it is not unusual to find several dozen species present on a carcass. To obtain
reference data with sufficient sample sizes to provide useful detail on succession patterns
of so many species over a range of potential crime scene conditions would endanger the
world’s pig population. Clearly, further work must be done to identify a practicable number
of categories of species combinations that can be used for this purpose.

The succession process is complex. At the end, though, it requires a comparison be-
tween one observed combination of species and a frequency distribution of species com-
binations observed under controlled experimental conditions. Our objective is to provide
basic statistical tools that can be used in this comparison. ‘

2. A PROBABILITY MODEL FOR SUCCESSION DATA

In an experiment to obtain reference data, n carcasses are exposed and a list of species
present on each carcass is compiled on each of several successive days. For example,
consider hypothetical field data resulting from exposing n = 10 carcasses and observing
the presence or absence of two species for 7 days. Call the species A and B. There are four
possible species combinations: A and not B (denote this by AB’), A and B (AB), B and not
A (A’B), and not A and not B (A’B’). Table 1 shows the occurrence data that might result.

According to Table 1, combination AB’ was observed on all 10 carcasses on day 1; on
day 2, AB’ occurred on 1 carcass, AB on 6 carcasses, and A’B’ occurred on 3 of the 10
carcasses.

Suppose a mystery carcass is found and it has combination AB’, i.e., species A was
found on it but species B was not. Clearly, the PMI for which this cutcome is most likely
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Table 1. Possible Occurrence Data

Day
Species 1 2 3 4 5 6 7
AB’/ 10 1 0 1 1 1 0
AB 0 6 10 5 0 0 1
A'B 0 0 0 4 8 3 1
A'B 0 3 0 0 1 6 8

is 1 day, and it appears to be considerably less likely on other days. The statistical problem is
to attach a p-value to each day. Consider, e.g., day 7. If 11 carcasses (corresponding to the 10
in the experiment and the mystery carcass) were exposed for 7 days, what is the probability
that the 11th would differ from the first 10 as much as, or more than, the observed results
(namely, frequencies 0, 1, 1, 8 for the four species combinations among the first 10 and 1,
0, 0, 0 for the 11th)? The answer to this question is the p-value that we seek.

It is apparent that the comparison between the training sample on day 7 and the mystery
carcass can be represented as a contingency table, as shown in Table 2, where the objective
is to test whether the distribution of the four species combinations (categories) is the same
in the population (with unknown PMI) from which the mystery carcass came as it is in the
population (with known PMI of 7 days) from which the training sample came.

The p-value for the chi-squared test of homogeneity in this table is 0.012 and the
p-value for Fisher’s exact test (FET) is 0.273. The chi-squared p-value is a large-sample
approximation, and it can be shown that it is a poor approximation in this case. We shall
argue below that the FET p-value is unnecessarily conservative. Our objective is to develop
and evaluate other approaches that yield exact p-values for this setting.

A p-value comes from a probability model, which can be derived as a sampling model.
Consider a population of subjects corresponding to the (conceptual) population of all car-
casses exposed for 7 days. Each subject belongs to exactly one of ¢ categories, with the
categories corresponding to the species combinations. In this population, the relative fre-
quency (proportion) of subjects in category i is m;,4 = 1,...,c. Let # = (my,..., 7).
Denote each subject’s response by Y, a c-vector of zeros except for a one in the kth
place, indicating that the subject is in category k. Thus, Y = (¥1,...,Y.), Y; € {0,1},
¥¢_,Y; = 1. Denote by m, = (71, ..., M) the relative frequency distribution of cate-

Table 2. Contingency Table

Training
Category sample Mystery All
1 0 1 1
2 1 0 1
3 1 0 1
4 8 0 8
All 10 1 11
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gories in the population from which the mystery carcass comes. The joint probability of
realizing responses ¥; = (Y1, - -, Yic)» ¢ = 1,...,n, for n independently chosen subjects
and ¥, = (Yu1,- - - Ysc) for the (n 4 1)st subject is

