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Abstract— In a recent paper, we proposed a multi-
user space-time coded cooperative diversity protocol that
operates in an asynchronous code-division multiple-access
(CDMA) uplink under non-orthogonal channel assign-
ment. The diversity combining of the relayed information
was considered at the base station and the information-
outage probability performance was investigated in a high-
SNR regime. The goal of this paper is to extend those
results and compare the performance of the proposed
multi-user sharing protocol under diversity combining and
code combining of the relayed transmissions at the base
station and to examine the impact of using practical mod-
ulation techniques on the information-outage probability
performance of the proposed multi-user cooperation pro-
tocol. We see that the performance loss due to modulation
constraints and the use of diversity combining instead of
code combining is relatively small.

I. INTRODUCTION

It is well known that multiple-input multiple-output
(MIMO) communications have advantages of improving
link reliability, and the capacity of wireless systems.
However, the use of multiple antennas to achieve trans-
mit diversity in the cellular uplink is impractical due
to the size constraints of the mobile units. A potential
solution is then to employ user cooperative diversity
techniques whereby mobile users share their physical
resources to create a virtual antenna array and hence
achieve transmit diversity gain to combat fading.

The use of cooperative diversity in a cellular uplink
was first popularized by Sendonaris et al. [1]. In [1], the
authors develop a full-duplex, two-user sharing protocol
for the code-division multiple-access (CDMA) using
orthogonal spreading codes. However, the assumption
of orthogonal spreading codes limits flexibility of the
scheme. Orthogonality between spreading codes may
also get destroyed due to asynchronous channels. In
[2], the authors develop space-time coded decode-
and-forward (DF) protocols for combating multipath
fading in wireless networks and present information-
outage probability analysis of these protocols under
repetition coding (diversity combining) in the high SNR
regime. The medium access control protocol suggested
in [2], [3], allocates orthogonal (frequency) channels
to the transmitting terminals and also assumes block

and symbol synchronization. The authors in [4] design
linear multi-user detectors for the synchronous coop-
erative CDMA uplink using non-orthogonal spreading
codes and analyze the performance of various detection
strategies under repetition based full-duplex relaying
schemes. The authors in [5], [6], [7] present various
channel coding schemes for cooperative networks.

Most prior work on cooperative diversity builds upon
the assumption of orthogonal channels to multiple users
and synchronous communication between the signals
transmitted from different cooperative terminals in the
network. The issue of non-orthogonal channel alloca-
tion has been addressed in [9], [10]. The authors in
[9] apply delay-diversity techniques to single source
cooperative networks which do not require orthogonal
channelization or symbol-level timing synchronization.
In [10], the authors propose a cooperative transmission
technique, where relay nodes act as active scatterers
and simply retransmit the source’s transmission under
very loose synchronization constraints. Also, the previ-
ous information-theoretic analysis on user cooperation
assumes Gaussian distribution of the input symbols,
but practical systems must be constrained to use inputs
selected from a finite signal set. The authors in [11]
evaluate the impact of modulation constraints on the
throughput of point-to-point hybrid-ARQ and suggest
the extension to relaying protocols. Recently, a multi-
user space-time coded cooperative diversity protocol
that operates in an asynchronous CDMA cellular uplink
under non-orthogonal channel assignment was proposed
and diversity combining of the relayed information
at the base station was considered [8]. The authors
analyzed information-outage probability performance in
three special cases such as underloaded, fully-loaded
and overloaded CDMA uplink using the high-signal-to-
noise ratio (SNR) approximations.

In this paper, we extend the results from [8]. In
particular, we compare diversity combining (employing
space-time coding) and code combining (employing
incremental redundancy) at the base station using nu-
merical results for the information-outage probability
of the proposed DF sharing scheme in [8] under fully-



Fig. 1. Space-time coded medium-access control for the proposed cooperation scheme. Figure indicates example channel allocations across
spreading codes and time for K users. For user k ∈ {1, 2, . . . , K}, D(k) denotes the decoding set. The non-orthogonal (but linearly
independent) spreading waveform of the k-th user is denoted by sk(t).

loaded CDMA uplink. It is well known that code
combining is almost always better than the diversity
combining in non-cooperative networks. This is because
when code combining is used, individual channel mu-
tual informations add while when using diversity com-
bining, signal-to-noise ratios (SNRs) add. Interestingly,
the results presented here indicate that in a multi-user
cooperative diversity environment, diversity combining
of the relayed information from multiple users is nearly
as good as code combining because of the associated
probabilities of a decoding set as will be explained in
the sequel. We also examine the effect of using practical
modulations on the outage probability performance.

