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1 Introduction

Besides this introduction, this technical supplement has four sections. Section 2 provides proofs for

Theorems 1, 2 and Lemma 1 in Martins-Filho and Yao (2011). Section 3 verifies that a skew-normal

density satisfies all assumptions (A1-A7) required to prove Theorem 2. Section 4 verifies that assumptions

PA1, PA2, PB, PC and PD used in Lemma 2 of Martins-Filho and Yao (2011) are also satisfied by the

skew-normal density. Section 5 obtains the variance of the asymptotic distribution of
√
n(θ̃ − θ0) when

fε in Martins-Filho and Yao (2011) is a skew-normal. Throughout the note θ = (σ2
u, σ

2
v) and we have

fε(y − g(x); θ) =
2√

σ2
u + σ2

v

φ

(
y − g(x)√
σ2
u + σ2

v

)(
1− Φ

( √
σ2
u/σ

2
v√

σ2
u + σ2

v

(y − g(x))

))
(1)

where σ2
u, σ

2
v > 0, λ =

√
σ2
u

σ2
v

and s2 = σ2
u + σ2

v . Whenever we need to distinguish the true values of the

parameters and the function g we write θ0 =
(
σ2
u0

σ2
v0

)
, λ0, s2

0 and g0. C will always denote an arbitrary

positive real number.

2 Proofs of Theorems 1, 2 and Lemma 1

Theorem 1: Proof. Given A1.1-3, A4 and the definition of θ̂, by Theorem 2.1 in Newey and McFadden

(1994) it suffices to prove that supθ∈Θ

∣∣l̄n(θ, m̂+ γ(θ))− E
(
l̄n(θ, g0)

)∣∣ = op(1). We do so by establishing

that supθ∈Θ

∣∣l̄n(θ, m̂+ γ(θ))− l̄n(θ, g0)
∣∣ = op(1) and supθ∈Θ

∣∣l̄n(θ, g0)− E
(
l̄n(θ, g0)

)∣∣ = op(1). First,

note that by A1.3 and A4.4 supθ∈Θ

∣∣l̄n(θ, m̂+ γ(θ))− l̄n(θ, g0)
∣∣ ≤ 1

n

∑n
i=1 supθ∈Θb(yi, xi, θ)|m̂(xi) −

m(xi; θ, g0)|. If nh3
n

log(n) → ∞ as n → ∞ and given A2.2 and A3, for a compact set G, we have

supx∈G|m̂(x)−m(x; θ, g0)| = op(1) (Martins-Filho and Yao, 2007). Given that E (supθ∈Θb(yi, xi, θ)) <∞

and the fact that (yi, xi) are i.i.d, we conclude that supθ∈Θ

∣∣l̄n(θ, m̂+ γ(θ))− l̄n(θ, g0)
∣∣ = op(1). Second,

note that

∣∣l̄n(θ, g0)− E
(
l̄n(θ, g0)

)∣∣ ≤ 1
n

n∑
i=1

|logfε(yi − g0(xi); θ)− E (logfε(yi − g0(xi); θ))| .

By the Heine-Borel theorem every open covering of Θ contains a finite subcover {Sk}Kk=1 where Sk =

S(θk, d(θk)) denotes an open sphere centered at θk with radius d(θk) > 0. Now let

µ(yi, xi, θ, g0, d(θ)) = supθ′∈S(θ,d(θ)) |logfε(yi − g0(xi); θ)− logfε(yi − g0(xi); θ′)| .
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By A4.2 µ(yi, xi, θ, g0, d(θ))→ 0 for all θ ∈ Θ as d(θ)→ 0 almost everywhere arcording to f(y, x). By the

triangle inequality µ(yi, xi, θ, g0, d(θ)) ≤ 2supθ∈Θ|logfε(yi; θ, g0(xi))|. By A4.3 and Lebesgue’s dominate

convergence theorem (LDC) we conclude that for any ε, d > 0, E (µ(yi, xi, θ, g0, d(θ))) < ε whenever

d(θ) < d. Letting d(θk) < d for all k = 1, ...,K we have E(µ(yi, xi, θk, g0, d(θk))) < ε for all k. Also,

|E(logfε(yi − g0(xi); θ)− E(logfε(yi − g0(xi); θk))| ≤ E (µ(yi, xi, θk, g0, d(θk))) < ε. Hence, for θ ∈ Sk

we have

∣∣l̄n(θ, g0)− E
(
l̄n(θ, g0)

)∣∣ ≤ n−1
n∑
i=1

(µ(yi, xi, θk, g0, d(θk))− E(µ(yi, xi, θk, g0, d(θk))))

+

∣∣∣∣∣n−1
n∑
i=1

(logfε(yi − g0(xi); θk)− E(logfε(yi − g0(xi); θk))

∣∣∣∣∣+ 2ε

Since E(µ(yi, xi, θk, g0, d(θk))) < ∞ and E(|logfε(yi − g0(xi); θk)|) < ∞, we have, by the strong law of

large numbers, that there exists Nε,k such that n > Nε,k gives∣∣∣∣∣n−1
n∑
i=1

µ(yi, xi, θk, g0, d(θk))− E (µ(yi, xi, θk, g0, d(θk)))

∣∣∣∣∣ < ε

and n−1
∑n
i=1 |logfε(yi − g0(xi); θk)− E(logfε(yi − g0(xi); θk))| < ε. Given that K is finite, for all n >

maxkNk,ε we have supθ∈Θ|l̄n(θ, g0)− E(l̄n(θ, g0))| = op(1).

Theorem 2: Proof. Given A6.1 and Taylor’s Theorem in Graves (1927),

l̄n(θ, m̂+ γ(θ)) =
1
n

n∑
i=1

logfε(yi − g0(xi); θ) +
1
n

n∑
i=1

dF
dg
logfε(yi − g0(xi), θ)(m̂(xi)−m(xi; θ, g0))

+
1

2n

n∑
i=1

(m̂(xi)−m(xi; θ, g0))2

∫ 1

0

d2
F

dg2
logfε(yi − g0(xi)− t(m̂(xi)−m(xi; θ, g0); θ)

× (1− t)dt.

Denoting the last term in the above inequality by cn and given that dF
dg is a bounded linear functional

from G to <, we have

|cn| ≤
1

2n

n∑
i=1

(
sup
x∈G
|m̂(x)−m(x; θ, g0)|

)2 ∫ 1

0

C sup
x∈G
|g0(x) + t(m̂(x)−m(x; θ, g0))|(1− t)dt

≤ 1
2

(
sup
x∈G
|m̂(x)−m(x; θ, g0)|

)2 ∫ 1

0

C

(
sup
x∈G
|g0(x)|+ t sup

x∈G
|(m̂(x)−m(x; θ, g0))|

)
(1− t)dt

≤ C

((
sup
x∈G
|m̂(x)−m(x; θ, g0)|

)2

+
(

sup
x∈G
|m̂(x)−m(x; θ, g0)|

)3
)
.

Since sup
x∈G
|m̂(x) −m(x; θ, g0)| = Op

((
log(n)
nhn

)1/2

+ h2
n

)
, it follows that if hn = O(n−1/5) we have that
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|cn| = op(n−1/2). Consequently, we can write

l̄n(θ, m̂+ γ(θ)) = l̄n(θ, g0(xi)) +
1
n

n∑
i=1

dF
dg
logfε(yi − g0(xi), θ)(m̂(xi)−m(xi; θ, g0)) + op(n−1/2).

Since ∂
∂θ l̄n(θ̂, m̂+γ(θ̂)) = 0 we have . By A5.1 and the mean value theorem there exists some θ̄ ∈ L(θ̂, θ0)

(the line segment uniting θ̂ and θ0) such that

− ∂2

∂θ∂θ′
l̄n(θ̄, m̂+ γ(θ̄))

√
n(θ̂ − θ0) =

√
n
∂

∂θ
l̄n(θ0, m̂+ γ(θ0)). (2)

We now write

√
n
∂

∂θ
l̄n(θ0, m̂+ γ(θ0)) =

√
n
∂

∂θ
l̄n(θ0, g0) +

1√
n

∂

∂θ

n∑
i=1

dF
dg
logfε(yi − g0(xi), θ0)(m̂(xi)−m(xi; θ0, g0))

+ op(1).

Due to the equality of Fréchet and Gateaux differentials, we have

dF
dg
logfε(yi − g0(xi), θ)(m̂(xi)−m(xi; θ, g0)) =

∂

∂η
logfε(yi − g0(xi); θ)(m̂(xi)−m(xi; θ, g0)).

Given A5.6 we have from Lemma 1 in Martins-Filho and Yao (2006),

1√
n

∂

∂θ

n∑
i=1

dF
dg
logfε(yi − g0(xi); θ)(m̂(xi)−m(xi; θ, g0)) =

√
n
∂

∂θ

(
1
n

n∑
i=1

(yi −m(xi; θ, g0))×∫
∂

∂η
logfε(y − g0(xi); θ)fε(y − g0(xi); θ0)dy +

1
2
h2
nσ

2
KE

(
g

(2)
0 (xi)

∂

∂η
logfε(yi − g0(xi); θ)

))
+op(1) +

√
n op(h2

n).

We observe that the term yi −m(xi; θ, g0) is a function of θ. Hence, when passing the ∂
∂θ operator and

evaluating at θ0 we obtain,

1√
n

∂

∂θ

n∑
i=1

dF
dg
logfε(yi−, g0(xi); θ0)(m̂(xi)−m(xi; θ0, g0))

=
√
n

(
1
n

n∑
i=1

∂

∂θ
γ(θ0)

∫
∂

∂η
logfε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy +

1
n

n∑
i=1

(yi −m(xi; θ0, g0))

× ∂

∂θ

∫
∂

∂η
logfε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy +

1
2
h2
nσ

2
K

∂

∂θ
E

(
g

(2)
0 (xi)

∂

∂η
logfε(yi − g0(xi); θ0)

))
+ op(1) +

√
n op(h2

n).

Given assumption A5.3, we have

∂

∂θ

∫
∂

∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy =

∫
∂2

∂θ∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy
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and

∂

∂θ
E

(
g

(2)
0 (xi)

∂

∂η
fε(yi − g0(xi); θ0)

)
= E

(
g

(2)
0 (xi)

∂2

∂θ∂η
fε(y − g0(xi); θ0)

)
.

In addition, by A5.5

∫
∂

∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy =

∂

∂η

∫
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy

=
∂

∂η
E(fε(yi − g0(xi); θ0) = 0.