7r{17r£2 . '7I'£C7T*g,

where f; = X7, y;; is the frequency of the first n subjects in category j and £ is the
category of the (n + 1)st subject (i.e., y.¢ = 1). Let f = (f1,.. ., f.) denote the vector of
these frequencies. Now, given 7 and 7., we can determine exactly the probability of any
subset of the sample space. Clearly, (f, ¢) is a sufficient statistic, and so we shall use the
term outcome (f, £) to mean the set of outcomes with frequency distribution f and mystery
specimen in category £. The probability distribution of f is multinomial with parameters n
and 7r. ‘

It remains to define the subset of the sample space for which the probability is to be
computed for the p-value. Heuristically, it is the set of outcomes as extreme as, or more
extreme than, the observed outcome. The direction “more extreme than” is to be taken in
relation to the condition 7v = ... We have not found a universal definition of this direction.
(See Kempthorne and Folkes [1971] for a good discussion of this issue.) Most commonly, it
is taken as the direction of decreasing probability so that outcomes are more extreme if they
have less probability. Often the p-value is defined in terms of a test statistic, being the least
level of significance at which the hypothesis would be rejected. In this case, the direction
of more extreme outcomes is the direction of increasing (in some cases, decreasing) values
of the test statistic. Because many such tests are equivalent to likelihood-ratio tests, this
suggests that the likelihood ratio might be used to define the direction of more extreme
outcomes.

Other schemes for ordering outcomes are possible, and there do not seem to be univer-
sally accepted criteria for determining which is best. For testing equality of two binomial -
proportions, as in 2 x 2 tables, the uniformly most powerful unbiased test (see Lehmann
1959, p. 140) entails the less probable ordering, but its use in larger tables, as implemented
by Mehta and Patel (1983), e.g., does not seem to have such compelling theoretical justifi-
cation.

Given an ordering of outcomes, either in the direction of decreasing probabilities or in
the direction of increasing likelihood ratio or in some other direction, the set of outcomes as
extreme as, or more extreme than, the observed outcome is defined. Call this set of outcomes
the extreme set of the observed outcome. Then the p-value of the observed outcome is the
probability of its extreme set, computed with w = ... However, this probability generally
depends on 7r, so different values of 7 give different p-values. One possible resolution of this
problem (it is a problem of noninvariance) is to find the maximum of this probability over
all relative frequency distributions 7, which corresponds to Lehmann’s (1959) definition
of the size of the test as the maximum power over all distributions in the null hypothesis.

The statistical problem we face here, with a training sample to be compared to one
subject, is conceptually the same as testing whether an observed response is an outlier in
a regression model. There the question is the same: If the (n + 1)st unit were sampled at
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random from the same population from which the first » units were sampled, what would be
the probability of results as extreme as, or more extreme than, those actually observed? A
solution to this problem, then, is equivalent to developing a test for outliers in multinomial
samples.

There is much relevant work in the literature for 2 x 2 contingency tables, corresponding
here to observing the presence or absence of just one species, but not for the present situation,
where one of the columns has only one observation. Suissa and Shuster (1985) give a good
review of these efforts. The notion of defining the p-value as the maximum probability of an
extreme set over nuisance parameters is widespread. Although FET, randomized in order
to fix the size of the test, is uniformly most powerful among unbiased tests of Hy: @ = 7,
dissatisfaction with conditional tests (e.g., FET is too conservative) and randomized tests
(Suissa and Shuster [1985, p. 317] say, “in practice, decisions are not based on irrelevant
events”) is frequently mentioned in the literature. Other papers that are particularly relevant
are McDonald, Davis, and Milliken (1977) and Storer and Kim (1990).