The paper outline is as follows. Section II intro-
duces a non-cooperative CDMA uplink model. Section
III revisits and describes a proposed user cooperation
protocol and received signal model from [8] for com-
pleteness. Section IV presents a multi-user cooperation
protocol in a fully loaded CDMA cellular uplink under
diversity combining while Section V considers code
combining. The outage probability for the modulation
constrained case is presented in Section VI. We provide
the numerical results in Section VII and Section VIII
concludes.

II. CONVENTIONAL CDMA

In direct-sequence code-division multiple-access
(CDMA) systems, each user is assigned an individual
(orthogonal or non-orthogonal) signature waveform or
a spreading code and signals from different users may
overlap in both time and frequency. The received signal
at the base station in a non-cooperative asynchronous
CDMA uplink with K active users is given by

r(t) =
K∑

k=1

B−1∑
i=0

xk[i]αksk(t− iTs − τk) + n(t) (1)

where B is the block length, Ts is the symbol period,
n(·) is the additive white Gaussian noise process, xk[i]
is k-th user’s transmitted symbol, αk is the flat fading

Rayleigh channel coefficient for the channel between
k-th user and the destination (base station), sk(t) =∑N−1

j=0 ck[j]ψ(t−jTc) is the spreading waveform of k-
th user where ck[j] ∈ {− 1√

N
, 1√

N
} is the j-th element

of user k’s spreading code and ψ(t) is a unit-energy
transmit pulse shape waveform, N being the processing
gain.

III. COOPERATION IN A CDMA UPLINK

A. Protocol Design

We analyze a user cooperation protocol wherein users
transmit their own data and also serve as relays for
other users in the system. This is in contrast with the
typical relay networks where relays do not have data
of their own. The relays can thus receive messages
from multiple sources and upon successful decoding,
can forward the superposition of multiple re-encoded
and re-spread messages. The protocol description of the
proposed multi-user cooperation scheme differs from
[2] in medium-access control requirements and also in
multiple access strategy. We consider a CDMA cellular
uplink consisting of K cooperating users. Each user
is assigned a single spreading code. The spreading
codes provide processing gain N and are assumed
non-orthogonal. Fig. 1 depicts channel and subchannel
allotments for the proposed CDMA cooperative scheme.
The channel representing a single spreading code spans
two time-phases and when split into individual time
phases corresponds to subchannels. The transmission
between users and the base station is accomplished in
two orthogonal time-phases. In the first phase, user k ∈
{1, 2, ..K} transmits to the base station on its spreading
code (i.e., in the appropriate subchannel). In the second
phase, the users that can decode k-th user’s transmission
form a decoding set D(k) and serve as relays (r). The
relays then transmit to the base station asynchronously
on source user’s spreading sequence using a space-
time code or delay diversity technique which leads
to diversity combining of the relayed transmissions at
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(2)

the base station or they may use different Gaussian
codebooks (or incremental redundancy) which leads to
code combining of the relayed transmissions at the
destination. Thus for this cooperative diversity scheme,
decoding relays for any particular source user transmit
asynchronously over the same subchannel (i.e., they use
the same spreading code). Note that since spreading
codes are non-orthogonal, and we assume asynchronous
communication between signals transmitted from co-
operating users, we have non-orthogonality across the
subchannels and also within a subchannel1.

B. Received Signal Model

The proposed sharing scheme operates in an asyn-
chronous CDMA uplink in the presence of multiple-
access interference (MAI) and intersymbol interference
(ISI). The specified use of decorrelating multiuser detec-
tion at the base station effectively transforms the result-
ing MAI and ISI channel into parallel interference-free
scalar flat fading channels with increased background
noise. Using this scalar channel model along with an
appropriate signal-to-noise ratio parameterizations, the
proposed scheme can be evaluated via outage proba-
bility, i.e., the probability that average mutual informa-
tion (in bits/sec/Hz) falls below a given threshold. We
now develop a signal model for the second phase of
transmission but we note that the signal model for the
first phase of transmission can be obtained in a similar
manner. The received signal at the base station with K

cooperating users and K ′ �
= K − 1 potential relays is

given by

r(t) =
K∑

k=1

K′∑
l=1

B−1∑
i=0

xl,k[i]αlsk(t− iTs − τl) + n(t) (3)

where B, Ts, n(·), τl, and sk(t) are as described
under equation (1), xl,k[i] is k-th user’s space-time
coded symbol transmitted from l-th cooperating user
with E{x2

l,k[i]} = P , αl (or αl,d) is the flat fading
Rayleigh channel coefficient for the channel between l-
th user and the destination (base station) with variance
1/λl (or 1/λl,d), and τl is the delay for the channel
between l-th user and the destination. τl includes a
random transmit delay for delay diversity. At the base