Hence, we can write

√
n
∂

∂θ
l̄n(θ0, m̂+ γ(θ0)) =

√
n
∂

∂θ
l̄n(θ0, g0) +

√
n

(
1
n

n∑
i=1

(yi −m(xi; θ0, g0))
∫

∂2

∂θ∂η
fε(y − g0(xi); θ0)

× fε(y)dy +
1
2
h2
nσ

2
KE

(
g

(2)
0 (xi)

∂2

∂θ∂η
fε(yi − g0(xi); θ0)

))
+
√
n op(h2

n) + op(1)

=
√
n

(
1
n

n∑
i=1

∂

∂θ
fε(yi − g0(xi); θ0) + (yi −m(xi; θ0, g0))

×
∫

∂2

∂θ∂η
fε(y − g0(xi); θ0)fy|x(y)dy

)
+
√
n

(
1
2
h2
nσ

2
KE

(
g

(2)
0 (xi)

∂2

∂θ∂η
fε(yi − g0(xi); θ0)

)
+ op(h2

n)
)

+ op(1).

Let Zi = ∂
∂θfε(yi − g0(xi); θ0) + (yi − m(xi; θ0, g0))

∫
∂2

∂θ∂ηfε(y − g0(xi); θ0)fε(y)dy and observe that

E(Zi) = 0 since E(yi −m(xi; θ0, g0)|xi) = 0 and E(fε(y − g0(xi); θ) has an unique maximum at θ0. Let

σ2
F = E(ZiZ ′i), which exists as a positive definite matrix by A6.3 with

σ2
F = E

((
∂

∂θ
fε(yi − g0(xi); θ0) + (yi −m(xi; θ0, g0))

∫
∂2

∂θ∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy

)
×

(
∂

∂θ
fε(yi − g0(xi); θ0) + (yi −m(xi; θ0, g0))

∫
∂2

∂θ∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy

)′)
.

Since Zi is a continuous (measurable) function of
(
yi
xi

)
, and given that the sequence

{(
yi
xi

)}
i=1,2,···

is i.i.d., by the Cramer-Wold device and Lévy’s central limit theorem, we have

√
n

(
∂

∂θ
l̄n(θ0, m̂+ γ(θ0))−B1n

)
d→ N(0, σ2

F ) (3)

where B1n = 1
2h

2
nσ

2
KE

(
g

(2)
0 (xi) ∂2

∂θ∂ηfε(yi − g0(xi); θ0)
)

+ op(h2
n).
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We now study the asymptotic behavior of ∂2

∂θ∂θ′ l̄n(θ̄, m̂+ γ(θ̄)). Note that,

∂2

∂θ∂θ′
l̄n(θ̄, m̂+ γ(θ̄)) =

1
n

n∑
i=1

∂2

∂θ∂θ′
fε(yi − g0(xi); θ̄)

+
∂2

∂θ∂θ′

(
1
n

n∑
i=1

dF
dg
fε(yi − g0(xi); θ̄)(m̂(xi)−m(xi; θ̄, g0))

)
+ op(n−1/2).

Since θ̂− θ0 = op(1) and θ̄ ∈ L(θ̂, θ0) we have that θ̄− θ0 = op(1), that is, for sufficiently large n, θ̄ ∈ S0.

Denote the (i, j) element of ∂2

∂θ∂θ′ fε(yi − g0(xi); θ̄) by ∂2

∂θi∂θj
fε(yi − g0(xi); θ̄) and note that by A5.1 it

is continuous on S0. Furthermore, by A5.2 and Theorem 1 we have that E
(

∂2

∂θi∂θj
fε(yi − g0(xi); θ)

)
is

continuous at θ0 and

sup
θ∈S0

∣∣∣∣∣ 1n
n∑
i=1

∂2

∂θi∂θj
fε(yi − g0(xi); θ)− E

(
∂2

∂θi∂θj
fε(yi − g0(xi); θ)

)∣∣∣∣∣ = op(1).

By Theorem 21.6 in Davidson (1994) we conclude that

1
n

n∑
i=1

∂2

∂θi∂θj
fε(yi − g0(xi); θ̄)

p→ E

(
∂2

∂θi∂θj
fε(yi − g0(xi); θ0)

)
for all (i, j).

Now, from earlier in the proof we have that

∂

∂θ

1
n

n∑
i=1

dF
dg
fε(yi − g0(xi); θ)(m̂(xi)−m(xi; θ, g0))

=
1
n

n∑
i=1

∂

∂θ
γ(θ)

∫
∂

∂η
fε(y − g0(xi); θ)fε(y − g0(xi); θ0)dy +

1
n

n∑
i=1

(yi −m(xi; θ, g0))

× ∂

∂θ

∫
∂

∂η
fε(y − g0(xi); θ)fε(y − g0(xi); θ0)dy +

1
2
h2
nσ

2
K

∂

∂θ
E

(
g

(2)
0 (xi)

∂

∂η
fε(yi − g0(xi); θ)

)
+ op(n−1/2) + op(h2

n) and therefore we write

∂2

∂θ∂θ′

(
1
n

∑n
i=1

dF
dg fε(yi − g0(xi); θ̄)(m̂(xi)−m(xi; θ̄, g0))

)
=
∑5
j=1 I4j + op(n−1/2) + op(h2

n) where

I41 =
1
n

n∑
i=1

∂2

∂θ∂θ′
γ(θ̄)

∫
∂

∂η
fε(y − g0(xi); θ̄)fε(y − g0(xi); θ0)dy

I42 =
1
n

n∑
i=1

∂

∂θ

∫
∂

∂η
fε(y − g0(xi); θ̄)fε(y − g0(xi); θ0)dy

∂

∂θ
γ(θ̄)

I43 =
1
n

n∑
i=1

∂

∂θ
γ(θ̄)

∂

∂θ

∫
∂

∂η
fε(y − g0(xi); θ̄)fε(y − g0(xi); θ0)dy

I44 =
1
n

n∑
i=1

(yi −m(xi; θ, g0))
∂2

∂θ∂θ′

∫
∂

∂η
fε(y − g0(xi); θ̄)fε(y − g0(xi); θ0)dy

I45 =
1
2
h2
nσ

2
K

∂2

∂θ∂θ′
E

(
g

(2)
0 (xi)

∂

∂η
fε(yi − g0(xi); θ̄)

)
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The order of each term can be obtained by repeated use of Theorem 1 and Theorem 21.6 in Davidson

(1994). We obtain,

I41
p→ ∂2

∂θ∂θ′
γ(θ0)E

(
∂

∂η
fε(y − g0(xi); θ0)

)
= 0 given A5.3, A5.6 and A7.1,

I42 = I ′43
p→ ∂

∂θ
γ(θ0)E

(
∂2

∂θ∂η
fε(y − g0(xi); θ0)

)
given A5.3, A5.6, A7.2, A7.3

I44
p→ 0 given A7.2 , A7.4, A7.5 since E(yi −m(xi; θ0, g0)|xi) = 0

1
h2
n

I45
p→ 1

2
σ2
K

∂2

∂θ∂θ′
E

(
g(2)(xi)

∂

∂η
fε(y − g0(xi); θ0)

)
given A7.2 , A7.4, A7.6

Combining all terms, we have

∂2

∂θ∂θ′
l̄n(θ̄, m̂+ γ(θ̄)) = E

(
∂2

∂θ∂θ
fε(yi − g0(xi); θ0)

)
+

∂

∂θ
γ(θ0)E

(
∂2

∂θ∂η
fε(y − g0(xi); θ0)

)
+ E

(
∂2

∂θ∂η
fε(y − g0(xi); θ0)

)
∂

∂θ
γ(θ0)′

+ h2
nOp(1) + op(h2

n) + op(n−1/2).

Using the last equation together with the results in equations (2) and (3) we conclude that,

√
n(θ̂ − θ0 −B2n) d→ N(0, H̄−1σ2

F H̄
−1) (4)

where B2n = −H̄−1
(

1
2h

2
nσ

2
KE

(
g

(2))
0 (xi) ∂2

∂θ∂ηfε(y − g0(xi); θ0)
))

+ op(h2
n).

Lemma 1: Proof. Let S0(θ, η, x) = 1
n

∑n
i=1

1
hn

∂
∂η logfε(yi − η; θ)K

(
xi−x
hn

)
. For x ∈ G, since G is

compact there exists a sphere B(a; r) such that G ⊂ B(a, r). For fixed n, by the Heine-Borel theorem

there exist {B(xk, δn)}lnk=1 for xk ∈ G such that G ⊆ ∪lnk=1B(xk, δn) with ln < r/δn. Similarly, there

exists {B(ηk, δn)}lηnk=1 for ηk ∈ H such that H ⊆ ∪lηnk=1B(ηk, δn) with lηn < r′/δn and {B(θk, δn)}lθnk=1 for

θk ∈ Θ such that Θ ⊆ ∪lθnk=1B(θk, δn) with lθn < rP /δPn .

|S0(θ, η, x)− E(S0(θ, η, x))| ≤ |S0(θ, η, x)− S0(θk1 , η, x)|+ |S0(θk1 , η, x)− S0(θk1 , ηk2 , x)|

+ |S0(θk1 , ηk2 , x)− S0(θk1 , ηk2 , xk3)|+ |E(S0(θ, η, x))− E(S0(θk1 , η, x))|

+ |E(S0(θk1 , η, x))− E(S0(θk1 , ηk2 , x))|+ |E(S0(θ, η, x))− E(S0(θ, η, x))|

+ |S0(θk1 , ηk2 , xk3)− E(S0(θk1 , ηk2 , xk3))|

where k1 ∈ {1, · · · , lθn}, k2 ∈ {1, · · · , lηn}, k3 ∈ {1, · · · , ln}. By construction of the open balls, for

all x ∈ G,θ ∈ Θ, η ∈ H we can always find k1, h2, k3 such that ||θ − θk1 || < δn,|η − ηk2 | < δn and
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|x− xk3 || < δn.

|S0(θ, η, x)− S0(θk1 , η, x)| ≤ 1
n

n∑
i=1

1
hn
K

(
xi − x
hn

) ∣∣∣∣∣∣∣∣ ∂2

∂η∂θ
logfε(yi − η; θ∗)

∣∣∣∣∣∣∣∣ ||(θ − θk1)|| for θ∗ ∈ L(θ, θk1).

