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1 Introduction

Test for the presence of relevant variables or for omitted variables has been of interest in regression
analysis since it is often used to support, reject an economic theory or considered for model selection.
Conventional tests, including the ¢ and F tests, specify particular parametric forms in the null and
alternative hypothesis, are not consistent or do not have good power since the deviation from the null
does not always lead to the path dictated in the alternative. Nonparametric tests therefore have appeal
to practitioners, given that the test has power in all deviations from the null, see Li and Racine (2007).

Nonparametric test for relevant variables, and for functional form specification, a related topic, has
been the focus of many recent papers, see Hart (1997) for a review of the use of nonparametric regression
methodology in testing the fit of parametric regression models. Fan and Li (1996), Zheng (1996), Li
and Wang (1998), Li (1999), Lavergne and Vuong (2000), Hsiao et al. (2007) and Gu et al. (2007)
propose consistent tests of the functional form, and omitted variables with a kernel based test that is the
sample analog of a moment condition. Ullah (1985) suggests testing for the correct parametric regression
functional form based on the difference between sums of squared residuals. This approach has been
taken in Dette (1999), and Fan and Li (2002) to test a parametric functional form specification. Hardle
and Mammen (1993) construct a test with the integrated squared difference between the parametric and
nonparametric kernel fit, to decide whether the parametric model could be justified. Among others,
Azzalini et al. (1989), Azzalini and Bowman (1993) propose using nonparametric kernel regression to
check the fit of a parametric model with a pseudo likelihood ratio test. Fan et al. (2001) introduce the
generalized likelihood ratio (GLR) tests, which exhibit the Wilks phenomenon and are asymptotically
optimal. They can be used to test the goodness-of-fit for a family of parametric models. Hong and Lee
(2009) propose a loss function based model specification test, which enjoys the good properties of the
GLR test. From a technical perspective, we note that above approaches utilize the fact that the test
statistic is a degenerate U-statistic after proper normalization, and converges at a rate faster than /n.
Different techniques have been used in constructing consistent tests for omitted variables. Racine (1997)
proposes a significance test based on nonparametric estimates of partial derivatives, employing pivotal
bootstrapping procedures. Hidalgo (1992) uses random weighting and Gozalo (1993) introduces the
random search procedure, where the test statistic’s distribution is determined by a random term whose
order is larger than the degenerating U-statistic. Yatchew (1992) uses sample splitting to circumvent the
\/n-degeneracy problem in a nested situation, and Lavergne and Vuong (1996) treat the non-nested case.

On a related subject, the goodness-of-fit measure such as coefficient of determination or R? provides
a concise summary of regression model, i.e., the variability of regressand y explained by the variability
of regressors. Nonparametric estimation of R? has been considered by, among others, Doksum and
Samarov (1995), and Martins-Filho and Yao (2006). Recently Huang and Chen (2008) propose a R?
estimator based on local polynomial regressions. It has a sample ANOVA decomposition that the total
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interpretability of nonparametric R? estimations. We think the nonparametric R? estimators provide
useful statistics for testing many popular hypotheses in econometrics and statistics, and could play an
important role just as B2 plays in the parametric setup. It is well known that many LM-type and residual
based test statistics in the parametric framework can be formulated as nR? (Green (2000)), where n is
the sample size and R? is the coefficient of determination from some residual based and parametrically
specified auxiliary regressions. In case the functional form in the auxiliary regressions is misspecified,
these tests may lead to misleading conclusions. The nonparametric R? estimator allows the functional
form to be flexible, thus avoids misspecifications. It provides the basis to construct nonparametric tests,
as the analogue of the parametric residual based test. For example, Su and Ullah (2012) propose a
nonparametric goodness-of-fit test for the conditional heteroskedasticity.

In this paper, we propose new tests for the presence of continuous relevant variables based on estima-
tors of the nonparametric R? of a theoretical ANOVA decomposition or the nonparametric coefficient of
determination considered by Doksum and Samarov (1995) in a regression model. Different from Doksum
and Samarov (1995) whose focus is on estimation of R?, where the nonparametric R? estimator is con-
structed with the leave-one-out local constant estimator and with a weight function that is equal to zero
near the boundary of the support of regressors, we construct the nonparametric R? estimators R? for
the simple regression and R2G for the multiple regression with a local linear estimator which is known to
possess better boundary properties. In addition, simulation results in Tables 2-4 in Doksum and Samarov
(1995) indicate that nonparametric R? estimator based on local linear estimators could outperform that
based on leave-one-out local constant estimators. Furthermore, we include an indicator function in the R?
estimators such that they are always within [0, 1], while two of the estimators by Doksum and Samarov
(1995) may be negative or greater than one with some small probability. Focusing on the estimation
of R? for R? € (0,1), their results only imply degenerate normality when R? = 0 or 1. They mention
in their Remark 2.7 the need to study the terms in the expansions to obtain a meaningful distribution
convergence result, which is a nontrivial task.

Constructing new tests when R? = 0 under the null hypothesis to assess significance of explanatory
variables is the focus of our paper. First, using the fact that our nonparametric R? estimators are small
and close to zero under the null that some regressors X are irrelevant, but lie away from zero under
the alternative that X are relevant, we develop the test statistic T,, based on a properly normalized R2.
Under the null (R? = 0) and a sequence of Pitman local alternatives, T, is asymptotically normal at a
rate of nhé. Under the global alternative hypothesis (0 < R2 < 1), the asymptotic normality of B2 — R2
is obtained at rate y/n, thus, the rates of convergence are different in both cases. The result enables us to
obtain the consistency of the proposed test. Second, we further propose a Wild bootstrap/bootstrap test
and show that it can approximate the null distribution of the test statistic. These two results enable us
to propose an asymptotic test as well as a bootstrap test based on two estimators considered by Doksum
and Samarov (1995). We obtain their asymptotic properties and compare them via simulations together
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bootstrap test T;G in the multiple regression model, obtain their asymptotic properties, and demonstrate
their validity in testing significant variables theoretically and empirically in simulations.

Our test statistic has the following features. We test a nonparametric null that the variables are
not present against a nonparametric alternative. Our tests do not use either the randomization or the
sample splitting, and deal with the y/n-degeneracy problem by obtaining the distribution of test statistic
directly at rate nh,% , where d is the dimension of regressors. The tests are easy to conduct as they are
based on local linear regressions, and they can detect sequences of local alternatives that differ from
the null at the rate of (nhé)*%. The test does not require any knowledge of the true likelihood, nor
does it require homoskedasticity of the regression errors. When we test for the overall significance,
the test is related to the GLR test, but they are numerically different. Under the homoskedasticity
assumption, they have the same asymptotic distribution, and the test exhibits the Wilks phenomenon
and is asymptotically optimal. Simulation result indicates that our test behaves well in finite sample
compared to some alternatives available in the literatures.

The plan of our paper is as follows. We define the R? estimators and test statistics in Section 2, state
the assumptions and the asymptotic properties of the estimators and tests in Section 3, conduct a Monte
Carlo study to illustrate the tests’ finite sample performance and compare them with other alternatives
in Section 4, and conclude in Section 5. Table 1 is provided in Appendix 1 and the proof of Theorem

6 is relegated to Appendix 2. The statement of three lemmas, the detailed proofs of Theorems 1-5 and
remarks 1 and 2 are collected in a separate Appendix (Yao and Ullah (2013)).

2 A nonparametric R? test
2.1 Asymptotic nonparametric R? tests

Let’s consider a nonparametric regression model
yt:m(Xt)+€tat:152a"'ana (1)

where m(Xt) = E(yt|Xt), E(€t|Xt) = 0, V(€t|Xt) = 0'2(Xt) and Xt S §Rd.
For the ease of illustration, we start by considering d = 1 and whether X; = x; is present. If x; does

not show up, then E(y:|z:) = p = E(y). So the null and alternative hypotheses are
Ho : P(E(y|we) = p) =1, Hy : P(E(ye|ay) = p) < 1.

Under Hy that x4 is not present in m(z;), any goodness of fit measure should be close to zero. Following
Doksum and Samarov (1995) to construct the nonparametric R? measure based on the theoretical ANOVA
decomposition of variance, V (y) = V(E(y|z))+E(V (y|z)) = V(m(z))+Eo?(z), the theoretical coefficient

of determination is R? = V(‘P;“Ezl)x)) = V%S)) =1- E(y‘+;()x))2 We focus on the local linear estimator

m(z) = & for m(x) popularized by Fan (1992) due to its well known desirable properties, where
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K(-): R — R is a kernel function and 0 < h,, — 0 as n — oo is a bandwidth.

We propose the following nonparametric R? estimator,

1
n

(yt (xt))2 1
7 I(=Y (-
(-0 =

3|'—‘

R?=|1-

Z )% (2)
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y is the average of y and I(-) is the indicator function. Note that in general 3% | (y;—7)% # L >0 (g1 —
(re))? + L 0 (lay) — §). R? resembles the nonparametric R? estimator 77 proposed by Doksum
and Samarov (1995). The main differences lie in that we use the local linear estimator which possesses
good boundary properties and include the indicator function I(-) such that R? always takes value in [0, 1],
while 77, constructed with the leave-one-out local constant estimator and with a weight function that is
equal to zero near the boundary of the support of the regressors, may be negative or greater than one
with some small probability. The smaller the value of R2, the worse the fit. In the extreme case that no
regressors in z; can explain y;, we expect a value close to zero in a given sample of {y:, x:}7 ;.

