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Appendix

Below we list three lemmas that are used frequently and then we provide the proof of Theorems 1-5
and sketch of proof of Remarks 1 and 2. Throughout the proof, ¢ will represent an inconsequential and
arbitrary constant that may take different values in different contexts.

Lemma 1 For second order U-statistic U, = #Z S on(Zy, Z;), where ¢n(Zy, Z;) is a symmetric
t=1i=1
t<i
function of Zy and Z; that could depend on n, and {Z;}1—, is a sequence of IID random variables. Define

0, =1 Z [ 6n(Zi, 2 dP( ) — 3E¢n(Zy, Z;), where P(Z;) is the distribution function of Z;.
Then we have Un —Up =O0p(n"Y(E®2(Z4, Z, ))%)

Note: from Lemma 1 we obtain the following convenient expression.

2232002 20 = Y Y 6ul 2 Z0) + —;; W20 2) = 5323 0u(20, )

tti
= %;f (Ze, Zi)dP(Z:) = E¢n(Zs, Zi) + Op(n= (BGL(Zr, Z:)?)

Lemma 1 is similar in spirit to Lemma 8.4 in Newey and McFadden (1994). Thus the proof is omitted.

Lemma 2 Deﬁne Sn,J(ZO) = %Z?:l Kh( i ZO) (%)J g(U’L)w(Z’L — 20; ZO)) |.]| = Oa e a']a
where Z;,U; are iid, Z; € R'e, Kp(-) = =K (3), and K(-) is a kernel function defined on R'. Here

L i L J1
3= 0oy Gi)s Zi = (Zin, Zigo - Zia)s 20 = (201, 20,2, 204, ), and (£522) = (%) X

Zi _ jlc
- X (chmzc) . Assume

Li. K(.) is bounded with compact support and for Euclidean norm .||,
WK () — v K ()] < exllu—1ll, for 0 < |j] < J

Lo. g(U;) is a measurable function of U; and E|g(U;)|* < oo for s > 2.

Ls. For G a compact subset of R'<, define the joint density of Z; and U; at (zo,u) as f(z0,u), conditional
density of Z; and U; given U; at Z; = zy and Us = as f.,(20). Assume

sup,,cq J 19(w)|® fzu (20, w)du < 00, fu(z0) < 00, and f. u(z0,u) is continuous around z.

Ly. w(Z;—20; 20) 18 a function of Z;—zy and zg. |w( —20; 20)| < ¢ < 00, |W(Zi—20; 20)—w(Zi—z1; 21)| <
cllzo — zk|| almost everywhere.

nhle
Ls. In(n) — O©-

20€G In(n)

Lemma 2 is similar in spirit to Lemma 1 in Yao and Zhang (2010). Thus the proof is omitted.
Comment: If ES, ;j(z) =0, then L3 could be replaced with

L3’ : For G a compact subset of R, define the joint density of Z; and U; at (z0,u) as f(z0,u), conditional
density of Z; and U; given U; at Z; = zp and U; = u as f.,(20). Assume f.,(20) < oo.

hle -3
Then for 20 € G, $up |Sy.5(20) = E(Sn.;(20))] = Ous. ((”—) ) .

Lemma 3 For {Z;}7_, an IID sequence of random variables, we define a third order U-statistic by

—1
n
Un = ( 3 ) an lealeaZ )

(n,3)

where the sum Y, s taken over all subsets 1 < iy < iy < iz <n of {1,2,---,n} and the function V(")
(n,3)

is symmetric in Z;,, Z;,, and Z;,. Define the conditional expectations ¥1,(21) = E(n(Z1, Zo, Z3)|Z1 =

21), Yon(21,22) = E(Wn(Z1, 22, Z3)| 2y = 21,722 = 22) and Yspu(21,22,23) = n(21,22,23). 01, =

VCLT(U)hl(Zl)), U%n = VCLT(U)QH(Zl, ZQ)), Ugn = VCLT(U)gn(Zl, ZQ, Zg)) Let Hn = EU)H(Zl, ZQ, Zg) Then

we have the following H-decomposition



-1
{ wn(Z’Ll;Z’Lz)Z )
(n,3)

(0= 2)S2 3 [Wan(Ze, Z) — $1n(Z0) — than(Z:) +

t=1i=1
&

t<i

1) S

c=1
O(n~lo,).

Furthermore, we have V(H,(lg)) = (

-2 .2

V(HP) = 0(n202,) and V(H) =

+ n(n271)9n

ml)n=2) Ll1n(Z0) = 6n]

9n]—(7§

O(n~

)en

(ot t03,403,)) = O(n~>03

O(n=30%,).

Lemma 3: Proof. The lemma follows from Theorem 1-3 in section 1.6 of Lee (1990).

We find it easy to provide proof of Theorem 3 first as we base the proof of other Theorems on it.

Theorem 3: Proof.

Under the alternative hypothesis, m(z) # p. From the definition in equation (2), we define

%tZl(yt —1n(xy))? Lo Lo
~2 = A2
= 1 —_ — —
R 1" . , so R” = ni Yt — ng ye — M(x))
w2 (e —9) t=1 =
t=1
Since & — & =1 [(a—a)—(i)—b)% , we have
i 3 t—m(T¢ 2
B2_p2__ w Iy (e () 4 Elye=m(@,))
o i (ye—79)2 Vi
t=1
1 — 1 — J
S S _p 2 _ _ z _ E(ye—m(z))”
= T IEuar nE (ye — m(z0))” — E(ye nE Vi) =550
n 2 t=1 t=1
Bl B2
m(x¢ 2 o o2 Tt o (x¢ —
(1) Weshow B, Plgulell® — 453 {Eed (42 — B) — 20 — Bm(w) 5t Bm(a) + Op(n~) .
Note B, Ewe=—m@))®  _ (15~ 32—y WEC @) _ (1§n 2 e ) Eot )
ote b2 Vo) (n;(yt ) (yt)) Viye) (n;yt Y (yt)) Vye)

— By?) )

t=1
we have the claim in (1).

So we only need to show 3 = 23" [y, Em(z;) — 3(Em(z,))?] + Op(n~
t=1

— Eo?(xy)
(7 (Eyt)Q)W} :

— Em(z¢)) + Op(n™"), then

1,



n 2 n n
y" = [% Zlyt] = # Zlth Lz Z Z yty’L = By1 + Bao.
= = =1

First, we note B2; = Op(n~!) since —Zyt L By? < oo by A2.

Second, we note in Baa, ¢ (ys, y;) is symmetrlc. We apply Lemma 1 on Bas. E¢?(yi,yi) = (Ey?)? < oo
since t # i and by A2. [ ¢(w, yi)dP(y;) = ye E(y;), so

S

By =23 [y, yi)dP(yi) — Ed(ye, yi) + Op(n~1) = %iytE(yi) — (By:)* + Op(n™1)

t=1 t=1

[yt(Em(wt)) — 3(Em(z))?*] + Op(n ).

3
3l

2
n
t

From Bs; and Bay we have the claim that 3 = 23 [y, Em(z¢) — 2(Em(z))?] 4+ Op(n™1).
i=1

M=

(2) %t 1(yt —1n(x))? = %XZ: (€2 4+ 2(m(z¢) — m(ze))er + (m(ze) — m(xy))?] = 1 + I + I5.

Note: m(z:) —m(x:) = nhnf(mt) ZIK(I,;“)Q + 2nhn1f(mt) Z%K(m,;“ Ym® (240) (z; — 4)? +wp (1), where

2t = Axy + (1 — A)z; for some A € (0,1), and wy(z¢) = m(2e) — m(2e) — 7 j(mt) ZK( —£)y;, where

Yixe = yi — m(xy) — m(l)(xt)(xi —x¢) =€+ %m@)(xit)(xi —x)2
(1) We show that wy(x¢) = Op(Ry 2(z¢)) uniformly for z; € G, where

Ry o) = I%;K(“h;ft)ywl + I%;K(%)(m““)ywl

Define S, (z;) = ( Son(wt) Sl"(xt; ) with S, () = —— ZK(m}:mt)(mhﬂct )7, and
"i=1 n

Sln(xt) S2n($t "
_( fl@) 0O So(ze)  Si(we)
@)= (07 Yot )= (50 S0 )
Then m(z) — m(z,) = nilln > Wi (555, 1)y, where W (2, 2) = (1, 0)S; 1(z)(1,2)' K(2). So

wa(we)| = ] 30 (Wa (B2 ) — 7 K (252 )y |

ZK(M)%
= i [(LO)(S, (@) — S () -
ZK(“ ) (B )i

L (1,0)(S; () — 5~ (w))2(1, o>>%%(]zwl )y, +]2K<“ ) ().

We use Lemma 2 with A4, and follow Lemma 2 of Martins-Filho and Yao (2007) to obtain wn( 1) =
Og.5.(Rpn2(x¢)) uniformly for x; € G. With assumption A6-A8, we apply Lemma 2 to obtain

n n n _1
R KR = EEKERRG £ LK) = )P = 0wl (32) 1) +

1=1

| /\

Ogq.s.(h}) uniformly in z; € G. Tn asimilar fashion we obtain - 37 K (#4=20)(#5=2t )y, = O 5 (hy, (fhny "2y
i=1 "
Og.s.(h3) uniformly in x; € G. Thus, sup |w,(x¢)| = Oa.s.(hn (7:;)75) + O4s.(h3).
z:€G
(ii) Since f(z¢) > By in A4(1), results in (i) give us
su%hh(xt) —m(x)| = Oa,s,((%) 2) + O4s.(h2).
S
7 1 n 7%
Slé%|m($t) (xt)| = Oa.s. (( lmT{) )+ Oavsv(hi) + Oavsv(hi ( l:ﬁ) )-
So msup |m(z) — m(z)|]? = Ogs (-22) + O, &, nh8) + Og.s. nhi 1(lnn )3y — 0a4.5.(1) by AS6.
\/_M%l (21) (21)] (\/—) (v/nhi) (( )(m)) (1) by

We conclude I3 = o,(n" 7).



