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Abstract. Schedulingin Real-timesystemsdiffers from schedulingin conven-
tional modelsin two principal ways:(a) Parametervariability, (b) Existenceof
complex constraintsbetweenjobs. Our focus hasbeenon variableexecution
times.Whereastraditionalmodelsassumefixed valuesfor job executiontime,
wemodelexecutiontimesof jobsthroughconvex sets.Thesecondfeatureunique
to real-timesystems,isthepresenceof temporalrelationshipsthat constrainjob
execution.Considerfor instancethe requirementthat job 1 shouldconclude10
unitsbeforejob 2. Thiscanbemodeledthroughasimple,linearrelationship,be-
tweenthestartandexecutiontimesof jobs1 and2. In real-timescheduling,it is
importantto guaranteeapriori, theschedulingfeasibilityof thesystem.Depend-
ing uponthe natureof the applicationinvolved, therearedifferentschedulabil-
ity specificationsviz. Static,Co-StaticandParametric.Eachspecificationcomes
with its own setof flexibility issues.In this paper, we presenta framework that
enablesthespecificationof real-timeschedulingproblemsanddiscussthe rela-
tionshipbetweenflexibility andcomplexity in theproposedmodel.

In thispaper, wedescribethefeaturesof our real-timeschedulingframework called
theE-T-C ( Execution-Time-Constraints) Real-TimeSchedulingmodel.TheSchedul-
ing modelis composedof

�
sub-models,viz. theJobmodel,theConstraintmodeland

the Querymodel.The Jobmodeldescribesthe type of jobs that we are interestedin
scheduling.The Constraintmodel is concernedwith the natureof relationshipscon-
strainingtheexecutionof thejobs.Thequerymodelspecifieswhatit meansfor asetof
jobsto beschedulable,subjectto constraintsimposedaspertheConstraintmodel.An
instanceof a problemin theE-T-C modelis specifiedby instantiatingthevariablesin
thesub-models.

Wefocuson thefollowing issues:

(a) Designingaframework thatenablesspecificationof real-timeschedulingproblems,
and

(b) Studyinginstantiationsof interestin this framework.

Therestof this paperis organizedasfollows: Section � 1 describestheJobmodel
within the E-T-C schedulingframework. The Constraintmodel is discussedin the
succeedingsectionviz. Section� 2. Section� 3 detailstheQuerymodelandpresentsthe�

typesof queriesthatweconsiderin thisthesis.A classificationschemefor Scheduling



problemsin theE-T-C model is introducedin � 4. Section � 6 providesa complexity
pictureof variousinstantiationsin theE-T-C model.We concludein Section � 7 by
summarizingthediscussionin thispaper.

1 Job Model in E-T-C

Assumeaninfinitely extendingtimeaxis,startingattime ����� . Thisaxisis dividedinto
intervalsof length � ; theseintervalsareorderedandeachinterval is calleda schedul-
ing window e.g. 	 ��
���
 representsthe first schedulingwindow, 	���
�������
 representsthe
secondschedulingwindow and in general, 	�������� �!����
���
 representsthe �#"�$ schedul-
ing window. schedulingwindow. We aregivena setof ordered,non-preemptive,jobs% �'&)( � 
�(+* 
 �,� �-(�.0/ , with starttimes &21 � 
�1 *)
 �,� �!
�13.4/ andexecutiontimes &,5 � 
!52*6
 �,� �-
!5,.7/ .� is theperiodof thejob-setandall jobsexecuteperiodicallyin eachschedulingwin-
dow.

2 Constraint Model in E-T-C

Theexecutionsof the jobs in the job-set
%

( discussedin theabove section) arecon-
strainedthroughrelationshipsthatexist betweentheir starttimesandexecutiontimes.
In theE-T-C model,wepermitonly linearrelationships;thustheconstraintsystemon
thejob-setis expressedin matrix form as:8 �#	�9: 
;9< 
>= 9? 
 (1)

where,

– 9: ��	�1 � 
�1 * 
,� � �@
�1 . 
 is an A�� vector, representingthestarttimesof thejobs;
– 9< �B	 5 � 
@5 * 
 �,� �!
@5 . 
 is an A�� vectorrepresentingtheexecutiontimesof thejobs;
–

8
is a CEDF���GA matrixof rationalnumbers,calledtheconstraint matrix;

– 9? �B	 H � 
�H3* 
,� � �@
�H!I�
 is an CJ� vectorof rationalnumbers,

Observe thatSystem(1) canberewritten in theform:K � 9:�LNM � 9< = 9? 
 (2)

where, K �#9:�LOM �P9< � 8 �#	�9: 
Q9< 

We can also usethe finish times R S of jobs in relationships.Sincethe jobs are non-
preemptive,therelation: 1 S L 5 S �TR S holdsfor all jobs ( S andhenceourexpressiveness
is notenhancedby theinclusion.

