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Appendix

Below we list three lemmas that are used frequently and then we provide the proof of Theorems 1-5
and sketch of proof of Remarks 1 and 2. Throughout the proof, c will represent an inconsequential and
arbitrary constant that may take different values in different contexts.

Lemma 1 For second order U-statistic Un = 1
n2

n∑

t=1

n∑

i=1
t<i

φn(Zt, Zi), where φn(Zt, Zi) is a symmetric

function of Zt and Zi that could depend on n, and {Zt}nt=1 is a sequence of IID random variables. Define

Ûn = 1
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) − 1

2Eφn(Zt, Zi), where P (Zi) is the distribution function of Zi.

Then we have Un − Ûn = Op(n
−1(Eφ2

n(Zt, Zi))
1
2 ).

Note: from Lemma 1 we obtain the following convenient expression.

1
n2

n∑

t=1

n∑

i=1
t 6=i

φn(Zt, Zi) = 1
n2

n∑

t=1

n∑

i=1
t<i

φn(Zt, Zi) + 1
n2

n∑

t=1

n∑

i=1
t>i

φn(Zt, Zi) = 2
n2

n∑

t=1

n∑

i=1
t<i

φn(Zt, Zi)

= 2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) − Eφn(Zt, Zi) + Op(n

−1(Eφ2
n(Zt, Zi))

1
2 )

Lemma 1 is similar in spirit to Lemma 8.4 in Newey and McFadden (1994). Thus the proof is omitted.

Lemma 2 Define Sn,j(z0) = 1
n

∑n
i=1Kh(Zi − z0)

(
Zi−z0
h

)j
g(Ui)w(Zi − z0; z0), |j| = 0, · · · , J,

where Zi, Ui are iid, Zi ∈ Rlc , Kh(·) = 1
hlc
K( ·

h ), and K(·) is a kernel function defined on Rlc . Here

j = (j1, j2, · · · , jlc), Zi = (Zi,1, Zi,2, · · · , Zi,lc), z0 = (z0,1, z0,2, · · · , z0,lc), and
(
Zi−z0
h

)j
=
(
Zi,1−z0,1

h

)j1
×

· · · ×
(
Zi,lc−z0,lc

h

)jlc
. Assume

L1. K(.) is bounded with compact support and for Euclidean norm ||.||,

|ujK(u) − vjK(v)| ≤ cK ||u− v||, for 0 ≤ |j| ≤ J.

L2. g(Ui) is a measurable function of Ui and E|g(Ui)|s <∞ for s > 2.
L3. For G a compact subset of <lc , define the joint density of Zi and Ui at (z0, u) as f(z0 , u), conditional
density of Zi and Ui given Ui at Zi = z0 and Ui = u as fz|u(z0). Assume

supz0∈G
∫
|g(u)|sfz,u(z0, u)du <∞, fz|u(z0) <∞, and fz,u(z0, u) is continuous around z0.

L4. w(Zi−z0; z0) is a function of Zi−z0 and z0. |w(Zi−z0; z0)| < c <∞, |w(Zi−z0; z0)−w(Zi−zk; zk)| ≤
c||z0 − zk|| almost everywhere.

L5.
nhlc

ln(n) → ∞.

Then for z0 ∈ G, sup
z0∈G

|Sn,j(z0) − E(Sn,j(z0))| = Oa.s.

((
nhlc

ln(n)

)− 1
2

)

.

Lemma 2 is similar in spirit to Lemma 1 in Yao and Zhang (2010). Thus the proof is omitted.
Comment: If ESn,j(z) = 0, then L3 could be replaced with
L3′ : For G a compact subset of <lc , define the joint density of Zi and Ui at (z0, u) as f(z0 , u), conditional
density of Zi and Ui given Ui at Zi = z0 and Ui = u as fz|u(z0). Assume fz|u(z0) <∞.

Lemma 3 For {Zt}nt=1 an IID sequence of random variables, we define a third order U-statistic by

Un =

(
n

3

)−1 ∑

(n,3)

ψn(Zi1 , Zi2 , Zi3),

where the sum
∑

(n,3)

is taken over all subsets 1 ≤ i1 < i2 < i3 ≤ n of {1, 2, · · · , n} and the function ψn(·)

is symmetric in Zi1 , Zi2 , and Zi3 . Define the conditional expectations ψ1n(z1) = E(ψn(Z1, Z2, Z3)|Z1 =
z1), ψ2n(z1, z2) = E(ψn(Z1, Z2, Z3)|Z1 = z1, Z2 = z2) and ψ3n(z1, z2, z3) = ψn(z1, z2, z3). σ2

1n =
V ar(ψ1n(Z1)), σ

2
2n = V ar(ψ2n(Z1, Z2)), σ

2
3n = V ar(ψ3n(Z1, Z2, Z3)). Let θn = Eψn(Z1, Z2, Z3). Then

we have the following H-decomposition

1



Un = θn +
∑3

j=1

(
3
j

)

H
(j)
n

= θn +

(
n

3

)−1(
n− 1

2

)[
n∑

t=1
ψ1n(Zt) − nθn

]

+

(
n

3

)−1 (
n− 2

1

)






n∑

t=1

n∑

i=1
t<i

ψ2n(Zt, Zi) − (n− 1)
n∑

t=1
ψ1n(Zt) + n(n−1)

2
θn






+

(
n

3

)−1
{

∑

(n,3)

ψn(Zi1 , Zi2 , Zi3) − (n−1)(n−2)
2

n∑

t=1
[ψ1n(Zt) − θn]

−(n− 2)
n∑

t=1

n∑

i=1
t<i

[ψ2n(Zt, Zi) − ψ1n(Zt) − ψ1n(Zi) + θn] −
(
n

3

)

θn







Furthermore, we have V (H
(3)
n ) =

(
n

3

)−1 3∑

c=1
(−1)3−c

(
3
c

)

σ2
cn = O(n−3(σ2

1n+σ
2
2n+σ

2
3n)) = O(n−3σ2

3n).

V (H
(2)
n ) = O(n−2σ2

2n) and V (H
(1)
n ) = O(n−1σ2

1n).

Lemma 3: Proof. The lemma follows from Theorem 1-3 in section 1.6 of Lee (1990).

We find it easy to provide proof of Theorem 3 first as we base the proof of other Theorems on it.
Theorem 3: Proof.

Under the alternative hypothesis, m(x) 6= µ. From the definition in equation (2), we define

R̃2 = 1 −
1
n

n∑

t=1
(yt − m̂(xt))

2

1
n

n∑

t=1
(yt − ȳ)2

, so R̂2 = R̃2I(
1

n

n∑

t=1

(yt − ȳ)2 ≥ 1

n

n∑

t=1

(yt − m̂(xt))
2).

Since â
b̂
− a

b = 1
b̂

[

(â− a) − (b̂ − b)ab

]

, we have

R̃2 − R2 = −
1
n

n
P

t=1
(yt−m̂(xt))

2

1
n

n
P

t=1

(yt−ȳ)2
+ E(yt−m(xt))

2

V (yt)

= − 1

1
n

n
P

t=1
(yt−ȳ)2









1

n

n∑

t=1

(yt − m̂(xt))
2 −E(yt −m(xt))

2

︸ ︷︷ ︸

B1

− (
1

n

n∑

t=1

(yt − ȳ)2 − V (yt))

︸ ︷︷ ︸

B2

E(yt−m(xt))
2

V (yt)









.

(1) We showB2
E(yt−m(xt))

2

V (yt)
= 1

n

n∑

t=1

{
Eσ2(xt)
V (yt)

(y2
t −Ey2

t ) − 2(yt − Em(xt))
Eσ2(xt)
V (yt)

Em(xt) +Op(n
−1)
}

.

Note B2
E(yt−m(xt))

2

V (yt)
= ( 1

n

n∑

t=1
(yt − ȳ)2 − V (yt))

Eσ2(xt)
V (yt)

= ( 1
n

n∑

t=1
y2
t − ȳ2 − V (yt))

Eσ2(xt)
V (yt)

= 1
n

n∑

t=1

{

(y2
t −Ey2

t )
Eσ2(xt)
V (yt)

− (ȳ2 − (Eyt)
2)Eσ

2(xt)
V (yt)

}

.

So if ȳ2 = 2
n

n∑

t=1
[yt(Em(xt)) − 1

2
(Em(xt))

2] +Op(n
−1) then

ȳ2 − (Eyt)
2 = 2

n

n∑

t=1
ytEm(xt) − 2(Em(xt))

2 + Op(n
−1) =

2Em(xt)
n

n∑

t=1
(yt − Em(xt)) + Op(n

−1), then

we have the claim in (1).

So we only need to show ȳ2 = 2
n

n∑

t=1
[ytEm(xt) − 1

2 (Em(xt))
2] + Op(n

−1).

2



ȳ2 =

[

1
n

n∑

t=1
yt

]2

= 1
n2

n∑

t=1
y2
t + 1

n2

n∑

t=1

n∑

i=1
t 6=i

ytyi
︸︷︷︸

φ(yt,yi)

= B21 +B22.

First, we note B21 = Op(n
−1) since 1

n

n∑

t=1
y2
t

p→ Ey2
t <∞ by A2.

Second, we note in B22, φ(yt, yi) is symmetric. We apply Lemma 1 on B22. Eφ
2(yt, yi) = (Ey2

t )
2 < ∞

since t 6= i and by A2.
∫
φ(yt, yi)dP (yi) = ytE(yi), so

B22 = 2
n

n∑

t=1

∫
φ(yt, yi)dP (yi) − Eφ(yt, yi) +Op(n

−1) = 2
n

n∑

t=1
ytE(yi) − (Eyt)

2 +Op(n
−1)

= 2
n

n∑

t=1
[yt(Em(xt)) − 1

2 (Em(xt))
2] +Op(n

−1).

From B21 and B22 we have the claim that ȳ2 = 2
n

n∑

t=1
[ytEm(xt) − 1

2 (Em(xt))
2] +Op(n

−1).

(2) 1
n

n∑

t=1
(yt − m̂(xt))

2 = 1
n

n∑

t=1
[ε2t + 2(m(xt) − m̂(xt))εt + (m(xt) − m̂(xt))

2] = I1 + I2 + I3.

Note: m̂(xt)−m(xt) = 1
nhnf(xt)

n∑

i=1

K(xi−xt

hn
)εi+

1
2nhnf(xt)

n∑

i=1

K(xi−xt

hn
)m(2)(xit)(xi−xt)2 +wn(xt), where

xit = λxt + (1 − λ)xi for some λ ∈ (0, 1), and wn(xt) = m̂(xt) −m(xt) − 1
nhnf(xt)

n∑

i=1

K(xi−xt

hn
)yi∗, where

yi∗ = yi −m(xt) −m(1)(xt)(xi − xt) = εi + 1
2m

(2)(xit)(xi − xt)
2.

(i) We show that wn(xt) = Op(Rn,2(xt)) uniformly for xt ∈ G, where

Rn,2(xt) = | 1
n

n∑

i=1

K(xi−xt

hn
)yi∗| + | 1

n

n∑

i=1

K(xi−xt

hn
)(xi−xt

hn
)yi∗|.

Define Sn(xt) =

(
S0n(xt) S1n(xt)
S1n(xt) S2n(xt)

)

with Sjn(xt) = 1
nhn

n∑

i=1

K(xi−xt

hn
)(xi−xt

hn
)j , and

S(xt) =

(
f(xt) 0
0 f(xt)σ

2
K

)

=

(
S0(xt) S1(xt)
S1(xt) S2(xt)

)

.

Then m̂(xt) −m(xt) = 1
nhn

n∑

i=1

Wn(xi−xt

hn
, xt)yi∗, where Wn(z, x) = (1, 0)S−1

n (x)(1, z)′K(z). So

|wn(xt)| = 1
nhn

|
n∑

i=1

(Wn(xi−xt

hn
, xt) − 1

f(xt)
K(xi−xt

hn
))yi∗|

= 1
nhn

∣
∣
∣
∣
∣
∣
∣

(1, 0)(S−1
n (xt) − S−1(xt))






n∑

t=1
K(xi−xt

hn
)yi∗

n∑

t=1
K(xi−xt

hn
)(xi−xt

hn
)yi∗






∣
∣
∣
∣
∣
∣
∣

≤ 1
hn

((1, 0)(S−1
n (xt) − S−1(xt))

2(1, 0)′)
1
2

1
n

(∣
∣
∣
∣

n∑

t=1
K(xi−xt

hn
)yi∗

∣
∣
∣
∣
+

∣
∣
∣
∣

n∑

t=1
K(xi−xt

hn
)(xi−xt

hn
)yi∗

∣
∣
∣
∣

)

.

We use Lemma 2 with A4, and follow Lemma 2 of Martins-Filho and Yao (2007) to obtain wn(xt) =
Oa.s.(Rn,2(xt)) uniformly for xt ∈ G. With assumption A6-A8, we apply Lemma 2 to obtain

1
n

n∑

i=1
K(xi−xt

hn
)yi∗ = 1

n

n∑

i=1
K(xi−xt

hn
)εi + 1

2n

n∑

i=1
K(xi−xt

hn
)(xi − xt)

2m(2)(xit) = Oa.s.(hn
(
nhn

lnn

)− 1
2 ) +

Oa.s.(h
3
n) uniformly in xt ∈ G. In a similar fashion we obtain 1

n

n∑

i=1

K(xi−xt

hn
)(xi−xt

hn
)yi∗ = Oa.s.(hn

(
nhn

lnn

)− 1
2 )+

Oa.s.(h
3
n) uniformly in xt ∈ G. Thus, sup

xt∈G
|wn(xt)| = Oa.s.(hn

(
nhn

lnn

)− 1
2 ) +Oa.s.(h

3
n).

(ii) Since f(xt) ≥ Bf in A4(1), results in (i) give us

sup
xt∈G

|m̂(xt) −m(xt)| = Oa.s.(
(
nhn

lnn

)− 1
2 ) +Oa.s.(h

2
n).

sup
xt∈G

|m̂(xt) −m(xt)|2 = Oa.s.(
(
nhn

lnn

)−1
) +Oa.s.(h

4
n) + Oa.s.(h

2
n

(
nhn

lnn

)− 1
2 ).

So
√
n sup
xt∈G

|m̂(xt) − m(xt)|2 = Oa.s.(
lnn√
nh2

n

) + Oa.s.(
√

nh8
n) + Oa.s.((nh

8
n)

1
4 ( lnn√

nh2
n

)
1
2 ) = oa.s.(1) by A6.

