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Abstract. In this technical supplement to Martins-Filho and Yao (2011) we show that the skew-normal
density satisfies all assumptions required in establishing the asymptotic properties of the estimators dis-
cussed therein. Also, we provide the proofs for Theorems 1, 2 and Lemma 1.



1 Introduction

Besides this introduction, this technical supplement has four sections. Section 2 provides proofs for
Theorems 1, 2 and Lemma 1 in Martins-Filho and Yao (2011). Section 3 verifies that a skew-normal
density satisfies all assumptions (A1-A7) required to prove Theorem 2. Section 4 verifies that assumptions
PA1, PA2, PB, PC and PD used in Lemma 2 of Martins-Filho and Yao (2011) are also satisfied by the
skew-normal density. Section 5 obtains the variance of the asymptotic distribution of \/ﬁ(é — 6p) when

fe in Martins-Filho and Yao (2011) is a skew-normal. Throughout the note § = (02, 02) and we have
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where 02,02 > 0, A\ = ‘;—E and s? = 02 + 02. Whenever we need to distinguish the true values of the
2

parameters and the function g we write 6y = ( Z%O >7 Ao, s3 and go. C will always denote an arbitrary
00

positive real number.
2 Proofs of Theorems 1, 2 and Lemma 1

Theorem 1: Proof. Given A1.1-3, A4 and the definition of 0, by Theorem 2.1 in Newey and McFadden
(1994) it suffices to prove that supgee |In (6,7 +v(0)) — E (1.(6,90))| = 0p(1). We do so by establishing
that supgeo |Zn(9,m +7(9)) — in(H,go)’ = 0,(1) and supgeco ‘in(G,go) - F (Zn(H,go))‘ = o,(1). First,

note that by Al1.3 and A4.4 supyco ’Z,L(G,ﬁl—&—’y(ﬁ)) - Z,L(G,go)| < 1 Z?:l supgeab(yi, x;i, 0)|m(x;) —

- n

3
m(x;;6,90)]. If l:gh(Z) — o0 as n — oo and given A2.2 and A3, for a compact set G, we have

supgea|m(z)—m(x;0,g0)| = 0p(1) (Martins-Filho and Yao, 2007). Given that E (supgeeb(y;, ;,0)) < 0o
and the fact that (y;, z;) are i.i.d, we conclude that supgee |In (0,7 + ¥(0)) — 1,(6, go)| = 0,(1). Second,

note that

1200, 90) — E (1n(0,90)) | < % > " llogf-(yi — go(x:):0) — E (log f=(yi — go(x:): 0))] -
=1

By the Heine-Borel theorem every open covering of © contains a finite subcover {Sk}ff:l where Sy =

S(0k,d(0r)) denotes an open sphere centered at 8 with radius d(fx) > 0. Now let

1(Yi, i, 0, 9o, d(0)) = supgres(o,a0)) 109 f=(yi — go(x:); 0) — log f(yi — go(wi); 0)] -



By A4.2 u(y;, 2,0, g0, d(0)) — 0 for all 6 € © as d(f) — 0 almost everywhere arcording to f(y,z). By the
triangle inequality u(y;, x;, 6, go, d(0)) < 2supgeo|logfe(y:; 0, go(z:))|. By A4.3 and Lebesgue’s dominate
convergence theorem (LDC) we conclude that for any €,d > 0, E (u(yi, 24,6, 90,d(0))) < € whenever
d(f) < d. Letting d(0y) < d for all k = 1,..., K we have E(u(yi, %, 0k, g0,d(0r))) < € for all k. Also,
|E(log fe(yi — go(w:);0) — E(log fe(yi — go(:); )| < E (1u(ys, i, Ok, go, d(6k))) < €. Hence, for € Sy,

we have

NE

lln(0.90) — E (In(0,90))| < n™" > (u(yis %4, 0k, 90, d(Ok)) — E(i(ys, i, O, 9o, d(01))))

+ |n + 2¢

(logf=(yi — go(w:); 0k) — E(log f-(yi — go(w:); 0k))

,_.
) !
S =

1

.
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Since E(u(y:, i, 0k, go, d(0k))) < oo and E(|logf:(y; — go(z:);0x)|) < oo, we have, by the strong law of

large numbers, that there exists N such that n > N, ; gives

<€

n= Y (i wi, O, o, d(6)) — B (1(yi, i, Ok, o, d(61)))
i=1

and n™t Y [logf-(yi — go(2:); 0k) — E(logf-(yi — go(2:);0k))| < €. Given that K is finite, for all n >

maxy Ny, we have supgeol|ln (8, 90) — E(l,(0,90))| = op(1).

Theorem 2: Proof. Given A6.1 and Taylor’s Theorem in Graves (1927),
_ . 1 " .
(0,7 +(0)) = — Z logfe(yi — go(wi); z; di 09.fe(yi — go(:), 0) (i) — m(xi; 0, 90))

TS Ula) — mii; 6, 90))° / toa (v = golz) — (o) — (2336, 0):)

1
x (1 —t)dt.

Denoting the last term in the above inequality by ¢, and given that (ZTI; is a bounded linear functional

from G to R, we have

lenl < Zi (supm(x) —m(az;G,go)l) C suplgo(z) + t(m(z) — m(x; 6, go))|(1 — t)dt
nizl o€l 0 zeG
2 1
< 3 (sopnte) —miost.nl) [ (supooo + suplnte) e ) 1=y
2 3
= ((i:gm@ ~miai0.001) + (suptite) =iz, ) |

1/2
Since sup|m(z) — m(z;6,90)| = O, ((l(;fh(n)) + h%), it follows that if h, = O(n~1/%) we have that
zeG "



len| = 0,(n"1/2). Consequently, we can write

l_n(aam+7(0)) l_ 9 gO :1:1 ZilOQfE go(xl),ﬂ)(m(xz) 7m(xi;97go)) +0p(n71/2)-

Since 21, (0,1 47(0)) = 0 we have . By A5.1 and the mean value theorem there exists some 6 € L(6,6,)

(the line segment uniting # and 6y) such that

In (00, + 7(60)). (2)

9
~ 000" "6

We now write

Vi ggta 0o 2 00) = 0o, 0) 7y S G toaf o = ol 00 ) — s o g0)

+ 0p(1).
Due to the equality of Fréchet and Gateaux differentials, we have

%logfs(yi = go(xi),0) (1 (x;) — m(zi;0, g0)) = (%logfe(m = go(w4); 0) (" (x;) — m(z4; 0, go))-

Given A5.6 we have from Lemma 1 in Martins-Filho and Yao (2006),

a 1 o
87 EZ m(z:;0,90)) %

0
hpowE (9(()2)($1:)677109fs(yi — go(w4); 9)))

Lﬁ Z —logfg yi — go(x); 0)(m(x;) — m(xy; 0, go))

N |

/(%logfg(y—go(l’i) 0)fe(y — go(zi); 0o)dy +
+0p(1) + v/n 0p(h).

We observe that the term y; — m(z;; 6, go) is a function of . Hence, when passing the % operator and

evaluating at 6y we obtain,
0 S U o i gl ) B0) () — s B, o)
Gizl dg g Je\Yi—, 9o \Ti); Vo i iy Y0, 90

o9
= ( 2397 (60) /8 log fe(y — go(wi); 00) f<(y — go(:); 90)@*‘%2(% —m(z; 6o, go))

i=1

gl

n

1 0 0
- / 677509}05(1/ — g0(24);600) fo(y — go(:); 00)dy + §hiUﬁ<@E (9(()2) (l’i)a*nlnga(yi — go(i); 90)))

+ o,(1)++vn op(hi).

Given assumption A5.3, we have

89/8 fe(y — go(xi); 00) fo(y — go(xs); 9o)dy=/82877fa(y—go(:ci);eo)fs(y—go(mi);ﬁo)dy



and

2
o (967005 20 = anCa)i00) ) = B (067 00 5 = ol ).

