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Abstract

Scheduling problems in real-time systems are often required to confront the issue of parameter variability,
in particular execution time variability. Secondly, there exist complex timing constraints between jobs in such
systems. A scheduling strategy must guarantee the meeting of constraints in the presence of variability. The
algorithmic complexity of a real-time scheduling problem is determined by the schedulability query, i.e. the
formal specification of what it means for a constraint system to be schedulable. In this paper, we focus on
analyzing the complexity of the Co-Static schedulability query; we show that the problem is coNP-complete
even for simple domains, when the constraints are arbitrary.

1 Introduction

Scheduling problems in Real-Time Systems confront two major issues, which are not addressed in traditional
scheduling models viz. (a) Execution time variability, and (b) The presence of complex timing constraints between
jobs that constitute the system [Pin95, SA00b]. In Static Scheduling, the dispatch vector is computed once and
used in every scheduling window; online computing during the dispatching phase is not permitted. Consequently,
we cannot exploit any knowledge that we may possess about the actual execution times of the jobs in the job-
set. There exist periodic real-time systems, especially in Computer Controlled manufacturing, which confront
the issue of parameter variability, in a manner that is fundamentally different from the Statically Schedulable
systems studied in [SSRB98, Cho97]. In these systems called Co-Static Systems, the execution time of every job
in the job-set for a particular period is known at the start of the period; however these times may be different
in different periods. Co-Static systems deliver additional flexibility in the scheduling and dispatching of job-sets;
but providing schedulability guarantees is provably hard.
In this paper, we shall be concerned with the following problems:

(a) Determining the co-static schedulability of a job set in a periodic real-time system ( defined in Section §2 ),

(b) Determining the dispatch vector of the job set in a scheduling window, subject to the availability of execution
time vectors, at the start of the window.

The rest of this paper is organized as follows: Section §2 describes the co-static scheduling problem and con-
trasts it with the static scheduling problem studied in real-time literature. The motivation for studying co-static
scheduling is discussed in Section §3 while Section §4 details related approaches and perspectives. Section §5 ana-
lyzes the complexity of the co-static schedulability query and we show that the query is strongly coNP-complete
for arbitrary constraint matrices. Polynomial time algorithms to determine co-static schedulability in certain
restricted constraint classes are discussed in Section §6. Efficient online dispatching schemes are discussed in
Section §7. We conclude in Section §8 by summarizing our contributions and mentioning problems for future
research.



2 Statement of Problem
2.1 Job Model

Assume an infinite time-axis divided into windows of length L, starting at time ¢ = 0. These windows are called
periods or scheduling windows. There is a set of non-preemptive, ordered jobs, J = {Ji, Ja, ..., J, } that execute
in each scheduling window.

2.2 Constraint Model
The constraints on the jobs are described by System (1):

A58 <b, €€k, (1)
where,
e A is an m X 2.n rational matrix,

e E is an arbitrary convex set; in this paper we confine ourselves to axis-parallel hyper-rectangles ( aph )
which can be represented as the product of n closed intervals [/;, u;] ( Also see System (15) );
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e S=[s1,82,...,8,] is the start time vector of the jobs, and

oL

e €=[e1,ea,...,¢,] € E is the execution time vector of the jobs

2.3 Query Model

We assume that an oracle provides the execution time of every job in the job-set, at the start of each scheduling
window.

Definition 2.1 Co-static schedule - A schedule for a set of jobs, in which the start time of a job in a scheduling
window can depend upon the execution times of all the jobs in that scheduling window.

There are two orthogonal goals in Co-Static Scheduling:

1. Determining whether the input system of constraints i.e. A.[X,€] < b is valid for all execution time vectors
€ c E. This corresponds to deciding the co-static schedulability query. Deciding the query is
the function of the offline schedulability analyzer.

2. Computing the start-time dispatch vector in each scheduling window, assuming that

(a) The co-static schedulability query has been decided affirmatively, and

(b) The execution time vector for that window is provided.
This corresponds to the online dispatching phase.

In the co-static scheduling problem, we are interested in checking whether an input constraint system has a
co-static schedule, i.e. a schedule in which the start times of jobs in a scheduling window can depend upon the
execution time vector in that window.