—2 5" (n(me) — mlwe))eq

—~
-
=H
=
~—
o
Il

= _n22hn > Z j’(it)K(%)eift - n21hn ;;f(it)K(mi;;mt (@i — xt)2m(2)($it)€t -

= sy + Ipo + In3
n n 1 T;— Tyt 1 Ty — X
Iy =-% K i€+ K ;
- w2 2w TR, S gy S T, e

0 (Z1,2;) where Zy=(a¢,e,).
n 2 n n
= _n22h > I;E?c)t;t o # > On(Zi, Zi) = —Ion1 — Doia.
t=1i=1
t£i
First note: nh,E|Is11| = ZEK(O)@ s0 Ip11 = Op((nhn)™') = OP(TF%) with AG.

flxe) ?
Second, we apply Lemma 1 to obtain

1212 — [%Z/¢H(Zt, Zl)dP(Zl) — E¢n(Zt; Zl)] = Op(nfl(E(bi(Zt, Zl))

We observe [ ¢, ( Zt, ) ( i) = Edn(Zy, ) =0 since E(ez) =0 in A3 and
2 4
€

1
2

2
n

).

E¢; (Zt, i) < clpr By (“ £ )ere E, oy K (B el el

Since - E z(mt)w(mt L)etet = [ iy K2 (0)0® (w0 + hat)o? (w0 f(ae) fae + b)) da,dy)
~ [K*@)dy [(o? ))2d:ct, we have (¢ ,%(zt, )% = O(hn®).

So we conclude I212 = O, ((n2hn)"2) = 0,(n"2) and oy = o,(n~2).

]
s

wn(xt)et

122 = % Z Z [WK(II];It )(.I,L — xt)Qm(Q) (xit)et — mK(mthzml )(xt - xi)2m(2) (xti)e’i]

= #ZZW)n(Zt, Zi) + Yn(Zis Zy)) = %ZZ On(Zy, Z:).
' i
Since (bn(Zt, Z;) is symmetric, we apply Lemma 1 agam to obtain

Iy — Z J 6n(Ze, Z:)AP(Z:) = E¢n(Zs, Zi)) = Op(n~ (EG2(Zs, Z:))%).
Note E(bn(Zt, ;) =0 by A3.
25" [ 6l 2)4P(Z:) = 712 e B(K (522 (a — 0 2m® (1) | 22).

Since U (320 (352 1) 20) = [ K (002 M) o+ )l
— a2:m® () f(x;) for A € (0,1) by A4 and A5,

Zf@% Zy, Z;)dP(Z;) = 0, and

z J 6u(Z1, Z)dP(Z:)) = B s [ B(K (575 (5520 2l ()| Z,)

n

-
I

— E(aKm(Q)(xt))202(xt) < 00, S0 %i [ n(Zs, Z;)dP(Z;) = O (nf%h%) =op(n~2).
On the other hand, E¢2(Z;, Z;) <_c[E1/)2 (Zi, Z:) + B2 (Zs, Zy)).

B2y, Z) = B K (52 (2520 ) ) () oo ()

= L[R2y [(m® (20))20% (@) day < 0o. So n~L(E2(Z, Z:)) = Op(n~1hi) =

With the results above we have Iy; = op(n*%).

n 1
|Ta3] < sup [wn ()| 23 |er| = 0p(n=%), since sup |wy(w:)] = Op(hn (o) %) + Oy

1
2.€G =1 2.€G nn

by A6 and E|e;| < oo by A3. So in all we have Iy = op(n~

=
~—

With (i)-(iii), we conclude that 1 Z (ye —m(z))> =13 e + op(n*%),

= t=1

010(”7%)-

hy,) =



n

So By = %3 (ur = @))? = Bl = m(z,))? = £ 3ot = Eo(@) + o,(n"4).
3 )

(3) It is easy to see that £ > (y — )2 L Viy) >0

, 80 with results in (1) and (2),
=1

= {[%Z( )l (V(yt))’l+(V(yt))’1}{li6?—EUQ(xtHOp(n’%)

—%é[%’ =2 - B7)
= (V)™ +op(V{% i[e — Eo®(x) — BZ =0 (5 — Ey})
(w

+2(u = Em(z) 5 <) Bin(an)] + opln )
= V)G R - B e B0 + o)

— 2y, — Eml(ay)) E&'((%t’Em( o)+ Op(n~ 1)}

02 xT o (x 02 Tt
Let Wy = ¢ — Bo*(x) — S (7 — Ey?) + 25 <<>>Em< )y — Em(z)) = & — Fri5 (g — Bly))*.

Since W; is IID, with zero mean and variance EW?, we apply the Central Limit Theorem to obtain

1 — _
\/HEZWt 2 N(0, EW?), and thus vn(R2 — R%) % N(0, (V (1)) "2EW2).

(4) We show that I(;- 3" (y¢ — (24))* < 5 3 (ye = §)*) = 1 = 0a4.5.(1).
t=1 t=1
Note by Kolmogorov s Theorem and with assumpt1ons Al and A2, we have

}l;(yt g =1 Zyt 7“3 V(y), since —Zy % By? and 72 5 (Ey,)%.

From result (2), 23" (g~ m(e2))? = £ [6 + 20m(w) — mie)e + (i) —m(eo)]
=1 =1
By Kolmogorov’s Theorem again, we have 1 3¢ “5' Ee? = Eo?(z;). As shown in result (2)(ii) above,
=1
sup |m(z) — m(xt)| = 04.5.(1). So
thG
1332 20m() ~ el < 00 (D3 321l = 00 (1), since &3 e %5 Bl < () < o
=1 =1

(m(a) = (a1))? = 0. (1). So we have %Enl(yt — (z))? S Eo?(xy).

NE!

Similarly, we obtain %
¢

Combine results above, we have 2 >~ (y; — )%= 2 3" (g, —(24))* “3 V(yi) — Eo? () = V(m(x)) > 0

(5) Claim: /n(I(-) — 1)R? = 0,(1), where I() = I(%él(yt —1(x))? < %él(yt - 9)?).
Since R? % R? > 0 we only need to show Vn(I(-) —1) = op(1).
By definition  I(% tzl(yt m(zy))? < n;(yt 9)%)
= I(%éﬁ (ye — (x))? — Eo*(x) + Eo*(x) < %él(yt =9 =V(y) +V(y)).

Define the event D = {w : [I(-) = 1] # 0}, A = {w : |%i(yt —m(xy))? — Eo?(x)| > 61}, and B =
1

~
Il

n

{w : |%;(yt — )2 = V(y)| > 82} for some 7,02 > 0. Since V(y) > Fo?(x) under the alternative,

we have D C AU B. From (1) and (2) above, we have 1

(yt m(z))? — Eo?(z) = Op(n~1/?), and

ITM:

%Z (e —9)* = V(y) = Op(n~"/?). So when I(-) # 1,



Vn(I(-) = 1)| = VnI(D) < VnI(D)(I (An) 1(B)).
With event A, /nI(A) = /nl < 5 |\F(%;( m(z,))? — Ea?(x))| = Op(1).

n

With event B, \/_I(B):\/ﬁ1<$|\/_(nt;( —9)? = V)l = 0p(1).

Since I(D) = o0,(1), we have the claimed result that /n(I(-) — 1) = op(1).
By results (3)-(5) above, we have

V(R = B?) = Vn(R2I(-) = R? + R? = R?) % N(0, (V(3)) >EW?).
Theorem 1: Proof.
(a) Under Hy, P(E(y:|z¢) = pu) = 1, so we have m(z;) = p, and thus y; = p+ €, V(yt) = Eo?(z¢)
. L3 (92— L 3 (ye—mh(zr))?
and R? = 0. Recall the definition of R? = —=! —= =1 . We have from proof of Theorem
=2 (yr—9)2
t=1

3 that 1 Z (ye —9)* 2 V(y) = Eo?(x;) under H.

"=
(1) As in result (1) of Theorem 3’s proof,
¥ =

)
%;ytEm(xt) — (Em(z))? + Op(n~

n
D= 2+ 23 e+ Op(n ), s0
t=1
S - )P =L - = L () — P
t:lyt 4 _"t:1yt y—n:,u K 4
n n
= wEnipatynd -0+ R et Opnh) = 5

-z + 1 i = ()2,

S

M=

€ +Op(n™1).
1

n

(2) 7 2 (g —1i(xe))* = %

t: = t=1

I
[w)}
o
+
BRI
M=

’€

n 1 = K(L*It)
1 i — nhp Z hn
m(xt) — U= TZWH(‘I h Tt , xt)ei _ e/s;l(xt) " i=1
in = n nilln ;K( ,;If)—mlsz €
. n R n n - o 1
()50 2350 (en))e = i £ 2 @)K (Eaer | ania |
=1 t=1i=1 .

SOn(xt) Sln(xt)
Sln(xt) S2n($t)

Sin(ze) = h ZK(Q” ) (e mt) j =0,1,2. We apply Lemma 2 to obtain sup|SJn(3:t) ESjn(z:)| =

. €G

Oavsv(("h )~ %) w1th assumption A6 and A7. Furthermore, ES;j,(z:) = [ K@) f(ze + hptp)dyp —

inn
f(zy) [ K(¢)¢Idyp uniformly over z; € G with assumption A4. So sup |Sjn(z¢) — Sj(z¢)| = 0a.s.(1).
z:€G
With similar arguments, sup |5, Yxy) - S;l(xt)| = 04.5.(1). So we obtain
z:€G

Recall the result in (2)(i) in Theorem 3 that Sy, (z:) = [ ] Define

25— ilo))e = e £ SIS (o)~ 57w + 57 K (e | na |

= Wk iZe’S o) K (%5 mt;m[ mhi ](1+oa.s,(1))

t=1i=1

= nz i i i) K(% hnmt)eiet(l + 04.5.(1))

i=1

= [~ n22hn Z f'(gct)K(())e% - n22hn Z Z f(ict)K(mil;mt)eiet](l +04.5.(1))

~
Il
—

ey

= [Aln + A2n](1 + OavS»(l))
where 0, 5.(1) above indicates the term of smaller magnitude almost surely.