1But note that we still have time-phase orthogonality.

station, the received signal is matched filtered with
respect to the received waveform over the channel.
By Cameron-Martin formula, this process generates
sufficient statistics, rk,l[i] [12]. These are given by

rk,l[i] =α∗
l

∫ ∞

−∞
r(t)sk(t− τl − iTs)dt (4)

=
K∑

k′=1

K′∑
l′=1

B−1∑
i′=0

xk′,l′ [i′]α∗
l αl′ρ

k′l′
kl (5)

where ρk′l′
kl

�
=

∫ ∞
−∞ sk(t−τl−iTs)sk′(t−τl′−i′Ts)dt is

the cross-correlation between delayed spreading wave-
forms. Stacking all match filtered outputs, we get r =
H̃x + n where n ∼ Nc(0, N0H̃). This can further be
expressed as

r = ARAH︸ ︷︷ ︸
˜H

x + n (6)

where A is a diagonal matrix and is a function of only
channel gains αi’s, R is a function of cross-correlations
between delayed signature waveforms. Applying the
decorrelating detector [13] to the discrete-time received
vector r, we get y = (AR)−1r + v where v ∼
Nc(0, N0R

−1). Thus we get a parallel flat fading scalar
channel model similar to [2],

yi
�
= [y]i = αixi + vi, (7)

but with enhanced noise distributed as vi ∼
Nc(0, N0[R]−1

i,i ).

IV. PERFORMANCE UNDER DIVERSITY COMBINING

In this section, we study the performance of space-
time coded cooperative diversity protocol under diver-
sity combining. In this type of cooperation, all the relays
in the decoding set of a particular user transmit on the
same subchannel using a space-time code or even using
a delay diversity technique. The performance measure is
information-outage probability that the average mutual
information (I) between user k and the base station falls
below a fixed spectral efficiency R and is a lower bound
on the codeword error rate of practically coded systems
operating at the same spectral efficiency R. Since the
decoding set for user k, D(k), is a random entity, the



outage probability of the channel between user k and
the base station is given by

Pr[I < R] =
∑
D(k)

Pr[D(k)] Pr[I < R|D(k)]. (8)

We consider a fully loaded CDMA configuration in
which K = N . Each user is assigned a single spreading
code. Since each user sends its own data on its spreading
code in the first time phase and also sends other user’s
data on that user’s spreading code in the second phase,
each user effectively uses up to all the spreading codes.
Thus each cooperating user utilizes 1/2 of available
degrees of freedom in the channel. The 1/2 factor is due
to time-phase orthogonality and appears in front of the
log terms. The normalized (by the degrees of freedom
utilized by each cooperating user) discrete time power
constraint is 2P/K as described in [8]. Conditioned on
the decoding set D(k), the mutual information between
k-th user and destination can be shown to be

If-CDMA =
1
2

log

(
1 +

2SNR

K

|αk,d|2
[R−1]1,1

)

+
1
2

log


1 +

2SNR

K

∑
r∈D(k)

|αr,d|2
[R−1]r,r


 . (9)

where SNR
�
= P

N0
. The mutual information in (9) is

the sum of the mutual informations for two parallel
channels, one from the source to the destination and
other from the set of decoding relays to the destination.
Note that since we consider the relayed transmissions
using a space-time code or a delay diversity technique,
which yields to diversity combining at the base station,
we have a log-sum expression for the second phase.
The mutual information between the k-th user and the
potential relay r is given by

Ik,r =
1
2

log

(
1 +

2SNR

K

|αk,r|2
[R−1]r,r

)
. (10)

The potential relay will be able to decode k-th user’s
message if the realized mutual information between user
k and the relay r is greater than the fixed spectral
efficiency R.

Pr[r ∈ D(k)]= Pr[Is,r > R] (11)

= exp

[
−λk,r[R−1]r,r

22R − 1
2SNR/K

]
.(12)

The probability of a decoding set is then given by

Pr[D(k)] =
∏

r∈D(k)

exp

[
−λk,r[R−1]r,r

22R − 1
2SNR/K

]

×
∏

r/∈D(k)

1−exp

[
−λk,r[R−1]r,r

22R − 1
2SNR/K

]
.(13)

Using (8), (9), and (13), we evaluate the outage prob-
ability performance of the above mentioned protocol
numerically.