We conclude I3 = op(n
− 1

2 ).
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(iii) I2 = − 2
n

n∑

t=1
(m̂(xt) −m(xt))εt

= − 2
n2hn

n∑

t=1

n∑

i=1

1
f(xt)

K(xi−xt

hn
)εiεt − 1

n2hn

n∑

t=1

n∑

i=1

1
f(xt)

K(xi−xt

hn
)(xi − xt)

2m(2)(xit)εt − 2
n

n∑

t=1
wn(xt)εt

= I21 + I22 + I23

I21 = − 1
n2

n∑

t=1

n∑

i=1
[

1

hnf(xt)
K(

xi − xt

hn
)εiεt +

1

hnf(xi)
K(

xt − xi

hn
)εtεi

︸ ︷︷ ︸

φn(Zt,Zi) where Zt=(xt,εt).

]

= − 2
n2hn

n∑

t=1

K(0)ε2t
f(xt)

− 1
n2

n∑

t=1

n∑

i=1
t 6=i

φn(Zt, Zi) = −I211 − I212.

First note: nhnE|I211| = 2EK(0)σ
2(xt)
f(xt)

, so I211 = Op((nhn)−1) = op(n
− 1

2 ) with A6.

Second, we apply Lemma 1 to obtain

I212 − [
2

n

n∑

t=1

∫

φn(Zt, Zi)dP (Zi) − Eφn(Zt, Zi)] = Op(n
−1(Eφ2

n(Zt, Zi))
1
2 ).

We observe
∫
φn(Zt, Zi)dP (Zi) = Eφn(Zt, Zi) = 0 since E(εt|xt) = 0 in A3 and

Eφ2
n(Zt, Zi) ≤ c[ 1

h2
n
E 1
f2(xt)

K2(xi−xt

hn
)ε2i ε

2
t + 1

h2
n
E 1
f2(xi)

K2(xt−xi

hn
)ε2t ε

2
i ].

Since 1
hn
E 1
f2(xt)

K2(xi−xt

hn
)ε2i ε

2
t =

∫
1

f2(xt)
K2(ψ)σ2(xt + hnψ)σ2(xt)f(xt)f(xt + hψ)dxtdψ

→
∫
K2(ψ)dψ

∫
(σ2(xt))

2dxt, we have (Eφ2
n(Zt, Zi))

1
2 = O(h

− 1
2

n ).

So we conclude I212 = Op((n
2hn)

− 1
2 ) = op(n

− 1
2 ) and I21 = op(n

− 1
2 ).

I22 = 1
n2

n∑

t=1

n∑

i=1
t 6=i

[ −1
2hnf(xt)

K(xi−xt

hn
)(xi − xt)

2m(2)(xit)εt − 1
2hnf(xi)

K(xt−xi

hn
)(xt − xi)

2m(2)(xti)εi]

= 1
n2

n∑

t=1

n∑

i=1
t 6=i

[ψn(Zt, Zi) + ψn(Zi, Zt)] = 1
n2

n∑

t=1

n∑

i=1
t 6=i

φn(Zt, Zi).

Since φn(Zt, Zi) is symmetric, we apply Lemma 1 again to obtain

I22 − [ 2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) −Eφn(Zt, Zi)] = Op(n

−1(Eφ2
n(Zt, Zi))

1
2 ).

Note Eφn(Zt, Zi) = 0 by A3.

2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) = −1

n

n∑

t=1

εt
hnf(xt)

E(K(xi−xt

hn
)(xi − xt)

2m(2)(xit)|Zt).

Since 1
hn
E(K(xi−xt

hn
)(xi−xt

hn
)2m(2)(xit)|Zt) =

∫
K(ψ)ψ2m(2)(xt + λhψ)f(xt + hψ)dψ

→ σ2
Km

(2)(xt)f(xt) for λ ∈ (0, 1) by A4 and A5,

E
√
n

h2
n

2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) = 0, and

V (
√
n

h2
n

2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi)) = E

ε2t
f2(xt)

[ 1
hn
E(K(xi−xt

hn
)(xi−xt

hn
)2m(2)(xit)|Zt)]2

→ E(σ2
Km

(2)(xt))
2σ2(xt) <∞, so 2

n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) = Op(n

− 1
2h2

n) = op(n
− 1

2 ).

On the other hand, Eφ2
n(Zt, Zi) ≤ c[Eψ2

n(Zt, Zi) +Eψ2
n(Zi, Zt)].

1
h3

n
Eψ2

n(Zt, Zi) = 1
hn
E 1

4f2(xt)
K2(xi−xt

hn
)(xi−xt

hn
)4(m(2)(xit))

2σ2(xt)

→ 1
4

∫
K2(ψ)ψ4dψ

∫
(m(2)(xt))

2σ2(xt)dxt <∞. So n−1(Eφ2
n(Zt, Zi))

1
2 = Op(n

−1h
3
2
n ) = op(n

− 1
2 ).

With the results above we have I22 = op(n
− 1

2 ).

|I23| ≤ sup
xt∈G

|wn(xt)| 2n
n∑

t=1
|εt| = op(n

− 1
2 ), since sup

xt∈G
|wn(xt)| = Op(hn

(
nhn

lnn

)− 1
2 ) + Op(h

3
n) = op(n

− 1
2 )

by A6 and E|εt| <∞ by A3. So in all we have I2 = op(n
− 1

2 ).

With (i)-(iii), we conclude that 1
n

n∑

t=1
(yt − m̂(xt))

2 = 1
n

n∑

t=1
ε2t + op(n

− 1
2 ).

4



So B1 = 1
n

n∑

t=1
(yt − m̂(xt))

2 − E(yt −m(xt))
2 = 1

n

n∑

t=1
ε2t −Eσ2(xt) + op(n

− 1
2 ).

(3) It is easy to see that 1
n

n∑

t=1
(yt − ȳ)2

p→ V (yt) > 0, so with results in (1) and (2),

R̃2 −R2

= −{[ 1
n

n∑

t=1
(yt − ȳ)2]−1 − (V (yt))

−1 + (V (yt))
−1}{ 1

n

n∑

t=1
ε2t −Eσ2(xt) + op(n

− 1
2 )

− 1
n

n∑

t=1
[Eσ

2(xt)
V (yt)

(y2
t −Ey2

t ) − 2(yt −Em(xt))
Eσ2(xt)
V (yt)

Em(xt)] + Op(n
−1)}

= −[(V (yt))
−1 + op(1)]{ 1

n

n∑

t=1
[ε2t −Eσ2(xt) − Eσ2(xt)

V (yt)
(y2
t − Ey2

t )

+2(yt − Em(xt))
Eσ2(xt)
V (yt)

Em(xt)] + op(n
− 1

2 )}

= −[(V (yt))
−1]{ 1

n

n∑

t=1
[ε2t − Eσ2(xt)

V (yt)
(yt −E(yt))

2]} + op(n
− 1

2 )

Let Wt = ε2t − Eσ2(x) − Eσ2(x)
V (y) (y2

t − Ey2) + 2Eσ
2(x)

V (y) Em(x)(yt − Em(x)) = ε2t − Eσ2(xt)
V (yt)

(yt − E(yt))
2.

Since Wt is IID, with zero mean and variance EW 2
t , we apply the Central Limit Theorem to obtain

√
n

1

n

n∑

t=1

Wt
d→ N(0, EW 2

t ), and thus
√
n(R̃2 −R2)

d→ N(0, (V (yt))
−2EW 2

t ).

(4) We show that I( 1
n

n∑

t=1
(yt − m̂(xt))

2 ≤ 1
n

n∑

t=1
(yt − ȳ)2) − 1 = oa.s.(1).

Note by Kolmogorov’s Theorem and with assumptions A1 and A2, we have

1
n

n∑

t=1
(yt − ȳ)2 = 1

n

n∑

t=1
y2
t − ȳ2 a.s.→ V (yt), since 1

n

n∑

t=1
y2
t
a.s.→ Ey2

t and ȳ2 a.s.→ (Eyt)
2.

From result (2), 1
n

n∑

t=1
(yt − m̂(xt))

2 = 1
n

n∑

t=1
[ε2t + 2(m(xt) − m̂(xt))εt + (m(xt) − m̂(xt))

2].

By Kolmogorov’s Theorem again, we have 1
n

n∑

t=1
ε2t

a.s.→ Eε2t = Eσ2(xt). As shown in result (2)(ii) above,

sup
xt∈G

|m̂(xt) −m(xt)| = oa.s.(1). So

| 1n
n∑

t=1
2(m(xt) − m̂(xt))εt| ≤ oa.s.(1) 1

n

n∑

t=1
|εt| = oa.s.(1), since 1

n

n∑

t=1
|εt| a.s.→ E|εt| < (Eε2t )

1
2 <∞.

Similarly, we obtain 1
n

n∑

t=1
(m(xt) − m̂(xt))

2 = oa.s.(1). So we have 1
n

n∑

t=1
(yt − m̂(xt))

2 a.s.→ Eσ2(xt).

Combine results above, we have 1
n

n∑

t=1
(yt−ȳ)2− 1

n

n∑

t=1
(yt−m̂(xt))

2 a.s.→ V (yt)−Eσ2(xt) = V (m(xt)) > 0

under H1. So we obtain the claimed result that I( 1
n

n∑

t=1
(yt − m̂(xt))

2 ≤ 1
n

n∑

t=1
(yt − ȳ)2) − 1 = oa.s.(1).

(5) Claim:
√
n(I(·) − 1)R̃2 = op(1), where I(·) = I( 1

n

n∑

t=1
(yt − m̂(xt))

2 ≤ 1
n

n∑

t=1
(yt − ȳ)2).

Since R̃2 p→ R2 > 0, we only need to show
√
n(I(·) − 1) = op(1).

By definition I( 1
n

n∑

t=1
(yt − m̂(xt))

2 ≤ 1
n

n∑

t=1
(yt − ȳ)2)

= I( 1
n

n∑

t=1
(yt − m̂(xt))

2 −Eσ2(x) + Eσ2(x) ≤ 1
n

n∑

t=1
(yt − ȳ)2 − V (y) + V (y)).

Define the event D = {w : |I(·) − 1| 6= 0}, A = {w : | 1n
n∑

t=1
(yt − m̂(xt))

2 − Eσ2(x)| > δ1}, and B =

{w : | 1
n

n∑

t=1
(yt − ȳ)2 − V (y)| > δ2} for some δ1 , δ2 > 0. Since V (y) > Eσ2(x) under the alternative,

we have D ⊂ A ∪ B. From (1) and (2) above, we have 1
n

n∑

t=1
(yt − m̂(xt))

2 − Eσ2(x) = Op(n
−1/2), and

1
n

n∑

t=1
(yt − ȳ)2 − V (y) = Op(n

−1/2). So when I(·) 6= 1,
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|√n(I(·) − 1)| =
√
nI(D) ≤ √

nI(D)(I(A) + I(B)).

With event A,
√
nI(A) =

√
n1 < 1

δ1
|√n( 1

n

n∑

t=1
(yt − m̂(xt))

2 − Eσ2(x))| = Op(1).

With event B,
√
nI(B) =

√
n1 < 1

δ2
|√n( 1

n

n∑

t=1
(yt − ȳ)2 − V (y))| = Op(1).

Since I(D) = op(1), we have the claimed result that
√
n(I(·) − 1) = op(1).

By results (3)-(5) above, we have

√
n(R̂2 −R2) =

√
n(R̃2I(·) − R̃2 + R̃2 − R2)

d→ N(0, (V (yt))
−2EW 2

t ).

Theorem 1: Proof.
(a) Under H0, P (E(yt|xt) = µ) = 1, so we have m(xt) = µ, and thus yt = µ + εt, V (yt) = Eσ2(xt)

and R2 = 0. Recall the definition of R̃2 =

1
n

n
P

t=1

(yt−ȳ)2− 1
n

n
P

t=1

(yt−m̂(xt))
2

1
n

n
P

t=1

(yt−ȳ)2
. We have from proof of Theorem

3 that 1
n

n∑

t=1
(yt − ȳ)2

p→ V (yt) = Eσ2(xt) under H1.

(1) As in result (1) of Theorem 3’s proof,

ȳ2 = 2
n

n∑

t=1
ytEm(xt) − (Em(xt))

2 + Op(n
−1) = µ2 + 2

n

n∑

t=1
µεt +Op(n

−1), so

1
n

n∑

t=1
(yt − ȳ)2 = 1

n

n∑

t=1
y2
t − ȳ2 = 1

n

n∑

t=1
(µ+ εt)

2 − ȳ2

= µ2 + 2
n

n∑

t=1
µεt + 1

n

n∑

t=1
ε2t − (µ2 + 2

n

n∑

t=1
µεt + Op(n

−1)) = 1
n

n∑

t=1
ε2t +Op(n

−1).

(2) 1
n

n∑

t=1
(yt − m̂(xt))

2 = 1
n

n∑

t=1
ε2t + 2

n

n∑

t=1
(µ− m̂(xt))εt + 1

n

n∑

t=1
(µ − m̂(xt))

2.

Define e′ = (1, 0), and we follow result (2)(i) in Theorem 3 to write

m̂(xt) − µ =
1

nhn

n∑

i=1

Wn(
xi − xt

hn
, xt)εi = e′S−1

n (xt)







1
nhn

n∑

i=1

K(xi−xt

hn
)εi

1
nhn

n∑

i=1
K(xi−xt

hn
)xi−xt

hn
εi







(i) So 2
n

n∑

t=1
(µ− m̂(xt))εt = − 2

n2hn

n∑

t=1

n∑

i=1
e′S−1

n (xt)K(xi−xt

hn
)εiεt

[
1

xi−xt

hn

]

.

Recall the result in (2)(i) in Theorem 3 that Sn(xt) =

[
S0n(xt) S1n(xt)
S1n(xt) S2n(xt)

]

. Define

Sjn(xt) = 1
nhn

n∑

i=1
K(xi−xt

hn
)(xi−xt

hn
)j , j = 0, 1, 2. We apply Lemma 2 to obtain sup

xt∈G
|Sjn(xt)−ESjn(xt)| =

Oa.s.((
nhn

lnn )−
1
2 ) with assumption A6 and A7. Furthermore, ESjn(xt) =

∫
K(ψ)ψjf(xt + hnψ)dψ →

f(xt)
∫
K(ψ)ψjdψ uniformly over xt ∈ G with assumption A4. So sup

xt∈G
|Sjn(xt) − Sj(xt)| = oa.s.(1).