By the cr-inequality
∣∣∣∣∣∣ ∂2

∂η∂θ logfε(yi − η; θ∗)
∣∣∣∣∣∣ ≤ ∑P

k=1

∣∣∣ ∂2

∂η∂θk
logfε(yi − η; θ∗)

∣∣∣, and since by assumption

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η∂θ logfε(yi − η; θ)
∣∣∣2) <∞, we have E

(
sup

θ∈Θ,η∈H

∣∣∣∣∣∣ ∂2

∂η∂θ logfε(yi − η; θ∗)
∣∣∣∣∣∣) ≤∑P

k=1

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η∂θk
logfε(yi − η; θ∗)

∣∣∣2) <∞. Since ||θ − θk1 || < δn and K(x) < C

|S0(θ, η, x)− S0(θk1 , η, x) ≤ 1
n

n∑
i=1

1
hn
K

(
xi − x
hn

)
δn

∣∣∣∣∣∣∣∣ ∂2

∂η∂θ
logfε(yi − η; θ∗)

∣∣∣∣∣∣∣∣
≤ Cδn

1
n

n∑
i=1

1
hn

sup
θ∈Θ,η∈H

∣∣∣∣∣∣∣∣ ∂2

∂η∂θ
logfε(yi − η; θ)

∣∣∣∣∣∣∣∣
where 1

n

∑n
i=1 sup

θ∈Θ,η∈H

∣∣∣∣∣∣ ∂2

∂η∂θ logfε(yi − η; θ∗)
∣∣∣∣∣∣ = Op(1). By similar manipulations we have,

|S0(θk1 , η, x)− S0(θk1 , ηk2 , x) ≤ Cδn
1
n

n∑
i=1

1
hn

sup
θ∈Θ,η∈H

∣∣∣∣ ∂2

∂η2
logfε(yi − η; θ)

∣∣∣∣
where 1

n

∑n
i=1 sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η2 logfε(yi − η; θ)
∣∣∣ = Op(1) using assumption PA2 with s = 2 , r = 0. Simi-

larly, we also obtain |S0(θk1 , ηk2 , x)−S0(θk1 , ηk2 , xk3) ≤ C 1
h2
n
δn

1
n

∑n
i=1 sup

θ∈Θ,η∈H

∣∣∣ ∂∂η logfε(yi − η; θ)
∣∣∣ where

1
n

∑n
i=1 sup

θ∈Θ,η∈H

∣∣∣ ∂∂η logfε(yi − η; θ)
∣∣∣ = Op(1) using PA2 with s = 1, r = 0. In an analogous fashion we

obtain, |E(S0(θ, η, x))−E(S0(θk1 , η, x))| ≤ C 1
hn
δnE

(
sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η∂θ logfε(yi − η; θ)
∣∣∣), |E(S0(θk1 , η, x))−

E(S0(θk1 , ηk2 , x))| ≤ C 1
hn
δnE

(
sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η2 logfε(yi − η; θ)
∣∣∣) and |E(S0(θk1 , ηk2 , x))−E(S0(θk1 , ηk2 , xk3))|

≤ C 1
h2
n
δnE

(
sup

θ∈Θ,η∈H

∣∣∣ ∂∂η logfε(yi − η; θ)
∣∣∣) . Hence, we can find k1, k2, k3 such that

|S0(θ, η, x)− E(S0(θ, η, x))| ≤ |E(S0(θk1 , ηk2 , x))− E(S0(θk1 , ηk2 , xk3))|+ 3Cδnh−2
n

1
n

n∑
i=1

Mi

whereMi =

(
sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂θ∂η logfε(yi − η; θ)
∣∣∣+ sup

θ∈Θ,η∈H

∣∣∣ ∂2

∂η2 logfε(yi − η; θ)
∣∣∣+ sup

θ∈Θ,η∈H

∣∣∣ ∂∂η logfε(yi − η; θ)
∣∣∣)

and E|Mi| <∞. Hence,

sup
θ∈Θ,η∈H,x∈G

|S0(θ, η, x)− E(S0(θ, η, x))| ≤ max
1≤k1≤lθn,1≤k2≤lηn,1≤k3≤ln

|S0(θk1 , ηk2 , xk3)− E(S0(θk1 , ηk2 , xk3))|

+ 3Cδnh−2
n

1
n

n∑
i=1

Mi = I1 + I2.
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Note that P (I1 ≥ ε/2) ≤
∑lθn
k1=1

∑lηn
k2=1

∑ln
k3=1 P (|S0(θk1 , ηk2 , xk3)− E(S0(θk1 , ηk2 , xk3))|) and put

|S0(θk1 , ηk2 , xk3) − E(S0(θk1 , ηk2 , xk3))| =

∣∣∣∣∣ 1n
n∑
i=1

(
1
hn

∂

∂η
logfε(yi − ηk2 ; θk1)K

(
xi − xk3
hn

)∣∣∣∣∣
− E

(
1
hn

∂

∂η
logfε(yi − ηk2 ; θk1)K

(
xi − xk3
hn

)))∣∣∣∣ =

∣∣∣∣∣ 1n
n∑
i=1

Win

∣∣∣∣∣
For fixed n, E(Win) = 0. Furthermore, given that K(x) < C, ∂

∂η logfε(y− η; θ) exists almost surely with

E( ∂∂η logfε(y − η; θ)) <∞ by PA2 we have |Win| < c/hn. Furthermore, {Win}i≥1 forms an independent

sequence since K and ∂
∂η logfε(y − η; θ)) are continuous (measurable) functions of {(yi, xi)}i≥1, an in-

dependent sequence. By Bernstein’s inequality we obtain, P (I1 ≥ ε/2) ≤ 2lθnlηnlnexp
(
−nhn(ε2/4)

2hnσ̄2+(1/3)Cε

)
where σ̄2 = 1

n

∑n
i=1 V ar(Win) and hnσ̄

2 → Bσ̄2 =
∫ (

∂
∂η logfε(y − ηk2 , θk1)

)2

f(y, xk3)dy
∫
K2(x)dx.

Since lθn < rP

δPn
, lηn < r

δn
, ln < r

δn
we have that P (I1 ≥ ε/2) < 2rP+2

δP+2
n

exp
(
−nhn(ε2/4)

2hnσ̄2+(1/3)Cε

)
. Now, by

Markov’s Inequality P (I2 ≥ ε/2) = P ( 1
n

∑n
i=1Mi ≥ h2

nε
6δn

) ≤ E|Mi|
εh2
n

6δn and we have

P

(
sup

θ∈Θ,η∈H,x∈G
|S0(θ, η, x)− E(S0(θ, η, x))| > ε

)
≤ 2rP+2

δP+2
n

exp

(
−nhn(ε2/4)

2hnσ̄2 + (1/3)Cε

)
+
E|Mi|
εh2
n

6δn.

The denominator in the first term converges as n → ∞, so we set the two terms on the right hand

side of the inequality to be of equal magnitide and solve for δn as a function of ε. As such, δn =

O
(
ε1/(p+3)h

2/(P+3)
n exp(−nhnε2/C)

)
. Since we need P

(
sup

θ∈Θ,η∈H,x∈G
|S0(θ, η, x)− E(S0(θ, η, x))| > ε

)
→

0, we set ε =
(
log(n)
nhn

)1/2

∆ for some constant ∆. It is easy to verify that if nh3m/(2−m)
n → ∞ for

3/4 ≤ m ≤ 1 then we have the desired convergence. Hence, if nh3
n →∞ (m = 1) we have that

sup
θ∈Θ,η∈H,x∈G

|S0(θ, η, x)− E(S0(θ, η, x))| = Op((log(n)/nhn)1/2).

Now, let S1(θ, η, x) = 1
n

∑n
i=1

1
hn

∂
∂η logfε(yi−η; θ)K

(
xi−x
hn

)(
xi−x
hn

)
and since the kernel K has bounded

support we immediately obtain, sup
θ∈Θ,η∈H,x∈G

|S1(θ, η, x) − E(S1(θ, η, x))| = Op((log(n)/nhn)1/2) which

completes the proof.

3 Verification of assumptions for Theorem 2

Since assumption A1 has been verified in Martins-Filho and Yao (2011) and assumptions A2 and A3 are

unrelated to fε we will verify A4, A5, A6 and A7.

A4.1: For all θ ∈ Θ we have that if θ 6= θ0 then fε(y − g0(x); θ) 6= fε(y − g0(x); θ0) for all (y, x).
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Letting e = y−g0(x) for fixed x. Then, fε(y−g0(x); θ) = fe(e; θ) = 2
sφ (e/s) Φ

(
−λs e

)
. Hence, fe is a skew

normal density with scale parameter s and skewness parameter λ. Identification of (s, λ) follows directly

from Azzalini (1985). Identification of (σ2
u, σ

2
v) follows from the uniqueness of the reparametrization given

by λ =
√

σ2
u

σ2
v

and s2 = σ2
u+σ2

v . We also note that from property H and Lemma 2 in Azzalini (1985), all even

moments of a skew-normal density with scale parameter s = 1 coincide with those of a standard normal,

and all odd moments can be obtained by the moment generating function M(t) = 2exp(t2/2)Φ( λ√
1+λ2 t).

A4.2: If {θi}i=1,2,··· is a sequence in Θ such that θi → θ as i→∞, then

logfε(y; θi, g0(x))→ logfε(y − g0(x); θ) as i→∞ for all θ ∈ Θ.

This assumption requires continuity of logfε(y − g0(x); θ) with respect to θ. This is apparent from the

structure of fε as a function of θ and continuity of the logarithm function.

A4.3: E (supθ∈Θ |logfε(y − g0(x); θ)|) <∞.

Since θ ∈ Θ a compact set, σ2
u, σ

2
v > 0, then supθ∈Θ|log(σ2

u+σ2
v)| < C and E

(
supθ∈Θ(y − g0(x))2/(σ2

u + σ2
v)
)
<

C(π−2
π σ2

u + σ2
v) < C. Now, let z = (−λ/s)e and note that by the mean value theorem

|logΦ(z)| ≤ |logΦ(0)|+ φ(z′)
Φ(z′)

|z| for z′ = δz where δ ∈ (0, 1).

≤ |logΦ(0)|+ C(1 + δ|λ/s||e|)|e| and

supθ∈Θ|logΦ(z)| ≤ |logΦ(0)|+ C(|e|+ e2) which gives

E(supθ∈Θ|logΦ(z)|) ≤ |logΦ(0)|+ CE((|e|+ e2)) < C.

Combining the last inequality with the fact that E
(
supθ∈Θ(y − g0(x))2/(σ2

u + σ2
v)
)
< C and supθ∈Θ|log(σ2

u+

σ2
v)| < C verifies A4.3.

A4.4: E (supθ∈Θ |logfε(y − g0(x); θ)|) <∞.For all (y, x), g ∈ G and θ ∈ Θ, |logfε(y; θ, g(x))− logfε(y −

g0(x); θ)| ≤ b(y, x, θ)|g(x)−g0(x)| = b(y, x, θ)|m(x; θ, g)−m(x; θ, g0)| with b(y, x, θ) > 0, and E (supθ∈Θb(y, x, θ)) <

∞. We first observe that

|logfε(y; θ, g(x))− logfε(y − g0(x); θ)| ≤ 1
2s
|(y − g(x))2 − (y − g0(x))2|

+
∣∣∣∣log(Φ(−λ

s
(y − g(x)))

)
− Φ(−λ

s
(y − g0(x)))

∣∣∣∣
= I1 + I2.
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By Taylor’s Theorem in Graves (1927), we have that I1 = 1
s2 |y − g(x)||g(x)− g0(x)| = b1(y, x, θ)|g(x)−

g0(x)|. In addition, supθ∈Θb1(y, x, θ) ≤ C|y − g(x)| and given that σ2
u, σ2

v > 0 and Θ is compact

we have E(supθ∈Θb1(y, x, θ)) < ∞. Again, by Taylor’s Theorem I2 ≤ λ
s

∫ 1

0
φ(w1)
Φ(w1)dt|g(x) − g0(x)| =

b2(y, x, θ)|g(x)− g0(x)| where w1 = y − g(x) + t(g(x)− g0(x)). Now,

b2(y, x, θ) ≤ λ

s

∫ 1

0

C(1 + w1)dt

≤ C
λ

s
+ C

λ2

s2
(|e|+ |g(x)− g0(x)|).