We construct the test statistic based on a properly centered and scaled R2. Specifically, define the

marginal density of z; at x as f(x). Suppose we know f(x;), ¢, and o%(z). Define

2 n
Ap =z zlzf@(mﬁft) Py Atn = —5hi LK(0 )i, 03 = 2B [ (2K (1) — w(1)?dy,
tif -
2
with k(¢) = [K(2)K(¢ + x)dz as the convolution of kernel function K(-), and Vp = (V‘(T;))g We

construct the infeasible test statistic as

1 A n n R
nhi B2+ 1(5 X (e = 9)° 2 5 30 (g — 1infw))?) )
t=1 t=1 w2 =)
T, = =

Under Hjy and assumptions in next section, we show in Theorem 1 that 7T, asymptotically has a
standard normal distribution, which provides the asymptotic theory to construct hypothesis tests. Here

2 are the asymptotic

A, and Aj, are the “bias” terms used to center R? around zero and a3/(V(y))
1.
variance of the centered nh2 R?. We need to estimate the unknowns in 7}, to implement the test. We

consider the Rosenblatt (1956) density estimator for f(z) as f(z) = nh ZK(“ —*). Let & =y — 9.

We note that under Hy, € can estimate €; at rate \/n since g is a \/n cons1stent estimator for u. Define
~2
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An = s 2 2R ) iy A = s 2 KO >f<m>’VT (32 =022

K
~2 ~
and' 63 = [ thlK(m*ff )+ Ej;(tm (22K (¢) — k(1))*dep). We construct the feasible test statistic as
t#£1
2 1y 2> Ly 2\ Ay, +A
nha{R° 4+ 1(3 30 (Y = 9)7 = 5 22 (g — m(@e))) =2

) t=1 t=1 v 2 (ve—0)?

T, = = = . (3)
v Vr
LAn alternative consistent estimator &35 =2 Xn: > € ;t (2K (#=") — x(#4="))2 can also be used in place of &35.
n2 o i f2 () n
ot



Inclusion of indicator function I(-) makes sure that the nonparametric R? estimate is within the range
of zero to one. Since I(.) converges to one in probability as shown in the proof of Theorem 3, we expect
the test statistic without the indicator function is equivalent to T, asymptotically in distribution, though
numerically the test statistics are different. We use the residual €; from the null model to define Aln and
A, in T,,. This eliminates the asymptotic “bias” and the test has the right size. Furthermore, T, has a
local power as noted later in Theorem 2, and is consistent as shown in Theorem 4.

Doksum and Samarov (1995) have proposed three alternative nonparametric R? estimators. By

introducing a weight function w(x) supported on a set where the density of x is bounded away from zero,

they consider the weighted R? measure as n?, = = [m@)—py, w) [@w(@)ds here Py = [ w(@)yf(z,y)dzdy

05w
and aiw = [(y — pyw)?f(z, y)w(xz)dzdy. We note that n? is also equal to corr?(m(z),y), the square
of the weighted correlation measure between m(z) and y. The first two R? estimators are motivated by
n _i::lw(mi)[Qyiﬁl(mi)*ﬁf(mi)]*@i = _‘;(ﬁl(mi)*mfw(mi)

2 =
and 7
57 ; 57

n2 and constructed as f? = , where m(z;) =

((n=1)hn)~ 1Zny( L

JjF#i

(n=1)hn) 1 g_K(#)

,:a,

E g is the leave-one-out local constant estimator, m = % m(z;)w(x;), and

s
I

U5 (yi — Gw ) ?w(x;) for G = n1 > ysw(z;). The third estimator is motivated by corr? (m(x), y)
i=1 i=1

[ 3 () —m) (yi—Fuw)w(z:))
L3 Gile)-m)tu(e)s]

Now we extend the test 7}, in equation (3), and develop two tests based on #? and /3 for d = 1. Though

and constructed as 7% =

the simulation results in Doksum and Samarov (1995) recommend #? and 73 over 75 when estimating
the nonparametric R? as 73 is sensitive to the choice of bandwidth, we find that 73 can not be directly

used to construct a test statistic as its denominator converges in probability to zero under Hy. Based on

" nhl/21p2 2y =1 " nh/2[p2 —(S2)~ 17,
leave-one-out local constant estimators, they are 77, = h [17/1;(15/3’;4 Lol and 15, = h [17/2&2(25/323 Lol ,
- XTi—T;\ ~ noZ T, —xt 5352
Too = =z zlzlf@( LS B 63, = %gz (Z520) s w(@0)2 [ 2K () — r($))2dd,
i#£j t
639 = #; X%K(m",;“)hni;fgmt)wQ(xtﬂf k2(1h)dyp and & = y; — §. The tests bear resemblance to 7T,

as they are based on appropriately centered and scaled R? estimators. Besides the difference in the R?
estimators, we notice that there is only one “bias” term in T for i = 1,2 and they are the same except
for the opposite sign. We note that the scaling factors 6;1 and &352 differ only on a constant factor related
to the kernel function, while they deviate from &i in T}, further in the residuals and the weight function.

Let us consider a more general regression model
yt:m(Xt)+et;t:152a"'ana (4)

where X| = (v14,72;) € R"+92 d = dy + dg, and E(e;|X;) = 0. Under the null hypothesis that xo, are
irrelevant, we have Hog : P(E(y|Xt) = E(yt|r1)) = 1. Thus,

E(y. — E(y]=11))? = E(ye — E(wi X1))? + E[E(yi| Xt) — E(ye|x10))?,



and the last term is equal to zero only when the null hypothesis is true. A generalized version of the

coefficient of determination is RZ = 1 — %

. ey use the estimator o0 estimate , but as we point out betore, 1s not suitable for
1995). They the estimator 72 to estimate RZ, b i before, 72 is not suitable f

in equation (4.9) of Doksum and Samarov

constructing the test statistic as its denominator converges to zero under Hyg. It motivates us to consider

the generalized nonparametric R? estimator

(yt m(X;))?

(yr — 7(w14))?

where m(X;) is the multivariate local linear estimator of m(X;) = E(y:|X:). We estimate the conditional

Z )%,

3|>—‘

n
1
—E yt—T 331t
n

t=1

mean 7(z1;) = E(ye|x1¢) by 7(21:) = do, where dg is the local linear estimator constructed from (éq, &) =

argmatag,a, Yor (yi — o — (x1; — xlt)a1)2Kl(xl;;x“), in which K(-) : R% — R is a kernel function,
and 0 < hy,, — 0 as n — oo is a bandwidth, which is assumed to be the same for all elements in x1;,. We

can construct the generalized nonparametric R? test as

NE!

mhid (B (LY (= (00)) 2 30 (g — (X)) e tda—
=1 =1 7 2 (ye—7(z14))?
Toe = _ =1 . (5)
Vra

Here, we define the multivariate Rosenblatt (1956) density estimator f(X;) = 3K (XX,
"i=1 "

Pl 2 XXy e g 2 A A rre
t#£1 t=1
Goa = lar 2 2 K (S5 )] () 22K () = K(6))%d), and & = y; — #(w1e).
t£i

2.2 Bootstrap tests

The asymptotic distributions of the nonparametric R? estimators and tests are provided in the next
section. For d = 1, one can perform the test for Hy by comparing the value of T, with its asymptotic
critical values. However, many papers have revealed that the asymptotic normal approximation performs
poorly in finite sample settings. Specifically, the consistent nonparametric test often suffers from sub-
stantial finite sample size distortions, as the distribution of the nonparametric test statistic approaches
asymptotically the normal distribution at a slow convergence rate (e.g., Hardle and Mammen (1993), Li
and Wang (1998), Fan et al. (2006), Hsiao et al. (2007), and Gu et al. (2007)). Therefore, we provide a
Wild bootstrap test as a viable alternative for approximating the finite sample null distribution of the
test statistic 7},. Let & = ye — m(xy) for t = 1,--- ,n. The bootstrap test contains the following steps:
Step 1: generate €/ as the wild bootstrap error. For example, €; is generated independently from the

J V541

two point distribution F} such that €f = aé, for a = with probability p = NG and ef = bé; for

b= %g with probability 1 — p. It is called the wild bootstrap error because we use only single residual
€; to estimate the conditional distribution of €; given z; by Ft. It does not mimic the iid structure of

{z, ye}ioy. Tt is easy to verify that Ep (f) =0, Ep, (¢;)* = &, and Ep (ef)® = &.



Step 2: generate y; according to the null model, i.e., y; =y + €}, for t = 1,--- ,n. Then use the

n
bootstrap sample {z,y; }1_; to estimate m(z¢) under Ho, which gives 4* = 13 y*. We define the
t=1
bootstrap residual based on Hyg as €; g =y; — " fort =1,---,n
Step 3: obtain the nonparametric bootstrap residual as €} , = y; —1m*(z;),t = 1,-- - , n, where m*(z;)

is the local linear estimate obtained with the bootstrap sample {x¢, y; }7;.