System(1) is a convex polyhedronin the ����A dimensionalspace,spannedby the
starttime axes &)1 � 
�1,* 
 � �,�!
�1�.0/ andtheexecutiontimeaxes &,5 � 
!52*6
,� � �-
!5,.0/ .

Theexecutiontimesareindependentof thestarttimesof thejobs;howeverthey may
havecomplex interdependenciesamongthemselves.This interdependenceis expressed
by setting 9<VUXW (3)



where W is an arbitraryconvex set.We regard the executiontimesas A�� vectors
belongingto theset W .

Theorderingonthejobsis obtainedby imposingtheconstraints:

1 S L 5 S =Y1 S[Z � 
]\^�0���6
,� � �@
�A_�Y�)�
Theorderingconstraintsare includedin the

8
matrix in (1).

Goal:We wishto determinea start timevector 9: , in each schedulingwindow, such
that theconstraint system(1) holds( is notviolated) atrun-timefor anyexecutiontime
vector 9<`UJW .

Theabovespecification( calledtheschedulabilityspecification) is rathervagueand
is intendedto beso;in Section� 3 weshallpresentthreedifferentformalizationsof the
above specification.Eachformalizationis characterizedby a distinctsetof complexity
andflexibility concerns.We alsousethetermsschedulabilityqueryandschedulability
predicateto referto theschedulabilityspecification.

TheConstraintmodelcanbeadaptedto specialsituationsby restrictingeither W or8
or both.Thefollowing advantagesresultfrom suchrestrictions:

– A modelthatmoreaccuratelydescribestherequirementsof thecurrentsituation,
– Fasteralgorithmsfor schedulabilityqueries,and
– Moreefficient dispatchingschemes.

In � 2.1 we discussa restrictionto W , while � 2.2 and � 2.3 dealwith restrictionsto
theconstraintmatrix

8
.

2.1 The Axis-parallel Hyper-rectangledomain

Asspecifiedabove,theset W in theConstraintmodelcanbeanarbitraryconvex domain.
Onedomainthatfindswide applicability is theaxis-parallelhyper-rectangledomain(
henceforthabbreviatedasaph ). Figure( 1 ) displaysa

� � dimensionalaph.
TheMarutiOperatingSystem[LTCA89,MAT90,MKAT92] estimatesrunningtimes

of jobsby performingrepeatedrunssoasto determineupperandlowerboundsontheir
executiontime.Accordingly, therunningtimeof job ( S , viz. 5 S , belongsto theinterval	 abSc
�deS�
 , wherea�S and d+S denotethelowerandupperboundsontheexecutiontimeasde-
terminedby empiricalobservation.These independent range variations
are the only constraints on the execution times.Observethatdur-
ing actualexecution,5 S cantakeany valuein therange	 a�S]
�deS�
 .

Theaph domainpossessestwo usefulfeatures:

– A specificationthatis tractablefor thisdomainis alsotractablefor arbitraryconvex
domains,

– A specificationthatis provably “hard” for arbitraryconvex domainsis also“hard”
for thisdomain.

Thuswhenproving complexity results( especiallyhardnessresults), it sufficesto
focuson theaph domainonly.
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Fig. 1. Axis-parallelHyper-rectanglefor f dimensions

2.2 Standard Constraints

The classof “standardconstraints”was introducedin [Sak94], asa restrictionto the
constraintmatrix

8
for which theParametricSchedulabilityquery( seeSection� 3.3 )

couldbedecidedefficiently.

Definition 1. A constraint is said to be a standard constraint, if it can be put in the
followingform: g ��1 S L H2� 5 S =Oh)��1]i LOj ��5!i LOk 
 (4)

where,

– & g 
�H 
@h6
 j / U &2��
)�)
 �l�)/ ,
–

g �T�lmnH����
– ho�Y�lm j ���
– ��H_p�Y�;��mnH�� g

,
– � j p�q�Q�rm j �Th ,
– � g p���;�0st�#h_p���;��m g �Th
– kuUJv ( For computationalpurposes,k is anyrational number).

Theseconstraintsare also known as monotoneconstraints in the literature[HN94].
Standardconstraintsserveto modelrelativepositioningrequirementsbetweentwo jobs
andabsoluteconstraintson a singlejob. Whentheconstraintsarestandard,thematrixK

in System(2) is networkunimodular[Dan63,NW88] andhencetheconstraintsystem
canberepresentedasa networkgraph[SA00a,CLR92]. Thefollowing exampleserves
to illustratetherelationshipbetweenstandardconstraintsandnetworkgraphs.