Since E(|e|) < C we have given σ2
u, σ2

v > 0, Θ compact and the results for I1 that,

|logfε(y − g(x); θ)− logfε(y − g0(x); θ)| ≤ (b1(y, xθ) + b2(y, x, θ))|g(x)− g0(x)|

where E(supθ∈Θ(b1(y, xθ) + b2(y, x, θ))) < C.

A5.1 : For all η = g(x) ∈ H, logfε(y − η; θ) is twice continuously differentiable with respect to θ and

fε(y − η; θ) > 0 on some open ball S0,θ = S(θ0, d(θ0)) of θ0 with S0,θ ⊂ Θ and d(θ0) the radius of the

ball.

For fixed η = g(x) and given the structure of log fε as a function of θ, routine partial differentiation with

respect to σ2
u and σ2

v show the existence of ∂3

∂(σ2
u)r∂(σ2

v)s log fε(y − η; θ) for r + s ≤ 3 and r, s = 0, 1, 2, 3

provided that σ2
u + σ2

v > 0. That fε(y − η; θ) > 0 on an open ball around θ0 follows from the fact that

σ2
u, σ

2
v > 0, exp(x) > 0 and Φ(x) ∈ (0, 1).

A5.2 : E
(
supθ∈S0,θ

∣∣∣ ∂2

∂θj∂θk
logfε(y − g0(x); θ)

∣∣∣) <∞ for k, j = 1, · · · , P

Routine partial differentiation of logfε(y − g(x); θ) with respect to σ2
u gives∣∣∣∣∂2logfε(y − g(x); θ)

∂(σ2
u)2

∣∣∣∣ ≤ 1
2s2

+
e2

s6
+ (1− Φ(eλ/s))−2 (φ(eλ/s)ew)2 +

1
2

(1− Φ(eλ/s))−1
φ(eλ/s)|e3| |w|

s4

+ (1− Φ(eλ/s))−1
φ(eλ/s)|e|

∣∣∣∣ ∂w∂σ2
u

∣∣∣∣ = I1 + I2 + I3 + I4 + I5

where w = 1
2λs3 . I1 < C since σ2

u, σ
2
v > 0, E(supθ∈ΘI2) < C since 1/s6 < C and E(e2) < C. Note

that I3 < C (1− Φ(eλ/s))−2
φ(eλ/s)2|e|2. Let I = (1− Φ(eλ/s))−i φ(eλ/s)i|e|j and given the convexity

of φ(x)/Φ(x) and limx→∞(φ(x)/Φ(x)) = 0, limx→−∞(φ(x)/Φ(x)) = −x we have that |I| ≤ C(|e|j +

|e|i+j(λ/s)i). In the case of I3, i = j = 2 and since E(e3), E(e4) < C we have E(supθ∈ΘI3) < C. Using

similar arguments E(supθ∈ΘI4) < C, E(supθ∈ΘI5) < C. The same arguments give the following bounds

E
(
supθ∈Θ

∣∣∣∂2logfε(y−g(x);θ)
∂(σ2

v)2

∣∣∣) < C and E
(
supθ∈Θ

∣∣∣∂2logfε(y−g(x);θ)
∂σ2

v∂σ
2
u

∣∣∣) < C.
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A5.3 : ∂
∂ηfε(y − g0(x); θ) is continuously differentiable in S0,θ. Furthermore,∫

sup
θ∈S0,θ

|| ∂
2

∂θ∂η
fε(y − g0(x); θ)||Efε(y − g0(x); θ0)dy <∞

and

E

(
sup
θ∈S0,θ

|| ∂
2

∂θ∂η
fε(y − g0(x); θ)||E |g(2)

0 (x)|

)
<∞.

Taking partial derivatives we have ∂
∂η log fε(y − η; θ) = e

s2 +
(
1− Φ(eλs )

)−1
φ(eλs )λs . For fixed η = g(x)

and given the structure of ∂
∂η logfε as a function of θ, routine partial differentiation with respect to σ2

u and

σ2
v show the existence of ∂3

∂η∂(σ2
u)r(σ2

v)s log fε(y; θ, η) for r+s ≤ 2 and r, s = 0, 1, 2 provided that σ2
u+σ2

v >

0. For x ∈ <2, ||x||E ≤ x2
1 + x2

2. Hence, we first show that E
(
supθ∈Θ

∣∣∣ ∂2

∂η∂σ2
u
log fε(y − η; θ)

∣∣∣ |x) <

C. Using the structure of log fε(y − η; θ) and taking partial derivatives shows that the components

of ∂2

∂η∂σ2
u
log fε(y − η; θ) take the form C (1− Φ(eλ/s))−i φ(eλ/s)i|e|j ≤ C(|e|j + |e|i+jC) for (i, j) =

(0, 1), (2, 1), (1, 2), or (1, 0). Since all finite order moments of skew normal densities exist (Azzalini(1985)),

it follows that E
(
supθ∈Θ

∣∣∣ ∂2

∂η∂σ2
u
log fε(y − η; θ)

∣∣∣) < C. The same argument provides

E

(
supθ∈Θ

∣∣∣∣ ∂2

∂η∂σ2
v

log fε(y − η; θ)
∣∣∣∣) < C.

Finally, with the above given bounds E

(
sup
θ∈S0,θ

|| ∂
2

∂θ∂ηfε(y − g0(x); θ)||E |g(2)
0 (x)|

)
< ∞. provided that

|g2
0(x)| <∞.

A5.4 : The matrix

H̄ = E

(
∂2

∂θ∂θ′
logfε(y − g0(x); θ0)

)
+

∂

∂θ
γ(θ0)E

(
∂2

∂θ∂η
fε(y − g0(x); θ0)

)′
+ E

(
∂2

∂θ∂η
fε(y − g0(x); θ0)

)
∂

∂θ
γ(θ0)′

exists and is nonsingular.

Given the structure of fε as a function of θ and the fact that γ(θ) =
√

2
πσ

2
u, we have by routine partial

differentiation that H̄ =
(
H̄11 H̄12

H̄21 H̄22

)
where H̄11 = − 1

2s4 − w
2I1 +

√
2
πσ2

u
C1, H̄12 = − 1

2s4 − ww1I1 +√
2
πσ2

u
C2, and H̄22 = − 1

2s4 −w
2
1I1. Here, w = 1

2λs3 , w1 = − 1
2λ

(σ2
u+2σ2

v)σ2
u

(σ2
v)2s3 , I =

∫ e
√

2
sπ3/2

1−erf(e λ
s
√

2
)
exp(−e2(λ

2

s2 +

1
2s2 ))de, I1 =

∫ e2
√

2
sπ3/2

1−erf(e λ
s
√

2
)
exp(−e2(λ

2

s2 + 1
2s2 ))de, C1 = γ(θ)

s4 + λ
swI − (λs )2w

√
2

π(λ2+1)
s2

λ2+1 +w
√

2
π(λ2+1) ,

C2 = γ(θ)
s4 + λ

sw1I − (λs )2w1

√
2

π(λ2+1)
s2

λ2+1 + w1

√
2

π(λ2+1) where erf is the Gaussian error function.

The determinant of H̄ denoted by det(H̄) = H̄11H̄22 − H̄21H̄12 = I1
2s4 (w1 −w)2 + 1√

2s4

√
1
πσ2

u
(C2 −C1) +

ww2
1I

2
1 (w1−w)+w1I1

√
2
πσ2

u
(wC2−w1C1)− C2

2
2πσ2

u
6= 0 given the structure of C1, C2 and w 6= w1, C1 6= C2.

11



A5.5 : Let η0 = g0(x) for any x ∈ G and denote by S0,η = S(η0, d(η0)). fε(y − η; θ) is continu-

ously differentiable on S0,η, an open interval of H, E

(
sup
η∈S0,η

∣∣∣ ∂∂ηfε(y − η; θ)
∣∣∣) < ∞ and for all x ∈ G,

∂
∂ηE (fε(y − g0(x); θ0)|x) = 0.

From A5.3 we have ∂
∂η log fε(y−η; θ) = e

s2 +
(
1− Φ(eλs )

)−1
φ(eλs )λs and taking a second partial derivative

with respect to η gives ∂2

∂η2 log fε(y−η; θ) = − 1
s2 −

(
1− Φ(eλs )

)−2
φ(eλs )2(λs )2+

(
1− Φ(eλs )

)−1
φ(eλs )(λs )3e

establishing continuous differentiability of log fε(y − η; θ) with respect to the argument η. Now,

E
(
supη∈S0,η |fε(y − η; θ)|

)
≤ 1

s2
E(supη∈S0,η |y − η|) + (λ/s)E

(
supη∈S0,η

∣∣∣∣∣
(

1− Φ(e
λ

s
)
)−1

φ(e
λ

s
)

∣∣∣∣∣
)
.

The first term on the right hand side of the inequality is bounded since η ∈ H a compact set in < and

E(|y|) ≤ E(|g0(x)|) + E(|e|) < C. For the second term, note that

E

(
supη∈S0,η

∣∣∣∣∣
(

1− Φ(e
λ

s
)
)−1

φ(e
λ

s
)

∣∣∣∣∣
)
≤ C

(
1 + (λ/s)E

(
supη∈S0,η |y − η|

))
< C.

Lastly, ∂
∂ηE (fε(y − g0(x); θ0)) = E

(
∂
∂ηfε(y − g0(x); θ0)

)
and

E

(
∂

∂η
fε(y − g0(x); θ0)

)
= − 1

s2

√
2
π
σ2
u +

λ

s
E

((
1− Φ(e

λ

s
)
)−1

φ(e
λ

s
)|x

)

= − 1
s2

√
2
π
σ2
u +

λ

s

√
2

π(λ2 + 1)
= 0

given the definition of s and λ.

A5.6 : For all θ ∈ Θ, ∂
∂ηfε(y − g0(x); θ) is continuous at x,

E

(
sup
θ∈Θ

(
∂

∂η
fε(y − η; θ)

)2
)
<∞ and E

(
sup
θ∈Θ

(
∂

∂η
fε(y − η; θ)

)2

y2

)
<∞.