Step 4 compute the bootstrap test statistic

nhd (A2 41(% (G022 E 3 (6,)? >“1#“2} L 2
j—v* _ Z (<i.0) 2% 1— "tgl(ét’b) I(li(e* )2 > li(e )2)
n /_qu > %til(ff,gy nt:l t,0 _ntzl t,b )
Ay = o o SR Gy = 2 S R(0) S =
[ e o R G | fa) 7T (LS (e )22
t#£1i t=1
A~ sk AL XTi—Tt (51 ) (Et )
and? 537 = 72 3 VK (B 20 5w o= ) (] 22K (W) — w(8))*dy).
t£i

Step 5: repeat above four steps B times, and B a large number. Then the original test statistic T,
and the B bootstrap test statistics T,’{ give us the empirical distribution of the bootstrap statistics, which
is then used to approximate the finite sample null distribution of T,,. The p-value is obtained as the
percentage of the number of times that T; exceeds T}, in the B repetitions.

For the tests based on alternative nonparametric R? estimators, we extend the test T,’{ and propose
the following bootstrap test Tl*n based on T}, using é; =y —m(xy) fort =1,---,n

Step 1: generate €; as in step 1 of the bootstrap test T;

Step 2: generate y; = g +€; for t =1, -+, n. Then use the bootstrap sample {x:, y; }7; to estimate
m(z;) under Hy, which is g = %iy?w(xl) Define the bootstrap residual based on Hy as €; o = y; — ¥, -

Step 3: obtain the nonparame?ric bootstrap residual as €;, = y; — m*(z) for t = 1,--- ,n, where

m*(z¢) is the leave-one-out local constant estimate obtained with the bootstrap sample {z, v} ;.

R 1/2 %2 #2\ — 1ok n
Step 4: compute the bootstrap test statistic 75, = nh U 45, )" Tol , with S32 = L3 (e} ) ?w(xy),
i=1

VS

L S w(eoRyim (@) —n @)l -5F

ii? = == = Lo = s ;Ule?(% ) (60) 5 and
i7#]

o~k LA XTi—Tt (51 )(Et )

75 = L LR R w2 210 P

Step 5: as in step 5 of the bootstrap test T,’{, with 7}, replaced by Tin.
The bootstrap test T;n based on Thy, is defined with steps 1-3 as above, but with

R 1/274%2 _ (qw2)—1 n
Step 4: compute the bootstrap test statistic 15, = nh [712/&;%(7;*)4 Lool , with m* = %Z *(xp)w(xs),
Y 1=1
, _ REO@)-m () Lo GORCH
~ i= ~ T;—x i t,
= 552 035 :_2;12 () e W @2 [ 52y
t

Step 5: as in step 5 of the bootstrap test T,’{ with Tn replaced by Tgn.

n n * N2 ok .
2An alternative estimator cr = 712—2 > (fzo)fz((ft,r;) (2K (%=2t) — k(%=2t))2 can also be used in place of &é*
t=1i=1 "n/7E "
t#1



For the test in the general regression model, we construct the bootstrap test T;G following the five
steps of T,’{, where the univariate z; is replaced with Xy, with steps 2 and 4 replaced by

Step 2: generate y; = 7(x1;) + €; according to the null model. The bootstrap sample is {X¢, ;1.
We use the bootstrap sample to estimate m(X;) = r(z1;) under Hog by #*(z1:), which is obtained with

the local linear estimator by regressing y; on zi;. We define the bootstrap residual based on Hyg as

€to=yi =7 (x1) fort=1,--- n.
i [Rgﬂi(fig“ifni) ()]
A w2 (f o)
Step 4: compute the bootstrap test statistic T = =L , for
. ne VVie
R == TEE 0 = S K e Ay = 2 K(0) S e
¢ 13 (e )2 PG R S () 0T TG T 2Ry & X7
=t t#i
V., = e 52% 7Liinf2(2K(¢)—“(¢))2d¢ e = *—ﬁ’L*(X)and
B e T =T~ T €y = Vi :
T t£i
n n
10 = 163 60 = 1 5 6)

3 Asymptotic properties

We characterize the asymptotic behavior of the test statistics when d = 1 with the following assumptions:
Al. {z,y:}}—, is independently and identically distributed (IID). A2. 0 < V (y) < oo.
A3. E(elx) =0, V(e|z) = 0?(x), 0?(x) is continuous at z and Eo?(x) < oco.

A4. Define the marginal density of z by f(z), we have (1) 0 < B, < f(x) < By << forall z € G, G
compact subset of R. (2) Vx,2’ € G, |f(z) — f(2')| < my|z — 2’| for some 0 < my < co0. (3) f(z)
is uniformly continuous at z, Vz € G.

A5. 0 < B, <m(x) < B, < oo for all z € G, where m(x) : R — R is a measurable twice continuously
differentiable function in R, |m® ()| < Ba,, < oo for all 2 € G.

A6. As n — oo, nh? — oo, nhS — 0.

AT7. K(.): S — R is symmetric density function with compact support S C R s.t.
(1) [zK(z)dz = 0. (2) [2*K(z)dz = 0% < <.
(3)Vx € R, |K(2)| < B < 0. (4) [W/ K (u) — v/ K(v)| < ex|u —v|, for j =0,1,2,3.

A8. For some § > 0, E(|e|>™°|z) < 00, fuc(z) < 00, f(x,€) is continuous around z.

A9. (1) Ec*(z) < 0. (2) E(e}|x) < 0o. A10. ED*(z) < oo, D(x) is a continuous function of .

We assume the conditional variance o?(z) to be continuous at z in A3, and f(z) and m(z) to be
smooth and bounded in A4 and A5. They enable the use of Taylor expansion. A6 places restriction on
the choice of bandwidth, and they are no more restrictive than that used in a nonparametric regression.
Specifically, an optimal bandwidth in the kernel regression of order O(n*%) can be used. A7 requires a
bounded symmetric kernel function that satisfies Lipschitz condition. Thus, the popular Epanechnikov
kernel can be used. These are commonly used in nonparametric kernel regression (Martins-Filho and
Yao (2007)). A8 places additional conditional moments assumption on €, which enables us to obtain the

distribution of k2 in Theorem 3 with central limit theorem. The null distribution of the test statistics is



obtained in Theorem 1 with additional moment assumption in A9. To derive the local power, we need the
function D(x) in the local alternative to have fourth moment and to be smooth in A10, which facilitates
deriving the asymptotic distribution of tests under local alternatives in Theorem 2.
Theorem 1 Under Hy and assumptions A1-A4, A6-A9 we have (a) T, < N(0,1). (b) T, <, N(0,1).
It shows that asymptotically the unknown items could be replaced with the estimates and T,, behaves
similarly to T,,. It provides basis for us to conduct hypothesis tests. For example, we can compare T,
with the one sided critical value z1_4, i.e., the (1 —a)th percentile from the standard normal distribution.
We reject the null when Tn > 21-o at the « significance level.
Next, we examine the asymptotic local power of the test. Define the sequence of Pitman local
alternatives as Hy(l,) : m(x:) = p + l,D(x), where I, — 0 as n — oco. D(x;) is a non-constant
continuous function, indicating the deviation of m(z;) from the constant.

Theorem 2 Under Hl(\/;—l) and assumptions A1-Aj, A6-A10, we have
nhg
d V(D(x)) pod V(D(z))
1. T, % N(X2@) 1) o 7, & N(LE)
Y Y : :
From Theorem 2, we note that the local power of the test T, satisfies P(T,, > 2z1_o|H1( \/1—1)) —
nh?b
1 —®(z1-q — %) as n — oo, where ®() is the cumulative distribution function of the standard
7

normal distribution. It implies the test has non-trivial asymptotic power against local alternatives that

deviate from the null at the rate of (nhz)~%. The power increases with the magnitude of %. By
@

taking a large bandwidth we can make the magnitude of the alternative (of order ,,) against which the
test has non-trivial power arbitrarily close to the parametric rate of noz. Hong and Lee (2009) and
Fan et al. (2001) show that when a local linear smoother is used to estimate m(-) under H;(l,) and
the bandwidth is of order n=2/?, the GLR test can detect local alternatives with rate I, = O(n=%/9),
which is optimal according to Lepski and Spokoiny (1999). By Theorem 2, with h, = O(n™2/%), we
note I, = O(n~%"?), thus the test T,, achieves the optimal convergence rate as well, and it is a powerful
nonparametric test procedure. The choice of h,, is consistent with what we assume in A6.

Under fixed alternative Hy that m(z;) # p, we obtain the asymptotic normal distribution for R2.
Theorem 3 Under the alternative Hy and assumptions A1-AS8, \/n(R? — R?) <, N(0, %), where
Wi = — B2y, - B(y,)).