3. THE LIKELIHOOD RATIO AND CHI-SQUARED p-VALUE

Our objective is to formulate the likelihood ratio ordering of possible outcomes in order
to define extreme sets. The likelihood function is

L(m, 7 f,¢) =7r{17r52«~7r5°7r*g, 0<m; <1,0<m; <1, 5=1,...,c

The likelihood ratio is the ratio of the maximum of L over 7r and 7, to the maximum of L
over w = ., and it can be expressed as

R(f)=n""(n+1)""" if f=0,

fe
— T nkl_ Je .
=n""(n+1) o+ D)7er if fo>0.
The likelihood ratio can be used to order outcomes. An outcome is (Y1, Yn, YUx)r @

description that we have reduced to sets of outcomes specified by (f, £). Now, in terms of
the likelihood ratio, sets of outcomes may be distinguished in terms of f,. In this ordering,
the extreme set for f; consists of all outcomes (F, j) such that R(F;) > R(f,); denote
it by CLr{f¢). That R is a monotone decreasing function of the frequency f, implies that
R(F;) > R(f,)if and only if F; < f,. From these observations, it may be seen that

Cir(z) = | J{(¥1,...,Ys,¥s) : Ys; =1 and Fj < z}.

j=1
The probability of CLg (z) is

Pr[Cir(z)] = iPr(Y;j =1)Pr(F; <z |Y,; =1)
j=1

= Zﬂ'*jCDFbin(x§ n, 7rj)7
=1
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where CDFyiy, (z; n, ) is the binomial cumulative distribution function for n independent
trials, each of which has a probability of success of 7. This probability is a mixture of
binomial probabilities for the observed frequency x. It is particularly simple because it is
expressed in terms of the ¢ marginal CDFs of the observed frequencies. Given 7, it depends
only on the frequency z, not on the category and not on the way the other frequencies are
distributed.

The chi-squared statistic, mentioned earlier, has this same property. It can be shown
that the chi-squared statistic is

Xe—1 = -
n fo+1

Thus, the ordering of outcomes induced by the chi-squared statistic is the same as the order-

ing induced by the likelihood ratio. Consequently, extreme sets and p-values are identical
for the likelihood ratio ordering and the chi-squared ordering. This equivalence is specific
to this situation, in which there is only one observation from the second population. The
approximation to the p-value, computed from the chi-squared distribution with ¢ — 1 d.f.,
appears to be very anticonservative, being consistently much smaller over a wide range of
¢, n, and fy than p-values computed as described in this section.

At 7 = m,, the probability of Cpg (z) is

PVip(m;z) = Z 7;CDFpin(z; 1, 75).
j=1

We would like to find the maximum of this probability. Note that
c
PVig(miz) =Y _ G(mj; ),
j=1

the sum of ¢ copies of the same function G evaluated at different arguments ;. The
function G is well behaved, with a unique maximum (say at p,). The maximum of PV1r
is approximated very well by (¢ — 1)G(px; x). If the approximation is less than or equal
to 0.10 (the approximation is always less than the true value), the error is at most 0.0014
for c = 2 and n = 4, and it is not greater than 0.00011 for larger ¢ and n. Thus, if the
approximation is in a range that indicates a significant difference at the 10% level or less,
then the approximation is very accurate. This makes the computation of the maximum
p-value relatively simple, requiring only finding the maximum of G.

This simplification to a one-dimensional optimization problem was used in the calcu-
lations leading to Table 3; however, most results were double-checked with a multivariate
optimization algorithm and a grid search, and in every case the results agreed with the
one-dimensional algorithm.