Based on the discussion above, we are in a position to formally state the co-static schedulability query:

VE€=[e1,e2,...,en] EE 35 =[s1,52,...,5,]A.[5,E]<b 7 (2)

The combination of the Job Model, Constraint Model and the Query Model together constitute the specification
of a scheduling problem in the E-T-C scheduling framework [Sub00].



3 Motivation

In [SA00b, GPS95, Cho97], it has been noted that one of the principal disadvantages of static scheduling is its lack
of flexibility '. We discuss below the phenomenon known as Loss of Schedulability, which is a direct consequence
of this inflexibility.

Ezample (1): Consider a two task system J = {Jy1, J2} with start times § = [s1, s2], execution times € = [eq, €3]
and the following set of constraints imposed on job execution:

o Task Ji must finish before task J, commences; i.e. s1 + €1 < s3;
o Task Jy must commence within 1 unit of Jy finishing; i.e. sy <s1+e1+ 1;

The execution time vectors € belong to the aph 7 = (e1 €)[2,4] x (e2 €)[4, 5].
Expressing the constraints in matrix form, we get:

ERNIHEERIMEN 2

A static approach forces the following two constraints:
o 51 +4 < sg,
0 55<s51+24+1=5,<5+4+3

which can be represented as the following linear program

ER I 2

Clearly the linear program specified by System (4) is infeasible and a static schedule does not exist.

We now proceed to find a vector e e 7, such that the polytope in § space, resulting from substituting e in
System (3) is empty. Such a vector is termed as a co-static break vector, since it causes the input constraint
system to break, i.e. get violated. Consider the following four assignments to the vector € = [e1, e3]:

=[a]-LLEALE] "

Each of these assignments, when substituted in System (3), results in a feasible system. In fact, using the
Linear Programming system in [Ber95], we get

SR ERHENA o

as the start times corresponding to the execution times in Equation (5).

Observe that any execution vector e €1 can be represented as a convexr combination of the four vectors in
Equation (5). Consequently, it suffices to consider only these extreme vectors in determining the existence of a
break-vector. ( This idea will be discussed further in Section §5. ) Thus there is no break vector in 7. Likewise,
for each vector e € T, there exists a ( possibly unique ) vector § which satisfies the input constraint system. This
phenomenon, in which a static scheduling approach declares a system infeasible in the absence of a break-vector
in the execution time domain, is termed as loss of schedulability.

For practical applications, refer Appendix

I Static Scheduling is concerned with associating rational numbers to the start times in each scheduling window.



4 Related Work

In this section, we contrast the co-static scheduling problem with the imprecise computation model proposed in
[TK91] and the error-task model discussed in [¢FL97].

[Leu91] discusses some of the earliest formalizations in imprecise computation models. In these models, there is
a trade-off between meeting deadline requirements and the quality of results that are output. Time-Critical tasks
are permitted to degrade output, as long as temporal constraints are met [LLSt91]. These models are useful in
applications such as image processing, which require the production of at least a fuzzy frame in time. A sharp
image produced after the imposed deadline may have little or no value [LLN87, CLK90]. Our model does not
permit the flexibility of the deadline-quality trade-off, but we consider more general constraints on jobs.

The error-task model in [cFL97] describes scheduling algorithms for preemptive, imprecise, composite real-time
tasks. In this model, input error is explicitly accounted for in the design of solution strategies. Composite tasks
consist of a chain of component tasks and each component task is composed of a mandatory part and an optional
part. The key idea is to model imprecise inputs through an increase in the processing time for the mandatory and
optional parts. Their strategy is similar to ours, in that they model error-rates through processing times, whereas
we account for resource variability through execution times. Related modeling approaches have been suggested
in [RCGF97], in which both “soft” and “hard” preemptive tasks are considered.

In both [Cho97] and [GPS95], the Loss of Schedulability phenomenon, discussed in Section §3 is mentioned.
However, they use the phenomenon to motivate the necessity for parametric scheduling in periodic job-sets, with
and without inter-period constraints, respectively. Parametric scheduling ( [GPS95, SA00a] ) is applicable when
we have access to the execution times of jobs that have already executed, as opposed to the complete execution
time vector that is required by co-static scheduling. Co-static scheduling algorithms exploit the knowledge of the
execution time vector to compute dispatch vectors online.