Note E(W}?) is a global measure by the IID assumption A1 and the bias of R2 vanishes asymptotically

with assumption A6. The result complements Doksum and Samarov (1995) by providing the asymptotic
distribution of R? constructed from the local linear estimator, and allows the construction of confidence
interval for R2, which measures the fit of the model. It provide useful information about the type II
error of the test at any particular point of the alternative, if the test accepts the null hypothesis. This is
particularly important for the application of a goodness-of-fit test, since the acceptance of the null will
lead to a subsequent data analysis adapted towards the model under Hy, so it is desirable to estimate
the corresponding probability of an error of this procedure at any particular point in the alternative. For

example, at significance level o, we reject Hy if Tn > Z1_q, or fail to reject Hy if Tn < Zj_, for the test



statistic T}, defined in equation (3). So we fail to reject Hy when

Y

in + An < Zlfa V VT

R?—I( .
(ye —v)? nhy,

S~ 9 > -3 (o i(a))?)

t=1

S|

M=

1
n

t=1

Given the result in Theorem 3, for a particular point in Hy : E(y:|x;) = m(z;) and R? # 0. So the

probability of type II error is approximated with ®( \/;/(fv = (Zl’:h\%/% — R?)), since Ay, and A, are of
VT

order Op(i) each. It also helps to establish the globa‘l/(cé)nsistency of the test 7}, in Theorem 4 below.

Theorem 4 Under Hy, and assumptions A1-A9, we have P(Tn > ¢,) — 1, for any positive constant

Cn = o(nhé). Thus the T, test is consistent.

Theorem 5 Assume assumptions A1-A9, we have T* <, N(0,1) conditionally on W = {x¢, ys }7-q-

It indicates the bootstrap provides an asymptotic valid approximation to the null limit distribution

of T},. Theorem 5 holds regardless of whether Hy is true. When Hj is true, the bootstrap procedure
will lead asymptotically to correct size of the test, since T, converges in distribution to the same N (0, 1)
limiting distribution under Hy as in Theorem 1. When Hj is false, T, will converge to infinity as shown
in the proof of Theorem 4, but asymptotically the bootstrap critical value is still finite for any significance
level a different from 0. Thus P(7}, > T7*) — 1 and bootstrap methods is consistent.
Remark 1: We state the asymptotic properties of the alternative tests, where the proof is sketched in
Yao and Ullah (2013). (1) With conditions 1-7 in Doksum and Samarov (1995), R1-R4 in Yao and Ullah
(2013) and Hy, T}, < N(0,1) for i = 1,2. (2) With conditions 1-7, R1-R5 and Hy, P(T}, > ¢,) — 1 for
any positive constant ¢, = o(nh}/ 2). Thus, the T}, tests are consistent for i = 1,2. (3) With conditions
1-7, R1-R5, T, % N(0, 1) conditionally on W = {z, 3, }7_, fori=1,2.

Now we provide the properties for tests in the more general case (d > 1). For a generic function g(z1),
we define g(-) € C7* if g(x1¢) is v1 —1 times continuously differentiable, with its (v; —1)th order derivative
uniformly continuous on G, and sup,,,cq, |62—gtg(x1t)| <ooVj=1,---,v1 — 1. Here G; is a compact
subset of #9. Similarly, we denote a generic function g(X;) € C? if g(X;) is v — 1 times continuously
differentiable, with its (v — 1)th order derivative uniformly continuous on G, a compact subset of ¢ and
SUP x, e |86—)Zzg(Xt)| <ooVj=1,---,v—1. We introduce the following additional assumptions.

BO. (1) {X¢, e}, is1ID. X, € R? ford < 8 and y, € R. (2) 0 < E(y; — E(y|711))? < 00. (3) For
e =y — m(Xy), Ble| X)) =0, V(e | Xy) = 0%(Xy), 0 < E(e?) < oo, and o%(X;) € C°.

B1. (1) Define the marginal density of z1; as f1(z1¢), and 0 < By < fi(z) < Bfl < oo for all 14 € G;.
Vi, x1r € Gu, | fi(z1e) — f(x1r)| < my, ||z1e — 21-|| for some 0 < my, < oo. fi(z1) € C7*.
(2)Define the marginal density of X; as f(X;), and 0 < B; < f(X;) < By < oo for all X, € G.
VX, Xr €G,|f(Xy) — f(X7)] <myl|| Xy — X;|| for some 0 < my < co. f(X;) € CV.

B2. 0 < B, <r(zx14) < B, < oo for all 21; € Gy, where r(z1;) : R — R, and r(2y,) € Cimw{v’vl}.
d

B3. As n — oo, (1) nh2% — oo, and nh,%hivll — 0. (2) h];j;l — 0. (3) nh2¢ — oo, and nh%h?f — 0.

in

B4. (1) Ki()) : S1 — R is kernel function of order v, with compact support Si C R4 such that
|K1(z)|] < By, < oo. [W/Kj(u) — v Ky (v)| < eg,y|Ju—1]|, for 7 =0,1,2,3.
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(2) K(.) : S — R is kernel function of order v, with compact support S C R¢ such that |K(z)| <
By < oo. [WK(u) —vIK ()| < cgllu—wvl|, for j =0,1,2,3.

B5. 0 < B,, <m(X;) < B,, < oo for all X; € G, where m(X;) : R — R, and m(X;)) € C".
B6. E(€}|X;) < 00, fx|(X) < oo, f(X,€) is continuous around X.

B7. ED*(X) < oo and D(X) is a continuous function of X.

B0, B6 and B7 are the multivariate version of assumptions A1-A3 and A8-A10, except that we restrict
attention to the case d < 8 and we assume o2(-) to be a smooth function. The conditions in B1, B2
and B5 assume the smoothness and boundedness for the densities of x1;, X; and the conditional mean
functions r(z1;), m(X:). They allow us to perform Taylor expansions on r(x1¢) and m(X;), which shows
up in the generalized test statistic. Assumptions B3 and B4 place further requirements on the bandwidth
choices and kernel functions, allowing us to use a higher order kernel to control the order of the bias or
variance terms introduced in the estimation. Specifically, B3(1) and (2) control the bias and variance
terms when estimating r (1), while B3(3) controls the bias term when estimating m(X;). If d > 2d;, hiy
and h, can be of the same order, and v = v; can be used for simplicity. The assumptions are similar in
spirit to those imposed in Lavergne and Vuong (2000). As indicated in the asymptotic properties below,
the estimation of r(-) does not have impacts on the asymptotic distribution.

Theorem 6 provides the theoretical results for the generalized test statistics. Specifically, (I) gives the
asymptotic null distribution of T},¢, (IT) characterizes its asymptotic local power, and (IIT) shows the
global consistency of Tni. The use of the bootstrap test T;G is justified with result (IV).

Theorem 6

(I) Assuming BO-Bj and B6, under Hoq, we have Thq 4 N(0,1).

(IT) Assuming B0O-B4, B6 and B7, under the Pitman local alternative Hig(ly,) : m(Xy) = r(z1)+ln D(Xe),
where L, = n~2h, ", we have Toa > N((036) V2EID(X;) — B(D (w11, w2))|210)]%,1), where 0%, =
BTy [(2K(4) - v(4))*dy.

(II1) Assuming B0-B6, under Hig that E(y:|X:) = m(Xy), we have P(T,¢ > ¢,) — 1 for any positive

constant ¢, = o(nhzﬂ). Thus the T, test is consistent.

(1V) Assuming B0-B6, we have T;G <, N(0,1) conditionally on W = { Xy, ye }7—y.

Remark 2: With homoskedasticity and bounded support for X, the bootstrap test T;G can be simply
implemented by (i) In step 1, generate €; as the bootstrap error. For example, we resample with replace-
ment from centered {é;}7_; to obtain {e;}7,. (ii) Follow steps 2-3, using €; defined in (i). (iii) Calculate
only R#? in step 4. (iv) Step 5: repeat steps 1-4 B times, then use the original R and the B bootstrap
test statistics REQ to obtain the empirical distribution of the bootstrap statistics. The finite sample null
distribution of T;G is the same as the empirical distribution in step 5 above. This is due to the fact the
other items in T;G are independent of the DGP characteristics under the null and homoskedasticity, so

we do not need to use the Wild bootstrap to preserve the heteroskedasticity structure.
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4 Monte Carlo Study

We provide a Monte Carlo study to implement our proposed test statistics and illustrate their finite
sample performances relative to several popular nonparametric significance test statistics. We follow Gu
et al. (2007) and Lavergne and Vuong (2000) to consider the following data-generating processes:

DGPy : yy = 1+ foze + 12} + s,
DGPy :y =1+ Boz + P12} + 112y + uy, and (6)
DGPy :yy = 1+ Bozi + 512} + Yasin(2may) + uy.

2z and x; are IID uniform on [—1, 1] and wu; is from a normal N (0, 02 (x;)). DG Py corresponds to the null,
where x; is irrelevant. So we investigate the size of tests with DGPy. We follow Fan and Li (2000) to call
DGP,, DGP; alow and a high frequency alternative, respectively, under which we can compare the power
of tests. DG P, is used in Fan and Li (2000) to demonstrate that a smoothing test can be more powerful
than a non-smoothing test against high-frequency alternatives. Since E(x:) = E(sin(2rx:)) = 0, E(yi|2t)
remains the same across all data generating processes. {v1,72} are set to be {0.5,1}.

We consider two data generating processes described by (6). The simple regression model is denoted
by (S), where we set {30, 1} = {0,0}, and 0?(z) = 2. The conditional heteroskedasticity is present and
2z is omitted in (S), and the null and alternative hypothesis correspond to Hy and Hi, respectively. The
multiple regression model is denoted by (M), where {3y, 51} = {—1,1}, and %(z) = 1. So z is present
with homoskedasticity, and the null and alternative are Hog and Hig, respectively.