In addition, by A5.5

/6 Je(y — g0(x:);00) f=(y — go(xi); 0o)dy = g/fs(y—go(xz');%)fa(y—go(ﬂci)ﬂo)dy
= (fs( go(%) 90) =0

Hence, we can write

i

D100, +(00) = ﬁ(.fez‘nwo,go)wﬁ(i ;@rm(xi;eo,go)) [ i 10 = anl 00

(= oot )

= /n (711 Z %fe(yi — go(xi); 00) + (yi — m(x4; 60, 90))
i—1

2 2 (2)

+ Vi 0p(h2) + 0,(1)

82
X aTanfa(y — go(xi);90>fyz(y)dy>

+ \f(thof(E (g(() (@ )808 (i — go(x:); 90)> +0p(hi)> +o,(1).

Let Z; = & 0-( — g0(w:)300) + (i — m(aii00,90)) | 5o f-(y — go(a:): 00) - (y)dy and observe that
E(Z;) = 0 since E(y; — m(x;;60,90)|x;) = 0 and E(f-(y — go(x;);0) has an unique maximum at 6. Let

0% = E(Z;Z]), which exists as a positive definite matrix by A6.3 with

ot = B ( (et = ae)s00) + (= i g0) [ o 1oy =l )s00) ol — o) O

< (et = anle)sto) + (s st ) [ m]my—go<xi>;eo>fe<y—go<xi>;eo)dy)>.

Since Z; is a continuous (measurable) function of ( il ), and given that the sequence { ( zz ) }
4 v i=1,2

is i.i.d., by the Cramer-Wold device and Lévy’s central limit theorem, we have
3 d 2
vn 20m In (60,1 +7(60)) = Bin | = N(0,0%) (3)

where By, = $120% B (o (20) g f= (01 — 90(:); 00) ) + 0p(12).



We now study the asymptotic behavior of %{;,l}(@ m + (). Note that,

P Giir@®) = L5 L o))
8080' m v - n Pt 5000' e\Yi go(Zi);
62 1 n dF -
* aaaaf(n;dgfe(yz-—gom),@)(m(m (ml,ego))>
+ op(n V).

Since 6 — 0y = 0p(1) and 0 € L(0,00) we have that 6 — 0y = 0p(1), that is, for sufficiently large n, 6 € Sp.
Denote the (i,7) element of %;o,fe(yi — go(;);0) by #;ejfg(yi — go(;);0) and note that by A5.1 it
is continuous on Sy. Furthermore, by A5.2 and Theorem 1 we have that F (%;aj felyi — go(xy); 0)) is

continuous at 6y and

pesy | n 2= 00,00,

=1

n 2 2
! 0 Je(yi — go(x4);0) — E (ae?wjfs(yi - go($i)§9)>| = 0p(1).

By Theorem 21.6 in Davidson (1994) we conclude that

L
n = 96:00;

82

N2 9

felyi — 90(%);%)) for all (4, ).
Now, from earlier in the proof we have that
01 ~dp RO .
5 Z 251 = 90(@): ) () = m( 0, 90))
1 n
- - Z 557 [ 5= a0()30) -y — goai)sbu)dy + 1 S (os = mlzi6,90)

0
X %/%fa(y_g()(xi);e)fs(y_gO(xi);e(])dy+ 2hi K%E g(()Q)(xi)anfe(yi_g()(xi)§9)>

+ 0p(n"Y?) + 0,(h2) and therefore we write

s (% 00y %1 (v = golw:): O)(n(s) =m0, 90)) ) = 25y Taj + 0p(n~1/2) + 0, (k) where

n

o= oy 089,7 ) [ 510~ 9001y ~ gl o)y

Ly = nzae/anfa(y—go(xi);H)fa(y—go(fﬂi);%)dy;ﬂ(e)
Ly — %Z%y@% / aﬁ £y = g0(@:): ) f-(y — go(1): 6o)dy

I = fz m(e50,90) 0 | anSely = 0l D — g by

82 _
Iis = hZUKaoaofE<g( (z’Ei)a’r’fa(yi_gO(mi);e))
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The order of each term can be obtained by repeated use of Theorem 1 and Theorem 21.6 in Davidson

(1994). We obtain,

02 0 .

I, = Wy(HO)E <a77f5(y - go(xi);90)> =0 given A5.3, A5.6 and AT7.1,
Io=1y 2 2y00E a—zf( — go(z:);00) | given A5.3, A5.6, A7.2, AT.3
42 — 143 8970 aeaney 9o(Z;); Vo g -9, -0, <Ly .

Iy 2 0given A7.2, A7.4, A7.5 since E(y; — m(xi;00,90)|2:) = 0

R O Sy @) )ﬁf( — go(xi);00) | given A7.2, A7.4, AT.6
h% 45 20K6989/ g Ty 877 e\y 9go\Ti); Vo g1v <Ly -y .

Combining all terms, we have

92 _ 02
aeaelln(ﬁ,m—k’y(@)) = E(aeaefa(yi—go(xi);@o)>

b Da00E (S0 foy = ol ):60)
ae’y 0 aean S y gO 'I’L » V0
0? 0
E\ a-fely— );00) | 557(00)
4 8 (ol — o(ai)itn) ) (0
+ hiOp(l) + Op(hi) + Op(nil/Q)-
Using the last equation together with the results in equations (2) and (3) we conclude that,
V(0 — 6o — Bay) % N0, H o2 H ) (4)
where By, = —H " (3020% E (9§ (24) 5255 1-(y — g0(1); 60) ) ) + 0y (h3).

Lemma 1: Proof. Let So(6,n,z) = 157" | ia%logfg(yi —n;0)K (ﬂ;‘”) For z € G, since G is

T n

compact there exists a sphere B(a;r) such that G C B(a,r). For fixed n, by the Heine-Borel theorem
there exist {B(xk.,én)}ff”:l for x;, € G such that G C Ufg‘le(xk,Jn) with I, < r/d,. Similarly, there
exists {B(Wk75n)}§21 for n; € H such that H C U;":"lB(nk, 0p) with l,, < r'/6, and {B(0, (5n)}§f;1 for
01 € © such that © C Uk B(6,4,) with lg, < r¥ /L.
150(0, n,x) — E(So(0,n,x))| < [So0(0,n, %) — So(Ok, s n )| + [So(Ok, > 1, 2) — So (O > ks> 7))
+ 150 (Oky s kg ) = S0 (O, s My Ty )| + [E(S0(0, 1, ) — E(So(Ok, ,m, )|
+ [E(So (O, 7)) = E(So(Ory s Mka> )| + [E(So (6,1, ) — E(So(0,1,2))]
+ [S0(Orkys Mhys Ts) — E(S0(Oky s ke, Ty )|

where k1 € {1,--- ,lgn}, ko € {1,--- ,lyn}, k3 € {1,---,1,}. By construction of the open balls, for

all z € G,§ € ©, n € H we can always find kq, ha, ks such that [|0 — Ok, || < On,|n — Mi,| < 0n and



| — 2, || < On.

n

1S0(0,m,2) — So(Ok, 1, )

By the c,-inequality HagﬁlogfE (y; — m; 0*

E sup
0€O,neH

E sup
0cO,neH

|SO(97777:17) -

2
n;6%)

2
‘ﬁmm#@—

SO(aklan7x) S

1
<o (5
=1

)’SZQJE%ﬂ@ﬂ@

2
\aigglogfe(yi = 9)‘ ) < 00, we have E

i— T 82 . )
I ) Hanaelogfe(yi—n,e ) ‘|(9—9k1)|| for 0* € L(6, 0%, ).