() 00— m(e)? =33 [ w0 ok ERER | st H
since xs:é%wfl(xt) — S7 (@) = 0a.s.(1)

- n3h2 ZZZ . _nxt)K(xjf;xt)eiej(l + 04.5.(1))

Ni=1i= 1]1

I
() Whent =i =j, I = = f2(1xt)K2( )€z, Since |EL Z 7 (x €| = B3 (Itg < oo with assump-
tions A3 and A4, I = Op,((nhy,)™2) = 0p(n™1).

(b) When ¢ = i (or ¢ = j), [ = 25 933 oo s KOK (52 )ity = 235 Y2n(20.2)
1] 1]

where Z; = (x4, ¢;). We apply Lemma 1 on

W = 5SS 0l 2) (25 20) = 5305 0021, 2)

t=1j=1 t=1j=1
t#j t#j
Note [ én(Zs, Z;)AP(Z;) = 0 and Eén(Zy, Z;) = 0. So nhil = Op(n~ (EG2(Zs, Z,))%).
B2 (Z:, Z;) < cEw(zt, J) = 1 K2(0) Bk K25 e
— $K%(0)Egs(iy o) Yay) [ K2 (¢ d1/) < oo with assumption A3 and A9.

So we conclude nhil = Op(n™') and I = o,(n1).

(¢) When i =j but t #£4, [ = n’*lh% 2:12:1‘)"2(1xt)K2(xi];xt)612 = A,.
t=1i=
tohi

(d) When indices ¢,¢ and j are distinct, we let ¥, (Z;, Z;, Z;) = h2

2(1xt)K(xih:th )K(xj];xt )Giﬁj,
I= neZZZ#%(Zt,Z“Z):% ZZ(wn(zt,zl,z)+¢n(zi,zt,zj)+¢n(zj,zi,zt>>

=li=1j5= =li=1j5=
t#i#] t#£i#] bn(Z1,Z:,Z5)
= % ZZZ 2¢n(Zt;Zi;Zj); ¢n(Zt;Zi;Zj) iS syrnrnetric.
1=t<i<j=n
1|6 n\ n\
= 3 [ n3 — 3 + 3 ZZZ (bn(ZtaZi’Zj)
1=t<i<j=n

1 —1
Since % — ( g ) = O(n™%) and we note U,, = ( g ) D20 ¢n(Zy, Z;, Z;) is a third order

1=t<i<j=n
U-statistic. We use the H-decomposition in Lemma 3. E¢,(Z;, Z;, Z;) = 0, E(pn(Zs, Zi, Z;)| Z:) = 0,

and
E(pn(Zy, Ziy Z)| 2y, Zi) = E(Wn(Zey Ziy Z5) + on(Ziy Ziy Z5) + ul(Zj, Ziy Zi)| Zis Z)

= %E(hnj%(m])K(xll;x] )K(It};x] )|Zt; Z’L) = ¢2n(Zt; Z’L);
So U, = ﬁ;;@n(a, Zi) + Op(H). Var(HY)) = O(n=303,). 03, < 3cEV2(Z1, Zi, Z)).

t<i
B Z025) = Bt KRR (200 )0 o) — ([ K2 0)dw? sz < oo with
assumptions A4 and A9 So 02, = O(h72). Var(H)) = O(n3h;2) = o(n=2), and thus
Un = 7= 1)2 Z¢2n(zt, ;) +o(n~t) and I = mx&a[dbn(zt,zi)+¢2n(Zi,Zt)]+0(n71)-
t=1i=

t <1 t<i
We conclude that




3=
M=

(0 = @) = A1+ 00, (1) = 7y 35 3~ 030 20) + 6302 Z0)] + 001+ 00..1)
t<i
t=1i=1 J

t=1

t<i

+Eﬁ_ffE(hnf%(mj)K(mt;;mj VK (550 Zis Z1)](1 + 0q.5.(1) + 0p(n™1)

= Azn(1+04.s.(1))+ O;D(nil)
We summarize the results obtained in (2) as

1Z(yt 1(21))? = (An + A1) (1 + 0a.s.(1 )):%X:I + (A2n + Azn)(1 4 0a.5.(1)) + 0p(n ™).

A, and Ay, are the bias terms. We focus on As, and As, to determine the asymptotic distribution.

n n

(3) Az = 7k 3o S [(~2) 7 K (B )eier — 2575 K (2572 )ere).
t=1i=1
t<i

Azn = [m - m + ]i: Xn:[(b%z(zt; Zy) + ¢pon(Z;, Zy))

<1

— (O ?)+ 4] ;1 ; (bon(Ze. Z:) + San(Z:, Z)] = %g ; (b2 (Zes Z5) + ban(Zi, Z0)] + 0p(n—Y),

since Az1n, = # > Z [2n(Zt, Z;) + Pan(Z;, Z1)] is a second order U-statistic in Lemma 1, we easily obtain
—li=1
! t<i

Asin = Op(n=Y(E#3,,(Zs, Z; ))2) as ¢ has conditional mean zero as in Assumption A3.

Furthermore, h E¢2n(Zt,Z) = 1 EO’2( ot (z )[Eh jl(m )K(Iihﬂ”j)K(g“hﬂcjﬂZt,Zl-)]2

= [ o*(x)o®(wr — hntbr) fK K1 + V) s=nromy W1 f (@) f (2 — hntpr)dinda,
— [K2(¢r) d¢1 3;;» < 00, $0 (Eqb%(Zt,Z))z = O(hn?) and Asy,, = Op((n2h,)~ 7).
Aoy + Asrn = 2h 2:12:1 [( ) )K(mi};mt eier — 2@[{(%};& )ere;
t<i

+€i€tE(h 7205 )K(mi];mj)K(mt IJ)|Z¢, )+ ftflE(hnf%(mj)K(mt];m]‘)K(Ii};mj)|zi,Zt)

t=17=1

t<i
= —nzlhn > Z¢n(Zt, Z;).
t=1i=1
t<i
Since ¢, (Z, Z;) is symmetric and E(¢,(Zt, Z;)|Z:) = 0, Ag, + Az, is a degenerated second order
U-statistic. In the following we show
(i) = B2 (Ze, Z) — 22B50E0 (4 [ K2(6)dwo + [ k2(6)do — 4 [ K(0)r()di)] = 202,
(ii) Eqbfl(Zt, Z;) = O(hy).
(111) For Gn(Zl, Z2) = E((bn(Zt; Zl)¢n(Zt; Z2)|Zl, Z2) we have EG%(Zl, Z2) = O(h%)
EG2(Z1,Z2) _ O(h3) LE¢L(Z:,2;) LO(hy)

From (i)-(iii), we have FE iz 70z = ondy — O, and trerizozE = “ouzyr — 0, which is condition

(2.1) in Hall (1984). So we apply Hall’s Central Limit Theorem to have

nh (Asn + Ag1n) 5 N(0,02).

() E¢2(Zy, Zi) =  EV2:(Zy, Zi) + EV2(Zi, Zy) + EW2(Zy, Zi) + BV (Z;, Zy)
+ 2E¢n(Zt; )U)n(Zu Zt) + 2E¢n(Zt; )U)/ (Zt; ) + 2E1/)n(Zt; 1)¢;(Zu Zt)
+ 2E¢n (Zu Zt)w/ (Zt; ) + 2E¢n(Zu Zt)wn (Zu Zt) + 2E1/);1 (Zt; 1)1#;1 (Zu Zt)
With assumptions A2, A3, A7 and A9,
LE1/)2 (Zta 1) = ﬁsz(ZU Zt)

= A B K502 (0:)0% () — 4 [ K2($)dpESE < oo,

2(96)



=B (2, Zi) = LEW(Z“ Zy)

_ 1 EO' ( ) 2( )[Eh T )K(mil;mj)K(mt];mj”Zt,Zl_)]2_>fﬂ2( d1/)EUJ¢((;t) < 00.

With the assumpt1on A7 that K (- ) is a symmetric function, we obtain
2B (Ze, Zin(Zi, Z4) — 8 [ K2(4) dw on o) 2 B Ze, Zi0(Ze, Zi) — —4 [ K()k()dE }4&3)’
2 EU)n(Zl, Zt)T/)’ (Zl, Zt) — 4fK )dU)EUj((;:)), . Ed/ (Zt, 1)1/141(2“ Zt) N 2fﬂ2(1/))d1/)E3((;t),
%Ewn(zt, D (Ziy Z2) — —A [ K ()k()dy ”&3)’
%E‘/’n(zuzt)%(&, i) — —4 [ K( 1/) (V)dpEZ *(we)
S0 ﬁE@Qz(Zt, Z;)

flxe)
— 2U¢.

