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Abstract. Schedulingn Real-timesystemdliffers from schedulingn corven-
tional modelsin two principal ways: (a) Parametewariability, (b) Existenceof

complex constraintsbetweenjobs. Our focus has beenon variable execution
times. Whereadraditional modelsassumedixed valuesfor job executiontime,

we modelexecutiontimesof jobsthroughcorvex sets Thesecondeatureunique
to real-timesystems,ighe presencef temporalrelationshipghat constrainjob

execution.Considerfor instancethe requirementhatjob 1 shouldconcludelO

unitsbeforejob 2. This canbe modeledhrougha simple,linearrelationship pe-

tweenthe startandexecutiontimesof jobs1 and2. In real-timeschedulingit is

importantto guarantee priori, the schedulingeasibility of thesystem Depend-
ing uponthe natureof the applicationinvolved, thereare different schedulabil-
ity specificationwiz. Static,Co-StaticandParametric Eachspecificatiorcomes
with its own setof flexibility issueslin this paper we presenta framevork that

enableghe specificationof real-timeschedulingproblemsanddiscussthe rela-

tionshipbetweerflexibility andcompleity in the proposednodel.

In this paperwe describghefeatureof ourreal-timeschedulingramevork called
theE- T- C( Execution-Time-Constraint} Real-Time Schedulingnodel.TheSchedul-
ing modelis composef 3 sub-modelsyiz. the Jobmodel,the Constraintmodeland
the Querymodel. The Job modeldescribeghe type of jobsthat we areinterestedn
scheduling.The Constraintmodelis concernedwvith the natureof relationshipscon-
strainingthe executionof thejobs. The querymodelspecifiesvhatit meandor a setof
jobsto be schedulablesubjectto constraintsmposedasperthe Constraintmodel.An
instanceof a problemin the E- T- C modelis specifiedy instantiatingthevariablesin
thesub-models.

We focusonthefollowing issues:

(a) Designingaframavork thatenablespecificatiorof real-timeschedulingproblems,
and
(b) Studyinginstantiationf interestin this framework.

Therestof this paperis organizedasfollows: Section§1 describeghe Jobmodel
within the E- T- C schedulingframevork. The Constraintmodelis discussedn the
succeedingectionviz. Section§2. Section§3 detailsthe Querymodelandpresentshe
3 typesof querieghatwe consideiin thisthesis A classificatiorschemdor Scheduling



problemsin the E- T- C modelis introducedin §4. Section§6 providesa compleity
picture of variousinstantiationsn the E- T- C model. We concludein Section§7 by
summarizinghediscussionn this paper

1 JobModelin E-T-C

Assumaeaninfinitely extendingtime axis,startingattime¢ = 0. Thisaxisis dividedinto
intervalsof length L; theseintervalsareorderedandeachinterval is calleda schedul-

ing window e.g.[0, L] representshe first schedulingwindow, [L, 2. L] representshe
secondschedulingwindow andin general,[(i — 1).L, L] representshe i** schedul-
ing window. schedulingwindow. We are given a setof ordered, non-pieemptivejobs

J ={J1, Ja, ...}, with starttimes{sy, sa, . . ., s, } andexecutiontimes{e, ez, ..., e }.
L is the periodof thejob-setandall jobs executeperiodicallyin eachschedulingvin-
dow.

2 Constraint Modelin E- T- C

The executionsof the jobsin the job-set.7 ( discussedn the above section) arecon-
strainedthroughrelationshipghat exist betweertheir starttimesandexecutiontimes.
IntheE- T- Cmodel,we permitonly linearrelationshipsthusthe constrainsystenon
thejob-setis expressedn matrix form as:

A.[5 € <b, (1)
where,
— §=[s1,82,..-., 8] IS@nn—vector representinghe starttimesof the jobs;
— €= [e,€2,...,6,] iISann—vectorrepresentinghe executiontimesof thejobs;
-A isam x 2.n matrix of rationalnumberscalledthe constaint matrix;
— b = [by,bs,...,b,] isanm—vectorof rationalnumbers,

Obsenre thatSystem(1) canberewritten in theform:
GsS+H.E<b, 2)

where,
G.s+H.e = A[S, €]

We can also usethe finish times f; of jobs in relationships.Sincethe jobs are non-
preemptivetherelation: s; +¢; = f; holdsfor all jobs.J; andhenceour expressiveness
is notenhancedy theinclusion.