—n;6%)|, and since by assumption

Dézil

—n;0%)

sup

82 l
ng (yz
onoo €
€O ,neEH ’ ‘

< 00. Since [|0 — 0k, || < §,, and K(z) < C

2

8 aelogfé'( 7

—1;0%)

I~ 1 2
: C%nsz%m%Jb%#”ﬁ( )|
where % Dy o %up H%;Glogfs(yi —n;0%) ‘ = 0,(1). By similar manipulations we have,
2
10Ok, 15 ) = So(Oky ks ) < Con— Z T g ‘ a7 logfe(yi — 77;9)‘
where 130 ”e %upEH ’%logfg(yi - 77;0)‘ = O,(1) using assumption PA2 with s = 2 ,r = 0. Simi-
m

larIYa we also obtain ‘SO(eklankQa ) SO(ekl ) nkzﬂxk‘s) < Ch2 6 1 27 1 sup o ‘%logfs(yz -

1 n 1o}
LS |2t
w2 Yocomer 10T

Obta‘ina |E(SO(977773;))_E(So(ek17n"r))| < CﬁdnE (

sup

E(So(gklvnkzvm)” < ChinanE <
) 0O, neH

sup lé%logjz(yi——

gc;%E<
" 0cO,neH

|So(9777, 'r) - E(So(e, "7755))| <

2
where M; = sup ‘Llogf (yi — 17;0)‘ +
’ <9ee,neH 008y =S

and E|M;| < co. Hence,

|S0(0a 77796) - E(SO<97777$))‘

sup
0cO,neH,zeCG

2
%ﬁ@kwf

m@D

|E(S0(9k17nk27$)) -

5 9)’ where
0cO,ne

— 17;9)‘ = Op(1) using PA2 with s = 1, » = 0. In an analogous fashion we

sup
0co,neH

’%‘gelogfe(yl - 9)‘) ) |E(SO(9/€177}?$))_
77,9)’> and ‘E(So(ekunkz’m))fE(SO(aklvnk27xk3))|

. Hence, we can find k1, k2, ks such that
E(SO (elﬂ y Mkas Ly ))' + SC(th;

1 n
QE;MZ_

’$MWMM—W®D

2
sup ‘5%alogf;(yi—-n;9)’%- sup
0cO,neH 0cO,neH
< max |SO(0k1377k2axk3) *E(So(eklvnkzvxks)”

1<k1<lon,1<ka<lyn,1<ks<ln

1 n
+—wmﬁEZMﬁh+b

i=1



Note that P(Il > 6/2) < Zi:ln 1 ZkQ 1 Zkg 1 (‘So(eknnkz’mks) - E(SO(9k1777k27$k3))|) and put
1 10 XTi — Ty
*Z (h an 109 fe(yi = Nk Ok, ) K (;lk)‘

8 T; — Tk

For fixed n, E(W;,) = 0. Furthermore, given that K(z) < C, a%logfg(y —1);0) exists almost surely with

|SO(9k1777k27xk3) - E(So(eklvnkw:rks))‘ =

E(a%logfe(y —1;0)) < oo by PA2 we have |W;,| < ¢/hy,. Furthermore, {W;,};>1 forms an independent
sequence since K and logfe(y —1n;0)) are continuous (measurable) functions of {(y;,z;)}i>1, an in-

dependent sequence. By Bernstein’s inequality we obtain, P(I1 > €/2) < 2lg,lynlpexp (#ﬂé)&)

, 2
where 62 = L3 Var(W;,) and h,62 — Bs: = [ (a%logfe(y—nkz,ekl)) [y, z,)dy [ K*(x)dx

P

Since lg,, < g?, lyn < 5%, l, < L we have that P(I; > €/2) < 5P+2 exp (2}7'_221((612/?3)05) Now, by

Markov’s Inequality P(I > ¢/2) = P(L 3" | M; > %"5) < Eel,]lvzji‘(ién and we have

2rft2 ( —nhy(e?/4) > E|M;]

P S 97 ) _ES 97 ) > S —
(96972357%6: o(6,n,2) — E(So(0,n,2))] e) 5777 P\ o (1 /3)0 e

60,,.

The denominator in the first term converges as n — oo, so we set the two terms on the right hand
side of the inequality to be of equal magnitide and solve for §, as a function of e. As such, §, =

o (61/(1’+3)hi/(PJrS)exp(—nhneQ/C)). Since we need P < sup |So(8,m,z) — E(So(8,n,))| > e) —
0cO,neH,zeG

3m/(2—m)

1/2
0, we set € = (M) A for some constant A. It is easy to verify that if nhy, — oo for

nhy

3/4 < m <1 then we have the desired convergence. Hence, if nh3 — oo (m = 1) we have that

sup  [So(0,m,@) — E(So(0,m,))| = Op((log(n) /nh,)'/?).
0cOneH,z€G

Now, let S1(6,n,2z) =L 3" | ia%logfs(yi —n;0)K (%) ("”7"”) and since the kernel K has bounded
support we immediately obtain, sup 1S1(0,m,2) — E(S1(0,m,2))| = Op((log(n)/nh,)*/?) which
0cOneH,xeG

completes the proof.
3 Verification of assumptions for Theorem 2

Since assumption A1 has been verified in Martins-Filho and Yao (2011) and assumptions A2 and A3 are
unrelated to f. we will verify A4, A5, A6 and A7.

A4.1: For all § € © we have that if 6 # 6 then f.(y — go(x);0) # fe(y — go(x); 6p) for all (y,z).



Letting e = y—go(x) for fixed z. Then, fo(y—go(2);0) = fe(e;0) = 2¢ (e/s) @ (—2¢). Hence, f. is a skew
normal density with scale parameter s and skewness parameter A. Identification of (s, A) follows directly
from Azzalini (1985). Identification of (62, 02) follows from the uniqueness of the reparametrization given

by A=,/ Z—z‘ and s? = 02+02. We also note that from property H and Lemma 2 in Azzalini (1985), all even

moments of a skew-normal density with scale parameter s = 1 coincide with those of a standard normal,

and all odd moments can be obtained by the moment generating function M (t) = 2exp(t?/2)®( \/11715)

A4.2: If {6,}i=12,... is a sequence in © such that 6; — 6 as i — oo, then
log fe(y; 0i, go(x)) — logfe(y — go(x);0) as i — oo for all 6 € ©.

This assumption requires continuity of logf.(y — go(x); ) with respect to 8. This is apparent from the

structure of f. as a function of § and continuity of the logarithm function.

A4.3: E (supgeo |logf-(y — go(x); 0)|) < oc.

Since § € © a compact set, 02,02 > 0, then supgee |log(c2+02)| < C and E (supsco (y — go(x))? /(02 + 02)) <

u? v

C(™202% + 02%) < C. Now, let z = (—\/s)e and note that by the mean value theorem

s

[log®(2)] < |log®(0)] + :Z;((Z/)) |z| for 2/ = 6z where ¢ € (0,1).
z
< |log®(0)| + C(1 + 6|A\/s||e|)|e| and
suppeo|log®(2)] < |log®(0)| 4+ C(le| + €*) which gives

E(suppeo|log®(2)]) < |log®(0)| + CE((|e| 4+ €?)) < C.

Combining the last inequality with the fact that E (supgee (y — go(2))?/(02 + 02)) < C and suppee|log(cZ+

02)| < C verifies A4.3.

Ad.4: E (suppeo [logf=(y — go(); 0)]) < oo.For all (y,z), g € G and 6 € O, |logf(y; 0, g(x)) — logf=(y —
90(2);0)] < by, x,0)|9(x)—go(x)| = bly, z, 0)[m(x; 0, g)—m(x;0, go)| with b(y, x,6) > 0, and E (suppeob(y, z,0)) <

oo. We first observe that

llog f-(y: 0,9(x)) — logf-(y — go(2):0)| < %I(y —9(2))* = (y — go(2))?|
+ g (23 - 9@) ~ 2(-2 (0~ (o))
= L+ I



By Taylor’s Theorem in Graves (1927), we have that I; = %y — g(z)||g(z) — go(z)| = b1(y, =, 0)|g(z) —

go(z)]. In addition, suppeobi(y,z,0) < Cly — g(z)| and given that 02, 02 > 0 and © is compact

we have E(supgeobi(y,x,0)) < oo. Again, by Taylor’s Theorem [ < %fo @(’ii;dﬂg( ) — go(x)] =

ba(y,z,0)|g(x) — go(x)| where w1 =y — g(z) + t(g(z) — go(z)). Now,
ba(y,z,0) < / C(14+wq)d

< o +cA (lel + lg(z) — gol)]).

A

Since E(Je]) < C we have given o2, 02 > 0, © compact and the results for I; that,

u’

llogfe(y — g(x);0) — logf(y — go(x); 0)| < (b1(y, 20) + b2(y, x,0))|g(x) — go()]

where E(supgee (b1(y, z0) + ba(y,z,0))) < C.