With similar arguments, sup
xt∈G

|S−1
jn (xt) − S−1

j (xt)| = oa.s.(1). So we obtain

2
n

n∑

t=1
(µ − m̂(xt))εt = − 2

n2hn

n∑

t=1

n∑

i=1
e′[S−1

n (xt) − S−1(xt) + S−1(xt)]K(xi−xt

hn
)εiεt

[
1

xi−xt

hn

]

= − 2
n2hn

n∑

t=1

n∑

i=1
e′S−1(xt)K(xi−xt

hn
)εiεt

[
1

xi−xt

hn

]

(1 + oa.s.(1))

= − 2
n2hn

n∑

t=1

n∑

i=1

1
f(xt)

K(xi−xt

hn
)εiεt(1 + oa.s.(1))

= [− 2
n2hn

n∑

t=1

1
f(xt)

K(0)ε2t − 2
n2hn

n∑

t=1

n∑

i=1
t 6=i

1
f(xt)

K(xi−xt

hn
)εiεt](1 + oa.s.(1))

= [A1n + A2n](1 + oa.s.(1))
where oa.s.(1) above indicates the term of smaller magnitude almost surely.
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(ii) 1
n

n∑

t=1
(µ− m̂(xt))

2 = 1
n

n∑

t=1

[

e′S−1
n (xt)

1
nhn

n∑

i=1

K(xi−xt

hn
)εi

[
1

xi−xt

hn

]]2

since sup
xt∈G

|S−1
jn (xt) − S−1

j (xt)| = oa.s.(1)

=
1

n3h2
n

n∑

t=1

n∑

i=1

n∑

j=1

1

f2(xt)
K(

xi − xt

hn
)K(

xj − xt

hn
)εiεj

︸ ︷︷ ︸

I

(1 + oa.s.(1))

(a) When t = i = j, I = 1
n3h2

n

n∑

t=1

1
f2(xt)

K2(0)ε2t . Since |E 1
n

n∑

t=1

1
f2(xt)

ε2t | = E
σ2(xt)
f2(xt)

< ∞ with assump-

tions A3 and A4, I = Op((nhn)−2) = op(n
−1).

(b) When t = i (or t = j), I = 2

n3h
3
2
n

n∑

t=1

n∑

j=1

t 6=j

1
2
√
hnf2(xt)

K(0)K(
xj−xt

hn
)εtεj = 2

n3h
3
2
n

n∑

t=1

n∑

j=1

t 6=j

ψn(Zt, Zj)

where Zt = (xt, εt). We apply Lemma 1 on

nh
3
2
n I =

1

n2

n∑

t=1

n∑

j=1

t 6=j

(ψn(Zt, Zj) + ψn(Zj , Zt)) =
1

n2

n∑

t=1

n∑

j=1

t 6=j

φn(Zt, Zj).

Note
∫
φn(Zt, Zj)dP (Zj) = 0 and Eφn(Zt, Zj) = 0. So nh

3
2
n I = Op(n

−1(Eφ2
n(Zt, Zj))

1
2 ).

Eφ2
n(Zt, Zj) ≤ cEψ2

n(Zt, Zj) = c
4hn

K2(0)E 1
f4(xt)

K2(
xj−xt

hn
)ε2t ε

2
j

→ c
4
K2(0)E 1

f3(xt)
σ4(xt)

∫
K2(ψ)dψ <∞ with assumption A3 and A9.

So we conclude nh
3
2
n I = Op(n

−1) and I = op(n
−1).

(c) When i = j but t 6= i, I = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

1
f2(xt)

K2(xi−xt

hn
)ε2i = An.

(d) When indices t, i and j are distinct, we let ψn(Zt, Zi, Zj) = 1
h2

n

1
f2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)εiεj,

I = 1
n3

n∑

t=1

n∑

i=1

n∑

j=1

t 6=i 6=j

ψn(Zt, Zi, Zj) = 1
3n3

n∑

t=1

n∑

i=1

n∑

j=1

t 6=i 6=j

(ψn(Zt, Zi, Zj) + ψn(Zi, Zt, Zj) + ψn(Zj , Zi, Zt)
︸ ︷︷ ︸

φn(Zt,Zi,Zj)

)

= 1
n3

∑∑∑

1=t<i<j=n
2φn(Zt, Zi, Zj), φn(Zt, Zi, Zj) is symmetric.

= 1
3

[

6
n3 −

(
n

3

)−1

+

(
n

3

)−1
]

∑∑∑

1=t<i<j=n
φn(Zt, Zi, Zj)

Since 6
n3 −

(
n

3

)−1

= O(n−4) and we note Un =

(
n

3

)−1
∑∑∑

1=t<i<j=n
φn(Zt, Zi, Zj) is a third order

U-statistic. We use the H-decomposition in Lemma 3. Eφn(Zt, Zi, Zj) = 0, E(φn(Zt, Zi, Zj)|Zt) = 0,
and

E(φn(Zt, Zi, Zj)|Zt, Zi) = E(ψn(Zt, Zi, Zj) + ψn(Zi, Zt, Zj) + ψn(Zj , Zi, Zt)|Zt, Zi)
= εiεt

hn
E( 1

hnf2(xj)K(
xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi) = φ2n(Zt, Zi),

So Un = 6
n(n−1)

n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) + Op(H
(3)
n ). V ar(H

(3)
n ) = O(n−3σ2

3n). σ
2
3n ≤ 3cEψ2

n(Zt, Zi, Zj).

h2
nEψ

2
n(Zt, Zi, Zj) = 1

h2
n
E 1
f4(xt)

K2(xi−xt

hn
)K2(

xj−xt

hn
)σ2(xi)σ

2(xj) → (
∫
K2(ψ)dψ)2E σ4(xt)

f2(xt)
< ∞ with

assumptions A4 and A9. So σ2
3n = O(h−2

n ). V ar(H
(3)
n ) = O(n−3h−2

n ) = o(n−2), and thus

Un = 6
n(n−1)

n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) + o(n−1) and I = 1
n(n−1)

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)] + o(n−1).

We conclude that
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1
n

n∑

t=1
(µ − m̂(xt))

2 − An(1 + oa.s.(1)) = 1
n(n−1)

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)] + o(n−1))(1 + oa.s.(1))

= 1
n(n−1)

n∑

t=1

n∑

i=1
t<i

[ εiεthn
E( 1

hnf2(xj)
K(

xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi)

+ εtεi
hn
E( 1

hnf2(xj)
K(

xt−xj

hn
)K(

xi−xj

hn
)|Zi, Zt)](1 + oa.s.(1)) + op(n

−1)

= A3n(1 + oa.s.(1)) + op(n
−1)

We summarize the results obtained in (2) as

1
n

n∑

t=1
(yt − m̂(xt))

2 − (An + A1n)(1 + oa.s.(1)) = 1
n

n∑

t=1
ε2t + (A2n +A3n)(1 + oa.s.(1)) + op(n

−1).

An and A1n are the bias terms. We focus on A2n and A3n to determine the asymptotic distribution.

(3) A2n = 1
n2hn

n∑

t=1

n∑

i=1
t<i

[(−2) 1
f(xt)

K(xi−xt

hn
)εiεt − 2 1

f(xi)
K(xt−xi

hn
)εtεi].

A3n = [ 1
n(n−1) − 1

n2 + 1
n2 ]

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)]

= [O(n−3) + 1
n2 ]

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)] = 1
n2

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)] + op(n
−1),

since A31n = 1
n2

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi)+φ2n(Zi, Zt)] is a second order U-statistic in Lemma 1, we easily obtain

A31n = Op(n
−1(Eφ2

2n(Zt, Zi))
1
2 ) as εt has conditional mean zero as in Assumption A3.

Furthermore, hnEφ
2
2n(Zt, Zi) = 1

hn
Eσ2(xi)σ

2(xt)[E
1

hnf2(xj)
K(

xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi)]2

=
∫
σ2(xt)σ

2(xt − hnψ1)[
∫
K(ψ)K(ψ1 + ψ) 1

f(xt−h(ψ+ψ1))dψ]2f(xt)f(xt − hnψ1)dψ1dxt

→
∫
κ2(ψ1)dψ1E

σ4(xt)
f(xt)

<∞, so (Eφ2
2n(Zt, Zi))

1
2 = O(h

− 1
2

n ) and A31n = Op((n
2hn)−

1
2 ).

A2n +A31n = 1
n2hn

n∑

t=1

n∑

i=1
t<i

[

(−2) 1
f(xt)

K(xi−xt

hn
)εiεt − 2 1

f(xi)
K(xt−xi

hn
)εtεi

+εiεtE( 1
hnf2(xj)

K(
xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi) + εtεiE( 1

hnf2(xj)
K(

xt−xj

hn
)K(

xi−xj

hn
)|Zi, Zt)

]

= 1
n2hn

n∑

t=1

n∑

i=1
t<i

[ψn(Zt, Zi) + ψn(Zi, Zt) + ψ′
n(Zt, Zi) + ψ′

n(Zi, Zt)]

= 1
n2hn

n∑

t=1

n∑

i=1
t<i

φn(Zt, Zi).

Since φn(Zt, Zi) is symmetric and E(φn(Zt, Zi)|Zt) = 0, A2n + A31n is a degenerated second order
U-statistic. In the following we show

(i) 1
hn
Eφ2

n(Zt, Zi) → 2[2E σ4(xt)
f(xt)

(4
∫
K2(ψ)dψ +

∫
κ2(ψ)dψ − 4

∫
K(ψ)κ(ψ)dψ)] = 2σ2

φ.

(ii) Eφ4
n(Zt, Zi) = O(hn).

(iii) For Gn(Z1, Z2) = E(φn(Zt, Z1)φn(Zt, Z2)|Z1, Z2), we have EG2
n(Z1, Z2) = O(h3

n).

From (i)-(iii), we have
EG2

n(Z1,Z2)
(Eφ2

n(Zt,Zi))2
=

O(h3
n)

O(h2
n) → 0, and

1
n
Eφ4

n(Zt,Zi)

(Eφ2
n(Zt,Zi))2

=
1
n
O(hn)

O(h2
n) → 0, which is condition

(2.1) in Hall (1984). So we apply Hall’s Central Limit Theorem to have

nh
1
2
n (A2n +A31n)

d→ N(0, σ2
φ).

(i)Eφ2
n(Zt, Zi) = Eψ2

n(Zt, Zi) + Eψ2
n(Zi, Zt) + Eψ′2

n (Zt, Zi) +Eψ′2
n (Zi, Zt)

+ 2Eψn(Zt, Zi)ψn(Zi, Zt) + 2Eψn(Zt, Zi)ψ
′
n(Zt, Zi) + 2Eψn(Zt, Zi)ψ

′
n(Zi, Zt)

+ 2Eψn(Zi, Zt)ψ
′
n(Zt, Zi) + 2Eψn(Zi, Zt)ψ

′
n(Zi, Zt) + 2Eψ′

n(Zt, Zi)ψ
′
n(Zi, Zt).

With assumptions A2, A3, A7 and A9,
1
hn
Eψ2

n(Zt, Zi) = 1
hn
Eψ2

n(Zi, Zt)

= 4
hn
E 1
f2(xt)

K2(xi−xt

hn
)σ2(xi)σ

2(xt) → 4
∫
K2(ψ)dψE σ4(xt)

f(xt)
<∞.

8



1
hn
Eψ′2

n (Zt, Zi) = 1
hn
Eψ′2

n (Zi, Zt)

= 1
hn
Eσ2(xi)σ

2(xt)[E
1

hnf2(xj)
K(

xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi)]2 →

∫
κ2(ψ)dψE σ4(xt)

f(xt)
<∞.

With the assumption A7 that K(·) is a symmetric function, we obtain
2
hn
Eψn(Zt, Zi)ψn(Zi, Zt) → 8

∫
K2(ψ)dψE

σ4(xt)
f(xt)

, 2
hn
Eψn(Zt, Zi)ψ

′
n(Zt, Zi) → −4

∫
K(ψ)κ(ψ)dψE

σ4(xt)
f(xt)

,

2
hn
Eψn(Zi, Zt)ψ

′
n(Zi, Zt) → −4

∫
K(ψ)κ(ψ)dψE σ4(xt)

f(xt)
, 2
hn
Eψ′

n(Zt, Zi)ψ
′
n(Zi, Zt) → 2

∫
κ2(ψ)dψE σ4(xt)

f(xt)
,

2
hn
Eψn(Zt, Zi)ψ

′
n(Zi, Zt) → −4

∫
K(ψ)κ(ψ)dψE σ4(xt)

f(xt)
,

2
hn
Eψn(Zi, Zt)ψ

′
n(Zt, Zi) → −4

∫
K(ψ)κ(ψ)dψE σ4(xt)

f(xt)
,

so 1
hn
Eφ2

n(Zt, Zi) → 2σ2
φ.

(ii) Eφ4
n(Zt, Zi) ≤ c[Eψ4

n(Zt, Zi) +Eψ4
n(Zi, Zt) +Eψ′4

n (Zt, Zi) + Eψ′4
n (Zt, Zi)] by cr inequality.

1
hn
Eψ4

n(Zt, Zi) = 1
hn
Eψ4

n(Zi, Zt) = 16
hn
E 1
f4(xt)

K4(xi−xt

hn
)E(ε4i |xi)E(ε4t |xt)

< 16c
hn
E 1
f4(xt)

K4(xi−xt

hn
) by assumption A9,

→ 16c
∫
K4(ψ)dψ

∫
1

f2(xt)
dxt.

1
hn
Eψ′4

n (Zt, Zi) = 1
hn
Eψ′4

n (Zi, Zt)

= 1
hn
E[E(ε4i |xi)E(ε4t |xt)[E 1

hnf2(xj)
K(

xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi)]4]

< c
hn
E[[E 1

hnf2(xj)K(
xi−xj

hn
)K(

xt−xj

hn
)|Zt, Zi)]4] by assumption A9,

→ c
∫
κ4(ψ)dψ

∫
1

f2(xt)
dxt.

So we have Eφ4
n(Zt, Zi) = O(hn).