System(1) is a corvex polyhedronin the 2.n dimensionakpace spannedy the
starttime axes{s1, s2, . .., s, } andtheexecutiontime axes{ey, es, ..., e, }.

Theexecutiontimesareindependentf thestarttimesof thejobs;howeverthey may
have comple interdependencieamongthemseles.Thisinterdependends expressed
by setting

écE (3)



whereE is an arbitrary corvex set.We regard the executiontimes asn—vectors
belongingto the setE.
Theorderingonthejobsis obtainedby imposingthe constaints:

site <sip1,Vi=1,...,n—1.

Theorderingconstaintsare includedin the A matrixin (1).

Goal:We wishto determinea starttime vectors, in eat schedulingwindow sud
thattheconstaint systen(1) holds( is notviolated) atrun-timefor anyexecutiontime
vectore € E.

Theabove specificatior( calledthesdhedulabilityspecificatior) is rathervagueand
is intendedo beso;in Section§3 we shall presenthreedifferentformalizationsof the
above specificationEachformalizationis characterizethy a distinctsetof compleity
andflexibility concernsWe alsousethetermssedulabilityqueryandsdedulability
predicateto referto the schedulabilityspecification.

The Constrainimodelcanbe adaptedo specialsituationsby restrictingeitherE or
A or both. Thefollowing advantagesesultfrom suchrestrictions:

— A modelthatmoreaccuratelydescribesherequirementsf the currentsituation,
— Fasteralgorithmsfor schedulabilityqueriesand
— More efficient dispatchingschemes.

In §2.1 we discussa restrictionto E, while §2.2 and§2.3 dealwith restrictionsto
theconstraintmatrix A.

2.1 The Axis-parallel Hyper-rectangledomain

As specifiedabore, thesetE in the Constraintnodelcanbeanarbitraryconvex domain.
Onedomainthatfinds wide applicabilityis the axis-parallehyperrectangledomain(
henceforttabbreriatedasaph ). Figure( 1) displaysa3—dimensionahph.
TheMaruti OperatingSysteniL TCA89,MAT90,MKAT92] estimatesunningtimes
of jobsby performingrepeatedunssoasto determineupperandlowerboundsontheir
executiontime. Accordingly, therunningtime of job J;, viz. e;, belongsto theinterval
[l;, u;], wherel; andu; denotethelowerandupperboundsontheexecutiontime asde-
terminedby empiricalobsenation. These i ndependent range vari ati ons
are the only constraints on the execution tinmes. Obserethatdur
ing actualexecution,e; cantakeary valuein therange[l;, u;].
Theaph domainpossessesvo usefulfeatures:

— A specificatiorthatis tractablefor this domainis alsotractablefor arbitrarycorvex
domains,

— A specificatiorthatis provably “hard” for arbitrarycorvex domainss also“hard”
for thisdomain.

Thuswhenproving compleity results( especiallyhardnessresults), it sufiicesto
focusontheaph domainonly.
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Fig. 1. Axis-parallelHyperrectangldor 3 dimensions

2.2 Standard Constraints

The classof “standardconstraints’wasintroducedin [Sak94, asa restrictionto the
constrainimatrix A for which the ParametricSchedulabilityquery( seeSection§3.3)
couldbedecidedefficiently.

Definition 1. A constaint is said to be a standad constaint, if it can be putin the
following form:
a.s; +b.e; <cs;+de; +k, (4)

whee,

- {aaba c, d} € {07 17 _1}'

—a=0=b6=0

—c=0=>d=0

—(b#0)=b=aq,

—(d#0)=>d=c,

—(@#0)A(c£0)=>a=c

— k € R (For computationapurposes is anyrational number).

Theseconstraintsare also known as monotoneconstaints in the literature [HN94].
Standardonstraintsere to modelrelative positioningrequirementbetweertwo jobs
andabsoluteconstrainton a singlejob. Whenthe constraintsare standardthe matrix
G in System(2)is networkunimodulafDan63NW88] andhenceaheconstrainsystem
canberepresentedsa networkgraph[SA00a,CLR92 Thefollowing examplesenes
to illustratetherelationshipbetweerstandardaconstraintandnetworkgraphs.