Our work represents the first attempt to study the co-static scheduling problem from a computational complex-
ity perspective; our investigations reveal that deciding the co-static schedulability query is strongly coNP-complete
( Section §5 ), although online dispatching can be effected in polynomial time ( Section §7 ).

5 Complexity of Co-Static Schedulability

The complexity analysis of the co-static scheduling problem is divided into two parts. This section analyzes
the complexity of deciding the co-static schedulability query, while Section §7 is concerned with the efficiency of
dispatching schemes.

Algorithm (5.1) presents a simple technique to decide the co-static schedulability query. It proceeds by elim-
inating one start time variable at a time, till all the start time variables are eliminated. At this point, the
constraint system (1) becomes a polyhedral system in the space of the execution time variables say ¥ = K.€ < k.
Consequently, query (2) is true if and only if ¥ D E.

The Fourier-Motzkin elimination technique discussed in [DE73] represents one implementation of ELIM-EXIST-
VARIABLE. In general, any polyhedral projection method suffices.

Algorithm (5.2) checks if the convex domain E is completely contained within the polyhedral system K.€ < k.
A linear constraint of the form K;.€ < k; is a half-hyperplane in the space of the execution time variables. A
convex body E is said to lie on the valid side of K;.€ < k; if and only if for all points € € E, we have K;.y < k;.
When there is no confusion, we say that K;j.€ < k; is valid for E.

Lemma: 5.1 A convezx body E lies on the valid side of K;.€ < k; , if and only if

max Kj.€ < k;
écE -
Proof: This is obvious as indicated by Figure (1). We also note that the validity of K;.€ < ki for E can be
checked in O(C) time, where C is the running time of the fastest conver minimization algorithm. O
We can conclude that

Lemma: 5.2 A convez body E is contained within a polyhedral system K.€ < E, if and only if it lies on the valid
side of each constraint hyper-plane of the polyhedral system.



Function Co-STATIC-SCHEDULER (E, A, b)

1

TR W

11:
12:

© ®

: { Recall that the co-static scheduling query is:
Ve E 3sy,s9,...5, A.[5,€]<b ?

}

for (i=ndowntol) do
ELIM-EXIST-VARIABLE(s;)
end for
{ The system A.[,&] < b is transformed into a polyhedral system ¥ = K.& < K in the execution time variable
space. Let mq denote the number of constraints in this polyhedral system.}

if ( PoLyToPE-INCcLUDE(K,k,E) ) then
System is Co-Statically schedulable
return

else
No Co-Static Schedule Exists
return

end if

Algorithm 5.1: A Quantifier Elimination Algorithm for determining Co-Static Schedulability

Function PoLyTopE-INcLUDE (K, K, E)

1
2
3
4:
5
6
7

. { Assume that K.€ < K has my constraints. Let the it" constraint be represented as: K;.€ < k; }
:for (i=1tom;) do
if (maxgK;.€>k;) then
return( false )
end if
: end for

: return( true )

Algorithm 5.2: Polytope Inclusion

ot
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Figure 1: Polytope inclusion

Lemma: 5.3 The query: Does a convex body E lie within a polyhedron K.e< K can be decided in time polyno-
mial in the size of K,k and E.

Proof: As indicated by Lemma (5.2), the decision procedure has to execute my conver minimization calls, where
my is number of constraints in the System K.€ < k. O

Although PorLYTOPE-INCLUDE() runs in time polynomial in the size of its input, the output of elimination
procedures such as the Fourier-Motzkin elimination Algorithm are exponentially large when the constraints are
arbitrary, thereby rendering Algorithm (5.1) impractical [CR99].

In the discussion that follows, we establish that the computational complexity of deciding co-static schedula-
bility is a characteristic of the problem itself and not of the particular projection procedure employed.

We commence our analysis of the co-static scheduling query (2) by studying its complement. Note that a query
is true if and only if its complement is false.