Example1. Considera threejob set w'�x&)( � 
�( * 
�(�y)/ with the following constraints
imposedontheexecutionof thejobs:

(a) Job ( � finishesbefore (+* starts:1 � L 5 � =z1 *
(b) Job (+* finishesbefore( y starts:1 * L 5)*{=z1 y
(c) Job (e* commenceswithin | unitsof ( � concluding:1,*{=Y1 � L 5 � L |
(d) Job (�y finishedbeforetime � � : 13y L 5 yl='�,�
(e) 5 � U 	���
!|)
 , 5 * U 	b�6
@|6
 , 5 y U 	���
�} 
 .
Wecanrepresenttheabove constraintsetin matrix form as:~��

�
���l���� ���l��l������ � �

����
� �

~� 1 �1 *13y
�� L

~��
�

�����������l�o������_�
����
� �

~� 5 �5 *5 y
�� =

~��
�
��|�,�
����
� (5)

Thedualof this constraintsystemis thenetworkgraphshown in Figure(2).
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Fig. 2. Relationshipbetweenstandardconstraintsandnetworkgraphs

The advantageof the network representationis that certainfeasibility queriesin
theprimal systemcanbeexpressedasshortest-pathqueriesin thecorrespondingdual
network[CLR92].

2.3 Network Constraints

Networkconstraintsarea straightforwardgeneralizationof standardconstraints.

Definition 2. A constraint is said to be a networkconstraint, if it can be put in the
followingform: g ��1 S L H2�G1]i�=�h)��5 S LOj ��5!i LOk 
 (6)

where
g 
�H 
!h)
 j 
 k�UXv .



Networkconstraintscanalsobe representedasgraphs[HN94,AS80];however there-
lationshipsbetweenadjacentverticesform a polyhedronandarenot adequatelyrepre-
sentedthroughedges,asin thecaseof standardconstraints.Onceagain,theadvantage
of thegraphrepresentationis theexistenceof fasteralgorithmsfor feasibility checking
asopposedto generalconstraints.

3 Query model in E-T-C

In this section,we discussthreedifferentschedulabilityspecificationsin theE-T-C
model.Eachspecificationhasa differentnotion of what it meansfor a job-setto be
schedulable.However, in all thespecificationstheguaranteesprovidedareabsolutei.e.
if the schedulabilityqueryis decidedaffirmatively, thenthe constraint setwill not be
violatedat run time.

3.1 Static Scheduling

Staticschedulingis concernedwith decidingthefollowing predicate:�o�o�q� 9: �B	 1 � 
�1 * 
 �,� �!
�13.�
�\�9< �'	 5 � 
!5)* 
,� � �@
!5 .Q
 UXW 8 �#	�9: 
;9< 
>= 9?��
(7)

In otherwords,thegoal is to determinethe existenceof a singlestart-timevector9:{UJv . , suchthattheconstraintsystemrepresentedby (1) holds.Theonly information
that is availableprior to the dispatchingof jobs in the �#"�$ schedulingwindow is the
knowledgeof theexecutiontimedomain W .

In [SA00c], we showed that the above propositioncanbe decidedefficiently for
arbitraryconvex domains.Froma computationalperspective,query(7) is theeasiestto
answer.

3.2 Co-StaticScheduling

Staticschedulingis undulyrestrictive,in thatevensimpleconstraintsetswill fail to have
staticschedules[SA00b]. TheCo-Staticschedulingqueryrepresentsour first attempt
to mitigatetheinflexibility of staticscheduling.In co-staticscheduling,weaskwhether
thereexistsastarttimevectorcorrespondingto eachexecutiontimevectors 9<�UFW . The
start time vectormay dependon the particularchoiceof 9< . Accordingly, we wish to
decidethefollowing predicate:���o� \ 9< ��	 5 � 
!5 * 
,� � �-
!5 . 
 UJW � 9: �B	�1 � 
�1 * 
 �,� �!
�1 . 
 8 �#	 9: 
 9< 
>= 9?��

(8)

Co-staticschedulingpermitsmaximumflexibility during thedispatching phase,in
that if a constraint systemis not co-staticallyschedulable,thenit is not schedulable.
However, query (8) is coNP-complete for arbitrary constraintsets,as shown in
[SA00b].



3.3 Parametric Scheduling

Co-staticschedulingrequiresknowledgeof the executiontime vector for a particular
schedulingwindow, prior to determiningthe start time vector for that window. This
maynot befeasiblein all real-timesystems.Parametricschedulingattemptsto provide
a balancebetweentheStaticanCo-Staticschedulingmodes.In a parametricschedule,
thestarttimeof a job is permittedto dependuponthestartandexecutiontimesof jobs
thathave beensequencedbeforeit and only on thosetimes.In this mode,we restrict
ourdiscussiontoaph domains,inasmuchasthissimpledomainpreservesthehardness
of schedulabilityqueries.Thus,theparametricschedulabilitypredicateis:�����q� 1 � \45 � U 	 a � 
�d � 
 � 1,*�\�52* U 	 a[*6
�d�*c
l� �,� � 1�.�\�5 . U 	 a�.�
�de.Q
 8 �b	�9: 
Q9< 
�= 9?��

(9)

4 A Taxonomyof Schedulingproblems

Fromthediscussionin theabove sections,it is clearthatin orderto specifyaninstance
of aschedulingproblemin theE-T-C schedulingframework, it is necessaryto specify:

– Thenatureof theexecutiontimedomain( W ),
– Thetypeof constraintson thejobs(

8
), and

– A descriptionof theschedulabilityquery(
�o� 
 ��� 
 ���

).