Examplel. Considerathreejob setS = {.Ji, J2, J3} with the following constraints
imposedonthe executionof thejobs:

(a) Job.J; finishesbeforeJ; starts:s; + €1 < s9

(b) Job.J, finishesbeforeJ; starts:sz + e < s3

(c) Job.J, commencesvithin 4 unitsof .J; concluding:se < s + €1 + 4
(d) Job.Jj; finishedbeforetime 12: s3 + e3 < 12

(€) e1 € [2,4],e2 € [1,4],e3 € [2,5].

We canrepresenthe above constraintsetin matrixform as:

110 ) 1007 r, 0
0 1 -1 1 010 ! 0
11 0 52 100 |24 )
00 1 53 001| L® 12

Thedualof this constrainsystemis the networkgraphshovn in Figure(2).

Fig. 2. Relationshipbetweerstandardconstraintandnetworkgraphs

The adwantageof the networkrepresentatiotis that certainfeasibility queriesin
the primal systemcanbe expressedasshortest-patlyueriesin the correspondinglual
network[CLR92].

2.3 Network Constraints
Networkconstraintsarea straightforwardyeneralizatiorof standarcconstraints.

Definition 2. A constaint is said to be a networkconstaint, if it can be put in the
following form:
a.s; + b.s; < ce; +deej +k, (6)

wheea, b, c,d, k € R.



Networkconstraintanalsobe representedsgraphgHN94,AS80]; however there-

lationshipsbetweeradjacentverticesform a polyhedrorandarenot adequatelyepre-
sentedhroughedgesasin the caseof standardtonstraintsOnceagain, theadwantage
of thegraphrepresentatiors the existenceof fasteralgorithmsfor feasibility checking
asopposedo generakonstraints.

3 Query modelin E-T-C

In this section,we discussthreedifferentschedulabilityspecificationsn the E- T- C
model. Eachspecificationhasa differentnotion of what it meansfor a job-setto be
schedulabledowever in all thespecificationshe guaranteegprovidedare absolutd.e.
if the schedulability queryis decidedaffirmatively thenthe constaint setwill not be
violatedat run time

3.1 Static Scheduling
Staticschedulings concernedvith decidingthefollowing predicate:
P;=35=[51,52,...,5.]VE€ = [e1,€2,...,en] EE A5 <b 7  (7)

In otherwords,the goal is to determinethe existenceof a single start-timevector
§ € ®", suchthatthe constrainsystenrepresentedly (1) holds.Theonly information
that is available prior to the dispatchingof jobs in the i** schedulingwindow is the
knowledgeof the executiontime domainE.

In [SA00c], we shaved that the abore propositioncan be decidedefficiently for
arbitrarycorvex domainsFroma computationaperspectie, query(7) is theeasiesto
answer

3.2 Co-Static Scheduling

Staticschedulings undulyrestrictive,in thatevensimpleconstrainsetswill fail to have
staticschedulegSAO00H. The Co-Staticschedulingqueryrepresentsur first attempt
to mitigatetheinflexibility of staticschedulingln co-staticschedulingwe askwhether
thereexistsastarttime vectorcorrespondingo eachexecutiontimevectorse € E. The
starttime vector may dependon the particularchoiceof €. Accordingly, we wish to
decidethefollowing predicate:

P| =VE=ler,e2,...,6,] €EE I§=[s1,50,...,5,] A[5&<b 7 (8)

Co-staticschedulingpermitsmaximunflexibility during the dispatting phasejn
that if a constaint systems not co-staticallysthedulable thenit is not schedulable
However, query (8) is coNP- conpl et e for arbitrary constraintsets,as shavn in
[SA00H.



3.3 Parametric Scheduling

Co-staticschedulingrequiresknowledgeof the executiontime vectorfor a particular
schedulingwindow, prior to determiningthe starttime vector for that window. This
maynot befeasiblein all real-timesystemsParametricschedulingattemptdo provide
abalancebetweerthe Statican Co-Staticschedulingnodesin a parametricschedule,
thestarttime of ajob is permittedto dependuponthe startandexecutiontimesof jobs
thathave beensequencetbeforeit and only on thosetimes.In this mode,we restrict
ourdiscussiorto aph domainsjnasmuchasthis simpledomainpreseresthehardness
of schedulabilityqueries Thus,the parametricschedulabilitypredicatds:

77\/ = dsy Ver € [l1,u1] Is2 Vea € [la,us] ...3s, Ve, € [ln,un] Afs, €] < b ?
9)

4 A Taxonomyof Schedulingproblems

Fromthediscussiorin theabove sectionsit is clearthatin orderto specifyaninstance
of aschedulingoroblemin theE- T- Cschedulingramework, it is necessario specify:

— Thenatureof the executiontime domain( E ),
— Thetypeof constraintonthejobs( A ), and
— A descriptiorof theschedulabilityquery( P, Py, 7?\/ ).