Continuity of ∂
∂ηfε(y−g0(x); θ) at x follows directly from the existence ∂2

∂η∂xfε(y−g0(x); θ), which follows

given that σ2
u, σ

2
v > 0 and differentiability of g0(x) with respect to x. Now,

E

(
sup
θ∈Θ

(
∂

∂η
fε(y − η; θ)

)2
)

= E

sup
θ∈Θ

(
1
s2

+
(

1− Φ(e
λ

s
)
)−1

φ(e
λ

s
)(
λ

s
)

)2


≤ CE(e2) + CE

(
sup
θ∈Θ

(
1− Φ(e

λ

s
)
)−1

φ(e
λ

s
)|e|

)

+ CE

(
sup
θ∈Θ

(
1− Φ(e

λ

s
)
)−2

φ(e
λ

s
)2

)
< C

given that σ2
u, σ

2
v > 0 and the arguments made to verify A5.2. Given that E(e2y2) ≤ C(E(e2g0(x)2) +

E(e4)) < C(E(e2) + E(e4)) < C from Azzalini(1985) and the fact that g0(x) ∈ H a compact set, we im-
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mediately have E
(

sup
θ∈Θ

(
∂
∂ηfε(y − η; θ)

)2

y2

)
<∞ using the same arguments that gave the boundedness

of E
(

sup
θ∈Θ

(
∂
∂ηfε(y − η; θ)

)2
)

.

A6.1 : logfε(y − g0(x); θ) is twice Fréchet differentiable at g0 with increment h(x) = g(x) − g0(x) and

denote the Fréchet derivatives of order i = 1, 2 at g0 by diF
dgi logfε(y − g0(x); θ).

Let T (g0) = fε(y − g0(x); θ). It follows directly from the definition of the first order Gateaux differ-

ential with increment h = g − g0 that δGT (g0, h) = d
dαT (g0 + α(g − g0)) |α=0 = e

s2 (g(x) − g0(x)) +(
1− Φ(eλs )

)−1
φ(eλs )λs (g(x)− g0(x)). We will establish that δGT (g0, h) = δFT (g0, h). First, observe that

|T (g)− T (g0)− δGT (g0, h)| ≤
∣∣∣∣− 1

2s2
(y − g(x))2 +

1
2s2

(y − g0(x))2 − e

s2
(g(x)− g0(x))

∣∣∣∣
+

∣∣∣∣log(1− Φ((y − g(x))
λ

s
)
)
− log

(
1− Φ((y − g0(x))

λ

s
)
)

− log

(
1− Φ((y − g(x))

λ

s
)
)−1

φ(e
λ

s
)
λ

s
(g(x)− g0(x))

∣∣∣∣∣
= I1 + I2.

Let T1(g) = − 1
2s2 (y− g(x))2, then δGT1(g0, h) = e

s2 (g(x)− g0(x)) and δ2
GT1(g0, h) = − 1

s2 (g(x)− g0(x))2.

By Taylor’s Theorem T1(g) = T1(g0) + δGT1(g0, h) +
∫ 1

0
δ2
GT1(g0, h)(1− t)dt, therefore I1 ≤ 1

2s2 ||g− g0||2.

Setting T2(g) = log
(
1− Φ((y − g(x))λs )

)
and taking Gateaux differentials of order 2 and using Taylor’s

Theorem as in the case for T1 gives

I2 =

∣∣∣∣∣
∫ 1

0

(1− t)

(
−
(

1− Φ(e∗
λ

s
)
)−2

φ(e∗
λ

s
)2(

λ

s
)2

+
(

1− Φ(e∗
λ

s
)
)−1

φ(e∗
λ

s
)2e∗(

λ

s
)3

)
dt

∣∣∣∣∣ (g(x)− g0(x))

≤
∫ 1

0

(1− t)
(
C(1 + |e∗|λ

s
)2 + C(1 + |e∗|λ

s
)|e∗|

)
dt||g(x)− g0(x)||2

where e∗ = y − (g0 + th)(x). Since |e∗| ≤ |e| + t|g(x) − g0(x)|, E(e2) < C and g ∈ G we have that

I2 = Op(1)||g − g0||2. Since I1 = O(1)||g − g0||2 we have combining the two orders that δGT (g0, h) =

δFT (g0, h) = dF
dg fε(y − g0(x); θ)(g(x) − g0(x)) where dF

dg fε(y − g0(x); θ) = e
s2 +

(
1− Φ(eλs )

)−1
φ(eλs )λs

is the first order Fréchet derivative. The same arguments show the existence and equivalence of second

order Gateaux and Fréchet differentials. In this case,

δ2
FT (g0, h) = − 1

s2
(g(x)− g0(x))2 +

(
−
(

1− Φ(e
λ

s
)
)−2

φ(e
λ

s
)2(

λ

s
)2

+
(

1− Φ(e
λ

s
)
)−1

φ(e
λ

s
)2e(

λ

s
)3 (g(x)− g0(x)).
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A6.2 : dF
dg logfε(y − g0(x); θ0) is continuous at every x ∈ G.

From A6.1 dF
dg logfε(y − g0(x); θ0) = e

s2 +
(
1− Φ(eλs )

)−1
φ(eλs )λs which is clearly continuous in x given

differentiability of g(x) and the structure of logfε(y − g0(x); θ0) as a function of x.

A6.3 : The matrix

σ2
F = E

((
∂

∂θ
fε(yi − g0(xi); θ0) + (yi −m(xi; θ0, g0))

∫
∂2

∂θ∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy

)
×

(
∂

∂θ
fε(yi − g0(xi); θ0) + (yi −m(xi; θ0, g0))

∫
∂2

∂θ∂η
fε(y − g0(xi); θ0)fε(y − g0(xi); θ0)dy

)′)
.

exists and is positive definite.

We start by noting that routine partial differentiation with respect to σ2
u gives, ∂fε(y−g0(x);θ)

∂σ2
u

= − 1
2s2 +

e2

2s4−Φ
(
−eλs

)−1
φ(−eλs )ew and consequently E

((
∂fε(y−g0(x);θ)

∂σ2
u

)2
)

= 1
4s4 + 1

4s6E(e4)+w2E(Φ
(
−eλs

)−2
φ(−eλs )2

e2) < C by the arguments used in verifying A5.2. Now,

E

(
∂2fε(y − g0(x); θ)

∂σ2
u∂η

)
= −e 1

4s4
− Φ

(
−eλ

s

)−2

φ(−eλ
s

)2(−λ
s

)ew

− Φ
(
−eλ

s

)−1

φ(−eλ
s

)(
λ

s
)e2w + Φ

(
−eλ

s

)−1

φ(−eλ
s

)(
λ

s
)w

and by the Cauchy-Schwarz inequality

E

(
∂fε(y − g0(x); θ)

∂σ2
u

eE

(
∂2fε(y − g0(x); θ))

∂σ2
u∂η

|x
))

≤

(
E

(
e2

(
∂fε(y − g0(x); θ)

∂σ2
u

)2
))1/2

×

(
E

((
∂2fε(y − g0(x); θ))

∂σ2
u∂η

)2
))1/2

.

We observe that

E

(
e2

(
∂fε(y − g0(x); θ)

∂σ2
u

)2
)

= E

(
1

4s4
+

e4

4s8
+ Φ

(
−eλ

s

)−2

φ(−eλ
s

)2e2w2 − e2

2s6

+
1
s2

Φ
(
−eλ

s

)−1

φ(−eλ
s

)ew − 1
s4

Φ
(
−eλ

s

)−1

φ(−eλ
s

)e3w

)
× (e2 + 2eγ(θ) + γ(θ)2)

and note that the leading expectation takes the form

E

(
C(s2)−iΦ

(
−eλ

s

)−j
φ(−eλ

s
)jeqwh

)

where (s2)−iwh < C for all i, h nonnegative and (j, q) is either (0,2), (0,1), (0,0), (0,6), (0,5), (0,4), (2,4),

(2,3), (0,2), (2,2), (0,3), (0,2), (1,3), (1,2), (1,1), (1,5), (1,4), (1,3). In all cases, given the existence of all
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moments for a skew normal we have E
(
e2
(
∂fε(y−g0(x);θ)

∂σ2
u

)2
)
< C. Similarly, E

((
∂2fε(y−g0(x);θ)

∂σ2
u∂η

)2
)
<

C and consequently E
(
∂fε(y−g0(x);θ)

∂σ2
u

eE
(
∂2fε(y−g0(x);θ)

∂σ2
u∂η

|x
))

< C. By the definition of conditional ex-

pectation,

E

(
e2

(
E

(
∂2fε(y − g0(x); θ)

∂σ2
u∂η

|x
))2

)
= E(e2)E

(
E

(
∂2fε(y − g0(x); θ)

∂σ2
u∂η

|x
)2
)

≤ E
(
e2 + 2eγ(θ) + γ(θ)2

)
E

((
∂2fε(y − g0(x); θ)

∂σ2
u∂η

)2
)

≤ C

given the existence of all moments for a skew normal. Hence, we conclude that

E

(
∂fε(y − g0(x); θ)

∂σ2
u

+ eE

(
∂2fε(y − g0(x); θ)

∂σ2
u∂η

|x
))2

< C.

Repeating the same sequence of arguments for σ2
v gives

E

(
∂fε(y − g0(x); θ)

∂σ2
v

+ eE

(
∂2fε(y − g0(x); θ)

∂σ2
v∂η

|x
))2

< C.

Lastly, by the Cauchy-Schwarz inequality

E

((
∂fε(y − g0(x); θ)

∂σ2
u

+ eE

(
∂2fε(y − g0(x); θ)

∂σ2
u∂η

|x
))
×

(
∂fε(y − g0(x); θ)

∂σ2
v

+ eE

(
∂2fε(y − g0(x); θ)

∂σ2
v∂η

|x
)))

≤ C

by the bound obtained above. In addition, σ2
F is positive definite.

A7.1 : sup
θ∈S0,θ

∣∣∣E ( ∂
∂ηfε(y − g0(xi); θ)|xi

)∣∣∣ <∞
Using the same steps taken to verify A5.3 we have that

sup
θ∈S0,θ

∣∣∣∣E ( ∂

∂η
fε(y; θ, g0(xi))|xi

)∣∣∣∣ ≤ sup
θ∈S0,θ

1
s2
E(|e|) + sup

θ∈S0,θ

λ

s
E

(∣∣∣∣∣1− Φ
(
e
λ

s

)−1

φ(e
λ

s
)

∣∣∣∣∣
)

= I1 + I2 < C

by the same arguments we have used above.