The implementation of our test statistics requires the choice of bandwidths h,, and hi,. To make
a fair comparison, we choose the same bandwidth sequence for all tests. Under (S), we select h, with
cR(x¢)n~Y/3, where R(-) is the interquartile range. Under (M), hy, is selected as R(z)n~/420 h,, for
2 is R(z)n= /4% and h,, for z; is cR(z¢)n~ /49 where § = 0.01 is utilized to satisfy the assumption
B3. We consider the constant ¢ to be 0.5, 1 and 2 to investigate the sensitivity of results to the smoothing
parameter’s choice, where we follow Lavergne and Vuong (2000) to use similar bandwidth for the regressor
z¢ that is common to both the null and alternative. We utilize the Epanechnikov kernel with support
[—V/5,V5], ie., K(u) = ﬁ(l — su?)I(Ju| < v/5) in (S) and the product of the Epanechnikov kernel in
(M). The above choices of bandwidth and kernel function satisfy our assumptions A6, A7, B3 and B4.

Under (S), we consider our tests Tn, T,’{, the four alternative tests Tln, Tl*n, Tgn, T;n proposed in
section 2, A, J,, and J*. We use the weight function w(z) = I(f(z) > 0.01) as in Doksum and Samarov
(1995) for Tip, TF,, Thy and T5,. A, is the GLR test by Fan et al. (2001), motivated with normal error

n
term and constructed as A, = §in gggi’ (= %(§§§2 — 1) under the Hy), where RSSy = ;(yt —¢)?, and

n

RSS1 = > (yr —m(z4))?, also see Ullah (1985). It is somewhat related to our test as they are constructed
with the ts:ulm of squared residuals (RSS) from Hp and H;. One can show in testing overall significance
and with homoskedasticity, they have the same asymptotic distribution, but they are always different
numerically. Our test T,, can be constructed directly without simulations, while the GLR test is generally

implemented with simulations. .J, and J* are based on equations (5) and (9) in Gu et al. (2007), where

we modify them so that their first stage estimation can simply be replaced by a sample mean under Hy.
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Under (M), we include our test T, and T;G implemented as in Remark 2,3 and five alternatives J,,
T Juwms j{;n and Tj,. The alternative tests are based on Hog such that E(y|z, z:) = E(y|z). Thus
let v; = vy — E(y¢|2t), Hog implies E(vy|z, 7)) = 0. Note J = E([E(v¢|2t, 74)]* f (20, 74)) > 0, and J = 0 if
and only if Hyg is true, where f(z;,x;) is the joint density of z; and z;. J,, and j:; are considered in Fan
and Li (1996), Zheng (1996), and Gu et al. (2007). .J, in equation (5) of Gu et al. (2007) is the sample
analog of J and replaces the unknown E(v;|z, z:) and f(z;,z) with the leave-one-out kernel estimates.
The bootstrap version j:; is provided in their equation (9). The density-weighted test statistic based on
J has the advantage that the density function does not have to be bounded away from zero. The sample
analog version is J,, ,, in their equation (6) and the bootstrap version is j{;n in equation (12). We follow
their simulation to choose the product standard normal kernel, the rule-of-thumb bandwidth sequences
and multiply the bandwidths for smoothing 2z; and x; by the constant ¢ indicated above to examine
the sensitivity of test results. Tho by Lavergne and Vuong (2000) page 578 is also based on the term J
above and it substantially reduces the bias of the test. We use their equation (2.2) as their asymptotic
variance estimator, which is computationally less demanding. We follow their suggestion to choose the
product Epanechnikov kernel, the rule-of-thumb bandwidth sequences and multiply the bandwidth for z;
the constant ¢ to investigate the sensitivity of test result to the bandwidth’s choice.

We consider two sample sizes, 100 with 1000 repetitions, and 200 with 500 repetitions. For all the
bootstrap test statistics, the bootstrap repetition times B is fixed to be 399. We summarize the experiment
results in terms of empirical levels of rejections for each test statistics at the significance level a = 0.05 in
Table 1 in Appendix 1. The top two panels are for (S) and the bottom two for (M). The results for DG P,
correspond to the size of tests, since the null hypothesis is maintained. We provide evidences about the
power of tests in DG P, with the low frequency alternative and in DG P, with high frequency alternative.

When the sample size increases from 100 to 200, there is weak evidence that the size of each test
improve towards the designated level, especially under (S), but the power of each test increases signifi-
cantly in DGP; and DG P;. The observation confirms our results in Theorems 1, 4, 5 and 6 that Tn, T;,
The and T;G are consistent. It is consistent with the results in Gu et al. (2007), Lavergne and Vuong
(2000) and Fan et al. (2001) that the other test statistics considered are consistent as well. By examining
results for DGP; and DG P,, we find the expected result that it is harder to conduct test in the multiple
regression context (M) than the simple regression (S), as the power of test statistics in (M) is smaller than
that in (S). The performance of the tests is indeed sensitive to the choice of ¢ in the bandwidth, though
the impact seems to be in a nonlinear fashion and differ across different test statistics for the size under
DGP,, consistent with that in above mentioned papers. Being oversized in general, the performance of
T, seems to be relatively more sensitive to ¢ in (M), while that of T;G is fairly robust. There are weak

evidence that the power of each test increases with ¢ under GDP;, but decreases with ¢ under GDPs. It

3Since # and z are independent, then Hyg implies E(y|z) = E[E(y|z,2)|z] = E[E(y|2)|z] = E(y) = u, Ho and Hy
in section 2.1 can be used, thus T, and T,I are valid test statistics. In this case, we only need to select the bandwidth
parameter for  and perform a single nonparametric regression of y on = to conduct the tests. We use TnG and T;G to
provide a fair comparison since all the alternative tests involve regressions with multiple regressors.
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is easy for all to reject the null under the high frequency alternative in DG P, relative to DG P;.

To facilitate the comparison in terms of the size, we insert a (1) or (2) on the test’s upper right corner
to indicate that it is the closest or the second closest to the target significance level. In (S), the best
performing tests are TQ"", followed by T:{, by Tn, An, OT Tl*n, then by Tln. jn and Tgn are fairly undersized.
jf; improves over jn, but not significantly. In (M), our bootstrap test T;G clearly outperforms the others
in terms of being closest to the desired target size. The next best is Tlv, followed by jj;n, and by jf;
The asymptotic tests jn and jwn are fairly undersized, while TnG is oversized. The observation here is
consistent with Gu et al. (2007), which show that in finite sample J* and j{;n substantially improve
upon jn and jw,n- It is also consistent with Lavergne and Vuong (2000) that Tlv significantly improves
the performance over jn and jw,n- The results indicate that Tlv competes well with the bootstrap tests
J*

* and j{;n Overall, our proposed bootstrap test statistic T;G captures the desired target size well

compared with J*, j{;n and Tj, in (M), while 7* and T}, are fairly satisfactory when compared with
other alternatives in the (S), and the bootstrap tests TQ"”, Tl*n or ), are valuable competitors.

Now we compare the power with a low frequency alternative in DG P;. In (S), all tests exhibit power
close to one and the difference is relatively small, with Jn showing slightly lower power that others in
small sample. In (M), the best tests are frequently j;:, jqj, or Tnc, followed closely by T;G Their powers
are much larger than those of Tlv, jn and jw,n- With the high frequency alternative in DG Ps, the power

Ty and T3,

of all tests are much closer to one, with exceptions on .J,, and jw,n in (M). In (S), T, 15,
seem to be influenced more by the bandwidth. In (M), the relative performance of the tests are similar
to what we observe in DG Py, where the only exception occurs when ¢ = 2 and Tro performs better.
Based on above observation, we conclude that our proposed bootstrap test statistics T; and T;G
perform well in the finite sample study. Their sizes under the null hypothesis are close to the target level.
T, together with A, T3, and 17, exhibit reasonable power in (S), while T;G and T),¢, together with
J*

* and j{;n demonstrate much larger empirical power than the rest in (M). We found that T},¢’s size

performance is relatively sensitive to the choice of bandwidth, so we recommend the bootstrap tests T;
and T;G rather than the asymptotic tests. The newly proposed tests Tl*n and T;n show good size and

power performances in simple regression, which might deserve further investigation in the general set-up.