A5.1 : For all n = g(z) € H, logf-(y — n;0) is twice continuously differentiable with respect to 6 and

fe(y —m;6) > 0 on some open ball Syg = S(6y,d(6p)) of 6y with Sy g C O and d(6y) the radius of the

ball.

For fixed n = g(z) and given the structure of log f. as a function of 6, routine partial differentiation with

respect to 02 and o2 show the existence of mlog fely—n;0) forr+s <3 and r,s =0,1,2,3

provided that o2 + 02 > 0. That f.(y — n;0) > 0 on an open ball around 6 follows from the fact that
02,02 >0, exp(z) > 0 and ®(z) € (0,1).

A5.2: FE (supgesw

2 .
ﬁlogfs(y *90(:8);9)‘) <xfork,j=1,---,P

Routine partial differentiation of logf.(y — g(z);6) with respect to o2 gives

&logfe(y — g(x);6) 1 e —2 2 1 -1 3wl

‘ e ‘ S 92 + = +(1—=d(eA/s)) " (p(er/s)ew)” + 3 (1 —®(er/s))” pler/s)|e |S—4
+ (1—®(er/s)) " ple/s)|e 902 =h+DL+I3+1,+ 15

where w = 5. I; < C since 02,02 > 0, E(suppeolz) < C since 1/ss < C and E(e?) < C. Note

that I3 < C (1 — ®(eX/s)) > p(eA/s)2|e[2. Let I = (1 — ®(er/s)) " p(eA/s)i|e] and given the convexity
of ¢(x)/®(x) and limy oo (P(z)/P(x)) = 0, lims—_oo(p(x)/P(x)) = —x we have that |I| < O(le]! +
le|*t7(X/s)?). In the case of I3, i = j = 2 and since E(e?), E(e*) < C we have E(suppcols) < C. Using
similar arguments E(suppcols) < C, E(suppcols) < C. The same arguments give the following bounds

2 . 5 ol
E (5Upoee ’%{)g(m)ﬁ)’) <Cand E (Supaee ‘WD <C.

10



A5.3: f (y — go(x);0) is continuously differentiable in Spg. Furthermore,

/ sup Haga fe(y = go(); 0)||Ef-(y — go(x); 60)dy < o0

0€So,6

and

E( sup |17 -0 — ol e>||E|g§f><w>|> <.

9650 ')

-t qzﬁ(e%)%. For fixed n = g(x)

Taking partial derivatives we have a%log foly—m;0) = 5+ (1—®(e2))
and given the structure of log f- as a function of 6, routine partial differentiation with respect to o2 and
o2 show the existence of W[og f=(y;0,n) for r+s < 2 and r,s = 0, 1,2 provided that o2 + o2 >
0. For z € %2, ||z||g < 2% + 23. Hence, we first show that E (sup(;e@ ’é,n‘?T‘ﬁlog fely fn;H)‘ \:1:) <
C. Using the structure of log f:(y — n;0) and taking partial derivatives shows that the components
of %log f-(y — 1;0) take the form C (1 — ®(eX/s)) " ¢(er/s)ilel’ < C(le] + |e|tiC) for (i,]) =

(0,1),(2,1),(1,2), or (1,0). Since all finite order moments of skew normal densities exist (Azzalini(1985)),

it follows that E (supge@ ‘8778%109 fely —m; Q)D < C. The same argument provides

82
E (SUPGGG Wlog Je(y — n;G)D <C.

Finally, with the above given bounds F ( sup Haaanfs(y go(x); 9)|‘E|g(()2) (x)|> < oo. provided that
o

€50,0

|95 ()] < oo,

A5.4 : The matrix

2

= E (aeaae/long(y go(x); 00)) + %V(QO)E (£8nfg(y - go(a:);eo))
+ E (82817]05(3/ —QO(I);ao)) %7(90)’

exists and is nonsingular.

Given the structure of f. as a function of # and the fact that v(6) = w/%oﬁ, we have by routine partial
. L = H, H -
differentiation that H = S 212 ) where Hyy = — 55 — w2l +
Hy  Ha 2

S

Ci, Hiz = —51 —wwi Iy +

71'02

NG
1 _ _ 1 (95+200)0n 7 _ € x3l? 2022
N C’g, and Hyy = —5r —wily. Here, w = 53, w1 = — 55 oy, 1 = Ik o \A/E)exp(—e (= +

o2 V2 5 0
252 ))de, L= f ﬁemp( (;\7 252))de Cr = 7( 142 wI % Wy / ﬂ(,\2+1 >\2+1 ‘H”\/ 7T(>\2+1
Cy = 7(9) + w I — w14/ = /\2+1) )\QH + w1y /= AQH where erf is the Gaussian error function.

The determinant of H denoted by det(H) = Hy1Hyy — Hoy Hyo = —(wl w)? + ﬁs4 \ /%(C’g —-C1)+

ww?l? (wy —w)+wy I,/ MQ (wCy—w1Ch) — 7”2; = 0 given the structure of C, Cy and w # wy, C1 # Cs.

11



A5.5 : Let 9 = go(z) for any x € G and denote by Sy, = S(no,d(no)). f-(y —n;6) is continu-

ously differentiable on Sy ,, an open interval of 'H, F ( sup é%fg(y —n; 9)‘) < oo and for all z € G,
n€So,n

{;%E (fe(y — go(z);6p)|x) = 0.

From A5.3 we have 8%log f(y—m;0) = S+ (1 — ®(e2)) - ¢(e2)2 and taking a second partial derivative

S

with respect to n gives 38—7]221051 fly—m0)=—-5—(1- <I>(eﬁ))72 pe2)2(2)2+(1 - <I>(e%))71 p(e2)(2)3e

S

establishing continuous differentiability of log f-(y — n;60) with respect to the argument 7. Now,

A

-1
B (supgesy, 1f-u=m0) < 5 E(suppesi, v — 1)+ O/9)B <supneso,n’(1—<b<e8>) 5(62)

The first term on the right hand side of the inequality is bounded since n € H a compact set in R and

E(ly]) < E(lgo(x)]) + E(le]) < C. For the second term, note that

(1-06d) oted

S

E (sup,,egoﬂ7 ) < C (1 + (A/s)E (supnegoﬁn|y — n\)) <C.

Lastly, £ (f:(y — go(w); 60)) = E (5 /-(y — go(2); 60) ) and

B (5ol mit) = —% fraa+2E<(1—¢<ej>)_1¢<e2>|x>

L2, A 2 .
= - —0 — _— =
s2Vr v s\ 7m(A2+1)
A5.6 : For all € O, (%fg(y — go(x); 0) is continuous at x,

B 2 ) 2
E (stelg (8nfe(y - 77;9)) ) <ooand B (Sgg (6771”5(?1 - 77;0)> y2> < o0.

Continuity of 8% fe(y—go(z);0) at x follows directly from the existence % fe(y—go(z);0), which follows

given the definition of s and .

given that 02,02 > 0 and differentiability of go(x) with respect to x. Now,

u’ v

E<ggg (%fa(y—nﬂ))z) o <;+(1—<1><e2>)1¢<e2><2>>

2

< CE(e*)+CE (sup (1 - <I>(e/\)> ) ¢(e)\)|e|>
0€0 s s
+ CE (sup (1 - @(e)\))_ ¢(e/\)2> <C
E) s S

given that 02,02 > 0 and the arguments made to verify A5.2. Given that E(e?y?) < C(E(e%go(2)?) +

u’ v

E(e?)) < C(E(e?) + E(e*)) < C from Azzalini(1985) and the fact that go(x) € H a compact set, we im-

12



mediately have E (sgg (%fE (y —m; 9))2 y2> < oo using the same arguments that gave the boundedness
of B <sup (a%fs(y —; 0))2)

AB6.1 : logf-(y — go(x);0) is twice Fréchet differentiable at gy with increment h(z) = g(z) — go(x) and
denote the Fréchet derivatives of order i = 1,2 at go by j—;ﬁlog fely — go(x); 6).