(i) BEo:(Zy, Z;) < c|[BYE(Zy, Zi) + EYi(Zi, Zi) + EViA(Zy, Z;) + EY'X(Z,, Z;)] by ¢, inequality.
L Bi(21.2) = 2 BUA(Zi 21) = 18 B el KA (22 B el o) Bl )
< 16Cl*7j4(gcﬁ)K4(9“ mt) by assumption A9,
— 160fK4 dwf jg(m d:ct
ﬁEU)#(Zt, Z;) = ﬁEU’#(Zu Zy)
= nBlE(e]|i) E(ef o) By K (B2 K (F57)| 2, Z0))1]
< e BBy K (55 ) K(%5)| 20, Z;))"] by assumption A9,
—c [k W)dy [ %dmt.
So we have E¢(Z;, Z;) = O(hy,).
(ili) Since Gn(Z1, Z2) = E(dn(Zt, Z1)¢n(Zy, Z2)| 21, Z2)
= E{[Yn(Z, Z1) + Yn(Z1, Zy) + 0y (Ze, Z0) + )y (21, Z4))
X[pn(Ze, Z2) + (22, Z1) + Uy (21, Za) + (22, Z0)]| 21, Za}
= Gi+ G2+ -+ G
EG?%(Z1,Z5) = E|[G1+ -+ + G16)> < {EG? + EG% + - - - + EG34}. Let’s consider
ar BGY = E{E[wn(zt, Do, 22)| 2, 2]}
= 1 i {0 (21)0% (22) [ B oy K (B0 ) K (5355 )0 () |21, 22)]%}
— 16fa T1 d:clfAQ(U)l)dd)l.

We follow similar arguments to show the other terms in EG?2(Z1, Z3) = O(h3). So we have the claim
in (ii).

(4) Combining results in (1) (3), we conclude
b (335 (= 57 = 35 (= ne))? + (A + An)(1+ 00 (D)} 4 N(0,02).

Since %t;(yt — )2 2 Eo?(z,) > 0, we have
nhd LR 4 1LY (9 — 917 (An + A)(1+ 000 (1)} % N0, (Eo?(a)) 2 o3)-

~
Il
-

We follow the proof in Theorem 3 to show I(-) = I(+ > (y, — y)? > %

t=

(ye — m(z4))?) & 1. So

AR+ 1O S (50— 57 (An + A1) (14 000 (D)} 4 N(O, (Bo?(20)) 20%), and T, 4 N(0,1) as

desired.

I

For Theorem 1(b), it is sufficient to prove the following results:
- 1 - 1 N
(i) A, — A, = 0p((nh2)™1Y). (il) A1 — Arn = 0p((nh2)™1). (iii) Vi — Vi = 0,(1).
(i) Note under Hy, y: = p+ €. We estimate ¢; by €, =y — 7. So & —e = (yr —§) — (yr — ) =
_ _1 ) 2 ; ; .
u—79y = Op(n~2). Also note: su%|f(3:t) — flzy)] = su%|f(3:t) — Ef(xy) + Ef(x) — f(z¢)|- Since by
T €

xt€
Lemma 2, sup |f(z:) — Ef(z:)] = Oas.((222)%). From Theorem 3, we have Ef(z;) — f(x¢) = O(hn)
x:€G
uniformly over z; € G. Let L, = (l"")z + hy. Then sup |f(z¢) — f(z)] = Op(Ly) = op(h,%).

z:€G
sup | f(w:)—f(we)]
2 €G

Furthermore, sup |f~!(z;) — f~'(z;)| < 2% ———— With assumption A4(1), inf f(z;) >
a:€G Ll @) il f @) 21 €G




mitgfc(f(xt) — f(z+)) +miggcf(xt) > 0, since mitgfc(f(xt) = flz)) < mstté%lf(xt) — f(zt)] = 0p(1). So we also
have sup |f~1(z;) — f~ 1 (x:)] = Op(Ly).

z:€G
Ay —An= o ;;K2(fi,;mt)[f2 gxt) — )& — &€ + &+ mmm t; 21 R (2te) ol (& — )
g T
= L +1
I < Op(Ln){ 5z tz ZKQ(IF“)G + Z ZKQ(I““)l(é + )& — )}
_t;azl t;éz
With Lemma 1, we easily obtain gh2 Z ZKQ(“*“ €2 = Op((nhy)™").
=li=1
t#£1
iy 5 2 K — et 2606 - o)
t;éz
< i X L KAEEE @ - ) + iy X VI ()| - el
t#i t#i

= Inh+hLhs= Op((n%hn)’l),
since I11 = Op(n~)Op((nhn)™") = Op((n?hn)~") and iz = Op(n~2)0p((nhn)~") = Op((nFhn)7?).
Given the note above, we have I} < O,(L,)O,((nh,)™') = 0,((nh2)™1).

12: n'alhz ZZK2(II mt) 2(It)( '—61)( €5 61—|—261)

n

1 nt;éln 2 i — 1 ~ 2 1 AL 2 i — 1 ~
= T tZlZlK (Z72) D) (& —e)* + TR tzl ZlK (Bame) o & (€ — €;)2¢;
=l1= =11=
t#i t#i

= I+ Iy = Op((n¥hy) 1) = 0,((n hi)- Y, L 3
since Ip; = Op(n=")Oy((nhy)~ ) Op((n?hn) ™) and Iny = Op(n™2)Op((nhn) ™) = Op((nZhn)™"). So
)-

we conclude A, — A, = op((nhn) L

() A = A = = S50 — 7 KO@ =+ ) = o e @ - )
= o ((nh%)*l) with similar arguments.

(iii) Given assumption A2 that V(y) = Eo?(z) > 0, we easily obtain 23" (y, — 7)? % Eo?(z). Thus
=1

(L5 (g — 9)?] 72 & (Bo?(x)) 2. So to prove Vi — Vip = 0,(1), we only need to show

t=1

- non . e2e2 o (%t
(1) 3 2 DK ity & B = [ oo snd
t#i
1o Ti—xy ge 1Ny Li— Ty cief
(2) FZZK( hn )h jz(mt) _FZZK( hn )h f (mt) (1)
t=1i=1 t=li=1
t=£i t#1
n n . 22 non D&
M #152:12:1[{(9631" Vit = %;1211/) w2 2 ):%22(‘/’"(2“ Z) + (2 21))

t#1

On(Zy, Z;), where Zy = (x4, €;) and ¢, (Zy, Z;) is symmetric.

|l
=l
|l
=l

I
§|~
o
M=
M=

H
wﬂ
“'i“ﬂ-
I

= 1Zf¢n (Zy, Z;)AP(Z;) — $E¢n(Ze, Z;) + Op(n~Y(EQZ(Zy, Z Z:))%) by Lemma 1.

%Eqﬁn(Zt, Z) = Evn(Zi, Zi) = 7= [ K(52)02 (2:)0% (20) L5 oy,
- [ot(zy)dwy.

10



hnBQ2(Z, Z:) < Ahn BV2(Z1, Zi) = 3 [ K2(25720) E(eb|23) E (e} |20) L0 L5 daydy
2 4
— 4 [K*y dwE( 70 tl)))<ooby assumption A9.
Since £ % f¢n Zta ’L)dP( ’L)) = (¢H(Zt;Z’L)) - 2E¢H(Zta IZU Tt dCCt,

v<%if¢><zt, Z)AP(Z:)) = LV ([ ¥u(Ze, Z)AP(Z:) + [ n(Zs, Z0)dP(Z:))

t=1
< SEYN(Ze Zi) = Ol57), so V(%Xn: [ én(Ze, Z:)dP(Z;)) — 0.
1

2

Since O, (=M (E¢2(Zy, Z)}) = Op(n~"ha®), s0 & 32 3 K(25720) = 2 [ 0% (2, )day.

n R
t=1i=1
t#i
(@) Y YK (EE) S - Yy K (e e
n? La o O I R e o b/ o f2(wt)
t#£1 t#£1
1 SA N~ 11 1 Ci—w V2222 | 1 NN~ 11 Ti—w (2222 _ 2.2
= X Xnlpey ~ Pl KORMES + 5 2 Y pay KR M(EE — )
t=1i=1 t=1:=1
t#i t#i
= o,(1).
n n
Given assumption A8, we have #;;&ﬁf2(1m)K(%)|ei|l|et|m = O,(1) with the application of
t#i

Lemma 1 for [, m = {0, 1,2}. Furthermore, sup |j(m ) @| = O,(Ly).

22-2 2.2
€€ — €j€;
2.2

= (EG—e+6)E—e+e)?—é et
= (& — €)@ —e)?+ (6 — €)% +26(6 — €)% (€ — €1) + €2 (61 — €1)® + 2€4(&r — €1)€?
+2€;(€; — €) (€ — €)? + 2€;€2(€; — €;) + deier (€ — €;) (6 — €1).
Since € —€; = Op(n*%), we obtain the claim in (2).
Theorem 2: Proof.

1. The asymptotic local power of the test is examined with the sequence of Pitman local alternative:
Hy(ly) : m(z) = p+ 1, D(z). Since

(ye —1(21))? = —Z(/H'l D(x¢) + e — m(x))?

t=1 =1
deitn Z(# + I D(wy) —m(xr))er + 5 Z( InD(x1) = 1n(21))?,
=1

we establish the followmg results under Hy(l,,) w1th ln =

NE!

n

3

:I'—'

M:

D(x) (D) — E(D(x1))) + 0p((nhid) ™).

—~
—
~—
3=
NE
—~~
<
I

~
Il
-

1

SR =iy
(1 + D) — in(we))er = op((nhd) 1) + —z (1 — 1)
(3) 332 (0 + LuDlar) = n(w0)* = 0,(nhf) 1) + 3 32 (0 = ().

Given the results in Theorem 1(a), and < 3" D(z,)(D(z;) — E(D(z))) L V(D(x,)), we obtain the claim
t=1

—~
K
SIS

H-M:

31
-
~
Il

3=

in part 1 of Theorem 2.

(1) With result in (1) Theorem 3, we have > = %i(u + 1, D(x) + e)(p + W ED(xy)) — (p +
LL.ED(z,))> + 0,(n"Y). So .
9P = L3 (4 D) + ) — P

3=
NE
—~~
<
I

= 2 ; e 4 2 ; el(D(x1) — B(D(z,)) + = ; (1 + 1 D(@)) (D) — B(D(x))
a4 L ED(0) Y 3 (ED(w) = Dlan)) + Opln™)
Since E%élet(D(xt)—E(D(xt ) =0 and nV(%élet(D(xt)—E(D(xt)))) = E(0?(x)(D(x)—E(D(x¢)))?) <

11



50 by assumption A10, 23" e,(D(x1) — E(D(21)))) = Op((nhi )% % n=%) = op((nhi) ).

t=1

Similarly, (p + L, E(D(x;))) Xn: (ED(z¢) — D(x¢)) = op((nhé)*l). So we have the claim in (1).