A7.2 : ∂2

∂θi∂η
fε(y − g0(xi); θ) is continuously differentiable in S0,θ and

E

(
sup
θ∈S0,θ

∣∣∣∣ ∂3

∂θi∂θj∂η
fε(y − g0(xi); θ)

∣∣∣∣ |xi
)
<∞

for all xi ∈ G almost surely.
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We verify that ∂2

∂θi∂η
fε(y−g0(xi); θ) is continuously differentiable in S0,θ by taking routine partial deriva-

tives of ∂2

∂θi∂η
fε(y − g0(xi); θ) and establishing that ∂4

∂θki ∂θ
l
j∂η

fε(y − g0(xi); θ) < C for all k, l = 0, 1, 2, 3

and k + l ≤ 3. The fact that

E

(
sup
θ∈S0,θ

∣∣∣∣ ∂3

∂θi∂θj∂η
fε(y − g0(xi); θ)

∣∣∣∣ |xi
)
<∞

follows directly from the arguments used to verify A5.3.

A7.3 : sup
θ∈S0,θ

∣∣∣E ( ∂2

∂θi∂η
fε(y − g0(xi); θ)|xi

)∣∣∣ <∞.

sup
θ∈S0,θ

∣∣∣∣E ( ∂2

∂σ2
u∂η

fε(y − g0(xi); θ)|xi
)∣∣∣∣ ≤ sup

θ∈S0,θ

1
s4
|E(e)|+ sup

θ∈S0,θ

|wλ
s
|

∣∣∣∣∣E
(

1− Φ
(
e
λ

s

)−2

φ(e
λ

s
)2e

)∣∣∣∣∣
+ sup

θ∈S0,θ

| λ
2s5
|E

(
1− Φ

(
e
λ

s

)−1

φ(e
λ

s
)

)

+ sup
θ∈S0,θ

|w|E

(
1− Φ

(
e
λ

s

)−1

φ(e
λ

s
)

)
< C

by the arguments repeatedly used above. In a similar fashion we have sup
θ∈S0,θ

∣∣∣E ( ∂2

∂σ2
v∂η

fε(y − g0(xi); θ)|xi
)∣∣∣ <

C.

A7.4 : E
(

∂3

∂θi∂θj∂η
fε(y − g0(xi); θ)|xi

)
is continuous in S0,θ almost surely.

In verifying A7.2 we obtained the existence of ∂4

∂θki ∂θ
l
j∂η

fε(y − g0(xi); θ) < C for all k, l = 0, 1, 2, 3 and

k + l ≤ 3. Hence following the argument in A7.3 we verify that E
(

∂4

∂θki ∂θ
l
j∂η

fε(y − g0(xi); θ)
)
< C given

the existence of moments of a skew normal. This implies continuity of E
(

∂3

∂θi∂θj∂η
fε(y − g0(xi); θ)|xi

)
in S0,θ.

A7.5 : Follows from Azzalini (1985).

A7.6 : ∂2

∂θi∂θj
E
(
g

(2)
0 (xi) ∂∂ηfε(y − g0(xi); θ)

)
is continuous in S0,θ almost surely.

This follows directly from A7.2 and A7.4.

4 Verification of assumptions PA1, PA2, PB, PC and PD for
Lemma 2

Before we verify that the assumptions in Lemma 2 are met by the density in (1) we note that in the

statement of Lemma 2 αθ(x) is assumed to be the unique maximizer of E(fε(y − η; θ)) for fixed x and θ

and satisfies ∂
∂ηE(logfε(y−αθ(x); θ)|x) = 0. This must be verified for the density in (1). For this purpose,
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we will show that for given θ ∈ Θ and x ∈ G, there exists a unique maximizer of E(logfε(y − η; θ)|x)

with respect to η given by αθ(x) such that

(i)
∂

∂η
E(logfε(y − αθ(x); θ)|x) = 0, (ii) inf

θ∈Θ,x∈G
− ∂2

∂η2
E(logfε(y − αθ(x); θ)|x) > 0.

(i) for fixed θ, logfε(y − η; θ) = 1
2 log( 2

π ) − 1
2 log(σ2

u + σ2
v) − 1

2
e2

σ2
u+σ2

v
+ log(Φ(−λes )), and only the last

two terms depend on η. If each is a strictly concave function e then logfε(y − η; θ) is a strictly concave

function of η since η enters e linearly. Note that e2

2(σ2
u+σ2

v) is strictly concave in e, hence we only need to

show that log(Φ(−λes )) is a strictly concave function of e. Let u = −λes and note that for fixed −λs , e

enters u linearly, i.e., ∂u
∂e = −λs does not depend on e. Consequently, if we show log(Φ(−λes )) is strictly

concave in u, then it is also strictly concave in e since ∂2

∂u2 log(Φ(u)) = 1
Φ2(u) [φ′(u)Φ(u)−φ2(u)]. Inspired

by Burridge (1981), we consider three cases:

(a) if φ′(u) < 0, then it is clear that ∂2

∂u2 log(Φ(u)) < 0;

(b) if φ′(u) = 0, then ∂2

∂u2 log(Φ(u)) < 0;

(c) if φ′(u) > 0, then we show that ∂2

∂u2 log(Φ(u)) < 0.

For x 6= y, since φ(x) is log-concave, we have log(φ(x)) < log(φ(y)) +h(y)(x− y), where h(y) = φ′(y)
φ(y) . So

φ(x) < φ(y)exp(h(y)(x− y)). Integrating with respect to x from −∞ to z, we obtain

Φ(z) <
∫ z

−∞
φ(y)exp(h(y)(x− y))dx =

φ(y)
h(y)

[exp(h(y)(z − y))− exp(h(y)(x− y))|x=−∞]

If we let y = u, and z = u, then h(y) = g(u) = φ′(u)
φ(u) > 0, so Φ(u) < φ(u)

h(u) = φ2(u)
φ′(u) hence ∂2

∂u2 log(Φ(u)) < 0.

In all, logfε(y− η; θ) is strictly concave in η, so E(logfε(y− η; θ)) is strictly concave in η. Given PA2, we

have ∂
∂ηE(logfε(y−η; θ)|x) = E( ∂∂η logfε(y−η; θ)|x) = E(y−η)

σ2
u+σ2

v
+E[Φ(−λes )]−1φ(−λes )λs . Since the second

term is greater than zero, and the first term could be less than zero for large value of η, ∂
∂ηE(logfε(y −

η; θ)|x) could take positive or negative values. Since ∂
∂ηE(logfε(y− η; θ)|x) is continuous and decreasing

with η, there exists a unique value η∗ such that ∂
∂ηE(logfε(y−η∗; θ)|x) = 0. Since ∂

∂ηE(logfε(y−η; θ)|x) is

continuous with respect to x, θ, η in a neighborhood of x, θ, and η∗ and | ∂
2

∂η2E(logfε(y−η∗; θ)|x)| 6= 0 (see

(ii) below). By the Implicit Function Theorem, there exists a neighborhood of x, θ and η∗ such that for

every x, θ in it, there is a unique αθ(x) in the neighborhood of η∗ such that ∂
∂ηE(logfε(y−αθ(x); θ)|x) = 0.

To verify (ii) note that as in (i) E(logfε(y−η; θ)|x) is strictly concave in η, logfε(y−η; θ) does not depend

on x and σ2
u, σ

2
v > 0, so inf

θ∈Θ,x∈G
− ∂2

∂η2E(logfε(y−αθ(x); θ)|x) > inf
θ∈Θ,x∈G,η∈H

− ∂2

∂η2E(logfε(y−η; θ)|x) > 0.
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We now turn to the verification of PA1, PA2, PB, PC and PD.

PA1: 1. For fixed (but arbitrary) θ′ ∈ Θ and η′ ∈ H and for all θ ∈ Θ and η ∈ H, let ρ(θ, η) =∫
logfε(y − η; θ)fε(y − η′; θ′)dy. If θ 6= θ′ then ρ(θ, η) < ρ(θ′, η′); 2. Ĩθ(θ, η) > 0 for all θ ∈ Θ and η ∈ H

where

Ĩθ(θ, η) = E

(
∂

∂θ
fε(y − η; θ)

∂

∂θ
fε(y − η; θ)′

)
−

E( ∂∂ηfε(y − η; θ) ∂∂θfε(y − η; θ))E( ∂∂ηfε(y − η; θ) ∂
∂θ′ fε(y − η; θ))

E(( ∂∂ηfε(y − η; θ)2)

Since fε(y − η; θ) is a density function,
∫
fε(y − η; θ)dy = 1. By the strict version of Jensen’s inequality,

for any nonconstant positive random variable a, E(−ln(a)) > −lnE(a). If θ 6= θ′ implies fε(y − η; θ) 6=

fε(y − η′; θ′), then for a = fε(y−η;θ)
fε(y−η′;θ′) and θ 6= θ′,∫

(−log(a))fε(y − η′; θ′dy) =
∫
log(fε(y − η′; θ′))fε(y − η′; θ′)dy −

∫
log(fε(y − η; θ))fε(y − η′; θ′)dy

> −log
∫
afε(y − η′; θ′)dy = −log

∫ fε(y−η;θ)
fε(y−η′;θ′)fε(y − η

′; θ′)dy = 0.

So we only need to show if θ 6= θ′ then fε(y − η; θ) 6= fε(y − η′; θ′).

We consider two cases: (i) If η = η′, and if further E(y − η)2 > 0, then as in the verification of A4.1, we

have fε(y − η; θ) 6= fε(y − η′; θ′).

(ii) If η 6= η′ and if λs 6=
λ′

s′ , then (y−η)λs 6= (y−η′)λ
′

s′ and since Φ(x) is strictly increasing, 1−Φ((y−η)λs ) 6=

1− Φ((y − η′)λ
′

s′ ). We consider three subcases:

(1) If σ2
v = σ2′

v , then σ2
u = σ2′

u since θ 6= θ′. We also have 1− Φ((y − η)λs ) 6= 1− Φ((y − η′)λ
′

s′ ),

2√
σ2
u+σ2

v

φ

(
y−η√
σ2
u+σ2

v

)
6= 2√

σ2′
u +σ2′

v

φ

(
y−η′√
σ2′
u +σ2′

v

)
. So fε(y − η; θ) 6= fε(y − η′; θ′) except on the set

A =
{

2√
σ2
u+σ2

v

φ

(
y−η√
σ2
u+σ2

v

)(
1− Φ

(√
σ2
u/σ

2
v√

σ2
u+σ2

v

(y − η)
))

= 2√
σ2′
u +σ2′

v

φ

(
y−η′√
σ2′
u +σ2′

v

)(
1− Φ

(√
σ2′
u /σ

2′
v√

σ2′
u +σ2′

v

(y − η′)
))}

=
{
− 1

2
(y−η)2

σ2
u+σ2

v
+ log[(σ2

u + σ2
v)−

1
2 (1− Φ(λs (y − η)))] = − 1

2
(y−η′)2

σ2′
u +σ2′

v

+ log[(σ2′

u + σ2′

v )−
1
2 (1− Φ(λ

′

s′ (y − η
′)))]

}
Since the two quadratic functions of y are not equal, log[(σ2

u + σ2
v)−

1
2 (1 − Φ(λs (y − η)))] is a monotonic

function of y, set A contains at most finite discrete points which make the equality to be true and

fε(y − η; θ) 6= fε(y − η′; θ′) almost everywhere.