(iii) Since Gn(Z1, Z2) = E(φn(Zt, Z1)φn(Zt, Z2)|Z1, Z2)
= E{[ψn(Zt, Z1) + ψn(Z1, Zt) + ψ′

n(Zt, Z1) + ψ′
n(Z1, Zt)]

×[ψn(Zt, Z2) + ψn(Z2, Zt) + ψ′
n(Zt, Z2) + ψ′

n(Z2, Zt)]|Z1, Z2}
= G1 +G2 + · · ·+G16.

EG2
n(Z1, Z2) = E[G1 + · · ·+G16]

2 ≤ c{EG2
1 + EG2

2 + · · ·+ EG2
16}. Let’s consider

1
h3

n
EG2

1 = 1
h3

n
E{E[ψn(Zt, Z1)ψn(Zt, Z2)|Z1, Z2]}2

= 16
hn
E{σ2(x1)σ

2(x2)[
1
hn
E( 1

f2(xt)
K(x1−xt

hn
)K(x2−xt

hn
)σ2(xt)|x1, x2)]

2}
→ 16

∫
σ8(x1)dx1

∫
κ2(ψ1)dψ1.

We follow similar arguments to show the other terms in EG2
n(Z1, Z2) = O(h3

n). So we have the claim
in (iii).

(4) Combining results in (1)-(3), we conclude

nh
1
2
n{ 1

n

n∑

t=1
(yt − ȳ)2 − 1

n

n∑

t=1
(yt − m̂(xt))

2 + (An + A1n)(1 + oa.s.(1))} d→ N(0, σ2
φ).

Since 1
n

n∑

t=1
(yt − ȳ)2

p→ Eσ2(xt) > 0, we have

nh
1
2
n{R̃2 + [ 1

n

n∑

t=1
(yt − ȳ)2]−1((An +A1n)(1 + oa.s.(1)))} d→ N(0, (Eσ2(xt))

−2σ2
φ).

We follow the proof in Theorem 3 to show I(·) = I( 1
n

n∑

t=1
(yt − ȳ)2 ≥ 1

n

n∑

t=1
(yt − m̂(xt))

2)
p→ 1. So

nh
1
2
n{R̂2 + I(·)[ 1

n

n∑

t=1
(yt − ȳ)2]−1((An +A1n)(1 + oa.s.(1)))} d→ N(0, (Eσ2(xt))

−2σ2
φ), and Tn

d→ N(0, 1) as

desired.

For Theorem 1(b), it is sufficient to prove the following results:

(i) Ân − An = op((nh
1
2
n )−1). (ii) Â1n −A1n = op((nh

1
2
n )−1). (iii) V̂T − VT = op(1).

(i) Note under H0, yt = µ + εt. We estimate εt by ε̃t = yt − ȳ. So ε̃t − εt = (yt − ȳ) − (yt − µ) =

u − ȳ = Op(n
− 1

2 ). Also note: sup
xt∈G

|f̂(xt) − f(xt)| = sup
xt∈G

|f̂(xt) − Ef̂(xt) + Ef̂(xt) − f(xt)|. Since by

Lemma 2, sup
xt∈G

|f̂(xt) − Ef̂(xt)| = Oa.s.((
lnn
nhn

)
1
2 ). From Theorem 3, we have Ef̂(xt) − f(xt) = O(hn)

uniformly over xt ∈ G. Let Ln = ( lnn
nhn

)
1
2 + hn. Then sup

xt∈G
|f̂(xt) − f(xt)| = Op(Ln) = op(h

1
2
n ).

Furthermore, sup
xt∈G

|f̂−1(xt) − f−1(xt)| ≤
sup

xt∈G

|f̂(xt)−f(xt)|

inf
xt∈G

f̂(xt) inf
xt∈G

f(xt)
. With assumption A4(1), inf

xt∈G
f̂(xt) ≥

9



inf
xt∈G

(f̂(xt)− f(xt)) + inf
xt∈G

f(xt) > 0, since inf
xt∈G

(f̂(xt)− f(xt)) ≤ sup
xt∈G

|f̂(xt)− f(xt)| = op(1). So we also

have sup
xt∈G

|f̂−1(xt) − f−1(xt)| = Op(Ln).

Ân − An = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)[ 1

f̂2(xt)
− 1

f2(xt)
][ε̃2i − ε2i + ε2i ] +

1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) 1
f2(xt)

[ε̃2i − ε2i ]

= I1 + I2

I1 ≤ Op(Ln){ 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)ε2i + 1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i + εi)(ε̃i − εi)|}.

With Lemma 1, we easily obtain 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)ε2i = Op((nhn)

−1).

1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i − εi + 2εi)(ε̃i − εi)|

≤ 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)(ε̃i − εi)

2 + 2
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i − εi)εi|

= I11 + I12 = Op((n
3
2hn)−1),

since I11 = Op(n
−1)Op((nhn)−1) = Op((n

2hn)
−1) and I12 = Op(n

−1
2 )Op((nhn)

−1) = Op((n
3
2hn)−1).

Given the note above, we have I1 ≤ Op(Ln)Op((nhn)−1) = op((nh
1
2
n )−1).

I2 = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) 1
f2(xt)

(ε̃i − εi)(ε̃i − εi + 2εi)

= 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) 1
f2(xt)

(ε̃i − εi)
2 + 1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) 1
f2(xt)

(ε̃i − εi)2εi

= I21 + I22 = Op((n
3
2hn)

−1) = op((nh
1
2
n )−1),

since I21 = Op(n
−1)Op((nhn)−1) = Op((n

2hn)−1) and I22 = Op(n
− 1

2 )Op((nhn)−1) = Op((n
3
2 hn)

−1). So

we conclude Ân − An = op((nh
1
2
n )−1).

(ii) Â1n − A1n = − 2
n2hn

n∑

t=1
[ 1
f̂(xt)

− 1
f(xt)

]K(0)(ε̃2t − ε2t + ε2t ) − 2
n2hn

n∑

t=1

K(0)
f(xt)

(ε̃2t − ε2t )

= op((nh
1
2
n )−1) with similar arguments.

(iii) Given assumption A2 that V (y) = Eσ2(x) > 0, we easily obtain 1
n

n∑

t=1
(yt − ȳ)2

p→ Eσ2(x). Thus

[ 1
n

n∑

t=1
(yt − ȳ)2]−2 p→ (Eσ2(x))−2. So to prove V̂T − VT = op(1), we only need to show

(1) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)

p→ E
σ4(xt)
f(xt)

=
∫
σ4(xt)dxt and

(2) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε̃2i ε̃
2
t

hn f̂2(xt)
− 1

n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)
= op(1).

(1) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)
= 1

n2

n∑

t=1

n∑

i=1
t 6=i

ψn(Zt, Zi) = 1
2n2

n∑

t=1

n∑

i=1
t 6=i

(ψn(Zt, Zi) + ψn(Zi, Zt))

= 1
2n2

n∑

t=1

n∑

i=1
t 6=i

φn(Zt, Zi), where Zt = (xt, εt) and φn(Zt, Zi) is symmetric.

= 1
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) − 1

2Eφn(Zt, Zi) +Op(n
−1(Eφ2

n(Zt, Zi))
1
2 ) by Lemma 1.

1
2Eφn(Zt, Zi) = Eψn(Zt, Zi) = 1

hn

∫
K(xi−xt

hn
)σ2(xi)σ

2(xt)
f(xi)f(xt)
f2(xt)

dxidxt

→
∫
σ4(xt)dxt.
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hnEφ
2
n(Zt, Zi) ≤ 4hnEψ

2
n(Zt, Zi) = 4

hn

∫
K2(xi−xt

hn
)E(ε4i |xi)E(ε4t |xt)f(xt)f(xi)

f4(xt)
dxidxt

→ 4
∫
K2(ψ)dψE(

E2(ε4t |xt)
f3(xt)

) <∞ by assumption A9.

Since E( 1
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi)) = E(φn(Zt, Zi)) = 2Eψn(Zt, Zi) →

∫
2σ4(xt)dxt,

V ( 1
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi)) = 1

n
V (
∫
ψn(Zt, Zi)dP (Zi) +

∫
ψn(Zi, Zt)dP (Zi))

≤ C
nEψ

2
n(Zt, Zi) = O( 1

nhn
), so V ( 1

n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi)) → 0.

Since Op(n
−1(Eφ2

n(Zt, Zi))
1
2 ) = Op(n

−1h
− 1

2
n ), so 1

n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)

p→
∫
σ4(xt)dxt.

(2) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε̃2i ε̃
2
t

hn f̂2(xt)
− 1

n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)

= 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

[ 1

f̂2(xt)
− 1

f2(xt)
]K(xi−xt

hn
)ε̃2i ε̃

2
t + 1

n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃2i ε̃

2
t − ε2i ε

2
t )

= op(1).

Given assumption A8, we have 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)|εi|l|εt|m = Op(1) with the application of

Lemma 1 for l, m = {0, 1, 2}. Furthermore, sup
xt∈G

| 1
f̂(xt)

− 1
f(xt)

| = Op(Ln).

ε̃2i ε̃
2
t − ε2i ε

2
t

= (ε̃i − εi + εi)
2(ε̃t − εt + εt)

2 − ε2i ε
2
t

= (ε̃i − εi)
2(ε̃t − εt)

2 + (ε̃i − εi)
2ε2t + 2εt(ε̃i − εi)

2(ε̃t − εt) + ε2i (ε̃t − εt)
2 + 2εt(ε̃t − εt)ε

2
i

+2εi(ε̃i − εi)(ε̃t − εt)
2 + 2εiε

2
t (ε̃i − εi) + 4εiεt(ε̃i − εi)(ε̃t − εt).

Since ε̃i − εi = Op(n
− 1

2 ), we obtain the claim in (2).
Theorem 2: Proof.

1. The asymptotic local power of the test is examined with the sequence of Pitman local alternative:
H1(ln) : m(x) = µ+ lnD(x). Since

1
n

n∑

t=1

(yt − m̂(xt))
2 = 1

n

n∑

t=1

(µ + lnD(xt) + εt − m̂(xt))
2

= 1
n

n∑

t=1
ε2t + 2

n

n∑

t=1
(µ + lnD(xt) − m̂(xt))εt + 1

n

n∑

t=1
(µ+ lnD(xt) − m̂(xt))

2,

we establish the following results under H1(ln) with ln = 1
q

nh
1
2
n

:

(1) 1
n

n∑

t=1
(yt − ȳ)2 = 1

n

n∑

t=1
ε2t +

l2n
n

n∑

t=1
D(xt)(D(xt) −E(D(xt))) + op((nh

1
2
n )−1).

(2) 2
n

n∑

t=1
(µ+ lnD(xt) − m̂(xt))εt = op((nh

1
2
n )−1) + 2

n

n∑

t=1
(µ− m̂(xt))εt.

(3) 1
n

n∑

t=1
(µ+ lnD(xt) − m̂(xt))

2 = op((nh
1
2
n )−1) + 1

n

n∑

t=1
(µ− m̂(xt))

2.

Given the results in Theorem 1(a), and 1
n

n∑

t=1
D(xt)(D(xt)−E(D(xt)))

p→ V (D(xt)), we obtain the claim

in part 1 of Theorem 2.

(1) With result in (1) Theorem 3, we have ȳ2 = 2
n

n∑

t=1
(µ + lnD(xt) + εt)(µ + lnED(xt)) − (µ +

lnED(xt))
2 + Op(n

−1). So

1
n

n∑

t=1
(yt − ȳ)2 = 1

n

n∑

t=1
(µ+ lnD(xt) + εt)

2 − ȳ2

= 1
n

n∑

t=1

ε2t + 2ln
n

n∑

t=1

εt(D(xt) − E(D(xt)) + ln
n

n∑

t=1

(µ + lnD(xt))(D(xt) − E(D(xt))

+(µ + lnED(xt))
ln
n

n∑

t=1
(ED(xt) −D(xt)) +Op(n

−1).

Since E 1
n

n∑

t=1
εt(D(xt)−E(D(xt)) = 0 and nV ( 1

n

n∑

t=1
εt(D(xt)−E(D(xt)))) = E(σ2(xt)(D(xt)−E(D(xt)))

2) <

11



∞ by assumption A10, 2ln
n

n∑

t=1
εt(D(xt) −E(D(xt)))) = Op((nh

1
2
n )−

1
2 ∗ n− 1

2 ) = op((nh
1
2
n )−1).

Similarly, (µ+ lnE(D(xt)))
ln
n

n∑

t=1
(ED(xt) −D(xt)) = op((nh

1
2
n )−1). So we have the claim in (1).

(2) Since m(xt) = µ + lnD(xt), we follow Theorem 1(a) to have

m̂(xt) −m(xt) = 1
nhn

n∑

i=1

Wn(
xi−xt

hn
, xt)(yi − µ− lnD(xt))

= e′S−1
n (xt)







1
nhn

n∑

i=1
K(xi−xt

hn
)((D(xi) −D(xt))ln + εi)

1
nhn

n∑

i=1
K(xi−xt

hn
)(xi−xt

hn
)((D(xi) −D(xt))ln + εi)






.

2
n

n∑

t=1
(µ + lnD(xt) − m̂(xt))εt

= − 2ln
n2hn

n∑

t=1

n∑

i=1
e′S−1

n (xt)K(xi−xt

hn
)(D(xi) −D(xt))εt

[
1

xi−xt

hn

]

− 2
n2hn

n∑

t=1

n∑

i=1
e′S−1

n (xt)K(xi−xt

hn
)εiεt

[
1

xi−xt

hn

]

= I2 + 2
n

n∑

t=1
(µ− m̂(xt))εt.

To obtain the claim in (2), we only need to show I2 = op((nh
1
2
n )−1).

Since sup
xt∈G

|S−1
jn (xt) − S−1

j (xt)| = oa.s.(1), we follow Theorem 1 (a) (2)(i) to have

I2 = − 2ln
n2hn

n∑

t=1

n∑

i=1

1
f(xt)

K(xi−xt

hn
)(D(xi) −D(xt))εt(1 + oa.s.(1)) = I21(1 + oa.s.(1)).