=1
(2) Since m(z) = p + I, D(x¢), we follow Theorem 1(a) to have
m(zy) —m(z) = - Z%Wn(mi;;ft yx)(Yi — = b D(xr))
o L K () (D (i) — D(x))ln + €3)
— G/Sgl(.ft) 121
o ;K(%)(%)((D(%) = D(4))ln + )
23 (1 + 1 D(@e) — 1ifae) e
=1
=~ 2 S @) K(575) (D (i) — D(ar))er | aima,
t=li=1 Fin

|
3
:',"w
3
=
=
m\
3
—
—
8
-+
S—
I
8
>
8
N
S~—
™
™
-
| — |
8
| =
8
N
—_

~+

3
—
S
Il
-

— m($t))€t.

fon
+

SN

(lyg/
=

To obtain the claim in (2), we only need to show I = op((nhé)*l).

Since sup |S-71(3: ) — S;l(xt)| = 04.5.(1), we follow Theorem 1 (a) (2)(i) to have

L= -2 ZZ,(l K(#=2)(D(2;) — D(@¢))er(1 + 04.5.(1)) = I21(1 4 04.5.(1)).
When t = 4, 121 = 0. So we have
o= % Z Z e K (B2 (D(xs) — D(@e))er = =% 32 > bn(Zs, Zi)
t=1li= j( ) t=1i=1
t+i t#i
= =2 2 a2, Zi) +0u(Zi, Z4)) = =75 22 32 ul sy Zi)

t=1i=1 t=1i=1

t#£1
= _%tlef(bn(ztazl)
by Lemma 1 since E(bn(Zt Z;) = 0.

- f n
E(liaﬁn(zt, Z)dP(Z)) = 0,
zm (Ze, Z)AP(Z:)) = L [ T2 [ K@) (D(w: +hot)) = D(o)) f (s + hat))dii2da, = o(n ).

I'7
h E¢>2<zt, ) < Ahn BY2(Z1, Z0) = [ 553Dy + hnth) — D(a2))20> (1) f(@0) f (1 + hnt)dipdazy — 0.
) = op«nhzr ) and I = o,((nhi)~).

So 121 = OP(TL 2

(1 + lnD(x¢) — 1iu(z))?

—
&
3=
M=

= 15 s SRR, (D(xn—D(xtmen( )

= e )+ ity 323 3 ek K (2 KD = D) (D) — Do)
oz ;;gj Py K (B K (521, (D) — D(x))eg
i 20 3 3 et K (S K (D) = D)1+ 0. (1)

= %é(u—m 24))? + I31 + I32 + I33

12



Since I33 is similar to I3z, we show (i) I3; = op((nhé)*l), and (ii) I32 = op((nhé)*l), which are sufficient
for the claim in (3).
(i) We note when t =i = j, 137 = 0. Similarly, when ¢t =4 or t = j, I33 = 0. So we consider the case

when i = j, but ¢ # i. Since 7+ = —r, we only need to show Il'*Tl = 0,(1).
I nh2
o= eI tZ:lZ:lf2(1mt)K2(m1hnmt)(D(fEi> — D(w,))? = Iy
it

n o n 1 Ti— Tt

Iy = = K*(= D(x;) — D(x;))?

311 n2t§1§ hnf2($t) ( hn )( ( ) ( t))
t#i
n n Yn(@iee) n n

= Qlﬁga(wn(xtaxz) +¢n(xlaxt>) ;?tzzlle(bn(xt,xl)

Smcef(bn X, T;)dP(x;) f 72 (mt)KQ(d))( (zi+hptd)—
(xt +hn1/)))2d1/), Ef (bn xtaxl)dp(xz) E(bn(xtaxz)
hn B¢, (x4, 0:) < Ahn BY7 (20, 2:) = 43 By )K4(m1hff )(D(:)—D(x4))* — 0, Op(n~ (E@? (24, 3:))?) =

op((nhé)*l), and V(¢ (24, 2;) = o(h, '), so by Lemma 1, we have

< D)2 ()it [ et K2 (6) (D ()~

l — 1 L
i = £ [ bl )P () = 3Eon(r) + () ) = o,(1).
=1

So we have the claimed result that I3; = op((nhé)*l).

When t,1, j are three distinct indices,
non on 1 T;— T;—
Iy 1 K(Z—YK(Z—Y(D(z;) — D D(x;) — D
b= B33 5 s KK (D) — D) (D) - D)
e Y (wermi25)
= 3}?2 Z Z Wn(xt,xu%) +1/)n($uxtaxj) +1/)n(xjaxuxt)] = 53 ZZZ 2¢n($t;xuxj)
t=1li=1j=1 1=t<i<j=n
t;éz‘j On(Te,i,25)
=1 ( 3 ) S5 (e, zi )1+ O ) = Ha(1+ O(n~)).
1=t<i<j=n

I511 is a U-statistic. We consider the H-decomposition in Lemma 3 and write
I = 23 [2¢n(xs, w5, 25)dP(2:)dP(x;) — 26, + Op(HY + HY).
t=1

On = 6EYn(ze,2i,25) = 6 [ 5y K (1) K (¥2)(D(xe + hatr) — D(we))(D(we + hatbz) — D(e)) f(ae +
hothr) f(xe + hptbe)daidiprdips — 0.
E[[ 2¢n (2, i, x;)dP(z;)dP(z;)] = 6, — 0. Furthermore,
nB([ 200 (e, 25, 25)dP (2:)dP(x5))* < AhZE(6 (4, 73, 2;5)) < dehf B3 (24, 74, 7))
= e [ gy B2 (1) K2 (Y2)(D(e + hatfr) = D(@e))*(D(@e + hatbz) — D(x4))?
X f (@) f(wr + hnt1) f (e + hntpe)dzidipydips

— 0.

f2¢n (zt, xi, 25)dP(2;)dP(z4)) = o(h,?). Since nhZ — oo, we have
3 Z f2¢n x4, Ti, xj)dP(x;)dP(x;) — 26, = 0,(1).
V(H <2’> O(n~203,), V(H) = O(n=303,). 03, = V([ 20n (e, i, 2,)dP(x))) < cBG2 (w4, 7, 75), 03, <
CEQ? (wr,xi,15) = o(hy?), V(HYY) = o(n=2h,?), and V(HSY) = o(n=>h;?), so Op(H + HYY) =
1
0p((nhy)™1). So we conclude I311 = 0,(1) and I3; = o,((nhZ)™1).

(ii) With similar arguments as (i), we apply Lemma 1 and 3 to obtain I3y = op((nhé)*l).
With results in (i) and (ii) above, we obtain the claim in (3) and the claim in part 1 of Theorem 2.

2. We follow the proof in Theorem 1(b) closely. It is sufficient to prove the following results:

13



(i) Ap — Ap = 0p((nh2) ™). (ii) Arn — Arn = 0p((nh)™1). (iii) Vo — Vi = 0p(1).

Note under Hy(l,) : yr = p+ lnD(x¢) + €, s0
G—e= (-9 — W—pn—1,D)) )
(i) As show in Theorem 1(b),

An = An = ﬁ;;m(miﬁt”ﬂlﬂ) ) (6 — € T €1+ mhr ZZKQ(%ZM e 6~ €]
t#£1 t;ﬁ’L
=1 + I2
I = OZD(L"){n31I12 Z:IZK%L —£t)e? + %hz ZX%K2($’ )] (& + €:) (& — )]}
t#£i t#£1
With Lemma 1, we easily obtain gh2 Z ZKQ(QC mf)52 = Op((nhy)™").
1i=1
t;éz
Ttk
< —n’*lhi;;KQ(m};“)(gz — 61‘)2 + ngi%;ZK%mh;nrt”(gl — €)eil
e =
= I+ Lo
_ n n I li n n S
L= Oyn 1)@;;1(2(%—"” —ngh%;;K%—hn )(D(x;) — ED(;))?
_t;él_ b
+0,(n"7) 3 ZZKQ(I’ ~)(D(x:) — ED(x))
t;ﬁ’L_

= Il + Lo+ Tas

We can show that T = Op(n~2hy1), fiaz = 0,(n~2hy %), and Iz = Oy(n~2hy%). So L =
Op(n~2h ') = 0, ((nhi)~ 2
Ly = Op(n~ ) n3RZ Z

A2 el + iy 3 32 K3 (52| (D) - ED(w)e

t;éz

s.ﬂ[vj:

= Lo+ L.
We can show that 191 = Op(n*%hgl) and Ij90 = Op(n*%h;%), So I15 = Op(n*%h;%),
S0 Iy = Oy(Ln)Op((nha) 1) = 0,((nhi) ).
With similar arguments, we have I, = op((nhé)*l). Thus, A, — A, = op((nhé)*l).
The proof of (ii) and (iii) follows from Theqrem 1(b) in an analogous fashion.
Theorem 4 Proof. Recall the definition of 7T}, in section 2,

nhi (A%41(L =) 2% 3 (e—rin(e0) >“1#A"2}
~ Z (y¢—9)

T, = —
V' Vr

From Theorem 3, &2 % R? > 0 under H,. From Theorem 3 proof (4), we know (A (e —9)?* >
t=1

n

%z( 1(z))?) 2 1. Tt is also shown that 23" (y, — 5)% & Eo?(z,) > 0.