Let T(go) = fe(y — go(x);0). It follows directly from the definition of the first order Gateaux differ-
ential with increment h = g — go that 6¢T(go,h) = =T (go + (g — 90)) la=o = S(9(z) — go(z)) +

(1- <I>(e%))71 (;5(6%) (9(x) — go(z)). We will establish that d¢T (go, h) = drT(go, h). First, observe that

@[>

1
252

T(g) — T(go) — 6T (g0, )| < \— (1~ 9@ + g — () — 5 (0(a) 0 >>\

+

tog (1 2((y - o) ) g (1= (s - ()

tog (1~ 2((y - glo >>A>) B2 oo )—go(fc))‘

I + Is.

Let Ty (g9) = —55= (y — 9())?, then 0T (g0, h) = S(g9(x) — go(x)) and 05T (go, h) = —2= (9(x) — go(x))?.
By Taylor’s Theorem Ty (g) = T1(g0) + dcT1 (g0, h) + fol 62T (go, h)(1 —t)dt, therefore I < ﬁ”g —gol)*.
Setting T5(g) = log (1 — ®((y — g(x))2)) and taking Gateaux differentials of order 2 and using Taylor’s

Theorem as in the case for T} gives

1t< 1f e>) o(e 2Ry
é

n (1— ) ol 2)e (j))dt

< [a-o(carier+oasieiel) dlow - mwl?

I, =

(9(=) = go(2))

where e* = y — (go + th)(x). Since |e*| < |e| + tlg(z) — go(z)|, E(e?) < C and g € G we have that
Iy = O,(1)]|lg — gol|?. Since I} = O(1)||g — go||*> we have combining the two orders that 6T (go, h) =

— dr . drp L) — e AL A\ A
ST (g0, h) = G fo(y — go(2);0)(g(x) — go(x)) where G fo(y — go(2);0) = &5 + (1—D(e]))  ¢(e)5
is the first order Fréchet derivative. The same arguments show the existence and equivalence of second

order Gateaux and Fréchet differentials. In this case,

ST (g0nh) = —;<g(x>—go<x>>2+<— (1-06D) ee2Cy
-1
b (1-0ed) ey o) - mlo),

13



A6.2: i—‘g’logfs(y — go(x); 6p) is continuous at every x € G.

From A6.1 ‘;—glogfs(y —go(x);00) = S+ (1 - <I>(e%))71 d)(e%)% which is clearly continuous in z given

differentiability of g(x) and the structure of logf.(y — go(z);60) as a function of x.

A6.3 : The matrix

ot = B ( (e = 90 00) + 35— mlassto. a0 [ o o0 = @i 600 1o = ol oy
2

i -0 = ()50 -~ o) o) ) ) .

(15200 i) + (35 = s b0, 50) [

exists and is positive definite.

Ofe(y—go(x);0) _ 1
e = Tt

u

We start by noting that routine partial differentiation with respect to o2 gives,

. A
2s s oy

_ . 2 —
<P (*6%) ! $(—e2)ew and consequently F ((W) > = ot s E(e!)+w?E(® (—e2) ? (b(fe%)Q

e?) < C by the arguments used in verifying A5.2. Now,

(PH) - e () s

|
=
/T\
i
N———
AN
-
T
o
@ | >
@ | >
N—
D
(&)
g
+
=
/?
i
N———
AN
=
|
D
\
\
~—
g

and by the Cauchy-Schwarz inequality

p (M=) (P ek, ) (E ( (2ly ol e>)2>>“2
Tu 00N o2

X (E ((521”6@(9;%95;@;6)))2))”2.

‘We observe that

- (ez (afa(y 5j§<x>;9))2>

I
=
VR

—
+
o
iy
+
A
/|\
o
| >
N———
o
-
—~
(9]
| >
S—
()
V)
[\)
|
‘m

X (e® +2e7(0) +~(6)%)
and note that the leading expectation takes the form

E (C(s2)—iq> (—ez)j ¢(—ei\)jeqwh>

where (s2)‘w" < C for all i, h nonnegative and (4, q) is either (0,2), (0,1), (0,0), (0,6), (0,5), (0,4), (2,4),

(2,3), (0,2), (2,2), (0,3), (0,2), (1,3), (1,2), (1,1), (1,5), (1,4), (1,3). In all cases, given the existence of all
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2 2
moments for a skew normal we have £ <62 (W) ) < C. Similarly, £ ((W) ) <

C and consequently F (a-ff(ygjg("”);") ek (82,7‘5(510—2%)75@;9) \x)) < C. By the definition of conditional ex-

pectation,

B (e (1 (P ) ) = s (s (PG )

E (¢% +2e4(0) +1(0)%) E ((52106(2;;29837(33); 9)) )

IN

IN

C

given the existence of all moments for a skew normal. Hence, we conclude that

0f-(y — go(); 0) %f-(y — go(x);0), \\°
p (M= neh0) | o (PO L)Y

Repeating the same sequence of arguments for o2 gives

0f-(y — go(); 0 Pf-(y — g0(2):0) \\
E( f(yaagg(x) )+6E< f(z(/aagg;(x) )m>) <c

Lastly, by the Cauchy-Schwarz inequality

g ( (97w —90():0) | o (9°fely—g0(2);0) N
(( et -))

o2 0o20n
dfe(y — go(x); ) 0 f-(y — go(); 0)
E <
( 802 e azon©)))=¢
by the bound obtained above. In addition, 0% is positive definite.
A7.1: sup |E(Zf(y— golx:):0)|z;)| < 00
S [ (50— g0(e)i0)l)

Using the same steps taken to verify A5.3 we have that

AN

sup
0€So,0

1—® (%) s

E (8fa(y;97go(wi))wi>‘

1 A
an sup — E(le]) + sup E(

0€S0,0 5 0€5S0,0 S

= L+L<C

by the same arguments we have used above.
A7.2: ﬁ;}fg(y — go(x;);0) is continuously differentiable in Sp g and

E | sup |z; | < oo
0€S0,0

o3

f(y —go(ﬂﬁi)§9)

for all x; € G almost surely.
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We verify that % fe(y—go(x;); 0) is continuously differentiable in Sy ¢ by taking routine partial deriva-

tives of %fs(y — go(z);0) and establishing that Wzéanfg(y — go(zi);0) < C for all k,1 =0,1,2,3

q:i) < 00

and k + [ < 3. The fact that

E | sup
965079

follows directly from the arguments used to verify A5.3.

83

Wfa(y - 90(951‘)9 9)

A7.3: sup
0€So,0

< 00.

B (525 £ (0~ g0():),

: E( LN )\ < swp LB+ suwp [l |E (1 @(A)_Qas( Ay
u ———fe(y — go(z;);0)|x; < up —|E(e up |w— — e— e—)%e
HESEQ 0o20n v 0655954 96359 s s 5
A AN
sup |-~ |E[1-@ (el 4
+ 92259'285' < <e8> ¢(es)>
-1
+ sup |w|E<1—<I><e)\> ¢(e/\)><C'
0€So,0 S s

by the arguments repeatedly used above. In a similar fashion we have sup
9650,9

a2
B (5%531-(y — go(:): 0)]: )
C.
A74: E (%]‘s(y — go(zi); 9)|xz) is continuous in Sy ¢ almost surely.
In verifying A7.2 we obtained the existence of W&anﬁg(y — go(x;);0) < C for all k,1 =0,1,2,3 and
k +1 < 3. Hence following the argument in A7.3 we verify that E (ﬁ;anff(y — go(x;); 9)) < C given
. . . . . . 3
the existence of moments of a skew normal. This implies continuity of E (Wﬁ; (y — go(z:); 0)|x1)
in 5079.

A7.5 : Follows from Azzalini (1985).

AT.6 : 89?;0]» E (géz)(xi)a%fs(y — go(xs); 9)) is continuous in Sy ¢ almost surely.

This follows directly from A7.2 and A7.4.