When t = i, I21 = 0. So we have
I21
ln

= − 2
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf(xt)

K(xi−xt

hn
)(D(xi) −D(xt))εt = − 2

n2

n∑

t=1

n∑

i=1
t 6=i

ψn(Zt, Zi)

= − 1
n2

n∑

t=1

n∑

i=1
t 6=i

(ψn(Zt, Zi) + ψn(Zi, Zt)) = − 1
n2

n∑

t=1

n∑

i=1
t 6=i

φn(Zt, Zi)

= − 2
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi) + Op(n

−1(Eφ2
n(Zt, Zi))

1
2 )

by Lemma 1, since Eφn(Zt, Zi) = 0.
∫
φn(Zt, Zi)dP (Zi) = εt

f(xt)
1
hn

∫
K(xi−xt

hn
)(D(xi) −D(xt))f(xi)dxi,

E( 1
n

n∑

t=1

φn(Zt, Zi)dP (Zi)) = 0,

V ( 1
n

n∑

t=1

∫
φn(Zt, Zi)dP (Zi)) = 1

n

∫ σ2(xt)
f(xt)

[
∫
K(ψ)(D(xt+hnψ)−D(xt))f(xt+hnψ)dψ]2dxt = o(n−1).

hnEφ
2
n(Zt, Zi) ≤ 4hnEψ

2
n(Zt, Zi) =

∫ K2(ψ)
f2(xt)

(D(xt + hnψ) −D(xt))
2σ2(xt)f(xt)f(xt + hnψ)dψdxt → 0.

So I21 = op(n
− 1

2
1

q

nh
1
2
n

) = op((nh
1
2
n )−1) and I2 = op((nh

1
2
n )−1).

(3) 1
n

n∑

t=1
(µ+ lnD(xt) − m̂(xt))

2

= 1
n

n∑

t=1

[

e′S−1
n (xt)

1
nhn

n∑

i=1
K(xi−xt

hn
)(ln(D(xi) −D(xt)) + εi)

(
1

xi−xt

hn

)]2

= 1
n

n∑

t=1
(µ− m̂(xt))

2 + { 1
n3h2

n

n∑

t=1

n∑

i=1

n∑

j=1

1
f2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)[l2n(D(xi) −D(xt))(D(xj) −D(xt))]

+ 1
n3h2

n

n∑

t=1

n∑

i=1

n∑

j=1

1
f2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)ln(D(xi) −D(xt))εj

+ 1
n3h2

n

n∑

t=1

n∑

i=1

n∑

j=1

1
f2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)ln(D(xj) −D(xt))εi}(1 + oa.s.(1))

= 1
n

n∑

t=1
(µ− m̂(xt))

2 + I31 + I32 + I33.
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Since I33 is similar to I32, we show (i) I31 = op((nh
1
2
n )−1), and (ii) I32 = op((nh

1
2
n )−1), which are sufficient

for the claim in (3).
(i) We note when t = i = j, I31 = 0. Similarly, when t = i or t = j, I31 = 0. So we consider the case

when i = j, but t 6= i. Since 1
l2n

= 1

nh
1
2
n

, we only need to show I31
l2n

= op(1).

I31
l2n

= 1
nhn

1
n2hn

n∑

t=1

n∑

i=1
t 6=i

1
f2(xt)

K2(xi−xt

hn
)(D(xi) −D(xt))

2 = 1
nhn

I311.

I311 = 1
n2

n∑

t=1

n∑

i=1
t 6=i

1

hnf2(xt)
K2(

xi − xt

hn
)(D(xi) −D(xt))

2

︸ ︷︷ ︸

ψn(xi,xt)

= 1
2n2

n∑

t=1

n∑

i=1
t 6=i

(ψn(xt, xi) + ψn(xi, xt)) = 1
2n2

n∑

t=1

n∑

i=1
t 6=i

φn(xt, xi).

Since
∫
φn(xt, xi)dP (xi) =

∫
1

f2(xt)
K2(ψ)(D(xt+hnψ)−D(xt))

2f(xt+hnψ)dψ+
∫

1
f(xt+hnψ)

K2(ψ)(D(xt)−
D(xt + hnψ))2dψ, E

∫
φn(xt, xi)dP (xi) = Eφn(xt, xi) → 0.

hnEφ
2
n(xt, xi) ≤ 4hnEψ

2
n(xt, xi) = 4 1

hn
E 1
f4(xt)

K4(xi−xt

hn
)(D(xi)−D(xt))

4 → 0,Op(n
−1(Eφ2

n(xt, xi))
1
2 ) =

op((nh
1
2
n )−1), and V (φn(xt, xi) = o(h−1

n ), so by Lemma 1, we have

I311 =
1

n

n∑

t=1

∫

φn(xt, xi)dP (xi) −
1

2
Eφn(xt, xi) + op((nh

1
2
n )−1) = op(1).

So we have the claimed result that I31 = op((nh
1
2
n )−1).

When t, i, j are three distinct indices,
I31
l2n

= 1
n3

n∑

t=1

n∑

i=1

n∑

j=1
t 6=i 6=j

1

h2
nf

2(xt)
K(

xi − xt

hn
)K(

xj − xt

hn
)(D(xi) −D(xt))(D(xj) −D(xt))

︸ ︷︷ ︸

ψn(xt,xi,xj)

= 1
3n3

n∑

t=1

n∑

i=1

n∑

j=1

t 6=i 6=j

[ψn(xt, xi, xj) + ψn(xi, xt, xj) + ψn(xj, xi, xt)]
︸ ︷︷ ︸

φn(xt,xi,xj)

= 1
n3

∑∑∑

1=t<i<j=n
2φn(xt, xi, xj)

= 1
6

(
n

3

)−1
∑∑∑

1=t<i<j=n
2φn(xt, xi, xj)(1 + O(n−4)) = 1

6I311(1 + O(n−4)).

I311 is a U-statistic. We consider the H-decomposition in Lemma 3 and write

I311 = 3
n

n∑

t=1

∫
2φn(xt, xi, xj)dP (xi)dP (xj) − 2θn +Op(H

(2)
n +H

(3)
n ).

θn = 6Eψn(xt, xi, xj) = 6
∫

1
f(xt)

K(ψ1)K(ψ2)(D(xt + hnψ1) − D(xt))(D(xt + hnψ2) − D(xt))f(xt +

hnψ1)f(xt + hnψ2)dxtdψ1dψ2 → 0.
E[
∫

2φn(xt, xi, xj)dP (xi)dP (xj)] = θn → 0. Furthermore,
h2
nE(

∫
2φn(xt, xi, xj)dP (xi)dP (xj))

2 ≤ 4h2
nE(φ2

n(xt, xi, xj)) ≤ 4ch2
nE(ψ2

n(xt, xi, xj))
= 4c

∫
1

f4(xt)
K2(ψ1)K

2(ψ2)(D(xt + hnψ1) −D(xt))
2(D(xt + hnψ2) −D(xt))

2

×f(xt)f(xt + hnψ1)f(xt + hnψ2)dxtdψ1dψ2

→ 0.

V (
∫

2φn(xt, xi, xj)dP (xi)dP (xj)) = o(h−2
n ). Since nh2

n → ∞, we have

3
n

n∑

t=1

∫
2φn(xt, xi, xj)dP (xi)dP (xj) − 2θn = op(1).

V (H
(2)
n ) = O(n−2σ2

2n), V (H
(3)
n ) = O(n−3σ2

3n). σ
2
2n = V (

∫
2φn(xt, xi, xj)dP (xj)) ≤ cEφ2

n(xt, xi, xj), σ
2
3n ≤

cEφ2
n(xt, xi, xj) = o(h−2

n ), V (H
(2)
n ) = o(n−2h−2

n ), and V (H
(3)
n ) = o(n−3h−2

n ), so Op(H
(2)
n + H

(3)
n ) =

op((nhn)
−1). So we conclude I311 = op(1) and I31 = op((nh

1
2
n )−1).

(ii) With similar arguments as (i), we apply Lemma 1 and 3 to obtain I32 = op((nh
1
2
n )−1).

With results in (i) and (ii) above, we obtain the claim in (3) and the claim in part 1 of Theorem 2.

2. We follow the proof in Theorem 1(b) closely. It is sufficient to prove the following results:
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(i) Ân − An = op((nh
1
2
n )−1). (ii) Â1n −A1n = op((nh

1
2
n )−1). (iii) V̂T − VT = op(1).

Note under H1(ln) : yt = µ+ lnD(xt) + εt, so
ε̃t − εt = (yt − ȳ) − (yt − µ− lnD(xt))

= µ + lnED(xt) − ȳ + ln(D(xt) − ED(xt)) = Op(n
− 1

2 ) + ln(D(xt) −ED(xt)).
(i) As show in Theorem 1(b),

Ân − An = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)[ 1
f̂2(xt)

− 1
f2(xt)

][ε̃2i − ε2i + ε2i ] +
1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) 1
f2(xt)

[ε̃2i − ε2i ]

= I1 + I2

I1 ≤ Op(Ln){ 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)ε2i + 1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i + εi)(ε̃i − εi)|}.

With Lemma 1, we easily obtain 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)ε2i = Op((nhn)

−1).

1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i − εi + 2εi)(ε̃i − εi)|

≤ 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)(ε̃i − εi)

2 + 2
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(ε̃i − εi)εi|

= I11 + I12.

I11 = Op(n
−1) 1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
) +

l2n
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)(D(xi) − ED(xi))

2

+Op(n
− 1

2 ) 2ln
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)(D(xi) −ED(xi))

= I111 + I112 + I113

We can show that I111 = Op(n
−2h−1

n ), I112 = Op(n
−2h

− 3
2

n ), and I113 = Op(n
−2h

− 5
4

n ). So I11 =

Op(n
−2h

− 5
4

n ) = op((nh
1
2
n )−1).

I12 = Op(n
− 1

2 ) 2
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|εi| + 2ln

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

K2(xi−xt

hn
)|(D(xi) −ED(xi))εi|

= I121 + I122.

We can show that I121 = Op(n
− 3

2h−1
n ) and I122 = Op(n

− 3
2 h

−5
4

n ). So I12 = Op(n
− 3

2h
− 5

4
n ).

So I1 = Op(Ln)Op((nhn)−1) = op((nh
1
2
n )−1).

With similar arguments, we have I2 = op((nh
1
2
n )−1). Thus, Ân − An = op((nh

1
2
n )−1).

The proof of (ii) and (iii) follows from Theorem 1(b) in an analogous fashion.

Theorem 4: Proof. Recall the definition of T̂n in section 2,

T̂n =

nh
1
2
n {R̂2+I( 1

n

n
P

t=1
(yt−ȳ)2≥ 1

n

n
P

t=1
(yt−m̂(xt))

2)
Â1n+Ân

1
n

n
P

t=1
(yt−ȳ)2

}

√
V̂T

.

From Theorem 3, R̂2 p→ R2 > 0 under H1. From Theorem 3 proof (4), we know I( 1
n

n∑

t=1

(yt − ȳ)2 ≥

1
n

n∑

t=1
(yt − m̂(xt))

2)
p→ 1. It is also shown that 1

n

n∑

t=1
(yt − ȳ)2

p→ Eσ2(xt) > 0.

Under H1, yt = m(xt) + εt, so
ε̃t − εt = (yt − ȳ) − (yt −m(xt)) = m(xt) −E(m(xt)) + (E(m(xt)) − ȳ)

= m(xt) −E(m(xt)) +Op(n
− 1

2 ).
Following the proof in Theorem 1(b), it is easy to see that

Ân = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

1
f̂2(xt)

K2(xi−xt

hn
)ε̃2i = Op((nhn)

−1)), Â1n = − 2
n2hn

n∑

t=1

K(0)

f̂(xt)
ε̃2t = Op((nhn)−1)). So to

prove Theorem 4, we only need to show V̂T ’s probability limit is positive, since
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T̂n = {nh
1
2
n [R2 + Op((nhn)−1)]}Op(1) → ∞ at rate nh

1
2
n , as R2 > 0 under H1. So P (T̂n > cn) → 1 for

any positive constant cn = o(nh
1
2
n ). Thus the T̂n test is consistent.

It is sufficient to show
1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn f̂2(xt)

K(xi−xt

hn
)ε̃2i ε̃

2
t

p→ E
(
σ4(xt)
f(xt)

)

+ E
(

(m(xt)−E(m(xt)))
4

f(xt)

)

+ 2E
(

(m(xt)−E(m(xt))
2σ2(xt)

f(xt)

)

, which is positive.

Theorem 1(b) (iii)(1) shows 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)ε2i ε

2
t
p→ E

(
σ4(xt)
f(xt)

)

. So we only need to show

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn f̂2(xt)

K(xi−xt

hn
)ε̃2i ε̃

2
t − 1

n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)ε2i ε

2
t

= op(1) +E
(

(m(xt)−E(m(xt)))
4

f(xt)

)

+ 2E
(

(m(xt)−E(m(xt)))
2σ2(xt)

f(xt)

)

.

1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε̃2i ε̃
2
t

hn f̂2(xt)
− 1

n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)

ε2i ε
2
t

hnf2(xt)

= 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

[ 1

f̂2(xt)
− 1

f2(xt)
]K(xi−xt

hn
)ε̃2i ε̃

2
t + 1

n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃2i ε̃

2
t − ε2i ε

2
t ).

Note sup
xt∈G

| 1
f̂(xt)

− 1
f(xt)

| = Op(Ln), which implies

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

[ 1

f̂2(xt)
− 1

f2(xt)
]K(xi−xt

hn
)ε̃2i ε̃

2
t = op(1). Following Theorem 1(b)(iii)(2), we have

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃2i ε̃

2
t − ε2i ε

2
t )

= 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)[(ε̃i − εi)

2(ε̃t − εt)
2 + (ε̃i − εi)

2ε2t + 2εt(ε̃i − εi)
2(ε̃t − εt)

+ε2i (ε̃t − εt)
2 + 2εt(ε̃t − εt)ε

2
i + 2εi(ε̃i − εi)(ε̃t − εt)

2 + 2εiε
2
t (ε̃i − εi) + 4εiεt(ε̃i − εi)(ε̃t − εt)]

= 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃i − εi)

2(ε̃t − εt)
2 + 1

n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)ε2t (ε̃i − εi)

2

+ 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)ε2i (ε̃t − εt)

2 + op(1),

with Lemma 1 and ε̃t − εt = m(xt) −E(m(xt)) +Op(n
− 1

2 ). Consider

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃i − εi)

2(ε̃t − εt)
2

= Op(n
− 1

2 ) + 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(m(xi) −E(m(xi)))

2(m(xt) −E(m(xt)))
2

= Op(n
− 1

2 ) + 1
n2

n∑

t=1

n∑

i=1
t 6=i

ψn(xt, xi) = Op(n
− 1

2 ) + I.