Iljnder Hy, yo = m(xy) + €, 0 =
e—e= (4 =9~ (e —mlze)) =mlze) — B(m(ze)) + (E(m(z)) — 9)
= m(xr) — E(m(:)) + Op(n~7).
Following the proof in Theorem 1(b), it is easy to see that
Ay = s N S KA = Oyl(nha) ™). Ary =
tl;azz !
prove Theorem 4, we only need to show Vi's probability limit is positive, since

j(mt

14
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T, = {nhZ[R? + Op((nhn) " H)]}O,(1) — oo at rate nhi, as R? > 0 under Hy. So P(T, > ¢n) — 1 for

1 .
any positive constant ¢, = o(nhg). Thus the T, test is consistent.
It is suﬁicient to show

t;éi
P B (U%(It)) +E ((m(mt)*f(gl(mt)))él) +2F ((m(mt)*E(m(It))2U2(mt)) , which is positive.

f(zt) flas f(zt)
Theorem 1(b) (iii)(1) shows =3 > > m (B )eq e L E (‘T;(Sit))). So we only need to show
t=1li=1
t#i
L3S A K(ERE - LY S K (B
t=li=1 t=1i=1
t#i t#i
m(xs)—E(m(x 4 m(xs)—E(m(x 2U2mt
— op(1) + B ((teazBlatz)) +2E(< (e=Bnr)Po’ e
L i — Tt E2Et E?Ef
#;Z&K(IIT)W ZZK( ey e
& e
= XYl - A KA + L Yt K@ - 6
t#1 t#i
Note su%|j( ) f(mt)| Op(Ly), which implies
T€
#; ;ﬁ[ﬁ(lmt) - f2(1mt)]K(mi,;mt)e2ef = 0,(1). Following Theorem 1(b)(iii)(2), we have
b
=55 K () @ - 3l

= 2l L ey B EEIE — €)@ — ) + (& — )6} +26(6 — €0)*(& — 1)

n

+e2 (6 —€)? + 2e(€ — €1)€? + 2€;(€; — €;) (€ — €)* +

+ 2¢;
= #ZZhifz(lmt)K(mlh—ft)(fz_fz)Q(Gt_ft) ZZ}%

€7 (€ — €) + deier (6 — €i) (6 — 1))

K(®52) e} (& — €)?

"’n_lz D hL f2(1mt)K(%)612(gt —e)?+ op(1),

with Lemma 1 and & — e, = m(x¢) — E(m(z)) + O (n*%). Consider
o > e g K () (& — €)? (& — )’

By Lemma 1, we have
I= #X%Z(wn(xt,xi) ¥ (5, 1)) = QLZ
t=1i=1 =1
14 .
= 32 [ dulwr,2)dP(@i) — §ESn(wr, 2i) + Op(n~ (B} (w1, 2:))?)
t=1

E(f (1, 2:)dP(:)) = E(n (0, 31)) — 2B (el

Tt

BB (63 (00, 00)) < 4y B3 (w1, 1)) — 4 [ K2 ()dup (el ) < oo, so

(xtaxi)

sﬂM:

15



Op(n~ Y (E¢2 (w2, x;))2 2) = Op(nflh;%). Since V(%élf(bn(xt,xl)dP(xl)) = O((nh,)™1), we conclude

[P E (mm) E<m<m>>>4) So

n n x> (@) — E(m(ze)))
35 e K26 02 - ) = 0y () 4 £ ({2t plmea)
t=1i=1
t#i
15Nl 1 T\ 205 )2 — (m(mt)fE(m(mt)))zoz(mt))
Similarly, we show n2t;h;hn f2(mt)K( o Jer (€ — €) —Op(l)—l-E( e ,
t#i
n n Ti—T¢ ~ m(xs —E(m Ty 202 Tt
35 e K (S — e = oy(1) + B ((nie=Bpe oo

t#£1
Combing above results, we obtain the claim in Theorem 4.
Theorem 5: Proof Recall the definition of

nh3 (A2 —1(L z<et 0)?>1 z<e* ») >—A;(*f—)} LS (er,)? N n
Tr = — "=t Jfor R?* = 1 — ﬁzli I(%tZl(fi‘,o)Q = %tZl(ei‘,b)Ql
s 1 €* )2 = =
Vv n;( o)
Rz*

To prove the Theorem it is sufficient to show that given W = {z;, y; }1 4,

(1) %;( T0)’ =2 Z(et) +O0p(n71).

Since %;( ) = %Zl( m*(xy))? = %;(62‘)2 + %;(y — " (z¢))ef + %; —m*(x1))?,
(2) we show %;(g — i (@))er = (AT, + A3,)(1 + 0p(1)), where Af, = — =2 ) £ (e)?, and

A;n =T 2hn Z Z j(it)K(miimt)fffr
t=1i=1
t=+£1
(3) £ 3 (-1 (20) =45 (140,(1)) = A3, (10, (1) b0y (n 7). 45 = i 35 3 by K3 (25520 (),
i

K= 323 b KO 206 = by 35 B2 K (50 ey
Jj=1 =1li=

LA s 1<
"‘%E(K(mthf] )K(mlhnm] ) f2(1mj) |, 24)] + 0p(n~ ).
Results (2) and (3) above imply
%Z (€)% = (A + A7) (1 +0p(1)) = %Z( D+ (A5, + A5,) (1 + 0p(1)) + 0p(n 7).
on

)(S:;)f 4 N(0,1), where
B 356020, 2007 W) = n2hi7'03 + oy(a—hi), and

(4)

(4
(Sp)? =

t<1
ol 7)) 2
2h [ j(mt)K( Ihn t)e;‘er = Flzs )K( th 1>6t61

Ti—X; Ti—x;

+frftE(hnj2(mj)K(mi;;mj)K(mt m])|$taxz) +€ie; E(hnj?l(mj)K( T JE( T @, 23)].
Combining results (1)-(4), we conclude

_nhi 1 z<eto> —%§<e;‘,b>2+<Az+A;n><1+op<1>>}iN(O, 1).

nh2 S*
Since %;(e;)o)z’ L Eo?(z4) > 0, we have

(R 4 (35 (6047 + AL+ 0, (D)} S N (0.,

2 n
nhi B2

:I'—'

We follow the proof in Theorem 1(a) to show I(-) = I(+ > (e} )% >
=1

é( )2) 2 1. So

16



P (R TR X (610 (45 + AT + 0, (1)} % N(O,1).

e t=1
. 1 . 1
(5) If we further have A — A% = o,((nh3)™Y), A}, — A}, = 0p((nh2)™1), and

Vi — [nhé %]2 = 0p(1), the claim in Theorem 5 follows.

t=1 t=1
T2 (ef0)? = 5 () + Op(nt)
t=1 t=1
@) (x) =g = 2 W55, 0) i —0) = o 2 Wa(5525, m)e

n

n
i LK) e |
1=

n

[ERICTEE

I
m\
A
L
—
8
S~—
=

t=1

(3) With similar arguments as in Theorem 1(a)(2)_(ii , We obtain

We follow the proof in Theorem 1(a)(2)(i) to have 23" (i — m*(z:))e; = (A7, + 43,)(1 4 0p(1)).
)

n n n

FE 0P = 33 S s KRG o)
I
(a) When t =i =j, I = ngﬁliéjﬁi;‘g (€7)?. Since E, (€7)* = €7,
BUIW) =ty 3 F B () = i 2 fyt
= ; I D e + 2(m(y) — ri(w))es + (mle) — 1in())?)
= 0,((n*h2)™1) = o, (n), since sup [m(x) — ()| = 0,(1).
(b) When t = i (or ¢ = ), "
)

= no2 K XTj;—Tt * (g
nhil = 535 e K (R ':%22 w4 2)

= #;IZ(%(Zt, Z) + n(Z;, Z, )):%ZZ On(Zt, Zj)
e : :J:
14 15

where Z, = Z} = (xt, €7). Since E(¢n(Z:, Z;)|W, Z;) = 0, we apply Lemma 1 to obtain
3
ki1 = 0,k 35 5 B3 (2, Z) W)
t;ﬁJ

K? Tj—Te\ 22 K2 Te—Tj\ o K? xj—xt Tp—Tj\ A2 A
= g 2lx f4((0m)t)K2( T )EE A+ g j4(83>K2( L )EE + g j2(mt)(?)(m])K( L) K (P e

= L+L+1s.
Let’s take a look at I.

17



L= Y Y oA K2 (B2 (i) — (@) + e)2(m(a;) — () + ¢;)?

t=15=1
t#j
L 2 T;—Tt ~ ~ ~
= ﬁtZl Zlhﬁf&t)KQ( ) m(@e) — () (m(a;) — m(@;))? + (m(ze) —m(x))?e}
=1j=
o ) )
+2(m(xe) — m(xe))?(m(x;) —1m(xg))e; + ef (m(a;) — m(z;))? +€t€ +2¢; (m(x5) — m(z;))e;
+2(m(xy) — mlxe))e(mla;) —m(z;))? + 2(m(@e) — (ze))ee;
F4(m(ze) — m(z))(m(z;) — mlz;))ee].
Let’s consider a generic term showing up repeatedly
Ino= =% zlhfjffzt)ff?(ffmw el = % z w(Zi, Z5)
—1j= t=1j=1
>, &
= el X WnlZ0 %) + (25, 20) = 5 L X 60l 7))
i=1j=1 —1j=
1 t#
= %ZlE( w(Zts Z3)1 Z0) = 5 Ebn(Zs, Z5) + Op (- (BG%(Z1, Z3))7)
t=
where Z; = (x4, ¢), k, 7= {0, 1,2}, and we apply Lemma 1 in the last line.

k
E(¢n(Z1, 23)| 21) = EWu(Ze, Z))| 20) + BE($n(Z;, 2,)| Z0), 2
E(Wa(Zi, Z))| %) = [ f;&‘;gK%ff“>|et|kE<|eJ| |25 f(5)dz; — F B e Bl |20) [ K2 ()de,
E(n(Z;, 20)120) = | Ji(&’)ff%“ 0 el Blej F ) ) day — £ e B(lerl*|r) [ K2 (),
B(6n(Z1, Z)) — 2K2(0) [ K*(©)dYE[E(|et| |2, E (61| 1) 7], and
haEG2(Zi, Z;) < ChREY2(Zy, Z;) — K2(0) [ K4 ()dpB[E(|ei|*|20) E(len|*"|20) 5] < 00
with assumption A9 and A4(1).
So we conclude E¢?2(Z;, Z;) = O(ﬁ), %iE(qﬁn(Zt, Zi)|Zy) = Op(1) since nh,, — o0, E(¢n(Zy, Z;)) =
t=1

O(1), Op(X(E®2(Z:,2;))%) = Op((nhé)*l), and thus I119 = Op(1). Furthermore, since sup |r(z;) —
z:€G

m(z¢)| = 0,(1), we have I} = Op(n=2).
With similar arguments, we obtain I = O,(n™2) and Is = O,(n™2). So in all, we conclude

nhil = O,(n~Y), and thus I = O,((n2h3)~) = o,(n~").