4 Verification of assumptions PA1l, PA2, PB, PC and PD for
Lemma 2

Before we verify that the assumptions in Lemma 2 are met by the density in (1) we note that in the
statement of Lemma 2 ap(x) is assumed to be the unique maximizer of E(f.(y —n;0)) for fixed 2 and 6

and satisfies %E(logfE (y—ag(x);0)|x) = 0. This must be verified for the density in (1). For this purpose,
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we will show that for given 6 € © and = € G, there exists a unique maximizer of E(logf.(y — n;6)|x)

with respect to n given by ay(x) such that
L 0 N 9?
(z)a—nE(logfs(y —ap(x);0)|z) =0, (u)eez@nfea - a—ngE(logfs(y —ag(x);0)|z) > 0.
(i) for fixed 0, logf-(y — n;0) = ilog(2) — 3log(o2 + o2) — %Uzeijaz + log(@(f%)), and only the last

two terms depend on 7). If each is a strictly concave function e then logf.(y — n;6) is a strictly concave

function of 7 since 7 enters e linearly. Note that 2(05%102) is strictly concave in e, hence we only need to

show that log(®(—22)) is a strictly concave function of e. Let u = —2¢ and note that for fixed —2, e
enters u linearly, i.e., gz = —% does not depend on e. Consequently, if we show log(@(—%)) is strictly

concave in u, then it is also strictly concave in e since %log(‘b(u)) = @%(u)[gb’(u)(b(u) — ¢?(u)]. Inspired
by Burridge (1981), we consider three cases:

(a) if ¢'(u) < 0, then it is clear that %log(@(u)) <0

(b) if ¢/(u) = 0, then 2, log(P(u)) < 0;

(c) if ¢'(u) > 0, then we show that %log(@(u)) < 0.

For = # y, since ¢(z) is log-concave, we have log(¢(x)) < log(¢(y)) + h(y)(x —y), where h(y) = 'f:((;’)). So

o(z) < d(y)exp(h(y)(x — y)). Integrating with respect to z from —oo to z, we obtain

0 < [ senpin) o~ )z = 50 eap(h): = 1) = eop(h(n)(e - o]
If we let y = u, and z = u, then h(y) = g(u) = (z;((;‘)) > 0, 50 P(u) < % = ﬁf((:j)) hence Ba—;log(@(u)) < 0.

In all, logf.(y —n; 0) is strictly concave in 1), so E(logf-(y —n;0)) is strictly concave in n. Given PA2, we

have (%E(logfs(yfn; 0)|z) = E(%logfs(yfn; 0)|z) = z%y_;%) +E[®(—2)]1¢(—2£)2. Since the second
term is greater than zero, and the first term could be less than zero for large value of 7, (%E(logf6 (y —
n; 0)]x) could take positive or negative values. Since B%E (logfe(y — m; 0)|z) is continuous and decreasing
with 7, there exists a unique value n* such that (,%E(Zogfs (y—n*;0)|x) = 0. Since (%E(logfs (y—mn; 0)|z) is
continuous with respect to z, 6,7 in a neighborhood of z, #, and n* and |§—7722E(logfe(y —n*;0)|x)| # 0 (see
(ii) below). By the Implicit Function Theorem, there exists a neighborhood of z,6 and n* such that for
every z, 6 in it, there is a unique ag(z) in the neighborhood of #* such that (%E(logfa (y—ap(x);0)|z) = 0.

To verify (ii) note that as in (i) E(logf-(y —n; 0)|z) is strictly concave in 1, log f- (y —n; 8) does not depend

onzando2,02 > 0,50 inf f%E(logfs(y—ag(z); 0)|z) > inf f%E(logfs(y—n; 0)|x) > 0.
0€0,2eG €0, zeGneH
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We now turn to the verification of PA1, PA2, PB, PC and PD.
PA1: 1. For fixed (but arbitrary) 8/ € © and ' € H and for all § € © and n € H, let p(0,7n) =
[logf-(y —m;0)f(y —n';0")dy. If 6 # 6’ then p(8,n) < p(8',7); 2. I~9(9,77) >0forall €©and neH

where

fG(G? 77)

0 0
E (aofa(y —1:0) 55 f-(y = n; 9)’)
E(g: f-(y = m;0) &5 fe(y — m:0) E(5: f=(y — m30) 55 [ (y — 1;6))
E((& f-(y — m;0)?)

Since f.(y —n;0) is a density function, [ f.(y —n;0)dy = 1. By the strict version of Jensen’s inequality,
for any nonconstant positive random variable a, E(—In(a)) > —InE(a). If  # 0" implies f.(y —n;0) #

fe(y —n';0"), then for a = % and 0 # ¢,

[(=log(a))f-(y — n';0'dy) = [log(f-(y —n';0") f-(y — /s 0")dy — [log(f-(y — n;0))f-(y — n'; 6 )dy
> —log [afe(y —n';0")dy = —log [ ff?j’in"z))fa(y —n';0")dy = 0.

So we only need to show if 8 # ¢’ then f.(y —n;6) # f-(y — n';6).

We consider two cases: (i) If n = 7/, and if further E(y — n)? > 0, then as in the verification of A4.1, we
have fo(y —n;0) # fe(y —n'; 0').

(ii) If n # 7' and if% # ;\, , then (y—n)% # (y—n ) - and since ®(x) is strictly increasing, 1—<I>((y—77)%) #

1—d((y — n’)?—,'). We consider three subcases:

(1) If 02 = 62, then 02 = 02 since 6 # #’. We also have 1 — ®((y — mM2)£1—&((y— n’)f\g—,/),

\/022+0,2¢ <\/g?:a2) # \/,,2'2+02/ @ (\/52,172, ) So f-(y —m;0) # f-(y — n';0") except on the set

{¢02+a2¢ (\/a +a%> (1 - ( =l 77)) e (\/:a/io%') (1 - (voﬁf - n/)»}
= {392 - 10gl(02 + 0272 (1 = @3y — )] = —3 Ul + logl(0? +02) (1 - @(3(y — )]

Since the two quadratic functions of y are not equal, log[(02 + 62)~ 2 (1 — ®(2(y —n)))] is a monotonic
function of y, set A contains at most finite discrete points which make the equality to be true and
fely—m;0) # f-(y — 1';0") almost everywhere.

’ 2 ’ .
(2) If 02 # 02, and 24 = 2", We consider two subcases:
O-'U

(4) 1 03 + 02 = o + 0¥ then 2 z¢<¢3§f02> * T ? <¢02/+ ) Since 3 7 %
1-o((y— )%) #1—-d((y— 77) ) So following similar arguments as in (1), fo(y —n;0) # f-(y—n';¢").

(b) If 02 + 02 # 02 + 02, similar arguments in (a) give f-(y — n:0) # f-(y — 15 ).
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(3) 02 #£ 02, and Zx

(a) 02 + 02 = 0 +02. S0 2 £ X and 1 - a((y —m)2) £ 1 - 2((y —7)¥). Soas in (2)(a).

fely —m;0) # fe(y —n'50").

(0) ot £ o amd = 3. Since 1= 0((y=n)2) £ 1=0((—1) ). Ao (52 £
w,z?w;ﬁ(ﬁz/i;y)- fly —m:60) # f-(y —130") as in (1),

(c) 02+ 02 #02 +02 and 2 £ 2, fo(y —0;0) # f-(y —1/;0') similarly,

PA1.2 : Iy(A,n) > 0 for all @ € © and 5 € H. The Fisher information for the parametric submodel ag ()

is

i (aae% (x))

0 d 0 0
B (g5 0(0)i60) + 1205 = gu(o)sb0) S ) (0= an(o)i0)

e ol o) gy, o))

+

When we use the least favorable direction,

To (G, (2)*) =E(Zf-(y — g0(x);00) 2 f-(y — g0(x); 60)")
_E E(4E f-(y—g0(2):00) & f= (y—go(x):00)|2) E <i§fg<ygo<z>;oo>ag,fs<ygo<z>;ao>z>}

E((%fa (y—go(x);60)2|x)

g fe y —1:0) 55 f-(y — m: 0)')
(35 Fe (y=m30) 25 F= (y=m30)) E( &5 f= (y—m30) 557 f= (y—m;))
E((Z f-(y—m:0)?)