By Lemma 1, we have

I = 1
2n2

n∑

t=1

n∑

i=1
t 6=i

(ψn(xt, xi) + ψn(xi, xt)) = 1
2n2

n∑

t=1

n∑

i=1
t 6=i

φn(xt, xi)

= 1
n

n∑

t=1

∫
φn(xt, xi)dP (xi) − 1

2Eφn(xt, xi) + Op(n
−1(Eφ2

n(xt, xi))
1
2 )

E(
∫
φn(xt, xi)dP (xi)) = E(φn(xt, xi)) → 2E

(
(m(xt)−E(m(xt)))

4

f(xt)

)

,

hnE(φ2
n(xt, xi)) ≤ 4hnE(ψ2

n(xt, xi)) → 4
∫
K2(ψ)dψE

(
(m(xt)−E(m(xt)))

8

f3(xt)

)

<∞, so
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Op(n
−1(Eφ2

n(xt, xi))
1
2 ) = Op(n

−1h
− 1

2
n ). Since V ( 1

n

n∑

t=1

∫
φn(xt, xi)dP (xi)) = O((nhn)−1), we conclude

I
p→ E

(
(m(xt)−E(m(xt)))

4

f(xt)

)

. So

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)(ε̃i − εi)

2(ε̃t − εt)
2 = op(1) + E

(
(m(xt)−E(m(xt)))

4

f(xt)

)

.

Similarly, we show
1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)ε2t (ε̃i − εi)

2 = op(1) +E
(

(m(xt)−E(m(xt)))
2σ2(xt)

f(xt)

)

,

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn

1
f2(xt)

K(xi−xt

hn
)ε2i (ε̃t − εt)

2 = op(1) +E
(

(m(xt)−E(m(xt)))
2σ2(xt)

f(xt)

)

.

Combing above results, we obtain the claim in Theorem 4.
Theorem 5: Proof. Recall the definition of

T̂ ∗
n =

nh
1
2
n {R̂2∗−I( 1

n

n
P

t=1

(ε∗t,0)
2≥ 1

n

n
P

t=1

(ε∗t,b)
2)

Â∗
1n+Â∗

n

1
n

n
P

t=1
(ε∗

t,0)2
}

√
V̂ ∗

T

, for R̂2∗ =






1 −

1
n

n∑

t=1
(ε∗t,b)

2

1
n

n∑

t=1
(ε∗t,0)

2







︸ ︷︷ ︸

R̃2∗

I( 1
n

n∑

t=1
(ε∗t,0)

2 ≥ 1
n

n∑

t=1
(ε∗t,b)

2).

To prove the Theorem, it is sufficient to show that given W = {xi, yi}ni=1,

(1) 1
n

n∑

t=1
(ε∗t,0)

2 = 1
n

n∑

t=1
(ε∗t )

2 +Op(n
−1).

Since 1
n

n∑

t=1
(ε∗t,b)

2 = 1
n

n∑

t=1
(y∗t − m̂∗(xt))2 = 1

n

n∑

t=1
(ε∗t )

2 + 2
n

n∑

t=1
(ȳ − m̂∗(xt))ε∗t + 1

n

n∑

t=1
(ȳ − m̂∗(xt))2,

(2) we show 2
n

n∑

t=1
(ȳ − m̂∗(xt))ε∗t = (A∗

1n + A∗
2n)(1 + op(1)), where A∗

1n = − 2
n2hn

n∑

t=1

K(0)
f(xt)

(ε∗t )
2, and

A∗
2n = − 2

n2hn

n∑

t=1

n∑

i=1
t 6=i

1
f(xt)

K(xi−xt

hn
)ε∗i ε

∗
t .

(3) 1
n

n∑

t=1
(ȳ−m̂∗(xt))2−A∗

n(1+op(1)) = A∗
3n(1+op(1))+op(n

−1), A∗
n = 1

n3h2
n

n∑

t=1

n∑

i=1
t 6=i

1
f2(xt)

K2(xi−xt

hn
)(ε∗i )

2,

A∗
3n = 1

n3h2
n

n∑

t=1

n∑

i=1

n∑

j=1

t 6=i 6=j

1
f2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)ε∗i ε

∗
j = 1

n(n−1)

n∑

t=1

n∑

i=1
t<i

[
ε∗i ε

∗

t

h2
n
E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj) |xt, xi)

+
ε∗t ε

∗

i

h2
n
E(K(

xt−xj

hn
)K(

xi−xj

hn
) 1
f2(xj) |xi, xt)] + op(n

−1).

Results (2) and (3) above imply

1
n

n∑

t=1
(ε∗t,b)

2 − (A∗
n +A∗

1n)(1 + op(1)) = 1
n

n∑

t=1
(ε∗t )

2 + (A∗
2n + A∗

3n)(1 + op(1)) + op(n
−1).

(4) (A∗
2n + A∗

3n)(S
∗
n)−1 d→ N(0, 1), where

(S∗
n)2 = E((

n∑

t=1

n∑

i=1
t<i

φn(Z
∗
t , Z

∗
i ))

2|W ) = n−2h−1
n σ2

φ + op(n
−2h−1

n ), and

φn(Z
∗
t , Z

∗
i )

= 1
n2hn

[− 2
f(xt)

K(xi−xt

hn
)ε∗i ε

∗
t − 2

f(xi)
K(xt−xi

hn
)ε∗t ε

∗
i

+ε∗i ε
∗
tE( 1

hnf2(xj)
K(

xi−xj

hn
)K(

xt−xj

hn
)|xt, xi) + ε∗t ε

∗
iE( 1

hnf2(xj)K(
xt−xj

hn
)K(

xi−xj

hn
)|xt, xi)].

Combining results (1)-(4), we conclude

nh
1
2
n

nh
1
2
n S∗

n

{ 1
n

n∑

t=1
(ε∗t,0)

2 − 1
n

n∑

t=1
(ε∗t,b)

2 + (A∗
n + A∗

1n)(1 + op(1))} d→ N(0, 1).

Since 1
n

n∑

t=1
(ε∗t,0)

2 p→ Eσ2(xt) > 0, we have

nh
1
2
n

nh
1
2
n

S∗
n

E(σ2(xt))

{R̃2∗ + [ 1
n

n∑

t=1
(ε∗t,0)

2]−1((A∗
n + A∗

1n)(1 + op(1)))} d→ N(0, 1).

We follow the proof in Theorem 1(a) to show I(·) = I( 1
n

n∑

t=1
(ε∗t,0)

2 ≥ 1
n

n∑

t=1
(ε∗t,b)

2)
p→ 1. So
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nh
1
2
n

nh
1
2
n

S∗
n

E(σ2(xt))

{R̂2∗ + I(·)[ 1
n

n∑

t=1

(ε∗t,0)
2]−1((A∗

n +A∗
1n)(1 + op(1)))} d→ N(0, 1).

(5) If we further have A∗
n − Â∗

n = op((nh
1
2
n )−1), A∗

1n − Â∗
1n = op((nh

1
2
n )−1), and

V̂ ∗
T − [nh

1
2
n

S∗

n

E(σ2(xt))
]2 = op(1), the claim in Theorem 5 follows.

(1) ε∗t,0 = y∗t − µ̂∗ = y∗t − 1
n

n∑

t=1
y∗t = ȳ + ε∗t − ȳ − 1

n

n∑

t=1
ε∗t = ε∗t − 1

n

n∑

t=1
ε∗t ,

So 1
n

n∑

t=1
(ε∗t,0)

2 = 1
n

n∑

t=1
(ε∗t − 1

n

n∑

t=1
ε∗t )

2 = 1
n

n∑

t=1
(ε∗t )

2 − ( 1
n

n∑

t=1
ε∗t )

2. Since EF̂t
(ε∗t ) = 0, EF̂t

(ε∗t )
2 = ε̂2t , so for

given W ,
√
n

1
n

n
P

t=1

ε∗t

( 1
n

n
P

t=1

ε̂2t )
1
2

d→ N(0, 1). In Theorem 3, we show that 1
n

n∑

t=1
ε̂2t = 1

n

n∑

t=1
ε2t + op(n

− 1
2 ) = Op(1), so

1
n

n∑

t=1
ε∗t = Op(n

− 1
2 ) and ( 1

n

n∑

t=1
ε∗t )

2 = Op(n
−1). Thus, we conclude

1
n

n∑

t=1
(ε∗t,0)

2 = 1
n

n∑

t=1
(ε∗t )

2 +Op(n
−1).

(2) m̂∗(x) − ȳ = 1
nhn

n∑

i=1

Wn(xi−x
hn

, x)(y∗i − ȳ) = 1
nhn

n∑

i=1

Wn(xi−x
hn

, x)ε∗i

= e′S−1
n (x)







1
nhn

n∑

i=1
K(xi−x

hn
)ε∗i

1
nhn

n∑

i=1
K(xi−x

hn
)xi−x
hn

ε∗i







We follow the proof in Theorem 1(a)(2)(i) to have 2
n

n∑

t=1
(ȳ − m̂∗(xt))ε∗t = (A∗

1n + A∗
2n)(1 + op(1)).

(3) With similar arguments as in Theorem 1(a)(2)(ii), we obtain

1
n

n∑

t=1
(ȳ − m̂∗(xt))2 =

1

n3h2
n

n∑

t=1

n∑

i=1

n∑

j=1

1

f2(xt)
K(

xi − xt

hn
)K(

xj − xt

hn
)ε∗i ε

∗
j

︸ ︷︷ ︸

I

(1 + op(1)).

(a) When t = i = j, I = 1
n3h2

n

n∑

t=1

K2(0)
f2(xt)

(ε∗t )
2. Since EF̂t

(ε∗t )
2 = ε̂2t ,

E(|I||W ) = 1
n3h2

n

n∑

t=1

K2(0)
f2(xt)

EF̂t
(ε∗t )

2 = 1
n3h2

n

n∑

t=1

K2(0)
f2(xt)

ε̂2t

= 1
n3h2

n

n∑

t=1

K2(0)
f2(xt)

[ε2t + 2(m(xt) − m̂(xt))εt + (m(xt) − m̂(xt))
2]

= Op((n
2h2
n)

−1) = op(n
−1), since sup

xt∈G
|m(xt) − m̂(xt)| = op(1).

(b) When t = i (or t = j),

nh
3
2
n I = 2

n2

n∑

t=1

n∑

j=1

t 6=j

K(0)

2
√
hnf2(xt)

K(
xj−xt

hn
)ε∗t ε

∗
j = 2

n2

n∑

t=1

n∑

j=1

t 6=j

ψn(Zt, Zj)

= 1
n2

n∑

t=1

n∑

j=1

t 6=j

(ψn(Zt, Zj) + ψn(Zj , Zt)) = 1
n2

n∑

t=1

n∑

j=1

t 6=j

φn(Zt, Zj)

where Zt ≡ Z∗
t = (xt, ε

∗
t ). Since E(φn(Zt, Zj)|W,Zt) = 0, we apply Lemma 1 to obtain

nh
3
2
n I = Op((

1
n4

n∑

t=1

n∑

j=1

t 6=j

E(φ2
n(Zt, Zj)|W ))

1
2 ).

1
n4

n∑

t=1

n∑

j=1

t 6=j

E(φ2
n(Zt, Zj)|W )

= 1
4n4

n∑

t=1

n∑

j=1

t 6=j

[ K2(0)
hnf4(xt)

K2(
xj−xt

hn
)ε̂2t ε̂

2
j + K2(0)

hnf4(xj)
K2(

xt−xj

hn
)ε̂2j ε̂

2
t + 2K2(0)

hnf2(xt)f2(xj)
K(

xj−xt

hn
)K(

xt−xj

hn
)ε̂2t ε̂

2
j ]

= I1 + I2 + I3.
Let’s take a look at I1.
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I1 = 1
4n4

n∑

t=1

n∑

j=1

t 6=j

K2(0)
hnf4(xt)

K2(
xj−xt

hn
)(m(xt) − m̂(xt) + εt)

2(m(xj) − m̂(xj) + εj)
2

= 1
4n4

n∑

t=1

n∑

j=1
t 6=j

K2(0)
hnf4(xt)

K2(
xj−xt

hn
)[(m(xt) − m̂(xt))

2(m(xj) − m̂(xj))
2 + (m(xt) − m̂(xt))

2ε2j

+2(m(xt) − m̂(xt))
2(m(xj) − m̂(xj))εj + ε2t (m(xj) − m̂(xj))

2 + ε2t ε
2
j + 2ε2t (m(xj) − m̂(xj))εj

+2(m(xt) − m̂(xt))εt(m(xj) − m̂(xj))
2 + 2(m(xt) − m̂(xt))εtε

2
j

+4(m(xt) − m̂(xt))(m(xj ) − m̂(xj))εtεj].
Let’s consider a generic term showing up repeatedly as

I110 = 1
n2

n∑

t=1

n∑

j=1
t 6=j

K2(0)
hnf4(xt)

K2(
xj−xt

hn
)|εt|k|εj|τ = 1

n2

n∑

t=1

n∑

j=1
t 6=j

ψn(Zt, Zj)

= 1
2n2

n∑

t=1

n∑

j=1

t 6=j

(ψn(Zt, Zj) + ψn(Zj , Zt)) = 1
2n2

n∑

t=1

n∑

j=1

t 6=j

φn(Zt, Zj)

= 1
n

n∑

t=1
E(φn(Zt, Zj)|Zt) − 1

2Eφn(Zt, Zj) +Op(
1
n (Eφ2

n(Zt, Zj))
1
2 )

where Zt = (xt, εt), k, τ = {0, 1, 2}, and we apply Lemma 1 in the last line.
E(φn(Zt, Zj)|Zt) = E(ψn(Zt, Zj)|Zt) +E(ψn(Zj , Zt)|Zt),
E(ψn(Zt, Zj)|Zt) =

∫ K2(0)
hnf4(xt)

K2(
xj−xt

hn
)|εt|kE(|εj|τ |xj)f(xj)dxj → K2(0)

f3(xt)
|εt|kE(|εt|τ |xt)

∫
K2(ψ)dψ,

E(ψn(Zj , Zt)|Zt) =
∫ K2(0)
hnf4(xj)

K2(
xt−xj

hn
)|εt|τE(|εj|k|xj)f(xj)dxj → K2(0)

f3(xt)
|εt|τE(|εt|k|xt)

∫
K2(ψ)dψ,

E(φn(Zt, Zj)) → 2K2(0)
∫
K2(ψ)dψE[E(|εt|k|xt)E(|εt|τ |xt) 1

f3(xt)
], and

hnEφ
2
n(Zt, Zj) ≤ Ch2

nEψ
2
n(Zt, Zj) → K2(0)

∫
K4(ψ)dψE[E(|εt|2k|xt)E(|εt|2τ |xt) 1

f7(xt)
] <∞

with assumption A9 and A4(1).