(c) When i = j and t # i, [ = s Z Z jz(mt)Kz‘(“*mt)( 92 = A
t;éi
(d) When indices t,i, and j are distinct, we let ¢, (Z;, Z;, Z;) = h%f%(mt)K(mil;mt)K(Ijhzmt)e;‘e;, and
we follow Theorem 1(a)(2)(ii)(d) to have

=1 l0<n4>+ (5 )] SIS 6al2 2 7),

1=t<i<j=n

where ¢,,(Z;, Z;, Z;) = Yn(Zy, Z;, Z; )—H/)n(Z“ Zy, Z;) +n(Z;, Zi, Zy) and Zy = (x4, €;). We focus on the
third order U-statistic U, = ( " ) SIS 6n(Ze, Ziy Z).

3 1=t<i<j=n
We note 0, = E(¢n(Zt, Zi, Z;)|W) = 0 and ¢p1n(Zt) = E(dn(Zs, Zi, Z;)|W, Z;) = 0 because Ep, €; = 0.
So we apply the H-decomposition in Lemma 3 to have

+( 3 ) D200 02,2, Z)) = (n=2)) Y d20(Ze, Zi)},

1=t<i<j=n t=1i=1
t<i

Uin
where ¢2,(Z, Zi) = Gz E(K (P50 K (55 ) ooy |, @a).-
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Since (n — )Z Z¢2n(Zt, i) = 12;<Z<Z (b2n(Zt, Zi) + b2n(Zy, Z;) + d2n(Zi, Z5)], we have
i<j=n
t<1

U= (5) S (0082 2) ~ bunlB0 20 + 620(00. 25) + 60021, 25)])

| 1=t<i<i=n
- ( ’; ) SN (2, Zi, ;).
1=t<i<j=n
By construction for given W, conditioning on Z;, Z;, Z;, or {Z;, Z;},{Z:, Z;},{Z;, Z; }, the expectation
of ®,,(Z;, Z;, Z;) is zero. So E(Ur,|W) = 0. Furthermore, E(®,(Z;, Z;, Z;)®n(Zy, Zy, Z;)|W) = 0 if
{t,i, 5} #{¢",i',j'}. So

V(U W) = (”) S5 B2 (2, 2, 2,)|W)

1 t<i<j=n

< o(3) zroreeanwse(]) DT Rz zm)
- () ZDE e KGR
- ey ) EEY mrba KRS + () — (s,
+2€ &j(mlz;) - m(z;)) + (m(w:) = m(xz))Qef + (m(@;) — m(x;))* (m(a;) —ri(x;))?
2(mls) — ) ey miz;) — a(zy)) + 20m(:) — (o))
F2(m(er) = o)t — o))+ () - () mas) = e
= LtDht-+1I
I = Op(n™3h,;?) = 0p(n™?) as we have show in Theorem 1(a)(2)(ii)(d) for term 1. With assumption
A9, and sup |m(z:) — m(x:)| = 0,(1), we have I; = 0,(n"3h;?) = 0p(n™2) for i = 2,---,9 with similar
z:€G
arguments as in (b) above. So we conclude Uy, = 0,(n™1). So

U, - (’;)( P ) £ S0 2) 4 0yn) = sty S0 )+ 0y,

t<i t<1

I= n(n I)ZZ¢2n(Zt, i)+ op(n)

t<1

= n(nlfl)t;;[%E(K(mi};mj )K(Itl;mj ) j’2(1mj) |33t, xl) + Eltzél E(K(Itl;mj )K(mlhfnmy ) j’2(1mj) |33z', $t)] 4 Op(nfl).

t<i
Combining results in (a)-(d) above, we obtain the claim in (3).

(4) A'i;m = [O(nig) =+ n_g]é: il: [¢2H(Zt; ) + ¢2n Zu Zt 2 ZZ ¢2n Zt, + (an(Z“ Zt)] +0p (nil),

li=1 t=14i=1
t<i t<i

*
A'%ln

where A%, = 5> > [%E(K(m’}:ﬁ] )K(mt};mj ) f2(1mj) |z, ;)

G5 B(R (2 K (252 ks i, ) + op(n ).
Since E(A%,,|W) =0,

VA3l W) = 530 > (e (B () K (450 ok, )38

—|—é[E(K(m,;mj )K(mlhfnm]) 2(1m |$i,$t)]2€?€12

+%[E(K(mi;;mj )K(mt;;m)j Iz, )|$tax1)] & ft}
= 0p(n~2h;t),

we conclude A%, = Op((nhé) D). Tt is sufficient to show (A%, + A%y,,)(S5) ! 4 N(0,1).
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A;n =+ ABln
- t2:1'2:1n2hn SR K(naa — K (e
=1i1=

t<i
st B(R K (2 ) K (S0 by, ) + e B K (22 ) K (25750 ks [, )]

= éiwzzzzm b n(ZE, Z5) (25 27) + (20, 7))
t<i

= ZZQ%(Zt*aZz*)a where Zzﬁ :(thafr)-
t<i
Since ¢, (Z;, Z}) is symmetric and E(¢n (2, ZF)|W, Zy) = 0, A5, + A%, is a degenerate second order
U-statistic. We apply Proposition 3.2 of de Jong (1987) to have (A5, + A%,)(S:) ™! <, N(0,1) if we have
Gr1,Grr and Gy are of order 0,((S;:)*), where
(S3)% = ((Z S 0n(Z5, Z7))2W). Gr = ;Z%E(%(Z?, Z5)Iw)

=1i=1
t<i t<i

Gu= Y33 ABGZE Z0) 0028 Z)W) + E(¢7(Z], Z5) 6 (27, Z5) W)

1=t<i<j=n
+E(95(Z5, Z)) 0o (Z5, Z5) W)} = G+ Gire + Gris,
Grv=" X2 20 X ABOnZ, Z0)0n 25, Z7)0nl 2], Z0)6n( 20, Z5)IW)
=t<i<j<l=n
HE(On(Z0, Z0)0n( 21, 20 )00 (27, Z7)0n (25, Z1) W)
+E(on(Z], Z7)on 2], Z7 ) ou( 2] Z5) (Z  Z0)IW)t = Grvi + Grve + Grvs.
We can show that
(Sp)? = n*2h512 [(o?(x1) )detf 2K (1/)) ( ¥)?d + 0p(n~?hyt)
= hilo +0,(n 2hy 1) = Oy(n~2hy ).
and that Gy, Grr and Gy are of order o,((S5)* ), and details are omitted for brevity.

(5) (i) Ax — A* = o, ((nh3)™") conditioning on W.
= e + 0p(n~2), and E(l;[°|W) = 1, E(|l['[W) = Zlél,

M:

. * %k 1
As shown in (1), ;o = ¢ — "

1
E(|e;|?|W) = €2, the claimed result follows with similar arguments as in Theorem 1(b).

ii * =o0 nhl ~1) conditioning on W can be shown similarly.
P
We claim: Vi — M = 0p(1 conditioning on W, where in (4) above, we have shown
T (E(o*(z4))) P
)?(85)? = 03 + 0p(1) with o7 =2 [0 (z;)dx; [(2K (¢ H(1/)))2d1/), and by definition,

* o} : * LAgRL XTi— Tt (51 )(Et )
Vi = e with 03 = [ . S K (555 U082 [ () — w(1)?dy.
t=1 7 t#i

[a—a—(b— b) %], it is sufficient to prove the claim by showing

1
h2
n

(a) (3 (€50)%)? 2 (E(0?(x4)))? conditioning on W, where (E(0?(x;)))? > 0, and

n Ti—Tt (eF )2(52 )2
K SR ot edee

a) It is sufficient to show £ > (e )2 2 E(0%(z4)) conditioning on W.
n £,0

=1
Note 237 (e70)? = L3 (/)% + Op(n™"). Furthermore,
=1 =1
ELY ()W) =E(LX ()W) =23 & = 23 e? +0,(1). Since 1 37 2 E(02(x)), we have the
=1 =1 =1 =1 =1

claimed result in (a).
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zi—xq (6], )(Et )2 L i~z (67 +0p "7L 2 (14+0y "7L 2
()7 & DK () Gallar = 4 53 51 K (o) (Ll D0l SRt ]

ho f? (1) t=1li=1 " "
t;éz t#£1 L L
(- zi—z,\ (40,(n"2))%(;4+0,(n”2))*
S NGNS
it
= Vi1 +Via.
n & T;—T4 * * -1 —
Vir S sup gty = gl 1 S i K (SRR [(6)? + 260,07 ) 4 Opfn )]
i