The complement of query (2) is:

~( V€=le1,€9,...,6] EE I8 =[s1,50,...,5,]A.[5,6] <b ) ? (7)
Moving the negation inside the parentheses of query (7), we obtain
38 =[e1,€2,....6n] EE VS=[s1,50,...,5,]A.[5& £b 7 (8)

We use A.X £ b to indicate that the polyhedral set {% : A.X < b} is empty.

Query (8) basically asks whether there exists an execution time vector € € E such that the linear system
resulting from substituting these execution times in the constraint system A.[S, €] < b is infeasible, i.e. whether
the polyhedral set {s:A4.[S.€] < g|é' = [e}, ey, ..., €]} is empty. As mentioned in Section §3, such a vector is
called a co-static break vector. Thus, the existence of a break vector would imply the non-existence of a co-static
schedule. On the other hand, proof of non-existence of a break vector implies that query (2) can be answered in
the affirmative, thereby implying the existence of a co-static schedule.

We rewrite the constraint system A.[§,&] < b in the form

GS+HE<DH 9)



Accordingly, Equation (8) gives

& =[e1,€2,...,6n] EE VS =[s1,52,...5,] G.S£b—H.& 7? (10

~—

( b— H.€ ) is an m—vector, with each element being an affine function in the e; variables. We set g = b—H.E,
so that we can rewrite query (7) as
3€=[er,€2,...,6,] EE VS=[s1,82... s,] GSLg 7?7 (11)

The analysis of query (11) is complicated by the existence of the universally quantified variable §. Our efforts
would be significantly simplified if we could replace it with an equivalent existentially quantified variable. The
following lemma called Farkas’ lemma helps us achieve this goal.

Lemma: 5.4 [Farkas] Fither {X € R} : AX < b} # ¢ or ( exclusively ) Iy € R7, such that, AT.y > 07 and

}-;T‘B': —00.

Proof: See [Sch87, PS82, NW88]. Figure (2) provides a graphical illustration of the lemma. O
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Figure 2: Farkas’ lemma

Lemma (5.4) has the following interpretation: If the primal system is infeasible, then there exists a “short”
proof of this infeasibility ( See [NW88] ). This proof takes the form of a witness vector which is unbounded below

—

in the dual space. In Figure (2), w = yT.l_; represents the witness vector and the shaded region is the dual cone
corresponding to the linear system A.X < b. According to Farkas’ lemma, if the linear system is infeasible, then
w will lie in the polar cone corresponding to the dual cone.

Applying the lemma to our problem, we note that query (11) asks whether the system G.§ < g is infeasible
for a particular € € E. Farkas’ lemma assures us that this is possible if and only if

ECE FeR? 77.G>0, §7T.6=-0 7 (12)

which implies that .
J6cE IFeR? GTy>0, y'.(b-HE) =-0cc ? (13)

Query (13) has the following algorithmic interpretation:

Let z be the minimum of the bilinear form j/'T(l_; — H.€) over the two convex bodies : {¥ : ¥ > 0,GTy > 6}
and E. If z = —oo, the input system of constraints does not have a co-static schedule.




We make the following observations:

1. From an algorithmic perspective, we need only check if z < 0; in the dual cone, i.e. GT.¥ > 6, 2 < 0=
z = —oo [Sch87].

2. The bilinear form z = §T(g — H.€) can be expressed as the following quadratic form:

n

Y2
z:[y17y27"'7ym7617627"'76n]-7: . 3 (14)

for suitably chosen F.

3. The bilinear form has extremal properties, i.e. its minimum is achieved at extreme points of the two sets
{¥:¥>0,GT.y > 0} and E [BSS93].

The dual form of the complement of the co-static scheduling query, i.e. query (13), will henceforth be called
the co-scheduling query.