Thus, a problem instancecan be specifiedby instantiatingthe tuples in the ��o  ¡�  ¢u£ triplet, where,

– � representstheexecutiontime domain W - The following valuesarepermissible
for � :¤ aph - W is anaxis-parallelhyper-rectangle,¤ poly - W is apolyhedron¤ arb - W is anarbitraryconvex domain.
Clearlyaph is theweakestdomainin termsof whatcanbespecifiedandarb is
thestrongest;Figure(3) representsthis relationship.

– ¡ representstheconstraintmatrix
8 � K 
 M � - ¡ canassumethefollowing values:¤ stan - Theconstraintsarestandard whichimpliesthat

K
and M arenetwork,

unimodularmatrices.¤ net - Theconstraintsarenetworkwhich implies that
K

andH have at most
two non-zeroentriesin any row¤ arb -

K
andH areanarbitrary C�DFA rationalmatrices

Onceagainstan is theweakestconstraintclass,in termsof real-timeconstraints
thatit canmodel,whereasarb is thestrongest;Figure(4) representsthis relation-
ship.

– ¢ representsthe schedulabilitypredicate- The schedulabilitypredicatespecifies
whatit meansfor asetof jobstobeschedulable;thefollowingvaluesarepermitted:¤ stat - Thequeryis concernedwith staticschedulability,¤ co-stat - Thequeryis concernedwith co-staticschedulability,
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Fig. 4. RelationshipbetweenConstraintClasses

¤ param - Thequeryis concernedwith parametricschedulability.

Figure(5) representsthe flexibility orderingbetweenschedulabilityqueries,with
co-stat beingthemostflexible andstat beingtheleastflexible.

Accordingly, � g2¥4¦   g+§ H   1�� g � £ representsan instanceof a real-timescheduling
problem,in which the executiontime domainis an axis-parallelhyper-rectangle,the
constraintsarearbitraryandtheschedulabilitypredicateis static.Our notationscheme
is similar to the � �o  ¡�  ¢¨£ schemefor traditionalschedulingmodels[Pin95,Bru81].

For the restof this thesis,we usethe term domainto refer to the executiontime
domainW andthetermconstraint setto referto theconstraintmatrix

8 � K 
 M � .
5 Offline AnalysisversusOnline Dispatching

Schedulingalgorithmsin theE-T-C modelpossessanoffline schedulabilityanalyzer
andan online dispatchingcomponent( SeeFigure (6) ). The analyzerexaminesthe
constraintson the systemandthe type of schedulabilityqueryinvolved,to determine
whethera feasiblescheduleis possible.Thisanalysisis alwayscarriedout offline. The
dispatchingcomponentis concernedwith determiningtheexactstarttimesof thejobs
in thecurrentschedulingwindow. Dispatching is alwayscarriedout online.
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Fig. 5. Flexibility orderingbetweenschedulabilityqueries

For a given instanceof a schedulingproblem,the offline analyzeris executedex-
actly once.If theschedulabilityqueryis decidedaffirmatively, theonlinedispatcheris
executedin every schedulingwindow.

6 Complexity of someinstantiations

Figure(7) representsthe complexity pictureof someinterestinginstantiationsasper
our research.

7 Summary

In this paper, wepresenteda framework calledtheE-T-C schedulingmodel,for spec-
ifying schedulingproblemsin real-timesystems.TheE-T-C modelpossessesthefol-
lowing characteristicsthatdistinguishit from a traditionalschedulingmodel[Pin95]:

– Explicit accommodationof executiontime interdependence- As specified,theex-
ecutiontime domain W canbeany arbitraryconvex set.This enablesus to model
varioussituationssuchasexecutiontime variability ( aph ) andthe existenceof
relationshipsbetweenexecutiontimes.

– Unrestrictedconstraintmatrix - As specified,theconstraintmatrix
8

canbeanar-
bitraryrationalmatrix.Thegeneralityof theconstraintsetpermitsthespecification
of relationshipsthat cannotbe expressedthroughprecedencegraphsor deadline
andready-timerequirements.

– Decouplingof SchedulabilityanalysisandDispatching- This featurepermitsthe
analysisphaseto be carriedout offline, therebyreducingthe online computation
neededto determinethedispatchvectorsin eachschedulingwindow.
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