(2) If σ2
v 6= σ2′

v , and σ2
u

σ2
v

= σ2′
u

σ2′
v

, then σ2
u 6= σ2′

u . We consider two subcases:

(a) If σ2
u + σ2

v = σ2′

u + σ2′

v , then 2√
σ2
u+σ2

v

φ

(
y−η√
σ2
u+σ2

v

)
6= 2√

σ2′
u +σ2′

v

φ

(
y−η′√
σ2′
u +σ2′

v

)
. Since λ

s 6=
λ′

s′ ,

1−Φ((y− η)λs ) 6= 1−Φ((y− η′)λ
′

s′ ). So following similar arguments as in (1), fε(y− η; θ) 6= fε(y− η′; θ′).

(b) If σ2
u + σ2

v 6= σ2′

u + σ2′

v , similar arguments in (a) give fε(y − η; θ) 6= fε(y − η′; θ′).
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(3) σ2
v 6= σ2′

v , and σ2
u

σ2
v
6= σ2′

u

σ2′
v

. We again consider three subcases:

(a) σ2
u + σ2

v = σ2′

u + σ2′

v . So λ
s 6=

λ′

s′ , and 1 − Φ((y − η)λs ) 6= 1 − Φ((y − η′)λ
′

s′ ). So as in (2)(a),

fε(y − η; θ) 6= fε(y − η′; θ′).

(b) σ2
u+σ2

v 6= σ2′

u +σ2′

v and λ
s = λ′

s′ . Since 1−Φ((y−η)λs ) 6= 1−Φ((y−η′)λ
′

s′ ),
2√

σ2
u+σ2

v

φ

(
y−η√
σ2
u+σ2

v

)
6=

2√
σ2′
u +σ2′

v

φ

(
y−η′√
σ2′
u +σ2′

v

)
. fε(y − η; θ) 6= fε(y − η′; θ′) as in (1).

(c) σ2
u + σ2

v 6= σ2′

u + σ2′

v and λ
s 6=

λ′

s′ , fε(y − η; θ) 6= fε(y − η′; θ′) similarly.

PA1.2 : Ĩθ(θ, η) > 0 for all θ ∈ Θ and η ∈ H. The Fisher information for the parametric submodel αθ(x)

is

I0

(
∂

∂θ
αθ0(x)

)
= E

(
∂

∂θ
fε(y − g0(x); θ0) +

dF
dg
fε(y − g0(x); θ0)

∂

∂θ
αθ0(x)

)(
∂

∂θ
fε(y − g0(x); θ0)

+
dF
dg
fε(y − g0(x); θ0)

∂

∂θ
αθ0(x)

)′
When we use the least favorable direction,

I0

(
∂
∂θαθ0(x)∗

)
= E

(
∂
∂θfε(y − g0(x); θ0) ∂∂θfε(y − g0(x); θ0)′

)
−E

{
E(

dF
dg fε(y−g0(x);θ0) ∂∂θ fε(y−g0(x);θ0)|x)E(

dF
dg fε(y−g0(x);θ0) ∂

∂θ′ fε(y−g0(x);θ0)|x)

E((
dF
dg fε(y−g0(x);θ0)2|x)

}
Ĩθ(θ, η) = E

(
∂
∂θfε(y − η; θ) ∂∂θfε(y − η; θ)′

)
−E( ∂∂η fε(y−η;θ) ∂∂θ fε(y−η;θ))E( ∂∂η fε(y−η;θ) ∂

∂θ′ fε(y−η;θ))

E(( ∂∂η fε(y−η;θ)2)

= E
(
∂
∂θfε(y − η; θ) + dF

dg fε(y − η; θ) ∂∂θαθ
)(

∂
∂θfε(y − η; θ) + dF

dg fε(y − η; θ) ∂∂θαθ
)′

where ∂
∂θαθ = −E(

dF
dg fε(y−η;θ) ∂∂θ fε(y−η;θ))

E((
dF
dg fε(y−η;θ)2)

. Since Ĩθ(θ, η) is in a quadratic form, we only need to show

∂
∂θfε(y − η; θ) + dF

dg fε(y − η; θ) ∂∂θαθ 6= 0. Let w, w1, I, I1, C1, C2 be as in the verification of A5.4 and

I2 =
∫ √

2
sπ3/2

1−erf(e λ
s
√

2
)
exp(−e2(λ

2

s2 + 1
2σ2 ))de. Also, α′σ2

u
= C1( 1

s2 + (λs )2I2)−1, α′σ2
v

= C2( 1
s2 + (λs )2I2)−1. If

e = y − η then,

∂
∂σ2

u
fε(y − η; θ) + dF

dg fε(y − η; θ) ∂
∂σ2

u
αθ

= − 1
2s2 + e2

2s4 − [1− Φ(λes )]−1φ(λes )ew + [ es2 + [1− Φ(λes )]−1φ(λes )(λs )]C1( 1
s2 + (λs )2I2)−1 6= 0

since it is linear combination of constant, quadratic function of e, [1−Φ(λes )]−1φ(λes ) and [1−Φ(λes )]−1φ(λes )e.

Note φ(x)
Φ(x) is convex, asymptotes to −x as x → −∞ and to zero as x → ∞. φ(x)x

Φ(x) is nonlinear, with

nonlinear second order derivative.

∂
∂σ2

v
fε(y − η; θ) + dF

dg fε(y − η; θ) ∂
∂σ2

v
αθ

= − 1
2s2 + e2

2s4 − [1− Φ(λes )]−1φ(λes )ew1 + [ es2 + [1− Φ(λes )]−1φ(λes )(λs )]C2( 1
s2 + (λs )2I2)−1 6= 0 similarly.
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PA2 : For r, s = 0, 1, 2, 3, 4 and r + s ≤ 4, ∂r+s

∂θrp∂η
s logfε(y − η; θ) exists for p = 1, · · · , P and

E

(
sup

θ∈Θ,η∈H

∣∣∣∣ ∂r+s∂θrp∂η
s
logfε(y − η; θ)

∣∣∣∣2
)
<∞.

Consider r + s = 0.

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂r+s

∂θrp∂η
s logfε(y − η; θ)

∣∣∣2) = E

(
sup

θ∈Θ,η∈H
|logfε(y − η; θ)|2

)

= E

(
sup

θ∈Θ,η∈H

∣∣∣ 12 log( 2
π )− 1

2 log(σ2
u + σ2

v)− 1
2

e2

σ2
u+σ2

v
+ log(Φ(−λes ))

∣∣∣2) <∞.

Since σ2
u, σ

2
v > 0, E(sup

θ∈Θ
| − 1

2 log(σ2
u + σ2

v)|2) <∞.

E

(
sup

θ∈Θ,η∈H
| − 1

2
e2

σ2
u+σ2

v
|2
)
<∞ since E sup

η∈H
|e|4 ≤ Ey4 + sup

η∈H
η4 ≤ E(g0(x))4 +Eε4 + c <∞ as g0(x) ∈ H,

a compact subset of <. Here ε = y − g0(x) and Eεi < ∞ for any finite positive integer i. By Taylor

expansion of log(Φ(−λes ) around e = 0, for δ between 0 and 1,

|log(Φ(−λes )| ≤ |log(Φ(0) + φ(−λδes )

Φ(−λδes )
(−λes ) ≤ |log(Φ(0)|+ φ(−λδes )

Φ(−λδes )
| − λe

s |
≤ |log(Φ(0)|+ c(1 + δ|e||λs |)|

λ
s ||e| ≤ c+ c|e|+ c|e|2

since φ(x)
Φ(x) is convex, asymptotes to −x as x → −∞ and to zero as x → ∞, so φ(x)

Φ(x) < c(1 + |x|). So

E sup
θ∈Θ,η∈H

|log(Φ(−λes )|2 < c+ E sup
η∈H
|y − η|2 + E sup

η∈H
|y − η|4 <∞. For r + s = 1,

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂
∂σ2

u
logfε(y − η; θ)

∣∣∣2) = E( sup
θ∈Θ,η∈H

| − 1
σ2
u+σ2

v
+ 1

2
e2

(σ2
u+σ2

v)2 − [Φ(−λes )]−1φ(−λes )we|2) <∞

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂
∂σ2

v
logfε(y − η; θ)

∣∣∣2) = E( sup
θ∈Θ,η∈H

| − 1
σ2
u+σ2

v
+ 1

2
e2

(σ2
u+σ2

v)2 − [Φ(−λes )]−1φ(−λes )w1e|2) <∞

E

(
sup

θ∈Θ,η∈H

∣∣∣ ∂∂η logfε(y − η; θ)
∣∣∣2) = E( sup

θ∈Θ,η∈H
| 12

e
σ2
u+σ2

v
− [Φ(−λes )]−1φ(−λes )λs |

2) <∞

Above are true since the term |[Φ(−λes )]−iφi(−λes )ej | ≤ c(1+λ
s |e|

i)|e|j ≤ c|e|j+c|e|i+j and by consequence

|[Φ(−λes )]−iφi(−λes )ej |2 ≤ c|e|2j+c|e|2(i+j). For (i, j) = (1, 1) and (1, 0), we only need E sup
θ∈Θ,η∈H

|e|4 <∞,

which is true sinceH is a compact subset of < and E|ε|4 <∞. For r+s = 2, 3 and 4, the partial derivatives

and bounded moments are obtained in a similar fashion.

PA3 : This condition has been verified in Lemma 2 in Martins-Filho and Yao (2011).

PB : 1. sup
x∈G

fx(x) < C; 2. sup
x∈G

f
(1)
x (x) < C; 3. sup

x∈G
f

(2)
x (x) < C; 4. inf

x∈G
fx(x) > 0; 5. sup

x∈G,θ∈Θ
| ∂∂xαθ(x)| <

C.

PB1-4 are all conditions on the marginal density of x. PB5 is implied by the fact that ∂
∂xαθ(x) is

continuous at x ∈ G and θ ∈ Θ. G and Θ are all compact sets.
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PC :
∫

sup
x∈G

∣∣∣ ∂∂x ( ∂s1+s2+r

∂θ
s1
k ∂θ

s2
j ∂ηr

logfε(y − αθ(x); θ)fε(y − g0(x); θ)
)∣∣∣ dy < C, with s1, s2, r ≥ 0, where (s1, s2, r) =

(0, 0, 1), (1, 0, 1), (0, 1, 1), (1, 1, 1).