/
E(§ (y—m:0) + dife(yfn;t?)a%ae) (a%fs(yfn;@)+%fe(yfn;9)%ae)
E(TFfs(y 7;0) £5 f< (y—m;0))
E((%E f-(y—m:0)?)

where %ae = - . Since Iy (8,m) is in a quadratic form, we only need to show

L f-(y —m;0) + fg(y 7;0) Zag # 0. Let w, wy, I, I, C1, Cs be as in the verification of A5.4 and

V2

=/ = erle)efp(—BQ(ﬁ 507))de. Also, oy = Ci(55 + (£)°12) 7, oy = Ca(5s + (3)°2) 7' I

e =y — n then,

wfa(y 77,) GE fe(y — 1;0) 52

902 0
=g+ - [1—‘?(*)} P(28)ew + [& + [1 = @(29)] 1o (2E) (D01 (7 + () L)1 #0

since it is linear combination of constant, quadratic function of e, [1— (AT)] (;5()‘7) and [1— <I>()‘7)] 1¢(%)6.

Note g((”;)) is convex, asymptotes to —x as x — —oo and to zero as x — 0. % is nonlinear, with

nonlinear second order derivative.

szs(y n:0) + 5 ol = m:0) gz
=kt (1= @) ew + (5 + [ )]G ()]Cald + (2) ! #0 similarly
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PA2 : Forr,s=0,1,2,3,4and r + s < 4, %logfg(y—n;@ exists for p =1,--- , P and
2
><oo.

i el 2
E( sup ’aggigmlogfa(y—nﬂ)‘ ) =E< sup logfa(y—n;9)l2>

87‘+s
E su 710 3 B 70
(96@,7170671 ‘69;8773 gfe(y —n;0)

Consider r + s = 0.

€O ,neH 0cO,neH

) 2
=E| sup ’%log(%) — slog(os +07) — 5 252 + 109(@(—%))’ ) < 0.
0c0,nEH ut

Since 02,02 > 0, E(sup| — 1log(c? + 02)|?) < .
C]

we e
E| sup |- %o;j(ﬂ 2] < oo since Esuple|* < Ey* +supn* < E(go(z))*+ Ee* +¢ < 00 as go(z) € H,
0€O,neEH woov neH neH

a compact subset of R. Here € = y — go(x) and Ee! < oo for any finite positive integer i. By Taylor

expansion of log(®(—2¢) around e = 0, for 6§ between 0 and 1,

__ Nde _ Ade
log(®(—28)| < liog((0) + =5} (—2£) < llog(@(0)] + iz} | — %]

< [1og(®(0)] + c(1 + lel|3))I3]e] < e+ cle| + clef?

since fg((?) is convex, asymptotes to —z as  — —oo and to zero as T — 00, SO g((g < ¢(1+ |z|). So

E sup |log(®(—22)|? < ¢+ Esuply —n|> + Esuply — n|* < co. For r +s =1,
neH neH

0cO,neH
2
fé) . _ 1 1 2 dey1—1 A 2
E 96(89171}7)67{ Wlogfg(y - 7779)‘ = E(Ge(salill)e')—J T 52402 + 5 (aﬁioi‘j)z - [(I)(_?P)] ¢(_?e)we| ) <0
2
a . _ 1 1 2 ey —1 Y 2
B s |sloaf.y—mo)| | = B(_sw |- iz + bz — P2 0= 2wel?) < oo
2
E|( sup a%logfa(y—nﬂ)‘ ) =E( sup |3z —[0(—29)]1¢(—2)2?) < 0
0€O,neH 0cO,neEH weoov

Above are true since the term |[®(—2¢)] ¢! (—22)e7| < c(1+2e|*)|e]? < c|e[?+cle|'™7 and by consequence

[@(—29)] 71" (—22)ed |> < cle|¥ +c|e|*+9). For (i,5) = (1,1) and (1,0), we only need E sup |e|* < oo,
0cO,neH

which is true since H is a compact subset of % and E|e|* < co. For r+s = 2,3 and 4, the partial derivatives

and bounded moments are obtained in a similar fashion.

PA3 : This condition has been verified in Lemma 2 in Martins-Filho and Yao (2011).

PB : 1. supfs(z) < C; 2. supfggl)(ac) < C; 3. supfggZ)(x) < C; 4. inf f,(z) > 0; 5. sup |8%a9(x)| <
=te ze€G rzeG z€G zeG,0€0
C.

PB1-4 are all conditions on the marginal density of . PB5 is implied by the fact that %a‘g(x) is

continuous at x € G and 6 € ©. G and © are all compact sets.
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PC: [ sup
re

51 +so+T
= (398211T€226nr109f6(y — ap(2);0) f-(y — go(x) )’dy < C, with s1,82,7 > 0, where (s1,52,7) =
(0707 1)’ (1707 1)’ (0, 171)’(17 171).

Consider the case (s1,s2,7) = (0,0,1).

figg 2 (a%logfg(y—ae( );0) f=(y — go(= )‘dy

< sup |fzlog ey — a0(a); ) f-(y - go<>e>§xae< )| dy

+ fsup‘@nlogfs( — g(@);0) £ 1= (y = go(@); 0)| dy = [ + I
ns s (Zaoo) [ sup | toafi (- ane) )10 - ao(a):0) . Since sy [Ran(o)] < o
2€G,0€0 ©€G,0€0
Iy
andforsoand)\o,fll<fsup‘———¢*2(—%e)¢2(—%e)(%)2+(I>’1(—§e)¢(—i‘e (2) ’sup o(5)(— i‘—ge)dy
neH neHr

< 00, since all terms involve only o2 or o2 are bounded, ®(-) < 1 and the term

[ sup®@~i(—2e)p(— 2>eﬂsup = p(£)D(—22e)dy
neH neH

< [supc[l + 2y —nll'ly — [ supd(E)dy < fsupc [y —nl + 1y — 77|”J]sup¢>( =)dy < oo
ner neH

We divide the area of integration for y into three cases: I = {y < np}, so supqS( =) = P(451%) on I
neH

IT = {nr <y <nu},so supp(s) < \/ﬁ on I1. IIT = {ny <y}, so supd)(%) = ¢(452%) on I11.
neH

fsupCIy nlﬂsupqé( )dy < C [yl +Hnlle(U ) dy+C [, [yl +nl ] a=dy+C [ [lyl +nP]o(452)dy <

oo. Similarly fsupC|y n|itd suptb( =)dy < C, hence I < <.

I, < sup|gg()| / sup ‘logfe(y - 7759)|S11p‘7f6(y —n;0)|dy < o0, as
z€G neH on neH on

<oo Iy
Iy < [ sup| &+ (=) (~2e)2 | sup| 2671 (— £)B(—20¢) S 2 671 (— £ )g(—2ee) 2 dy < oo, since
neH neH 0

S0

all terms involving only o2 or o2 are bounded, ®(-) < 1 and ¢(-) < \/% Using arguments similar to

those used for I, the terms

_ )\() |€|
IS _ _ 2\ J 20 21
) = [ supa(=2e)6i (- Sepcsup 2o S)b(- L) Sy < o0 and

Sa(y) = / sup‘b‘i(—ée)(ﬁi(—ée)ej sup3¢(£)¢(—&e)&dy < 00.

neH S s neHS0 S0 S0 So

Verification of PC when (s1,s2,7) = (1,0,1),(0,1,1),(1,1,1) folows in an analogous manner.
831+52+T

PD : sup ‘f aorroa oy 09T (y = 0) 225 f-(y — go(x); 6o)dy| < C with s1, 59,7 > 0, for j=0,
z€G,0€0,nEH

s1+ s +1r < 47 and (31,82,7‘) = (03075)7 for .]:17 (51,8277“) = (O7Oa1)7 (13072)a (07132)7 (17073)3 (0a173)7
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(0,0,4), (0,0,3), (1,1,2), (1,1,3), (0,1,4), (1,0,4), (0,0,5) and for j=2, (s1,s2,7) = (0,0,1), (0,0,2), (0,0,3),
(1,0,1), (0,1,1), (1,0,2), (0,1,2), (1,0,3), (0,1,3), (0,0,4), (1,1,1), (1,1,2), (1,1,3), (0,1,4), (1,0,4), (0,0,5).

For j = 0 we need to show sup ‘E (%logk(y —n; 0)|x)‘ < C. Consider specifically the
z€G,0€0,nEH K O 0m

case where s1 =2, s =7 =0.