Thus, a probleminstancecan be specifiedby instantiatingthe tuplesin the <
a|Bly > triplet, where,

— « representshe executiontime domainE - Thefollowing valuesare permissible
for a:
e aph - E is anaxis-parallehyperrectangle,
e pol y - E isapolyhedron
e ar b - E isanarbitraryconex domain.
Clearlyaph is theweakesdomainin termsof whatcanbe specifiedandar b is
thestrongestFigure(3) representthis relationship.
— (3 representtheconstraintmatrix A (G, H) - g canassumehefollowing values:
e st an - Theconstraintarestandad whichimpliesthat G andH arenetwork,
unimodulamatrices.
e net - Theconstraintsare networkwhich impliesthat G andH have at most
two non-zercentriesin ary row
e arb - G andH areanarbitrarym x n rationalmatrices
Onceagainst an is theweakestonstraintclass,in termsof real-timeconstraints
thatit canmodel,whereasr b is the strongestFigure(4) representshis relation-
ship.
— ~ representshe schedulabilitypredicate- The schedulabilitypredicatespecifies
whatit meandor asetof jobsto beschedulablethefollowing valuesarepermitted:
e st at - Thequeryis concernedvith staticschedulability
e CO- st at - Thequeryis concernedvith co-staticschedulability
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Fig. 4. RelationshigbetweernConstrainiClasses

e par am- Thequeryis concernedvith parametricschedulability

Figure (5) representshe flexibility orderingbetweenschedulabilityqueries,with
co- st at beingthemostflexible andst at beingtheleastflexible.

Accordingly, < aphlarb|stat > representsn instanceof a real-timescheduling
problem,in which the executiontime domainis an axis-parallelhyperrectanglethe
constraintarearbitraryandthe schedulabilitypredicates static.Our notationscheme
is similarto the < «|8|y > schemdor traditionalschedulingnodels[Pin95Bru81.

For the restof this thesis,we usethe term domainto refer to the executiontime
domainE andthetermconstaint setto referto the constrainimatrix A (G, H).

5 Offline AnalysisversusOnline Dispatching

Schedulingalgorithmsin the E- T- C modelpossesan offline schedulabilityanalyzer
and an online dispatchingcomponen{ SeeFigure (6) ). The analyzerexaminesthe
constrainton the systemandthe type of schedulabilityqueryinvolved, to determine
whethera feasibleschedulés possible Thisanalysisis alwayscarried out offline. The
dispatchingcomponentis concernedvith determiningthe exact starttimesof thejobs
in thecurrentschedulingvindow. Dispatdiing is alwayscarried out online
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Fig. 5. Flexibility orderingbetweerschedulabilityqueries

For a giveninstanceof a schedulingoroblem,the offline analyzeris executedex-
actly once.If the schedulabilityqueryis decidedaffirmatively, the online dispatcheis
executedn every schedulingvindow.

6 Complexity of someinstantiations

Figure (7) representshe compleity picture of someinterestinginstantiationsasper
ourresearch.

7 Summary

In this papeywe presente@ framewvork calledthe E- T- Cschedulingnodel,for spec-
ifying schedulingproblemsn real-timesystemsThe E- T- C modelpossessethe fol-
lowing characteristicthatdistinguishit from a traditionalschedulingnodel[Pin95:

— Explicit accommodatiownf executiontime interdependenceAs specifiedthe ex-
ecutiontime domainE canbe ary arbitrarycorvex set.This enablesusto model
varioussituationssuchas executiontime variability ( aph ) andthe existenceof
relationshipdetweerexecutiontimes.

— Unrestrictecconstrainimatrix - As specifiedtheconstrainimatrix A canbeanar
bitrary rationalmatrix. Thegeneralityof the constrainsetpermitsthe specification
of relationshipghat cannotbe expressedhroughprecedencgraphsor deadline
andready-timerequirements.

— Decouplingof Schedulabilityanalysisand Dispatching- This featurepermitsthe
analysisphaseto be carriedout offline, therebyreducingthe online computation
neededo determinghedispatchvectorsin eachschedulingvindow.
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