Consider the case (s1, s2, r) = (0, 0, 1).∫
sup
x∈G

∣∣∣ ∂∂x ( ∂
∂η logfε(y − αθ(x); θ)fε(y − g0(x); θ)

)∣∣∣ dy
≤

∫
sup
x∈G

∣∣∣ ∂2

∂η2 logfε(y − αθ(x); θ)fε(y − g0(x); θ) ∂
∂xαθ(x)

∣∣∣ dy
+

∫
sup
x∈G

∣∣∣ ∂∂η logfε(y − αθ(x); θ) ∂
∂xfε(y − g0(x); θ)

∣∣∣ dy = I1 + I2

I1 ≤ sup
x∈G,θ∈Θ

| ∂∂xαθ(x)|
∫

sup
x∈G

∣∣∣∣ ∂2

∂η2
logfε(y − αθ(x); θ)fε(y − g0(x); θ)

∣∣∣∣ dy︸ ︷︷ ︸
I11

. Since sup
x∈G,θ∈Θ

| ∂∂xαθ(x)| < ∞,

and for s2
0 and λ0, I11 ≤

∫
sup
η∈H

∣∣− 1
s2 − Φ−2(−λs e)φ

2(−λs e)(
λ
s )2 + Φ−1(−λs e)φ(−λs e)e(

λ
s )3
∣∣ sup
η∈H

2
s0
φ( es0 )Φ(−λ0

s0
e)dy

<∞, since all terms involve only σ2
u or σ2

v are bounded, Φ(·) ≤ 1 and the term∫
sup
η∈H

Φ−i(−λs e)φ
i(−λs e)e

j sup
η∈H

2
s0
φ( es0 )Φ(−λ0

s0
e)dy

≤
∫

sup
η∈H

c[1 + λ
s |y − η|]

i|y − η|j sup
η∈H

φ( es0 )dy ≤
∫

sup
η∈H

c[|y − η|j + |y − η|i+j ]sup
η∈H

φ( es0 )dy <∞

We divide the area of integration for y into three cases: I = {y ≤ ηL}, so sup
η∈H

φ( es0 ) = φ(y−ηLs0
) on I.

II = {ηL < y ≤ ηU}, so sup
η∈H

φ( es0 ) ≤ 1√
2π

on II. III = {ηU < y}, so sup
η∈H

φ( es0 ) = φ(y−ηUs0
) on III.∫

sup
η∈H

C|y−η|j sup
η∈H

φ( es0 )dy ≤ C
∫
I
[|y|j+|η|j ]φ(y−ηLs0

)dy+C
∫
II

[|y|j+|η|j ] 1√
2π
dy+C

∫
III

[|y|j+|η|j ]φ(y−ηUs0
)dy <

∞. Similarly
∫

sup
η∈H

C|y − η|i+j sup
η∈H

φ( es0 )dy ≤ C, hence I1 <∞.

I2 ≤ sup
x∈G
|g′0(x)|︸ ︷︷ ︸
<∞

∫
sup
η∈H

∣∣∣∣ ∂∂η logfε(y − η; θ)|sup
η∈H
| ∂
∂η
fε(y − η; θ)

∣∣∣∣ dy︸ ︷︷ ︸
I21

<∞, as

I21 ≤
∫

sup
η∈H
| es2 +Φ−1(−λs e)φ(−λs e)

λ
s |sup
η∈H
| 2
s0
φ−1(− e

s0
)Φ(−λ0

s0
e) |e|
s20

+ 2
s0
φ−1(− e

s0
)φ(−λ0

s0
e)λ0
s0
|dy <∞, since

all terms involving only σ2
u or σ2

v are bounded, Φ(·) ≤ 1 and φ(·) ≤ 1√
2π

. Using arguments similar to

those used for I1, the terms

S1(y) =
∫

sup
η∈H

Φ−i(−λ
s
e)φi(−λ

s
e)ej sup

η∈H

2
s0
φ(

e

s0
)Φ(−λ0

s0
e)
|e|
s2

0

dy <∞ and

S2(y) =
∫

sup
η∈H

Φ−i(−λ
s
e)φi(−λ

s
e)ej sup

η∈H

2
s0
φ(

e

s0
)φ(−λ0

s0
e)
λ0

s0
dy <∞.

Verification of PC when (s1, s2, r) = (1, 0, 1), (0, 1, 1), (1, 1, 1) folows in an analogous manner.

PD : sup
x∈G,θ∈Θ,η∈H

∣∣∣∫ ∂s1+s2+r

∂θ
s1
k ∂θ

s2
j ∂ηr

logfε(y − η; θ) ∂j

∂xj fε(y − g0(x); θ0)dy
∣∣∣ < C with s1, s2, r ≥ 0, for j=0,

s1 + s2 + r ≤ 4, and (s1, s2, r) = (0,0,5); for j=1, (s1, s2, r) = (0,0,1), (1,0,2), (0,1,2), (1,0,3), (0,1,3),
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(0,0,4), (0,0,3), (1,1,2), (1,1,3), (0,1,4), (1,0,4), (0,0,5) and for j=2, (s1, s2, r) = (0,0,1), (0,0,2), (0,0,3),

(1,0,1), (0,1,1), (1,0,2), (0,1,2), (1,0,3), (0,1,3), (0,0,4), (1,1,1), (1,1,2), (1,1,3), (0,1,4), (1,0,4), (0,0,5).

For j = 0 we need to show sup
x∈G,θ∈Θ,η∈H

∣∣∣E ( ∂s1+s2+r

∂θ
s1
k ∂θ

s2
j ∂ηr

logfε(y − η; θ)|x
)∣∣∣ < C. Consider specifically the

case where s1 = 2, s2 = r = 0.

E( ∂2

∂(σ2
u)2 logfε(y − η; θ)|x) = 1

2s4 −
E(e2|x)
s6 − w2E(Φ−2(−λs e)φ

2(−λs e)e
2|x)

+ w
2s4E(Φ−1(−λs e)φ(−λs e)e

3|x)− ∂w
∂σ2

u
E(Φ−1(−λs e)φ(−λs e)e|x)

Again, all terms involving only σ2
u or σ2

v are bounded. The typical term in the remaining terms are for

i+ j ≤ 2,

E(Φ−i(−λs e)φ
i(−λs e)e

j |x)
≤ CE([1 + λ

s |y − η|]
i|y − η|j |x) ≤ E([|y − η|j + C|y − η|]i+j |x) ≤ cE(|y − η|i+j |x)

≤ CE|y|i+j |x) + c since η ∈ H
≤ CE(|g0(x) + ε|i+j |x) ≤ C + CE|ε|i+j <∞ since g0(x) ∈ H and ε is independent of x.

Hence, sup
x∈G,θ∈Θ,η∈H

|E( ∂2

∂(σ2
u)2 logfε(y − η; θ)|x)| <∞. The other terms can be shown to be bounded in a

similar fashion. Now consider the case where j = 1 and (s1, s2, r) = (0, 0, 2). Then,

sup
x∈G,θ∈Θ,η∈H

∣∣∣∫ ∂2

∂η2 logfε(y − η; θ) ∂
∂xfε(y − g0(x); θ0)dy

∣∣∣
≤ sup
x∈G
|g′0(x)| sup

θ∈Θ,η∈H

∫
| ∂

2

∂η2 logfε(y − η; θ)|sup
η∈H
| ∂∂ηfε(y − η; θ0)|dy

≤ Csup
θ∈Θ

∫
sup
η∈H
| ∂

2

∂η2 logfε(y − η; θ)|sup
η∈H
| ∂∂ηfε(y − η; θ0)|dy <∞ as in S1(y) and S2(y) in the verification of PC.

The other cases for j = 1 can be shown to be bounded in a similar fashion. For j = 2, consider specifically

the case (s1, s2, r) = (0, 0, 2). Then

sup
x∈G,θ∈Θ,η∈H

∣∣∣∫ ∂2

∂η2 logfε(y − η; θ) ∂2

∂x2 fε(y − g0(x); θ0)dy
∣∣∣

≤ sup
θ∈Θ,η∈H

∫
| ∂

2

∂η2 logfε(y − η; θ)|[sup
η∈H
| ∂∂ηfε(y − η; θ0)]sup

x∈G
|g(2)

0 (x)|+ [sup
η∈H
| ∂

2

∂η2 fε(y − η; θ0)]sup
x∈G
|g′0(x)|2|dy

≤ sup
θ∈Θ

∫
sup
η∈H
| ∂

2

∂η2 logfε(y − η; θ)|sup
η∈H
| ∂∂ηfε(y − η; θ0)|dysup

x∈G
|g(2)

0 (x)|

+sup
θ∈Θ

∫
sup
η∈H
| ∂

2

∂η2 logfε(y − η; θ)|sup
η∈H
| ∂

2

∂η2 fε(y − η; θ0)|dysup
x∈G
|g′0(x)|2 = I1 + I2.

I1 <∞ is shown when j = 1.

I2 < Csup
θ∈Θ

∫
sup
η∈H
| − 1

s2 − Φ−2(−λs e)φ
2(−λs e)(

λ
s )2 + Φ−1(−λs e)φ(−λs e)e(

λ
s )3|

×sup
η∈H
| 2
s0
φ( es0 ) (y−g0(x))2

s40
Φ(−λ0

s0
(y − g0(x))) + 2

s0
φ( es0 )φ(−λ0

s0
(y − g0(x)))(λ0

s0
)2

+ 2
s0
φ( es0 )φ(−λ0

s0
(y − g0(x)))(λ0

s0
)y−g0(x)

s20
+ 2

s0
φ( es0 )φ(−λ0

s0
(y − g0(x)))(λ0

s0
)2 y−g0(x)

s20
|dy

Using arguments similar to those in verifying PC we obtain I2 < ∞. The other cases for j = 2 can be

shown in a similar fashion.
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5 Asymptotic variance for θ̃

We derive the exact form of I0 as the asymptotic variance for θ̃. In this case the I0 matrix has (i, j)

elements with i, j = 1, 2 given by

Iθ0(1, 1) =
1

2s4
0

+ w2I1 + α′2σ2
u
(

1
s2

0

+ (λ0/s0)2I2) +
1
s4

0

(
α′σ2

u
γ(θ0) + α′σ2

u

λ0

s0

√
2

π(λ2
0 + 1)

s2
0

λ2
0 + 1

)

− 1
s2

0

α′σ2
u

√
2

π(λ2
0 + 1)

(
λ0

s0
+ 2w

s2
0

λ2
0 + 1

)
− 2α′σ2

u

λ0

s0
wI

+
1
s6

0

α′σ2
u

(
−3σ2

v0

√
2/πσ2
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The expression for Iθ0(2, 2) is obtained with the expression for ∂
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arguments as in Iθ0(1, 1).
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The expression for Iθ0(1, 2) is obtained with the expression for ∂
∂σ2

u
αθ0(x) and ∂

∂σ2
v
αθ0(x) plugged in and

follow similar arguments as in Iθ0(1, 1) and Iθ0(2, 2).
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