For the rest of this paper, we assume that the set E in query (2) is an axis-parallel hyper-rectangle ( aph )
Y =[l1,u1] X [la,u2] X ... X [ln, un] represented by:

Y ={&:Ne<f}. (15)
Accordingly, query (13) becomes

¥eY yeR? GTy>0, yL.b-HE =-0 ? (16)

In this case, if a break vector exists, then there must exist a break vector € with elements e; € {l;,u;},Vi =
1,...,n, i.e. only the end-points of the execution time ranges matter. Example (4) in Section §3 utilized precisely
this property. The extremal point property of the bilinear form also suggests the following strategy to decide
query (16): Substitute the 2™ vertices of the aph represented by System (15) in System (16) and check for the
unboundedness of the cost function in the dual space. If the cost function is unbounded for any € € Y, we have
obtained the desired break vector. On the other hand, if z has minimum value 0 for every € € Y, then the
constraint system has a co-static schedule. We proceed to show that we cannot hope to substantially improve
this naive strategy, at least from a deterministic perspective.

Lemma: 5.5 Query (16) lies in the class NP.

Proof: From the discussion above, we know that optimality occurs at an extreme point of the polyhedron Y =
{N.e < f_:} Hence an oracle need only guess one of these points and check that the corresponding linear function
in y is unbounded below in GT.y > 0. Since all the extreme point components belong to {li,u;},Vi=1,...,n,
the lemma follows. We observe that the {l;, u;} are provided as part of the input and hence the guess of the oracle
is of length polynomial in the size of the input. O

Lemma: 5.6 Query (16) is NP-hard.
We state below some results from Non-linear Programming that we shall use in our proof of Lemma (5.6),
Result: 5.1 The bilinear program:

minz = u.Q.v
subject to S.A<b,T.v<d

—_
-
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=

where all vectors and matrices have the appropriate dimensions, is NP-hard.



Proof: From [HT90], we know that Result (5.1) is true, even when both Su < b and T.¥ < d are azis-parallel
hyper-rectangles. O

Result: 5.2 The decision version of the bilinear program, i.e
6, V>0, u.Q,v<k? (18)
subject to S.A<b,T.v<d,
is polynomially equivalent to the optimization version represented by System (17).

Proof: It is clear that
System (18) <, System (17),
where <, indicates polynomial-time reducibility. Let M denote the minimum of System (17). Assume that there
exists an oracle to decide System (18). At most, O(log M) calls to this oracle are required to solve System (17).
Thus, we have
System (17) <, System (18)
where the reduction is a “Cook” or “Turing” reduction [GJ79]. O
We are now ready to prove Lemma (5.6).

Proof: Any arbitrary bilinear program, in the form of System (17), in which the polyhedron representing
T.V < d is an azis-parallel hyper-rectangle can be decided by query (16). O

Corollary 5.1 Query (16) is NP-complete.
Proof: Follows from Lemma (5.5) and Lemma (5.6). O

Corollary 5.2 Co-static Scheduling with arbitrary constraints over an axis-parellel hyper-rectangle is strongly
coNP-complete.

Proof: Follows from the strong NP-completeness of Bilinear Programming. O

6 Special Case Analysis

In this section, we enumerate the cases in which it is possible to determine co-static schedulability in polynomial
time.

1. The matrix F in query (14) is positive semidefinite - In this case, we can use the ellipsoid algorithm
[HuL.93, Kha79], which is guaranteed to run in polynomial time. If the global minimum of query (16) is less
than 0, we know that the constraint system does not have a co-static schedule.

2. The execution time variables, i.e. the e;, occur with the same sign in every constraint - We use Algorithm
(6.1) to eliminate the execution time variables from query (16).

—.

Function EXECUTION-TIME-ELIMINATION (Y, A,b)
1: for (i=1ton) do
2:  if (e; can be put in the form e; < f/(), in every constraint that it occurs ) then

3 Substitute e; = u;.
4 else

5: Substitute e; = I;.
6 end if

7: end for

Algorithm 6.1: Special case for co-static schedulability

The correctness of the elimination procedure follows from the correctness of the universal variable elimination
procedure discussed in [CH99]. We note that in this case, co-static schedulability reduces to static schedulability
and the need for online computation is obviated.




7 Complexity of Online Dispatching

The discussion in Section §5 established that deciding co-static schedulability for an arbitrary constraint set is
coNP-complete. But determining schedulability is only part of the co-static scheduling problem. Suppose that
for a given instance of the problem, we are able to use hill-climbing techniques, such as simulated annealing, to
successfully conclude that there is a co-static schedule. We are still faced with the problem of computing online
dispatch schedules in each scheduling window. This section is devoted to addressing the dispatching problem,
assuming that the co-static scheduling query (2) has been answered affirmatively.