So we conclude Eφ2
n(Zt, Zj) = O( 1

hn
), 1
n

n∑

t=1
E(φn(Zt, Zj)|Zt) = Op(1) since nhn → ∞, E(φn(Zt, Zj)) =

O(1), Op(
1
n(Eφ2

n(Zt, Zj))
1
2 ) = Op((nh

1
2
n )−1), and thus I110 = Op(1). Furthermore, since sup

xt∈G
|m̂(xt) −

m(xt)| = op(1), we have I1 = Op(n
−2).

With similar arguments, we obtain I2 = Op(n
−2) and I3 = Op(n

−2). So in all, we conclude

nh
3
2
n I = Op(n

−1), and thus I = Op((n
2h

3
2
n )−1) = op(n

−1).

(c) When i = j and t 6= i, I = 1
n3h2

n

n∑

t=1

n∑

i=1
t 6=i

1
f2(xt)

K2(xi−xt

hn
)(ε∗i )

2 = A∗
n.

(d) When indices t, i, and j are distinct, we let ψn(Zt, Zi, Zj) = 1
h2

nf
2(xt)

K(xi−xt

hn
)K(

xj−xt

hn
)ε∗i ε

∗
j , and

we follow Theorem 1(a)(2)(ii)(d) to have

I = 1
3

[

O(n−4) +

(
n

3

)−1
]

∑∑∑

1=t<i<j=n
φn(Zt, Zi, Zj),

where φn(Zt, Zi, Zj) = ψn(Zt, Zi, Zj)+ψn(Zi, Zt, Zj)+ψn(Zj , Zi, Zt) and Zt = (xt, ε
∗
t ). We focus on the

third order U-statistic Un =

(
n

3

)−1
∑∑∑

1=t<i<j=n
φn(Zt, Zi, Zj).

We note θn = E(φn(Zt, Zi, Zj)|W ) = 0 and φ1n(Zt) = E(φn(Zt, Zi, Zj)|W,Zt) = 0 because EF̂t
ε∗t = 0.

So we apply the H-decomposition in Lemma 3 to have

Un =

(
n

3

)−1 (
n− 2

1

)
n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi)

+

(
n

3

)−1

{
∑∑∑

1=t<i<j=n

φn(Zt, Zi, Zj) − (n− 2)
n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi)}

︸ ︷︷ ︸

U1n

,

where φ2n(Zt, Zi) =
ε∗i ε

∗

t

h2
n
E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj)

|xt, xi).

18



Since (n− 2)
n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) =
∑∑∑

1=t<i<j=n
[φ2n(Zt, Zi) + φ2n(Zt, Zj) + φ2n(Zi, Zj)], we have

U1n =

(
n

3

)−1
∑∑∑

1=t<i<j=n
{φn(Zt, Zi, Zj) − [φ2n(Zt, Zi) + φ2n(Zt, Zj) + φ2n(Zi, Zj)]}

=

(
n

3

)−1
∑∑∑

1=t<i<j=n
Φn(Zt, Zi, Zj).

By construction for given W , conditioning on Zt, Zi, Zj , or {Zt, Zi}, {Zt, Zj}, {Zi, Zj}, the expectation
of Φn(Zt, Zi, Zj) is zero. So E(U1n|W ) = 0. Furthermore, E(Φn(Zt, Zi, Zj)Φn(Zt′ , Zi′ , Zj′)|W ) = 0 if
{t, i, j} 6= {t′, i′, j′}. So

V (U1n|W ) =

(
n

3

)−2
∑∑∑

1=t<i<j=n
E(Φ2

n(Zt, Zi, Zj)|W )

≤ c

(
n

3

)−2
∑∑∑

1=t<i<j=n
E(φ2

n(Zt, Zi, Zj)|W ) ≤ c

(
n

3

)−2
∑∑∑

1=t<i<j=n
E(ψ2

n(Zt, Zi, Zj)|W )

= c

(
n

3

)−2
∑∑∑

1=t<i<j=n

1
h4

nf
4(xt)

K2(xi−xt

hn
)K2(

xj−xt

hn
)ε̂2i ε̂

2
j

= c

(
n

3

)−2
∑∑∑

1=t<i<j=n

1
h4

nf
4(xt)

K2(xi−xt

hn
)K2(

xj−xt

hn
)[ε2i ε

2
j + ε2i (m(xj) − m̂(xj))

2

+2ε2i εj(m(xj) − m̂(xj)) + (m(xi) − m̂(xi))
2ε2j + (m(xi) − m̂(xi))

2(m(xj) − m̂(xj))
2

+2(m(xi) − m̂(xi))
2εj(m(xj) − m̂(xj)) + 2(m(xi) − m̂(xi))εiε

2
j

+2(m(xi) − m̂(xi))εi(m(xj) − m̂(xj))
2 + 4(m(xi) − m̂(xi))(m(xj) − m̂(xj))εiεj]

= I1 + I2 + · · ·+ I9

I1 = Op(n
−3h−2

n ) = op(n
−2) as we have show in Theorem 1(a)(2)(ii)(d) for term H

(3)
n . With assumption

A9, and sup
xt∈G

|m̂(xt) −m(xt)| = op(1), we have Ii = op(n
−3h−2

n ) = op(n
−2) for i = 2, · · · , 9 with similar

arguments as in (b) above. So we conclude U1n = op(n
−1). So

Un =

(
n

3

)−1(
n− 2

1

)
n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) + op(n
−1) = 6

n(n−1)

n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) + op(n
−1).

I = 2
n(n−1)

n∑

t=1

n∑

i=1
t<i

φ2n(Zt, Zi) + op(n
−1)

= 1
n(n−1)

n∑

t=1

n∑

i=1
t<i

[
ε∗i ε

∗

t

h2
n
E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj) |xt, xi) +

ε∗t ε
∗

i

h2
n
E(K(

xt−xj

hn
)K(

xi−xj

hn
) 1
f2(xj)

|xi, xt)] + op(n
−1).

Combining results in (a)-(d) above, we obtain the claim in (3).

(4)A∗
3n = [O(n−3) + 1

n2 ]
n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)] =
1

n2

n∑

t=1

n∑

i=1
t<i

[φ2n(Zt, Zi) + φ2n(Zi, Zt)]

︸ ︷︷ ︸

A∗

31n

+op(n
−1),

where A∗
31n = 1

n2

n∑

t=1

n∑

i=1
t<i

[
ε∗i ε

∗

t

h2
n
E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj) |xt, xi)

+
ε∗t ε

∗

i

h2
n
E(K(

xt−xj

hn
)K(

xi−xj

hn
) 1
f2(xj)

|xi, xt)] + op(n
−1).

Since E(A∗
31n|W ) = 0,

V (A∗
31n|W ) = 1

n4

n∑

t=1

n∑

i=1
t<i

{ 1
h4

n
[E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj)

|xt, xi)]2ε̂2i ε̂2t

+ 1
h4

n
[E(K(

xt−xj

hn
)K(

xi−xj

hn
) 1
f2(xj)

|xi, xt)]2ε̂2t ε̂2i
+ 2
h4

n
[E(K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj)

|xt, xi)]2ε̂2i ε̂2t }
= Op(n

−2h−1
n ),

we conclude A∗
31n = Op((nh

1
2
n )−1). It is sufficient to show (A∗

2n +A∗
31n)(S

∗
n)−1 d→ N(0, 1).
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A∗
2n +A∗

31n

=
n∑

t=1

n∑

i=1
t<i

1
n2hn

[− 2
f(xt)

K(xi−xt

hn
)ε∗i ε

∗
t − 2

f(xi)
K(xt−xi

hn
)ε∗t ε

∗
i

+ε∗i ε
∗
tE( 1

hn
K(

xi−xj

hn
)K(

xt−xj

hn
) 1
f2(xj)

|xt, xi) + ε∗t ε
∗
iE( 1

hn
K(

xt−xj

hn
)K(

xi−xj

hn
) 1
f2(xj) |xi, xt)]

=
n∑

t=1

n∑

i=1
t<i

[ψn(Z∗
t , Z

∗
i ) + ψn(Z∗

i , Z
∗
t ) + ψ′

n(Z
∗
t , Z

∗
i ) + ψ′

n(Z
∗
i , Z

∗
t )]

=
n∑

t=1

n∑

i=1
t<i

φn(Z∗
t , Z

∗
i ), where Z∗

t = (xt, ε
∗
t ).

Since φn(Z∗
t , Z

∗
i ) is symmetric and E(φn(Z∗

t , Z
∗
i )|W,Z∗

t ) = 0, A∗
2n + A∗

31n is a degenerate second order

U-statistic. We apply Proposition 3.2 of de Jong (1987) to have (A∗
2n +A∗

3n)(S
∗
n)−1 d→ N(0, 1) if we have

GI , GII and GIV are of order op((S
∗
n)4), where

(S∗
n)2 = E((

n∑

t=1

n∑

i=1
t<i

φn(Z∗
t , Z

∗
i ))

2|W ), GI =
n∑

t=1

n∑

i=1
t<i

E(φ4
n(Z∗

t , Z
∗
i )|W )

GII =
∑∑∑

1=t<i<j=n

{E(φ2
n(Z∗

t , Z
∗
i )φ

2
n(Z

∗
t , Z

∗
j )|W ) +E(φ2

n(Z∗
i , Z

∗
t )φ

2
n(Z∗

i , Z
∗
j )|W )

+E(φ2
n(Z

∗
j , Z

∗
t )φ

2
n(Z

∗
j , Z

∗
i )|W )} = GII1 +GII2 +GII3,

GIV =
∑∑∑∑

1=t<i<j<l=n

{E(φn(Z
∗
t , Z

∗
i )φn(Z

∗
t , Z

∗
j )φn(Z∗

l , Z
∗
i )φn(Z∗

l , Z
∗
j )|W )

+E(φn(Z
∗
t , Z

∗
i )φn(Z

∗
t , Z

∗
l )φn(Z

∗
j , Z

∗
i )φn(Z∗

j , Z
∗
l )|W )

+E(φn(Z
∗
t , Z

∗
j )φn(Z

∗
t , Z

∗
l )φn(Z

∗
i , Z

∗
j )φn(Z∗

i , Z
∗
l )|W )} = GIV 1 +GIV 2 +GIV 3.

We can show that
(S∗
n)2 = n−2h−1

n 2
∫
(σ2(xt))

2dxt
∫

(2K(ψ) − κ(ψ))2dψ + op(n
−2h−1

n )
= n−2h−1

n σ2
φ + op(n

−2h−1
n ) = Op(n

−2h−1
n ).

and that GI , GII and GIV are of order op((S
∗
n)4), and details are omitted for brevity.

(5) (i) A∗
n − Â∗

n = op((nh
1
2
n )−1) conditioning on W .

As shown in (1), ε∗t,0 = ε∗t − 1
n

n∑

t=1
ε∗t = ε∗t + Op(n

− 1
2 ), and E(|ε∗t |0|W ) = 1, E(|ε∗t |1|W ) = 2√

5
|ε̂t|,

E(|ε∗t |2|W ) = ε̂2t , the claimed result follows with similar arguments as in Theorem 1(b).

(ii) A∗
1n − Â∗

1n = op((nh
1
2
n )−1) conditioning on W can be shown similarly.

(iii) We claim: V̂ ∗
T − (nh

1
2
n )2(S∗

n)2

(E(σ2(xt)))2
= op(1) conditioning on W , where in (4) above, we have shown

(nh
1
2
n )2(S∗

n)2 = σ2
φ + op(1) with σ2

φ = 2
∫
σ4(xt)dxt

∫
(2K(ψ) − κ(ψ))2dψ, and by definition,

V̂ ∗
T =

σ2∗
φ

( 1
n

n
P

t=1
(ε∗t,0)

2)2
, with σ2∗

φ = [ 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)
(ε∗i,0)

2(ε∗t,0)
2

hn f̂2(xt)
]2
∫
(2K(ψ) − κ(ψ))2dψ.

Since â

b̂
− a

b = 1

b̂
[â− a− (b̂ − b)ab ], it is sufficient to prove the claim by showing

(a) ( 1
n

n∑

t=1
(ε∗t,0)

2)2
p→ (E(σ2(xt)))

2 conditioning on W , where (E(σ2(xt)))
2 > 0, and

(b) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)
(ε∗i,0)

2(ε∗t,0)
2

hn f̂2(xt)

p→
∫
σ4(xt)dxt.

(a) It is sufficient to show 1
n

n∑

t=1
(ε∗t,0)

2 p→ E(σ2(xt)) conditioning on W .

Note 1
n

n∑

t=1
(ε∗t,0)

2 = 1
n

n∑

t=1
(ε∗t )

2 + Op(n
−1). Furthermore,

E( 1
n

n∑

t=1
(ε∗t )

2|W ) = E(| 1n
n∑

t=1
(ε∗t )

2||W ) = 1
n

n∑

t=1
ε̂2t = 1

n

n∑

t=1
ε2t + op(1). Since 1

n

n∑

t=1
ε2t

p→ E(σ2(xt)), we have the

claimed result in (a).
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(b) 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)
(ε∗i,0)

2(ε∗t,0)
2

hnf̂2(xt)
= 1

n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)
(ε∗i +Op(n−

1
2 ))2(ε∗t +Op(n−

1
2 ))2

hn
[ 1
f̂2(xt)

− 1
f2(xt)

]

+ 1
n2

n∑

t=1

n∑

i=1
t 6=i

K(xi−xt

hn
)
(ε∗i +Op(n

−
1
2 ))2(ε∗t +Op(n

−
1
2 ))2

hn

1
f2(xt)

= V11 + V12.