For ¢ = 2,3,4,8, Table 3 shows the least sample size n, () such that PVir(w, )
is everywhere (with respect to 7r) less than or equal to «, with «a equal to 0.10, 0.05, and
0.01. This is a concise compilation of calculations in which the maximum p-value was
computed for each ¢, n, z combination, with ¢ = 2, 3,4, 8, n = 4(1)500, and z = 0{1)50.
For example, suppose that, for ¢ = 2 and n = 50, the frequency z in the training sample
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Table 3. Least Sample Size nq(x) Such That the LR p-Value for z Is <o
ng.10(z) ng.05(x) n0.01()
z ¢c=2 ¢c=3 ¢c=4 c=8c¢c=2 ¢=3 ¢c=4 ¢c=8¢c=2 ¢=3 ¢c=4 ¢=8
0 4 7 1 26 7 15 22 52 37 74 110 258
1 9 17 25 59 17 34 51 118 84 168 252
2 14 28 42 96 28 55 83 192 137 275 412
3 20 39 59 136 39 78 117 272 195 389
4 26 52 77 179 52 102 153 357 255
5 33 64 96 223 64 128 191 444 318
6 39 77 115 268 77 153 230 382
7 46 91 135 314 91 180 269 448
8 53 104 156 361 104 207 310
9 60 118 176 410 118 235 351
10 67 132 197 458 132 263 393
1" 74 146 219 146 291 436
12 81 161 240 161 320 479
13 89 175 262 175 349
14 96 190 284 190 378
15 103 205 306 205 407
16 111 220 328 220 437
17 119 235 351 235 467
18 126 250 374 250 497
19 134 265 396 265
20 142 280 419 280
21 149 296 442 296
22 157 311 466 311
23 165 327 489 327
24 173 343 343
25 181 358 358
26 189 374 374
27 197 390 390
28 205 406 406
29 213 422 422
30 221 438 438
31 229 454 454
32 237 470 470
33 245 486 486
34 253
35 261
36 269
37 277
38 286
39 294
40 302
41 310
42 319
43 327
44 335
45 344
46 352
47 360
48 369
49 377
50 385
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for the category in which the mystery sample falls is z = 5. With ng.10(5) = 33 and
n0.05(5) = 64, these results show a significant difference between the training sample and
the mystery sample at the 10% level of significance but not at the 5% level.

Table 3 gives some indication of the need for sample sizes ranging upward from 20
or so as well as a judicious choice of species to follow. The fact that one researcher has
exposed more than 200 experimental pig carcasses over 6 years (G. S. Anderson, personal
communication) shows that sample sizes of 20 or so are certainly practicable. With sample
size in that range (say, 25) and following two species or groups of species (so that ¢ = 4),
it is possible to find a significant difference at the 10% level if the mystery carcass has a
species combination that occurs in at most one of the training carcasses. However, tracking
three species, so that ¢ = 8, it is not possible for the mystery carcass to differ significantly
from the training carcasses at the 10% level of significance with a sample size of 25.

4. THE FISHER EXACT TEST p-VALUES

The FET p-value is computed from probabilities of outcomes (f, £), conditioned on
(F + y.), that are c-category hypergeometric probabilities. If we adopt the convention of
defining the conditional extreme set for the outcome (f, £) as the set of tables for which this
conditional probability is less than or equal to the conditional probability of the outcome
(£, £), then it may be shown that the FET conditional p-value is

S5(f,0)
n+1’

where

S(HO=1+ > f;
i< fet1
Its least value is 1/(n + 1), which is attained only if the mystery carcass exhibits a species-
combination category that is not present on any of the training carcasses (hence, f; = 0)
and no other category occurs among the training carcasses with frequency as low as one (so
that all f; > 1,5 # £). For example, with n = 25, it is possible to attain a p-value as low
as 1/26 = 3.85%.

The FET conditional p-value is exact and it is invariant to 7, conditional on the fixed
marginal totals. Our next step is to find an unconditional probability based on FET. Following
McDonald et al. (1977), extreme sets can be defined by the ordering of outcomes in terms
of their FET conditional p-values, which is equivalent to ordering them in terms of S(f, ¢).
In this ordering, the extreme set for (f, ¢) is

OFET(S) = {(F,]) : S(F,j) < 8},

where s = S(f,£). For m = ., denote its probability by PVygr(7;s). Finding the
maximum of PVrgT over 7 appears to involve burdensome computations, and we have
been unable to find any clever shortcuts. In the computations shown in the next section, we
performed these computations by listing all possible outcomes (with n = 10 and ¢ = 4,
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there are 286 x 4 = 1,144), ordering them in terms of S(f, ¢}, computing probabilities
point by point, and maximizing this function with a multivariate nonlinear optimization
algorithm. With larger sample size n and more categories c, performing the calculations this
way becomes impractically burdensome, mainly because the number of outcomes becomes
large rapidly with n and ¢ {(e.g., with ¢ = 8 and n = 20, there are 888,030 outcomes for

(5 0)-

5. ILLUSTRATIONS AND COMPARISONS

The purpose of this section is to present some numerical results in order to give an
impression of the relation between the exact p-values for the LR and FET extreme sets,
on the one hand, and the chi-squared and conditional FET p-values on the other. Tables
4 and 5 illustrate that the conventional approximate p-values based on the chi-squared
approximation and FET are poor. Table 4 compares exact LR p-values and their chi-squared
probability approximation for ¢ = 4 and n = 10 and 20. For moderately small exact p-values,
the chi-squared probability approximation is much too small to be of any use.