5 Conclusion

We propose nonparametric R? based tests for the presence of relevant variables in a regression model.
Under the null hypothesis that the variables are irrelevant, we establish their asymptotic normality at
rate nh%. Our test is consistent against all alternatives and detects local alternatives that deviate from
the null at rate (nh,% )*%. We further propose the Wild bootstrap/bootstrap test to approximate the null
distribution. The asymptotic normality of the nonparametric R? estimator at rate /n is also established
under the alternative hypothesis, which facilitate inference with the nonparametric R? estimator. We
illustrate their finite sample performance in a Monte Carlo study. The bootstrap tests capture the size

well, exhibit reasonable power, and provide viable alternatives that complement other tests available.
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Appendix 1: Table

TABLE 1: EMPIRICAL LEVELS OF REJECTIONS WITH a = 5%,((S), 0?(z) = 2?) AND
((M), 6% =1). SIZE OF TEST STATISTICS FOR DG Py(NULL). POWER OF TEST STATISTICS FOR
DGP; (LOW FREQUENCY ALTERNATIVE) AND DGP; (HIGH FREQUENCY ALTERNATIVE).

o2(x) =22 ¢=05 1 2 05 1 2 05 1 2
T, 065 070 047 957 982 994 1 1 .913
T 072 061 054 953 980 993 1 1 .903
Jn 019 014 006 .919 964 971 1 1 .920
J 042 019 005 .952 966 .965 1 1 .887
An 062 .060 039 951 98T 993 1 1 .899
Tin 056 039 011 954 980 989 1 1 .300
Ty, 062 059 035 956 .987 997 1 1 .410
Ton 034 .020 005 .970 980 .960 1 1 .175
T, 0540049 032 982 991 .994 1 1 .527

o?(x) =22 ¢=05 1 2 05 1 2 05 1 2
T, 062 05832 082 1 998 1 1 1 1
T 0483 048 076 1 998 1 11 1
Jn 022 .020 .020 1998 1 1 1 1
Jx .030 022 .020 1 998 1 1 1 1
An 0520 048 072 1 998 1 I 1 1
Tin 042 030  .028® 1 998 1 1 1 .98
Ty, 054 05200 074 1 998 1 1 1 .988
Ton 028 024 016 1998 1 1 1 .89
T3, 0500 048 064 1 1 1 1 1 .99

(M) n =100 DGP, | DGP, | DGP,

0?2 =1 c=05 1 2 05 1 2 05 1 2
Tha 027 120 077 1193 623 .696 .910 .820 .409
Tk 073 0531 051D 383 489 .606 .986 .698 .321
Th 0350 040 025 203 .308 .319 .935 .945 .337
Jn .002 .008 000 .202 .278 .133 .955 .425 .018
Jx 068 070  .060) 540 .628 .696 .996 .899 .361
Jwm .006 .008 000 .207 276 .146 .948 .436 .023
Jr 0650 063 064 519 .588 .678 .996 .887 .342

(M) n = 200 DGP, | DGP, | DGP,

0?2 =1 c=05 1 2 05 1 2 05 1 2
Tha 134 144 098 .760 .906 .908 1 1 .780
Tk 0500 0500 042D 652 .820 .860 1  .998 .660
Tho 036 0280 024 420 566 .622 1 1 .982
Jn .006 .002 002 568 .688 .544 1 .996 .140
Jr 072 072 082 774 890 914 1 1 .746
Jwm .004 .004 002 560 .650 .544 1 .996 .146
Jx 064 072 080 .768 .880 .900 1 1 724
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Appendix 2

Below we outline the proof of Theorem 6 only. The proof of Theorems 1-5 and remarks 1 and 2 are
provided in a separate Appendix (Yao and Ullah (2013)), which is attached.
Theorem 6: Proof.

(I) We observe that under Hog, y: = r(z1:) + € and E(et|x1t) =0, thus

L3 (= (X)) = £ 36 = 235 (0(X0) = rlai))er + 3 00(X)) — (1)

Since %@(Xt) is the local linear estnnator for 0q a d x 1 vector of zeros, we can write

X = o) = gy 3 (L04), (01, (S K (S, 5,00) = () i ).

5(X0) = 7 DK () (S50 for = 0,1, 5a0(X0) = by 3K (S50 (M) (X520), s, =

n n

yi — r(z1e) — (Xi — Xo)[rD (210), 0,)] =€ + (1/2)(3311 - 331t)7"(2)(331it)(331i — 1), and Ty = Niw1i +
(1 = X;)z1 for A; € (0,1). Define I (X;) = nhdj(Xt) ZK( Xt)e;(1 + 0,(1)) and

L(Xy) = 5 hdlf(Xt) ZK( Xe) (215 — x14) 7 )(azm)(xh —x1¢)' (1 + 0p(1)), we follow Theorem 1 (a)’s
proof step (2) to obtam m(Xt) x1¢) = [1(Xy) + I2(X¢) and

ae
L (= (X)) = 3326 = 235 (1(X0) + B(X0)e + 33 (1 (X)) + B(X)*

We show in sequence the following results

(i) + le(yt m(Xy))? = %t;ef — %tZIl(Xt)et + %;If(Xt) + op((nhfl/Q)*l), which follows from

(1)=2 3 L(Xp)er = op((nhi*) ™ 1).(2) 2 S I3(Xy) = 0, (nh?)™1).(3): S I (X)) I (Xe) = 0, (nha*) ).
t=1 t=1 t=1
(i) 23 (e~ (@10))?> = LS @ =23 (Are) —r(ze) e+ 2 3 (Awne) —r(z1e))® = 23 o, (nhit/*) 1),
t=1 t=1 t=1 t=1 t=1
~ d ~ a N
(111) AnG — AnG = Op((nhﬁ)il , AlnG — AlnG = Op((nhﬁ)il), and Vg — Vg = Op(l).
n n o Eg n E? n n i 3 cicr
Let AnG = 713—:}[1%‘1;1;[(2()(1 nXt)Wth); AlnG = _ﬁ;K(O)ma AQHG = _ﬁ;l;K(%)j(Xt)a
t#i t#i
Ve = 3t 2)2 for %G —E j(g){sz (2K () — K(1))2dep, and for K;j = K (X5,
Azng = mt;hzl[ﬁ (WKintﬂXt,Xi) + %E(WK”KMX“XQ].
t#£1

We can write —ZIl(Xt)et = %Z Z j(X ) Kieier (1 + 0p(1)) = —(A1ng + Aang)(1 4+ 0,(1)), and
t=1i=1
we can follow T heorem 1(a)’s proof step (2)(ii) to obtain
%ZI%(Xt> %hzd Z > Z KltKth Z)ét) (1+ O;D(U) = (Anc + Aznc)(1 + 010(1))-
t=1

t=li=1j=
Furthermore, we follow Theorem 1 (a)’s proof step (3) to obtain

nh?(Agng + Asnc) > N(0, aic). So results (i) and (ii) above give
nh (23 (e — #(210))? = 23 (e — m(X0)? + (Ane + Arne)(L + 0p(1)) % N(0,02). Since (ii)

Ci=1 "=
implies + Z (yy — F(210))2 2 Ee2 >0, I(ES (g — Pz10)? > 25 (g — (X0))?) 21, we obtain
=1 =1

nhd/2[32 HIE S (g = (en)? > LY (g — 1 (X,))?) —geetdiua ] & N(0, Vig). This result and
t=1 ;Z(yt P(x1¢))?2

~
Il
-

(iii) give the desired the claim in (I).
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We show the claims (i)-(iii) below.

(i) (1) Define vt = mK(X,;X Vz1s — xlt)r( )(azm)(xh —x1¢)'€r, and we can write

=23 L(X)er = =53 3 [nti + Ynat) (1+0,(1)) = —un(1+0p(1)), where uy, is a U-statistic. Since
t=1 t=1li=1 ~———""
t<i Pnti

E(e:|X:) = 0, we apply Lemma 1 to obtain u,, = %iE(U)nMWt) +0,(n"YE@2,;)'/?) for W, = (X3, €).
Since E¢?,, = O(hh, %), with assumptions B1, B2t:a1nd B4, for ¢ = (¢1,12) and X € (0, 1),
[E2(1/)m-|Wt)] = f&'}” JE@)rr® (210 + M) f (210 + hthr, Bor + hath2)dip)* = O(h2Y).

So —2 ZIQ (X)er = Op(n=1/2h2) + 0, ((nh¥?)~1). With assumption B3(3), we have the claimed result.
(2) Let %tz‘j = hidf?(xt)K(Xii;Xt)(xu—ﬂﬂlt)rm(ﬂﬂut)(ﬂﬂu—xlt)/K(thZXt)(xlj—flt)T@)(xljt)(xlj—flt)’,

When ¢ £ # j, LY I3(X0) = 555 X5 duns is a Usstatistic with durs; = Yussj + Ynitj + it
We apply Lemma 3 hetrzland use its noltztt?(l);é.:n

First, 03, = E¢n,; = O(h8~24), thus o = Op((n=3h8~24)1/2) = o,(n~"). Similarly, 03, <
CE[E*(¢neif| Wi, W; ) = O(h3=9). Thus, HY = 0,((n=2h3=9)1/2) = o,((nh%*)~1) with assumption
B3(3). So we have 3 Zfz(Xt) 3(0n [Z¢1n(Xt) = nb,]) + op(nhil ) 71).

Second, note 1/)1n(Xt) (1/)nm|Xt) + E(U’mt; | X+¢) + E(Yn;it| Xe). With assumptions B1-B4, we have
LY B3(X0) = O + oy (nhi/) 1) = oy (nil*) )

op(
)-

When ¢ # i = j, we can show L 212()@ Op(n~1hi=4) = o, ((nh¥/*)~1) if d < 8.
(3) Repeated applications of Lemmas 1 and 3 together with assumptions B1-B4 give
LSS LX) T (X0) = Op(n/2h) + op(nhi*) ™) = o, (nhif ) 7).

t=1

(ii) We note from the proof of Theorem 3(2),

n
Z Kl(mlz:jﬁlt )fi

-

nhtliifl (mlt) i=1
n

o e 2o K PR @ = @10)r® @) (o1 = 210+ wn (1)

= ri(r1e) + ro(@1e) + wel(21r)
where z1;; lie between z1; and x4, wy,(x1¢) is of smaller order than r1(x1¢) and ra(z1:), so we only focus

Fx1e) —r(z1e) =

on analyzing terms involving r1(z1¢) and ro(21;).