X[(e)? + 26,0, (n"2) + Op(n))
= Op(Ln)#éhéﬁff(%)[(ef)z)(e?)z) +2(e)%; 0p(n= %) + (61)20p(n ")
267 (€f) O:‘(él 2) 4 4e;efOp(n™1) + 26,0, (n73) + ()2 0p(n~1) + 26 0p(n2) + Oy (n~2)].
Let’s consider V19 = %iiﬁ[((%)(efﬁ(efﬁ
t#i
E(|Vi1o|W) = #;n:lilﬁl((mlz“)(ély(&) = Op(1), following similar arguments as in term I110 in
(3)(b) above. We ctali show similarly for (k,7) = (2,1),(2,0),(1,2),(1,1),(1,0),(0,2),(0,1),(0,0) that
#Ené&ﬁff(m} “£)(€)" (€))7 = Op(1), and thus, Vi1 = Op(Ln) = 0p(1)
t#i
Yiz = #Enll ey K () [(€)2(6))? + 2(e))2 6 Op(n=2) + (6)20,(n )
t#i

+261(67)20,(n~F) + 4€1€; 0y (1) + 2610, (n=3) + ()20, (n 1) + 26,0, (%) + Op(n~2)).
Let’s consider Vigyp = % > . f%(mt)K(“h;f)(ei‘)Q(ei‘)Q-

K(%=2t)(¢;)%(&)? = [o*(z¢)dzy + 0p(1), as shown in

=1
E(Vi20|W) = E(|Vigo||[W) = & on

papores
iy
Theorem 1(b)(iii). Following similar arguments, we can show similarly for (k, 7) considered above,

#;amlf(m;;mt)(ff)k(efy = 0,(1), and thus, Vis = [ o*(z4)dxs + 0p(1). Results on Vi; and

t#i
V12 give the claimed result in (b).
Sketch of proof of Remark 1 in section 3: Proof.

Based on our Theorems 1-5, we now establish the asymptotic properties of the alternative tests in
section 2. We cite the conditions 1-7 for d = 1 in Doksum and Samarov (1995) which are used to establish

the asymptotic distribution for the nonparametric R? estimators. To obtain the properties of the tests,
we need the following additional assumptions.

R1. The weight function w(z;) in their condition 6 satisfies L 3" w(z;) =
i=1

R2. f(x), the marginal density of = in their condition 3 is a bounded function.
R3. The kernel function K(-) in their condition 5 satisfies the Lipschitz condition.

R4. For e = y — m(x), 0?(x) = E(e?|z) is a continuous function in x € S, where S, is the support of
f(z). E(e*|r) is a continuous function in = € S, and E(e*|z) < oo.

R5 The derivative of m(x) up to order k is a bounded function, and uniformly continuous on S,.

.M:

Sy—1 5 (yi—m(z:))? w(@)
=1

For 7? = 5
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(1) S; = %éyfw(xl) 72 = %éyfw(xl) = 2Ywpy.w + (Hyw)? + Op(n™!) by Theorem 3’s proof (1).
LY (= (e Pue) = £ 3 - 2 :(m(xi) — mlz)esw(:) + £ 3 () = m(@:)Pu().

We observe that with the cond1t10ns supg |=— 7 (m Ti)| = 0p(1) where ® is defined in condition 1 as

an open convex set in R such that infe f(z) > § for some § > 0 and ® denotes its bounded closure. Define

g(z) = m(z) f(z), then m(z;)—m(z;) = %zg %; — g<mi>7&)>m<m >+(m) e ))( g(zi)— flzi)m(z,))

= W(l + 0p(1)) uniformly over z; € ®. Then

-2 :<m<xi> - mi@)ean(e) = 20} 3 7560 - Flegm(z)eana)](1+ 0p(1)
= 2ty 1@1 55 K (B ) () — mia,)) 2 4 1 1@1 S K (B ) GesEd) () 4o, (1))
i#£j i#£]

= =2[Tha + Thp].
%; ((:) — m(:))w(@) = [ 2 7oty G(0) — Flaiym(@i)*w(@:)](1+ 0p(1)

= {n(n 1)2 Z Z];ﬁl Zl;ﬁl hw 2m(1ac (Ijhimi )I((ml};f:I )[(m(‘rj) - m(‘rl))(m(‘rl) - m(‘rl))

n

+(m(ay) ‘() + (m(a 1) — m(w;))ej + el H(1 + 0p(1))
= ATne + Tna + Toe + Tog 3 (1 + 0p(1)).

Thy = [%Z Zeit—ij (h;u(ml; K(m’fml)K(m]himlﬂﬂil,xj)
( )1:”:1 2 (1)

1<J
a3 3o KA L1+ 0y(1)) = [Ty + Tool(1+ 0p(1),
i=1j
i#j
Under Hy, T,; = 0 for i = a,c,d,e. Z( ;— (x:)?w(zs) = 23 Ew(w) + 2T + Topr +
’L: =1

Tno](1 4 0p(1)). Hp implies y; = pu + €;, s0 S, = %Z w(zi) + Op(n~') = 02, 4 0p(1). The structure

of Ty, is similar to 7}, and we follow Theorem 1(a) to show nh. L2 (2T — Thg1) < N(0,03,) for 03, =

E[% (g;;> Y2))2 [K () — w(1))2dy. Tt implies nhy/* (7% + (S2)"Tro) % N(0, (02 ,,) " 02,). Following
Theorem 1(b), we show further that 7,0 — Tho = op((nh,l/ *)=1) and 62 o L o2 1> which gives the claimed

result in (1).
(2) Under Hy, T,; # 0 for i = a,c,d,e. We use the additional assumption R5 and follow Theorem

3 to show that #? = (o gw)*l( 02, — E(@*(@)w(x) = n2 > 0, and T, = Op((nhy)~"), so Ti, =
nh}lﬂni + op((nh,llﬂ)) and P(T1, > cn) — 1 for ¢, = 0((nh1/2))

n

(3) Since y; = gu + €, 52 = i;( To)w(@) = 5 Y €w(xi) + Op(n1).

=

T i K (B )€r (1 + 0p(1)), then

(G -+ € = i (21) Pua0)
3 (i — 0 w)efwlen) + & 3 (5 — " (@1))?

K (25=20) 2280 et (1 + 0,(1))

n(n DY Z Z'L;ét Z];ﬁt (mi;;qu(mjhzmt)hz}U(f(i y€i 5;(1 + 0p(1)).
The structure is similar to that in T,’{ and we follow Theorem 5 to obtain the claimed result.
L3 (@) —m)*w(a:)

For 7 = —= 5z

Y

We note that m*(x) —
%;(fi‘,b)zw(wt) =

3=
m:s

Il
3=
1=

Q)
%

¥

+

S

~
Il

-
~
-

|
3=
NE!
w-m*
[\v}
3 3]
f.o I
Z
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\g!
S
W
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~
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l(ﬁ%(xi)—m)%(xi): %_:1(~($i)—m($i))QW($z)+%i(m(xz) m)*w(z;)

=1
+2 ;(m(xz‘) = m(z:))(m(w:) — m)*w(z;).
Given the similar structure with #?, we only observe that
n — 1/2y 1

1 N2 — J Op(n7h) 4 0p((nhy/7)~1) under Ho.
"1;(m(xl> m) () { Jm? (i) f(wi)w(a;)de; — ps o, + 0p(1) under H.

Op(n™1) + op((nh}lﬂ)*l) under Hp.
((s)=m(z:)) (m(x)—m)?w (@) = § Op(hEH) + Op((nha!*) " i) + Op(n=1/2)

211y, w[Op (1) + Oy (nh/*) 1) + Op(n*/?)] under Hy.
We follow similar arguments in Theorems 1-4 to obtain the desired results in (1) and (2).
For the claim in (3) for the bootstrap test statistic T4, note

ﬁl*(:pt) — gu) = m Zz;ﬁt K(mlhfnmt)er(l —+ Op(l)) and
m* = o = 25> D it K(m,;mf);”fmtii (1+0p(1)). We can show that
D) 2 ey

& 2 (m(xg) —m*)?w (@)

Al

K3

3

1

K2

= %é(ﬁl(%) yw) (331)+ Z(yw )2 (331)+ Z(ﬁl(xl) Yw) (G — M )w(z4)

w(zt)ese:

x—xy\ W(Te)e; 2 Ti—Tt Tj—%t iy
= lagtoe ; i K2 (25 >h§f 24 L 1)2221#2# K (5572 K (572 25522 (1 4+ 0,(1)

1/2\_
+op((nhi*) 7). )
We follow Theorem 5 to obtain the claimed result in (3) for T3,,.
Sketch of proof of Remark 2 in section 3: Proof.

Since the bootstrap test asymptotically has the null limiting distribution of Tha, we briefly look at
the correction terms in T),¢. Under homoskedasticity and bounded support for X denoted by G,

€2
AnG 'ahzd Z Z it j2(th n}llz 02 f KQ(‘/’)dU’(l + 010(1))5
t;éz
n 2
Alne = — 322 Y K(0) 165 = —72r0°K(0) [ dX (1 + 0,(1)),
n i n

%Zl(yt —i(zu)? B o2, and Vre B [, dX2 [(2K () — k(1))2dy, so we could focus on B2, to

construct the test, as the other correction terms are independent of the DGP characteristics under Hy.
The justification of the bootstrap procedure is based on the facts that when we use resample with
replacement from the centered {&}"_, to construct {er}r,, we have
_ n
E(ew)=1 Z(el — &) =0for é= Zei and E(e2|W) = EZ(Q —é)? = %Zéf —é.
=1

'L' 1 1=1 i=1

-
Il

i — %i (m(z;) — m(z;)) = Op(n/?) + 0,(hY), and we can show

=1
that * Ze = %Z(yl —m(x;))? = %Z 0p(n™1/2), we obtain E(e2|W) = 02 + Op(n~'/2). These

0bservat1ons enable us to follow the p f in Theorem 6 to obtain the claimed result.

Since é = % (yl —m(x;)) = %

HM:
ﬂ'M:
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