Result: 7.1 The online dispatch schedule for an instance of co-static scheduling when the domain is an aph can
be computed in O(L) time, where L is the running time of the fastest Linear Programming algorithm.

Proof: Given the erecution time vector e = [e1,€2,...,€4], for the current scheduling window, we can substitute
it in System (9) to get a linear system of the form

Gs<d,s>0,

which can be solved through the application of a Linear Programming algorithm, such as [Vai87], to provide the
dispatch schedule for the current scheduling window. O

Result: 7.2 The online dispatch schedule for an instance of co-static scheduling when the constraints are standard
can be computed in O(m.n) time.

Proof: When the constraints are standard, the constraint system can be represented as a network graph, as
discussed in [Sub00]. Determining the dispatch schedule is equivalent to finding the single-source shortest paths
in this graph [CLR92]. An algorithm, such as the Bellman-Ford algorithm, computes the single-source shortest
paths in a network graph, in time O(m.n), thereby giving the schedule. O

8 Summary

In this paper, we studied the computational complexity of the co-static schedulability query. Previous research
had considered similar problems and even the same problem from a different perspective; however our work
represents the first attempt at characterizing the complexity of this problem.

We showed that the co-static schedulability query is coNP-complete for arbitrary constraint sets, even when
the execution time domain is an axis-parallel hyper-rectangle. However, once the query is decided, the problem
of dynamic dispatching is relatively easy. A problem that is currently open is determining the complexity of
co-static scheduling over standard constraints.

A A Job-Shop application

We discuss a manufacturing automation application that demonstrates the applicability of the co-static scheduling
query.

Figure (3) represents the working of a typical manufacturing shop [Kam86]. An untooled metal object called
workpiece is operated upon sequentially by a number of machines ( usually lathes ) to deliver a finished ( tooled
) object which meets the required specifications. The sequential flow of the workpiece through the machines
represents an assembly line. Each machine is part of multiple assembly lines and works on one or more workpieces
in parallel. Associated with each machine are a number of tools; these tools are apportioned among the various
workpieces that it ( the machine ) is currently operating on. The time taken by the machine to operate on a
workpiece ( called the latency of the machine for the workpiece ) varies inversely as the number of tools it allocates
to the workpiece. At any point in time, the resource constraints on the machine, i.e. the number of tools available
for allocation to the workpiece, are known. However, this number could change over time, affecting its latency
for the workpiece.

10
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Figure 3: A Computer Controlled machine operating on a work-piece

The temporal constraints between machines represent the timing relationships on their operation; e.g. consider
the specification that Lathe 2 must wait at least 10 minutes, after the workpiece has exited Lathe 1, due to cooling
requirements. Since there are definite upper and lower bounds on the number of tools that a machine can allocate
to a workpiece, it follows that there are definite lower and upper bounds on the latency of the machine for that
workpiece.

Finally, there is a deadline of D time units for each workpiece; i.e. at the end of D time units, the workpiece
should exit the last machine in the assembly line ( Lathe 3 in Figure (3) ), at which point, the next workpiece
will enter Lathe 1 and the cycle repeats. The deadline requirement permits us to regard the system as a periodic
real-time system with a period of D time units. Let = denote the function that computes the latency times of the
machines for the workpiece at the start of the period, given the resource allocation at that time. = is the oracle
alluded to in Section §2 . The job-shop scheduler is then faced with the following problems:

1. Given upper and lower bounds on the latency of each machine for a workpiece and the temporal constraint
set, is there a schedule for all possible latency values 7

2. Given that such a schedule exists, what is the schedule for the current window ? ( It is assumed that the
controller has access to E. )

Clearly, the requirements of the job-shop scheduling problem can be modeled through the E-T-C model, aug-
mented by the co-static scheduling query (2).

Additional application areas include avionics ( flight control ) [SA00c], machining [Y.K80, Kor83, SE87, SK90],
real-time databases [BFW97] and real-time operating systems [LTCA89, DRSK89] and internet scheduling.
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