V11 ≤ sup
xt∈G

| 1
f̂2(xt)

− 1
f2(xt)

| 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn
K(xi−xt

hn
)[(ε∗i )

2 + 2ε∗iOp(n
− 1

2 ) +Op(n
−1)]

×[(ε∗t )
2 + 2ε∗tOp(n

− 1
2 ) +Op(n

−1)]

= Op(Ln) 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn
K(xi−xt

hn
)[(ε∗i )

2(ε∗t )
2 + 2(ε∗i )

2ε∗tOp(n
− 1

2 ) + (ε∗i )
2Op(n

−1)

+2ε∗i (ε
∗
t )

2Op(n
− 1

2 ) + 4ε∗i ε
∗
tOp(n

−1) + 2ε∗iOp(n
− 3

2 ) + (ε∗t )
2Op(n

−1) + 2ε∗tOp(n
− 3

2 ) +Op(n
−2)].

Let’s consider V110 = 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn
K(xi−xt

hn
)(ε∗i )

2(ε∗t )
2.

E(|V110|W ) = 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn
K(xi−xt

hn
)(ε̂i)

2(ε̂t)
2 = Op(1), following similar arguments as in term I110 in

(3)(b) above. We can show similarly for (k, τ) = (2, 1), (2, 0), (1, 2), (1, 1), (1, 0), (0, 2), (0, 1), (0, 0) that

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hn
K(xi−xt

hn
)(ε∗i )

k(ε∗t )
τ = Op(1), and thus, V11 = Op(Ln) = op(1).

V12 ≤ 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)[(ε∗i )

2(ε∗t )
2 + 2(ε∗i )

2ε∗tOp(n
− 1

2 ) + (ε∗i )
2Op(n

−1)

+2ε∗i (ε
∗
t )

2Op(n
− 1

2 ) + 4ε∗i ε
∗
tOp(n

−1) + 2ε∗iOp(n
− 3

2 ) + (ε∗t )
2Op(n

−1) + 2ε∗tOp(n
− 3

2 ) +Op(n
−2)].

Let’s consider V120 = 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)(ε∗i )

2(ε∗t )
2.

E(V120|W ) = E(|V120||W ) = 1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)(ε̂i)

2(ε̂t)
2 =

∫
σ4(xt)dxt + op(1), as shown in

Theorem 1(b)(iii). Following similar arguments, we can show similarly for (k, τ) considered above,

1
n2

n∑

t=1

n∑

i=1
t 6=i

1
hnf2(xt)

K(xi−xt

hn
)(ε∗i )

k(ε∗t )
τ = Op(1), and thus, V12 =

∫
σ4(xt)dxt + op(1). Results on V11 and

V12 give the claimed result in (b).
Sketch of proof of Remark 1 in section 3: Proof.

Based on our Theorems 1-5, we now establish the asymptotic properties of the alternative tests in
section 2. We cite the conditions 1-7 for d = 1 in Doksum and Samarov (1995) which are used to establish
the asymptotic distribution for the nonparametric R2 estimators. To obtain the properties of the tests,
we need the following additional assumptions.

R1. The weight function w(xi) in their condition 6 satisfies 1
n

n∑

i=1
w(xi) = 1.

R2. f(x), the marginal density of x in their condition 3 is a bounded function.

R3. The kernel function K(·) in their condition 5 satisfies the Lipschitz condition.

R4. For ε = y −m(x), σ2(x) = E(ε2|x) is a continuous function in x ∈ Sx, where Sx is the support of
f(x). E(ε4|x) is a continuous function in x ∈ Sx and E(ε4|x) <∞.

R5 The derivative of m(x) up to order k is a bounded function, and uniformly continuous on Sx.

For η̂2
1 =

S2
y− 1

n

n
P

i=1

(yi−m̃(xi))
2w(xi)

S2
y

:
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(1) S2
y = 1

n

n∑

i=1
y2
i w(xi) − ȳ2

w = 1
n

n∑

i=1
y2
iw(xi) − 2ȳwµy,w + (µy,w)2 +Op(n

−1) by Theorem 3’s proof (1).

1
n

n∑

i=1
(yi − m̃(xi))

2w(xi) = 1
n

n∑

i=1
ε2iw(xi) − 2

n

n∑

i=1
(m̃(xi) −m(xi))εiw(xi) + 1

n

n∑

i=1
(m̃(xi) −m(xi))

2w(xi).

We observe that with the conditions, supΦ̄ | 1
f̃(xi)

− 1
f(xi)

| = op(1) where Φ is defined in condition 1 as

an open convex set in < such that infΦ f(x) ≥ δ for some δ > 0 and Φ̄ denotes its bounded closure. Define

g(x) = m(x)f(x), then m̃(xi)−m(xi) = g̃(xi)

f̃(xi)
− g(xi)
f(xi)

= g̃(xi)−f̃(xi)m(xi)
f(xi)

+( 1
f̃(xi)

− 1
f(xi)

)(g̃(xi)−f̃(xi)m(xi))

= g̃(xi)−f̃(xi)m(xi)
f(xi)

(1 + op(1)) uniformly over xi ∈ Φ. Then

− 2
n

n∑

i=1

(m̃(xi) −m(xi))εiw(xi) = −2[ 1
n

n∑

i=1

1
f(xi)

(g̃(xi) − f̃(xi)m(xi))εiw(xi)](1 + op(1))

= −2[ 1
n(n−1)

n∑

i=1

n∑

j=1

i 6=j

K(
xj−xi

hn
)(m(xj) −m(xi))

εiw(xi)
hnf(xi)

+ 1
n(n−1)

n∑

i=1

n∑

j=1

i 6=j

K(
xj−xi

hn
)
εjεiw(xi)
hnf(xi)

](1 + op(1))

= −2[Tna + Tnb].

1
n

n∑

i=1

(m̃(xi) −m(xi))
2w(xi) = [ 1

n

n∑

i=1

1
f2(xi)

(g̃(xi) − f̃(xi)m(xi))
2w(xi)](1 + op(1))

= { 1
n(n−1)2

n∑

i=1

∑

j 6=i
∑

l6=i
w(xi)

h2
nf

2(xi)
K(

xj−xi

hn
)K(xl−xi

hn
)[(m(xj) −m(xi))(m(xl) −m(xi))

+(m(xj) −m(xi))εl + (m(xl) −m(xi))εj + εlεj]}(1 + op(1))
= {Tnc + Tnd + Tne + Tnf}(1 + op(1)).

Tnf = [ 2
n(n−1)

n∑

i=1

n∑

j=1
i<j

εiεjE( w(xl)
h2

nf
2(xl)

K(xi−xl

hn
)K(

xj−xl

hn
)|xi, xj)

+ 1
n(n−1)2

n∑

i=1

n∑

j=1

i 6=j

K2(
xj−xi

hn
)ε2j

w(xi)
h2

nf
2(xi)

](1 + op(1)) = [Tnf1 + Tn0](1 + op(1)).

Under H0, Tni = 0 for i = a, c, d, e. So 1
n

n∑

i=1

(yi − m̃(xi))
2w(xi) = 1

n

n∑

i=1

ε2iw(xi) + [−2Tnb + Tnf1 +

Tn0](1 + op(1)). H0 implies yi = µ + εi, so S2
y = 1

n

n∑

i=1

ε2iw(xi) + Op(n
−1) = σ2

y,w + op(1). The structure

of T̂1n is similar to T̂n and we follow Theorem 1(a) to show nh
1/2
n [2Tnb − Tnf1]

d→ N(0, σ2
φ1) for σ2

φ1 =

E[w
2(x)
f(x)

σ4(x)]2
∫
(2K(ψ) − κ(ψ))2dψ. It implies nh

1/2
n (η̂2

1 + (S2
y )

−1Tn0)
d→ N(0, (σ4

y,w)−1σ2
φ1). Following

Theorem 1(b), we show further that T̂n0 − Tn0 = op((nh
1/2
n )−1) and σ̂2

φ1

p→ σ2
φ1, which gives the claimed

result in (1).
(2) Under H1, Tni 6= 0 for i = a, c, d, e. We use the additional assumption R5 and follow Theorem

3 to show that η̂2
1 = (σ2

y,w)−1(σ2
y,w − E(σ2(x)w(x))) = η2

w > 0, and T̂n0 = Op((nhn)
−1), so T̂1n =

nh
1/2
n η2

w + op((nh
1/2
n )) and P (T̂1n > cn) → 1 for cn = o((nh

1/2
n )).

(3) Since y∗i = ȳw + ε∗i , S
∗2
y = 1

n

n∑

i=1

(ε∗i,0)
2w(xi) = 1

n

n∑

i=1

ε∗2i w(xi) + Op(n
−1).

We note that m̃∗(xt) − ȳw = 1
(n−1)hnf(xt)

∑

i 6=tK(xi−xt

hn
)ε∗i (1 + op(1)), then

1
n

n∑

t=1
(ε∗t,b)

2w(xt) = 1
n

n∑

t=1
(ȳw + ε∗t − m̃∗(xt))2w(xt)

= 1
n

n∑

t=1
ε∗2t + 2

n

n∑

t=1
(ȳw − m̃∗(xt))ε∗tw(xt) + 1

n

n∑

t=1
(ȳw − m̃∗(xt))2

= 1
n

n∑

t=1
ε∗2t − 2

n(n−1)

n∑

t=1

∑

i 6=tK(xi−xt

hn
) w(xt)
hnf(xt)

ε∗i ε
∗
t (1 + op(1))

+ 1
n(n−1)2

n∑

t=1

∑

i 6=t
∑

j 6=tK(xi−xt

hn
)K(

xj−xt

hn
)

w(xt)
h2

nf
2(xt)

ε∗i ε
∗
j (1 + op(1)).

The structure is similar to that in T̂ ∗
n and we follow Theorem 5 to obtain the claimed result.

For η̂2
2 =

1
n

n
P

i=1

(m̃(xi)−m̄)2w(xi)

S2
y

:
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1
n

n∑

i=1
(m̃(xi) − m̄)2w(xi) = 1

n

n∑

i=1
(m̃(xi) −m(xi))

2w(xi) + 1
n

n∑

i=1
(m(xi) − m̄)2w(xi)

+ 2
n

n∑

i=1

(m̃(xi) −m(xi))(m(xi) − m̄)2w(xi).

Given the similar structure with η̂2
1 , we only observe that

1
n

n∑

i=1

(m(xi) − m̄)2w(xi) =

{

Op(n
−1) + op((nh

1/2
n )−1) under H0.∫

m2(xi)f(xi)w(xi)dxi − µ2
y,w + op(1) under H1.

2
n

n∑

i=1
(m̃(xi)−m(xi))(m(xi)−m̄)2w(xi) =







Op(n
−1) + op((nh

1/2
n )−1) under H0.

Op(h
k+1
n ) + Op((nh

1/2
n )−1hn) +Op(n

−1/2)

+2µy,w[Op(h
k+1
n ) +Op((nh

1/2
n )−1) + Op(n

1/2)] under H1.
We follow similar arguments in Theorems 1-4 to obtain the desired results in (1) and (2).

For the claim in (3) for the bootstrap test statistic T̂ ∗
2n, note

m̃∗(xt) − ȳw = 1
(n−1)hnf(xt)

∑

i 6=tK(xi−xt

hn
)ε∗i (1 + op(1)) and

m̄∗ − ȳw = 1
n(n−1)

n∑

t=1

∑

i 6=tK(xi−xt

hn
)
w(xt)ε

∗

i

hnf(xt)
(1 + op(1)). We can show that

1
n

n∑

i=1
(m̃(xi) − m̄∗)2w(xi)

= 1
n

n∑

i=1

(m̃(xi) − ȳw)2w(xi) + 1
n

n∑

i=1

(ȳw − m̄∗)2w(xi) + 2
n

n∑

i=1

(m̃(xi) − ȳw)(ȳw − m̄∗)w(xi)

= [ 1
n(n−1)2

n∑

t=1

∑

i 6=tK
2(xi−xt

hn
)
w(xt)ε

∗

i 2
h2

nf
2(xt)

+ 1
n(n−1)2

n∑

t=1

∑

i 6=t
∑

j 6=tK(xi−xt

hn
)K(

xj−xt

hn
)
w(xt)ε

∗

i ε
∗

j

h2
nf

2(xt)
](1 + op(1))

+op((nh
1/2
n )−1).

We follow Theorem 5 to obtain the claimed result in (3) for T̂ ∗
2n.

Sketch of proof of Remark 2 in section 3: Proof.

Since the bootstrap test asymptotically has the null limiting distribution of T̂nG, we briefly look at

the correction terms in T̂nG. Under homoskedasticity and bounded support for X denoted by G,

AnG = 1
n3h2d

n

n∑

t=1

n∑

i=1
t 6=i

K2
it

ε2i
f2(Xt)

= 1
nhd

n
σ2
∫
K2(ψ)dψ(1 + op(1)),

A1nG = − 2
n2hd

n

n∑

t=1
K(0)

ε2t
f(Xt)

= − 2
nhd

n
σ2K(0)

∫

G
dX(1 + op(1)),

1
n

n∑

t=1
(yt − r̂(x1t))

2 p→ σ2, and V̂TG
p→
∫

G
dX2

∫
(2K(ψ) − κ(ψ))2dψ, so we could focus on R̂2

nG to

construct the test, as the other correction terms are independent of the DGP characteristics under H0.
The justification of the bootstrap procedure is based on the facts that when we use resample with

replacement from the centered {ε̂i}ni=1 to construct {ε∗i }ni=1, we have

E(ε∗i |W ) = 1
n

n∑

i=1
(ε̂i − ¯̂ε) = 0 for ¯̂ε = 1

n

n∑

i=1
ε̂i and E(ε∗2i |W ) = 1

n

n∑

i=1
(ε̂i − ¯̂ε)2 = 1

n

n∑

i=1
ε̂2i − ¯̂ε2.

Since ¯̂ε = 1
n

n∑

i=1

(yi − m̂(xi)) = 1
n

n∑

i=1

εi − 1
n

n∑

i=1

(m̂(xi) −m(xi)) = Op(n
1/2) + Op(h

v
n), and we can show

that 1
n

n∑

i=1

ε̂2i = 1
n

n∑

i=1

(yi − m̂(xi))
2 = 1

n

n∑

i=1

ε2i + op(n
−1/2), we obtain E(ε∗2i |W ) = σ2 + Op(n

−1/2). These

observations enable us to follow the proof in Theorem 6 to obtain the claimed result.
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