V. PERFORMANCE UNDER CODE COMBINING

The use of decorrelating multiuser detection as dis-
cussed in Section III-B allows us to form interference-
free scalar flat-fading parallel channels with increased
background noise. Thus instead of repeating the same
information in the form of a space-time code or delay
diversity, the relays could as well employ different
Gaussian codebooks and transmit relayed information
toward destination. Therefore different part of the code-
word gets transmitted from each cooperating user. This
results in a code combining of the relayed transmissions
at the base station. Under code combining, each sub-
channel in the second phase behaves like a set of |D(k)|
parallel Gaussian channels. The mutual information
under code combining and fully loaded CDMA system
configuration, conditioned on a decoding set can be
given by

If-CDMA =
1
2

log

(
1 +

2SNR

K

|αk,d|2
[R−1]1,1

)

+
∑

r∈D(k)

1
2

log

(
1 +

2SNR

K

|αr,d|2
[R−1]r,r

)
. (14)

The mutual information in (14) is larger than that in (9)
for same |D(k)| due to Jensen’s inequality. Note that the
existing cooperative diversity schemes employing code
combining at the destination require the existence of
parallel channels which is achieved through orthogonal
channel allocation. But in our protocol, though the
users have been allocated non-orthogonal spreading
codes and relayed transmissions occur asynchronously
in the same subchannel for each user, the decorrelating
multiuser detector allows us to create virtual parallel
channels without bandwidth penalty though there is a
SNR penalty. The closed form expression for the outage
probability under code combining is not tractable for
arbitrary number of cooperating users. Hence we nu-
merically evaluate the outage probability performance
of the proposed protocol under code combining and
compare it with the numerically evaluated performance
of the proposed protocol under diversity combining
(9). The final expression for the outage probability is
obtained by substituting (14) and (13) in (8).

VI. PERFORMANCE UNDER MODULATION

CONSTRAINTS

In the earlier sections, we provided information-
theoretic analysis of multi-user cooperative diversity
scheme using Gaussian distributed inputs. The assump-
tion of Gaussian inputs is justifiable if we are deal-
ing with large signalling constellations. However, the
information-theoretic results need to be extended so as
to take into account the effect of practical modulation
constraints. In this section, we compute the mutual
information under the constraint of uniform input prob-
abilities considering diversity combining at the desti-
nation. To find the expression for mutual information



under modulation constraints with the earlier mentioned
system parameters, we model the received signal at the
destination during two time-phases as follows. In the
first phase, user k transmits toward the base station.
The received signal at the base station during first phase
after decorrelating multiuser detection can be written as

y1 =
αk,d√
[R]−1

1,1

x+ n (15)

where n ∼ Nc(0, N0), x is a modulated symbol drawn
from the uniform probability distribution with E{x}2 =
2P/K. The received signal model pointed out here is
very similar to scalar channel model obtained in (7)

except the scaled factor of 1/
√

[R]−1
r,r . We note that

doing this does not change the received SNR (and
yields exactly the same mutual information expression
given in (9) assuming Gaussian distribution of input
symbols) but allows us to separate out the effect of SNR
from the interference term while plotting the outage
probability performance. The mutual information under
modulation constraints between k-th user and the base
station during phase I conditioned on a decoding set
D(k) is [15]

I1 =
1
2

(
m− Ex,y1

[
log

∑
z∈χ p(y1|z)
p(y1|x)

])
. (16)

where m = log2M , M being the signal constella-
tion size, χ denotes the signal set, and p(y/x) is the
transition probability density function between input x
and the output y as defined in [15]. The factor 1/2
outside the log term is due to the fraction of degrees
of freedom utilized by a cooperating terminal in fully
loaded CDMA system scenario as detailed in Section
IV. Similarly the received signal at the base station
during second phase under modulation constraints due
to retransmissions from K ′ relays can be modeled as

y =




α2,d/
√

[R]−1
2,2

...

αr,d/
√

[R]−1
r,r

...

αK′,d/
√

[R]−1
K′,K′



x+ n. (17)

Again, the expression for the mutual information under
uniform input probability conditioned on a decoding set
D(k) is given by

I2 =
1
2

(
m− Ex,y

[
log

∑
z∈χ p(y|z)
p(y|x)

])
. (18)

The overall mutual information conditioned on a decod-
ing set between k-th user and the base station is then

Im = I1 + I2. (19)

The mutual information between k-th user and a relay
can be formed in a similar fashion which then can be

used to find a probability of a decoding set. We plot the
outage probability performance through Monte-Carlo
simulation using the total probability law in (8).