(M43 (@) = r(@10)? < Ol ér%mt) + 333 + £ X))

%tzlrf(xlt) = %Z le on jl o (B4R ) Ko (5= )eze;. We apply Lemmas 1, 2 to obtain
= =1i=1;
F (1) = Op(n hyy?) + Op(nh}) ™) = 0p(nhi*) ™), using By that hi/* /1, = o(1).
%tzlrg(ﬂflt) = %Z 2121 oy jl ) (B ) K (P (1 — @10)r? (2 1a) (210 — 21)
= =1=15
it okt

x(z1j — z1)r?(@1je) (21 — 210).
Expressing above as an U-statistic, applying Lemmas 1 and 3, and using the assumptions B1 and B2

that f1(-) and r(-) are C}*, we obtain 1 3" r3(z1,) = Op(h3%') + op((nhdl/Q) D)+ Op((nhd1)~1hi,).

t=1

So in all, we obtain 1 3 (F(z1) — r(214))? = 0p(n~'hy*?) using assumption B3.
i=1

17



(2)—%§:(A($1t)—7"(331t)) =-2[+ ZTl(UClt)fH' ZT2($1t)€t+ ;wn(xlt)ft]

G1ven the results in Theorem 1, we obtam
%Zﬁ(ﬂ?lt)ft = oz Z Z I Ky (4756 + 9 Z dliK (0)ef
= fl(m t) af1(@1e)

t;éz
= Op(n *1h7d1/2) + Op((nhE)=1) = op(nflh;dﬂ) using assumption B3.

ro(x11)er = nz Z Z D Kl(m};f“)(ﬂfu — z10)7r% (210) (215 — T14) €2

1
" lnjl(mlt)

]
s

t;éz
Op(n=12h1) + op((nhillﬂ)*l) again with assumption B3.

So — 23" (#(x12) — r(z1e))er = 0p(n~ hn™?)). (1) and (2) imply the claim in (ii).

=1
(iii) Given that & — e; = r(x1:) — 7(z1) = Op((an—gl)l/Q + hi%) = Op(Ling) uniformly over z1, € Gy,

in

we have nhe/ 2% = 0p(1) with assumption B3 on the bandwidths. We follow the proof in Theorem

1(b) to have the claimed result.

(IT) Under the Pitman local alternative Hyc(L,), I = n~2ha™*, m(X,) = r(z1) + L D(X,).

Yie = i —7(210) — 1. D(Xy) — (w15 — 210)r D (21)

1
= 4+ 5(% — 210)r P (@15) (@15 — 1)+ (D(X;) — D(Xy)), then

i

(1,00) S, (Xo) (L, (F4550)) K (F5725 yine = L (X)) +12(X0)+13(X0).

e

(X)) —(r(w1e)+n D(Xt)) =

I;(X;) and Ir(X;) are defined in (I), and I5(X;) = hdln(Xt) ZK(X —24)(D(X;) — D(X))(1 4 0p(1))-

), the claim of (II) follows from the three results below.

Following the proof of part (I

(1) 23 (g — (X)) = L3 — %Enlh( ter+ 5 ZII (X¢) + Op((nhd/2) b.

—

) 35— m(x)?
= E3 @+ EY () + L D) —m(X)e + £ 3 () + L D(X) = m(X,)?
= 3@ 2T h(Na - 2 S h(Xa — 2L 1(X0a + LI + £ 3 B(X)
+%t§1§(xt +%t§h(Xt)Iz(Xt)+%t2:I X)I(X) + 2 ZIz(Xt)Ig(X)

From Part (I)(i) above, we have —%thlfz(Xt)et . op((nhzﬂ)’ ), %ig (X)) = op((nh¥?)~1), and
%thlIl(Xt)Ig(Xt) = op((nhfllﬂ)*l). We_follow Theorem 2’s proof in pa_rt 1 to obtain —ZIg(Xt)Et =
o (n™1121,) = 0,((nhi*) 1), 3B = o,(nhi*) 1) and 2321 (X)B(X) = o0 ((nhd/2> ). So
we only need to show %til L(X)I5(X,) = o, (nhY?)1).

ES RO = b b 3232 5 by K52 KCH2)riDO) = DOX))( + 0,(1). By

Gadics
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Lemma 3 and assumptions By — By, £ 3" 11 (X;)I5(X;) = Op(L, (Y +n~1/?)) = ((nhd/2) b,
i=1

Using the local linear estimator, we define r3(X;) = dljl(m 5y ZKl(m“:f“)(D(Xi) — D(Xy)),

(ii)
then f(fl: 1t) —r(T1e) — lnD(Xt) =ry(z1e) + ra(ze) + r3(Xe) —|—wn(3:1t) wherenwn(xlt) is of smaller order.
%; (ye —7(xa))? = th + = Z( (z10) + 1 D(Xe) = F(x1e))er + 5 Z (r(z1e) + I D(Xy) — 7(214))?

S

::%éf mﬁymmm+ NS Zm()q+3inMM
+[%XZ: i) + t§T2($”) + 27"3 (Xe) + Elh(xu)rz(xu)
%XZ v(@ie)rs(Xe) + Zrz(xlt)Ts(Xt)](l + 0p(1)).
In (1), 2 ;"1 r1(21¢)e; and t% ra(z1s)e; are op((nhd/ 2)-1). With assumption B3 and Lemma 1,

Ky (B5054)(D(X) — D(Xy))er

25 (X e = 2 ZZh

i=1 =1i=1 1nf1(m1t)
i#£t
o(ﬂw>+%wwwr> op((nhi/*)71).

n

In (I), we have %;::1 r?(x1;) and t;lrQ(xlt) are o,((nh /2) 1) s %E L(@10)ra(w) = op((nhd/2) b,
%é@@)zéiﬁﬁemw>mﬁﬁr>(”Iﬂ(() D(X:))(D(X;) = D(X,))

%inmmmm:%zzzzwd)mWﬂmeﬁﬂmM&wDam

t=1 t=1li=1j=1

J#t
= 0p(ln(n~/2 + (nh"/?)= ))+0p((nhdl/2) 1) = 0, ((nh%?)=1) with assumption B3.
%terz(xu)rs(xu) ;—22121 P T (K ()i (D(X) = D(XL)
- =5
it £t

= op((nhz/ *)~1)with similar arguments. Above results imply the claim in (ii).
(iii) Under Hig(lp), €c—€r = —(F(x1) — (1) —1nD(X:)) = —(r1(x1e) + (1) +r3(Xe) +wn(z14)) =
Op(Ling) + r3(X¢) uniformly over X1, € Gi, and r3(X;) = Op(l,) uniformly over X; € G. Since
he/? La — (nh3Y?)=1/2 = o(1), we follow (I), Theorems 1(b) and 2 to obtain the claimed result.

n d —
nhd

III). We note under ng, yr = m(X;) + €. Thus,

n

(ye — #(z10))* = & th - —Z( (z16) = m(Xe))er + 5

—m(X))e = =23 (#(ww) - rlan))e - 23 (1) - m(X0)er = 0p(1) by (D))
(F(a11) — m(X,))?

(#(10) — r(212))? %éomm> <Xm2+a§@@m—w@mxwmo—muaﬁ
Tig) — m(Xt)) 0p(1) by (I)(ii) and E(r(z1¢) — m(X;))? < oo by assumption BO.
So we have (1) L3 (g — #(a10))? = B(}) + E(r(w11) — m(X0))? = E(ye — Byelw10))? + 0p(1).

=1
(2) %Z(yt m(Xy))? = % (X)) = m(Xi))er + &2 (X)) —m(Xy))?
= t=1
— By - Byl X))+ op(1),
following the arguments in Theorem 3, which is valid under assumptions B0-B6. (1) and (2) implies

/—\

(F(a10) — m(Xe))%

=
M:
NE!

|
Sl
=3
S I
=
8
=
N
HM:
M=
i

t=1

~
Il

3~ =
~
IR

Il
3=
M=

~
Il
-

I

&
~—

=
roum)

_2
n

M:
HM:

1

i
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(yt (X)) =1() > 1.

M=

I (ye — #(w10))? > &

ITM:

t=1

o . > (ye—rin (X)) A
Recall the definition of R in T}, in (5) as R = [1 — g—]](), so we obtain R, % R,

1|>—A

(yr—7(z14))?

L1
n

for 0 < RZ < oo under assumption BO. Since Apg = Op((nhd)=1), Ane = Op((nhd)=") and L3 (y —
=1

nh2 {RG+I( ) AlnG+AnG

N i z (vt —(21))?2 4 o
P(x1¢))? LN E(y; — E(y¢|711))? > 0, we have T,g = _ Lo — nhi {R?+op(l)} >y =

Vra Vra

op(nhzﬂ)) if Vg 2 ¢ for 0 < ¢ < oo.

N &2
Recall Vpg = ——2¢ . Given result (1) above, we only need to show that
(G 2 (we—(@10))%)?