Table 5 shows unconditional FET p-values and FET conditional p-values for ¢ = 4 and
n = 10 and 20. The FET conditional p-values are too conservative, being in some cases as
much as twice the magnitude of the maximum attainable unconditional probability of the
FET extreme set. Note also that the FET p-values in the small range, below about 0.15, are
divided more finely than the LR p-values.

6. CONCLUSIONS AND CAVEATS

The comparison of the pattern of species present on a mystery carcass with experimental
data on succession patterns can be represented as a contingency table. However, as we have
illustrated here, the chi-squared approximation to the p-value is poor and the FET conditional
probability is unnecessarily conservative. We developed the likelihood-ratio ordering of
outcomes as a general approach to the problem in order to investigate areasonable alternative
to the unconditional FET p-value. The LR p-value, as it turns out, is simple to compute, it
is an exact probability of a subset of the sample space, and its extreme set is the same as
the extreme set for the chi-squared statistic. (It should be stressed that the equivalence with

Table 4. LR p-Values and X2 Approximations, c = 4

n=10 n=20
fe p-Value x2 appr. p-Value X2 appr.
0 0.1051 0.0117 0.0538 0.0001
1 0.2479 0.1755 0.1241 0.0188
2 0.5256 0.4020 0.2045 0.0979
3 0.7759 0.5881 0.2925 0.2157
4 0.9219 0.7244 0.4148 0.3394
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Table 5. FET p-Values and Conditional p-Values, ¢ = 4

n=10 n=20
S(f,0) p-Value Conditional p-Value Conditional

1 0.0431 0.0909 0.0223 0.0476
2 0.1091 0.1818 0.0567 0.0952
3 0.1698 0.2727 0.0873 0.1429
4 0.2349 0.3636 0.1215 0.1905
5 0.3770 0.4545 0.1570 0.2381
6 0.4241 0.5454 0.1943 0.2857
7 0.4881 0.6364 0.2301 0.3333
8 0.2692 0.3810
9 0.3086 0.4286
10 0.4119 0.4762

the chi-squared statistic does not generalize to tables in which both column totals are
greater than one, even in 2 x 2 tables.) Except for computations, the unconditional FET
p-value shares these characteristics. Its computation is practicable for sample sizes n up to
perhaps 50, but for n greater than about 20, it is cumbersome and time consuming. Even
so, our limited experience suggests that the unconditional FET p-value is more sensitive
than the LR p-value and so may be worth the extra computation. The fact that the LR
p-value depends only on the training-sample frequency of the mystery carcass category is
intuitively appealing. The dependence of the unconditional FET p-value on the training-
sample frequencies in other categories is puzzling, but it may be this characteristic that
makes it more sensitive.

The development here has been in terms of an idealized setting in order to derive the
LR and FET p-values. We regard this as a first step that provides useful tools. There are
obvious difficulties in practice due to the many factors that can affect the comparability
of the training sample and the mystery carcass. Training samples commonly are observed
repeatedly over several days, so composition data for different days cannot be regarded as
independent. This does not seem to affect the validity of any single p-value, but it may have
some effect on the joint interpretation of several p-values.

In the development in this paper, we considered species combinations to be the same or
to be different, ignoring the extent of the difference. As one reviewer pointed out, though,
the amount of difference may be relevant, too. For example, AB would seem to be less
different from AB’ than it is from A’B’. It may be possible to use this kind of structure so
that the dimensionality of the problem is reduced, resulting in much fewer than 2° possible
species combinations with which to deal.
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