VII. RESULTS
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Fig. 2. Conditional outage probability performance comparison of
diversity combining and code combining schemes for fully loaded
CDMA system configuration with K = N = 8. The outage
probability is conditioned on R. The threshold spectral efficiency is
R = 1 bit/sec/Hz. Code combining is 0.01 dB better than the diversity
combining and so the plots are almost indistinguishable.
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Fig. 3. Conditional outage probability performance comparison of
fully loaded CDMA system configuration (K = N = 8) under
the constraint of uniform input probability (QPSK and 16-QAM
modulation) and unconstrained Gaussian input. The outage probability
is conditioned on R. The threshold spectral efficiency is R = 0.8
bits/sec/Hz.

In all the figures, N denotes the processing gain,
and K denotes the number of cooperating users. We
consider a fully loaded CDMA uplink with K = N =
8. The spreading codes are random and the delays are
assumed to be uniformly distributed between 0 and
Ts, Ts being normalized to 1. Fig. 2 indicates the
conditional outage probability performance compari-
son between diversity combining and code combining



reception schemes. As mentioned earlier, we present
numerical results instead of high-SNR approximation.
The outage probability is conditioned on R and hence
is plotted for one realization of R for simplicity. We
plot all the conditional outage probability curves using
the same realization of R. For other realizations of R
also, the performance comparison remains the same.
We recall that R is a function of cross-correlations
between delayed spreading waveforms and does not
involve channel gains. The results are plotted for R
= 1 bit/sec/Hz. It is well known that code combin-
ing is always better than the diversity combining in
non-cooperative networks due to the consequence of
Jensen’s inequality. However, it can be seen from the
figure that in a cooperative diversity scenario, under
the system parameters mentioned in this paper, diver-
sity combining is nearly as good as code combining.
Specifically, code combining is 0.01 dB better than the
diversity combining and this difference is not visible
from the figure. This is because decoding set is a
random variable. All potential relays in the system do
not necessarily decode the source user’s transmission
simultaneously. For the SNRs of interest and fewer
number of simultaneously active users in the system,
the probability of having large number of relays in the
decoding set is very small and therefore, considering
the expansion of (8) in the increasing order of |D(s)|,
only first few terms in the expression (8) dominate
the system performance. Since the first few terms in
diversity combining and the code combining are very
similar, code combining does not offer performance
gains (in terms of information-outage probability) over
diversity combining. The conclusions might be different
if we consider very high SNR regions and a large pool
of users in the system. It was also observed that in a
deterministic cooperative network, where Pr[D(k)] = 1
for some D(k) (which is the case of a non-cooperative
scenario with |D(k)| parallel channels), code combining
demonstrates significant performance gain in terms of
information outage probability over diversity combin-
ing. Thus the probabilities of the decoding sets drasti-
cally affect the performance of a cooperative protocol
under diversity and code combining schemes.

Fig. 3 compares the conditional information-outage
probability performance under modulation constraints
and also unconstrained Gaussian input distribution as-
suming diversity combining at the base station. The
information-outage probability is conditioned on R. We
plot the curves for QPSK modulation and 16-QAM
modulation against the threshold spectral efficiency R =
0.8 bit/sec/Hz. It is seen that increasing the signal con-
stellation size renders similar performance to Gaussian
input distribution performance at lower rates.

VIII. CONCLUSION

In this correspondence, we compared diversity com-
bining and code combining at the base station for the

cooperative diversity that operates in an asynchronous
CDMA uplink under non-orthogonal channel assign-
ment. It is seen that in multi-user cooperation, diversity
combining yields almost the same outage probability
performance as code combining because not all users
in the system act as relays all the time and hence
the probabilities of the decoding sets turn out to be a
prominent factor in deciding which combining scheme
to use at the base station. We also evaluated the
performance of multi-user cooperation protocol under
the practical modulation techniques. It is observed that
increasing the signal constellation size while keeping
the target rate constant, we can approach the outage
probability performance of a cooperation scheme that
uses Gaussian inputs. Looking at all the results, we
can argue that the performance loss incurred (with
respect to their counterparts) by making the system
design much simpler and more practical, for e.g., using
diversity combining (instead of code combining), and a
16-symbol alphabet, is relatively small.
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