Goc/[) 22K ¥) — k(¥))*dy] = %Z Z T, 2(Xt K(X=X0)@e B ¢y for 0 < e1 < oo,

t#£1
€& — e = m(Xy) — F(x1e) = m(Xy) — r(z1e) — (F(z1e) — r(z1e)). 7(21e) — r(@1¢) = Op(Line) uniformly

over T1; € Gl, and m(X;) — r(x1¢) # 0. These results imply

n =X\ =2~ Xt m(Xe)—r(z1e))? m(X)—r(z1:))?0? (X
5 K S 2 BRS¢ (L) |y Sy _

751
where 0 < ¢; < 0o follows from our assumptions B0 and B1. So we obtain the claim in (III).

(IV). We point out that more complicated expressions show up in the test statistics T;G Since

y; = 7(x1;) + €, and denote K = K (£=2L),

in

m(Xy) = (1,00) 5 asﬁl(Xt)(l, (555)) K

oy 2 Kot + oy £ Kt @)1+ 0,(1)) = [mi (X)) + m3 (X)L + 0y(1).

o) =t S + s S K (o) + i o

= ri(z1) + ri(r1e) + w’(z1) where w)(z1¢) is of smaller order.
We first obtain the following results.

() 38 (G0 = A2 0~ @) = EE (6 + @) = (@)

~
Il
-

- [%:1(6:)2 3 () = () + £ X 05 @) + 23 (o) = ri(en)
=23 ri@)e; = 23 () — ri@ma)ri@)(1 +oy(1)

t:}l t=1 ! t=1 t=1
—%Elmf(Xt)ff - ntz (P(z1e) — m3(Xe))mi (Xe)](1 + 0p(1))
= * * * * * d/2y\_—
= %;(GJZ + (A5 + Al + ASua + A5,0) (1 +0,(1) + 0p(nhi*) 1),
n n K2 . . n )2 . n n o
where A = neilzad;;ﬂ(h) (€)? Afpe = — i K(()); ;<X)t>’ Asne = — i ;;fngt € and
e B e
. LISRLISRLNY ‘% ST & rerel oy KKy el Kii Kis 4
ABnG —_ na}lidtlelezl j2(Xt) 61 ej = "("1*1)152:12:1[ h2d E( j2(X ) |Xt;X) hzd E( 2(X ) Xz;Xt)]‘FOp((nhﬁ)
=1li=1j= =11=
t£it] t<i
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(3) We obtain (A3, ~+A%, -)(S5:) ! < N(0, 1) conditioning on W, where (bn(Zt*, Z*) = nhd [— j(X s K€l € —

eley Ki;K ere; K K
Ktlet 5;‘ hz; E( 2%Xt§ |XtaX) ].t2d E( ;ZX ;

Xi, X)), and (S;)? = ((Z Z(bn(ZZ‘,Z*)) W) =

t<1

f(X)

n=2h, 0% + 0,(n2h, %), where o7, is defined in (I).

4

Results (1)-(3) imply %[%Xnﬁ(fi‘,o) - % (et b)? + (Aha + Alne) (L +0p(1)] = N(0,1).

nh2 Sy t=1 t=1
Given (1), B(A Y (¢)2IW) = £3°6 & Bet > 0, and I3 X (0)* = 33(61,)) = 1) & L. we
d =t . =t
have —4—[R? 4 LLaat gl 1(.)(1 + 0, (1))] % N(0, 1),
nh2 Za CE
Bey £=1
Given the definition of T;G, we only need to show

(4) A — Ang = op((nhid) ). AT, — Al = op((nhid) ™) and Viig — [nhi )% = 0,(1).

The claim in (IV) follows from (1)-(4) above. (3) is obtained as in Theorem 5’s proof (4). So we only

sketch the key results in (1), (2) and (4) below.

(1) ) 3 X rilew)e = 33 Rl = o (nh*) ). Since for t # 5, V(L i) W) =
T2 3 gl = Oy(nhi/")72), 50 33 ri(en)ei = Op((nhiy/")™). When t =i, 33 ri(ene)ei =

Op((nh{L)™1). In both cases, 23 7% (21,)ef = op((nhzﬂ)*l) using assumption B3.
t=1
(i) L

show that V(<

(rt(z )) _ 1 XA N KK sox hd/2 —1 h . d i diff
T(x1e))? = QZZ T 2 jEG = op((nhy!”)~"). When t,i, and j are different, we
t=1i=1 1\t

A
e

(5 (210))2|W) = %z 3PS z BuluKun K 22— 0,(n2), s0 13- (17 (211))? =

Rz
1 =1t'=1i=1j= ljl(mlt)jl(mlt/) i J

M=

~
Il
-

t

Op(n™'). When some of the indices are the same, we can show %Z (15 (z14))* = 0p((nhn

(i) 235 (1) — r3m)ed = op(nhYD)). V(230w — @) lW) = & (3 on) —
i=1 i=1 i=1
r3(w14))%€7, whose order of magnitude in probability is the same as that of 2> (F(z1¢) — 73 (211))%€7,

t=1
which is less than 5 3" ((z1,) =7 (z11)) 262+ 5 3 (r(w10) =3 (11))2€2. The first term is Op(n~2hy, /%) +
t=1 t=1

Op(n=th3y1) following (I)(ii). 73(z1,) — r(w1) = ZKm( (x15) = r(z1) + r(zw) — r(zw) =

jl(rlt)
Op(Ling) uniformly over z1; € G1, so the second term is O, (n™1L2, ;). V(23 (F(z10) —13(x10))ef |W) =
t=1
Op(nfl(nhillﬂ)*l)—FOp (n~h3E)+0,(n L2 ), and by Markov’s inequality, 2 3~ (7(z1¢) =73 (z1¢))ef =
t=1

Op(nflh;:llﬂl) +O0p(n~ V2R ) + Op(n~ 2 L1a) = op(nflh;dﬂ) by assumption B3.
(iv) 7 2 (F(@1e) = r3(@10))? < el 32 (Fane) — r(@10)” + %Z (r(w1e) = r3(@10))? = Op((nh{}/*) 1) +
=1 =1 =1

Op(h321) + Op(L2, o) = 0p(n~hy, /2 with similar arguments.
(v) Finally, 2 3 (#(z10) =73 (z1))ri (210) < c[3 Z( (w10) =75 (1)) +2 32 (1§ (212))?) = 0p(n L h %)

t=1 t=1
Above five results imply the claim in (1).
(2) (i) We expand the sums to obtain that —%;(mf (Xp)er = —%;;f{(ﬁ)efez‘(l + 0p(1)) =

(Af,a T Aznc)(l +0p(1)). Similarly we obtain
(i) L 3 (1 (X0)? = b i > z T erer(140p(1)) = (Apg +A5,6) (14 0p(1)) + 0, (nh3*) 1),

t=1 =li=1j=
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() 2 3= (Flea)=m3 (X0)ef = o,((nhif*) ). We obtain V(2 3 (#(a10) ~m3(X0))e; W) = & 3 (F(aro)—

i= 1

m3(X,))?e? whose order of magnitude is the same as that of 25 > (F(21¢)—m3 (Xy))?€? < [ > (m3(Xy)—
i=1 i=1

r(210)2€ 4+ 45 37 (A1) — r(214))2€2). The second term is O, (n~2hy,™/?)+0, (n~1h2%) following (I)(ii).

n2
t=1

S

L
2

(m3(Xe) = r(210))ef
[Op(Ling) + RRTTCG gKit(T(xli) —r(@1e) = (210 — 21e)r (21e))Pe (1 + 0p(1))

_ n _ _ d/2_
T L) + Oplsl LI(X0)e}) = Op(n ' 14,6) + 0p(n Lnhy/?)1).

M:

S

t=1

|
3~
NE!

I
QS
=0

p

 (F(aae) —m3 (X0)ef = 0p (R )™ +0p (021 +0p(n= /2 Ling) +o0p(n~ thyy "), which

\M:

o2
n

implies t He claim in (ii) with assumption B3.
n

(iv) & 2 (m3(Xe) — r(@10)? = Op(L3,¢) + Op(5;

(v) (7(z11) — m*(X¢))m7i(Xe)

13(X,)) = op((nhi*)71).

M=

1

M:

2
n
1

w1t) = r(T1e) = opa (Xt)ZKzt( Pa1s) = r(an) + (@) = r(zw) = (@0 —e1)r® (@) (X0)
= [F(z1¢) _T(‘Tltﬂnhdj(xt)ZKlte + 5 Z[nhdj(xt)ZKlt( F(21:) — (xu))]méffnff

+2 212(Xt)m ;Kitei H1+0p(1))

=1
= op((nhz/ *)=1) with similar arguments by bounding the conditional variance.
Results in (i)-(v) above give the claim in (2).

=

25

HM:

I
M:

_2
n

(4) We observe that €0=Yi — 7*(x11) = € — (P (x1¢) — #(x14)). Since 7 (x14) — F(x14) = 15 (1) +
ri(z1e) —r(x1) +r(z) — r(r) = rf (z11) —|— Op(L1ne) uniformly over z1¢ € G1, and recall the definition

of ri(z1¢), we write €; o = € — ZKme (14 0p(1)). By following the proof in Theorem 5 (5),

jl(rl )iz
we obtain the claimed results.
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