B(gazylogf(y —mO)r) = gh — FGl2 —w’B@72(2e)¢*(—2e)e’|)
+25 E(®7L(—2e)p(—2e)e?|x) — 2L E(D (—2e)p(—2e)e|w)

2

Again, all terms involving only o2 or o2 are bounded. The typical term in the remaining terms are for

1+7 <2,
BE(®~'(=2e)¢!(—2e)el|x) _ o .
< CE([1+ {ly—nl' ly —nli|z) < B((ly -l + Cly — nll*+]z) < eB(ly — nfi*7|2)
< CEly|""|z)+csincen e H
< CE(|go(z) + €|"H|z) < C + CE|e|"*7 < oo since go(z) € H and € is independent of z.
Hence, sup |E(0( =72 logf-(y — n;0)|z)| < co. The other terms can be shown to be bounded in a

z€G,0€0,nEH

similar fashion. Now consider the case where j = 1 and (s1, s2,7) = (0,0,2). Then,

2
sup ’f azlog fe(y —m;0) &% f-(y — go(x); 60)dy
z€G,0€0O,nEH

2
< Suplgé(w)le Sup f | arlog f-(y — n;ﬂ)lsugla%fs(y =13 00)|dy
ne

< Csup [ bup|(9 2logfg(y 7; )|sup\8%f5(y —1n;6p)|dy < oo as in Sy (y) and Sa(y) in the verification of PC.
0c® neH neH

The other cases for j = 1 can be shown to be bounded in a similar fashion. For j = 2, consider specifically

the case (s1,s2,7) = (0,0,2). Then

2 2
sup ’f azlogfe(y —m;0) gz f-(y — go(x); 60)dy
©€G,0€0,nEH

2
< sup [|Zslogf-(y —n; )I[Supla@fe(y - n;ﬁo)]sup\g@)(z)l + [sup|Z5 f-(y — m; 00)]sup|gp (z) [*|dy
eH " K ner O e

0co,n

<Sugfsup|a logf-(y —n; )Isupla,,fa(y m%)\dysup\go ()]
S neH

Jrgupfsupla,7 zlogfe(y —m; )Isuplanzfs(y 77,90)Idysulolgo( P =15+ D.
€0

I} < o0 is shown when j = 1.

Iy < Csup [ sup| — & — 072(~2e)g2(~2¢)(2)2 + @1 (= 2e)o(~2e)e(2)?
0€e® neH

xsupl 26/(5) = B(— 2 (y — gole))) + Z0(5)0(= 32y — 90(2)) (38

+20(£)P(=22(y — go(@))) (35 + Zo(£5)o(— 22 (y — g0()))(32)? =5 |dy

Using arguments similar to those in verifying PC we obtain Iy < co. The other cases for j = 2 can be

shown in a similar fashion.
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5 Asymptotic variance for 0

We derive the exact form of Zy as the asymptotic variance for §. In this case the Zy matrix has (4,7)

elements with ¢, 7 = 1,2 given by

1 1 1 o 2 s2
Ty, (1,1) = — 27 2 (= A 27 — 0 S
00(7 ) 2561'1'7” 1+ao§(sg+(0/30) 2)+Sg (0)+a2 (/\2+1)>\ 1
1 ’ 2 )\0 8(2) ’ )\0
- = —_— — +2 — I
3% m%ﬂ)( i “

S0 )\g + 1) aaig
1 (202,)3/?
+ %aég (‘3‘730 \ 2/mogg — 7()#

Zoy(1,2) = Tp,(2,1)

1 1
5 4 +ww I + o gagz(s

+ (/507 B) + 5 ({0l + aa)(1(60)
0 25 “

A 2 s2
+ = 2 20 )
so\l A+ 1) A3 +1
(

_ 12z &o/ +als) + (wals +wials) 5 — (wals +wial )&I
s2\/ 72 +1) \ 250 o " o0 & IOV & i s

1 (202,)3/2
+ ng(a;ﬁ + a2) (—3050\/2/77030 — 7\/0%

1 1 1 A 2 52
T5,(2,2) = 234+w%h+afg<2+<Ao/80>212>+54< L2v(00) + oz = 0T i )
0 0

58 NM+1)A3+1
1 , 2 )\ Sg ,/\0
A e — 2w — 20!, 2w T
s%a T(A2+1) ( + 1/\2—|—1 Qo3 S0 i
1

/ (20350)*
+ %a;g (3030 2/m02, — #

V2
o s o 1 1 (o’u +20’v )(ru son3/2 2 A2 1
When 6 = 00, let’s define w = m, w1 = 3 W, I = f#el'p(fe (Tg + ﬁ))de,
1 2/ X2 1 hr 2 /\z 7 ) A
L=] 1_67"}(-70(6&)%“*6 (s%+ﬁ))dev L=/ 1_”‘}( i)exp(—e ( ))de C, = + 20wl —

_ "/(0 ) LA 2 2 sg 2
Wy / ﬂ(,\2+1 >\2+1 Twy/ Tr(>\2+l y Cp = 5+ Junl — (3 2) Wi/ coziny szer T W roaen where

02( +(22)%L) 7

erf is the Gaussian error function. Then o , = 01(3% + (8—8) L)1, =
2 p

0'2_

T0,(1,1) = E (g8 -0 — o)) + 5 -(y — ol >~eo>%aao<x>)2
= B(-g+33 —‘I’_l( 20e)¢(— A€)€w+[ + 07 (—32e)p(—52e) 32 52z gy (a))°

S0 S0

. B E(affa fe(y=go(2)360)|)
02 T o7 Yo(x) = E( 2 e (g0 (@):00)|)
== % - (§3)2E(‘1>’ (=52 )(252(—5 )|z) + E(®7 (—22€e)p(—22€)(32)%e|x)] - 1[E(—§3II)

(A‘])wE‘I) (—32e)?(— 38 )e\x)—(?3)2wE‘I>*1(—%gew(—%g;;e%)+wE¢> H(=22e)(—22e)|a)]
[12 ()\0 2[] 101

«

_|_

50
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since B(@!(~22¢)g(~32¢) (2 )Pela) = 0, E(02(~2e)¢*(~e)|o) = b, B(—lo) = 22,

S0 S0

Be 3 (—12e)¢*(—3te)elz) = I, BO7'(~ 6)¢(*%§6)62|$):\/ﬂ(AEH)AZH,E‘P H=22e)g(—3e)|x) =

1/%. The expression for Zy,(1,1) is obtained with the expression for &%ago(x) plugged in, and
0 u

realize Fe? = s3, Fe' = 3sj, E@‘l(—;‘—ge)gb(—;\—ge)eﬂx) =0fori=1,3.

T5,(2,2) = (305fa(y—90( )'90)+dlfs(y—90( )'90)%30490@))2
= E(- 12 + 57 @*1(—%36)¢>( ’\Oe)ewﬁ"[ + o1 (- 0€)¢(—;\*36)A°]302 Qo (z))?

/ ) B E(%fa(yfyo(m)ﬁoﬂl’)
CYo’ 802 Qoo (x) = E( fs(y go(x);00)|x)

= - = PEE ()R- Rol) + BO (- Re)s(-e)() el B glo)
+ GImEE =R Se)d) = ()50 (2o 2e)e ) + 1 B8 (She)ol 2ol
= [+ R

The expression for Zy,(2,2) is obtained with the expression for 62 g, (z) Plugged in and follow similar

arguments as in Zy, (1, 1).

Zo,(1,2) = Zp,(2,1)

2) ,
ey = go(@); 60) + G f-(y — go(
(y—

)
9

|
Dj

802 )i
% (3% oty — g0(@);00) + dgfew 90(x); 60 )825%@)
= E(- % L= 07 (—Re)p(—Re)ew + [& + @ (—=20e)¢(—20e) 2] 2 g, 1)
x (= %4—2—2—<I>*1(—%36)¢(—%§e)ew1+[%+fI”l(—%ﬁe)d?(—%S@)AO}a?zaeo( )

The expression for Zy,(1,2) is obtained with the expression for &%Oégo(x) and %a(;o(m) plugged in and

follow similar arguments as in Zy,(1,1) and Zy, (2, 2).
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