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Abstract

In this paper we propose a nonparametric regression frontier model that assumes no specific

parametric family of densities for the unobserved stochastic component that represents efficiency in

the model. Nonparametric estimation of the regression frontier is obtained using a local linear

estimator that is shown to be consistent and
ffiffiffiffiffiffiffi
nhn

p
asymptotically normal under standard

assumptions. The estimator we propose envelops the data but is not inherently biased as free

disposal hull—FDH or data envelopment analysis—DEA estimators. It is also more robust to

extreme values than the aforementioned estimators. A Monte Carlo study is performed to provide

preliminary evidence on the estimator’s finite sample properties and to compare its performance to a

bias corrected FDH estimator.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The specification and estimation of production frontiers and the measurement of the
associated efficiency level of production units has been the subject of a vast and growing
literature since the seminal work of Farrell (1957). The main objective of this literature can
be stated simply. Consider ðy;xÞ 2 Rþ �RD

þ where y describes the output of a production
see front matter r 2007 Elsevier B.V. All rights reserved.
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unit and x describes the D inputs used in production. The production technology is given
by the set T ¼ fðy;xÞ 2 Rþ �RD

þ : x can produce yg and the production function or
frontier associated with T is rðxÞ ¼ supfy 2 Rþ : ðy; xÞ 2 Tg for all x 2 RD

þ. Let ðy0;x0Þ 2

T characterize the performance of a production unit and define 0pR0 �
y0

rðx0Þ
p1 to be this

unit’s (inverse) Farrell output efficiency measure. The main objective in production and
efficiency analysis is, given a random sample of production units Nn � fðY t;X tÞg

n
t¼1 that

share a technology T, to obtain estimates of rð�Þ and by extension Rt ¼
Y t

rðX tÞ
for

t ¼ 1; . . . ; n. Secondary objectives, such as efficiency rankings and relative performance of
production units, can be subsequently obtained.
There exists in the current literature two main approaches for the estimation of rð�Þ. The

deterministic approach, represented largely in econometrics by Charnes et al. (1978) data
envelopment analysis (DEA) and Deprins et al. (1984) free disposal hull (FDH), is based
on the assumption that all observed data lie in the technology set T, i.e., PððY t;X tÞ 2

TÞ ¼ 1 for all t. The stochastic approach, pioneered by Aigner et al. (1977) and Meeusen
and van den Broeck (1977), allows for random shocks in the production process and
consequently PððY t;X tÞeTÞ40. Although more appealing from an econometric perspec-
tive, it is unfortunate that identification of stochastic frontier models requires strong
parametric assumptions on the joint distribution of ðY t;X tÞ and/or rð�Þ. These parametric
assumptions may lead to misspecification of rð�Þ and invalidate any optimal derived
properties of the proposed estimators (generally maximum likelihood), and consequently
lead to erroneous inference. In addition, as recently pointed out by Baccouche and Kouki
(2003), estimated inefficiency levels and firm efficiency rankings are sensitive to the
specification of the joint density of ðY t;X tÞ. Hence, different density specifications can lead
to different conclusions regarding technology and efficiency from the same random
sample. Such deficiencies of stochastic frontier models have contributed to the popularity
of deterministic frontiers.1

Deterministic frontier estimators have gained popularity among applied researchers
because their construction relies on very mild assumptions on the technology T.
Specifically, there is no need to assume any restrictive parametric structure on rð�Þ or
the joint density of ðY t;X tÞ. In addition to a flexible nonparametric structure, the
appeal of DEA and FDH estimators has increased since Gijbels et al. (1999) and Park et al.
(2000) have obtained their asymptotic distributions under some fairly reasonable
assumptions.2

Although much progress has been made in both estimation and inference in the
deterministic frontier literature, we believe that alternatives to DEA and FDH estimators
may be desirable. Recently, Knight (2001) has proposed a local polynomial frontier
estimator that envelops the data as a smooth function of input usage, not a discontinuous
or piecewise linear function as in the case of FDH and DEA estimators, respectively.
Unfortunately, Knight’s estimator has no explicit asymptotic distribution making it
difficult to conduct inference and to correct its inherent bias. Similarly, the piecewise
polynomial estimator of Hall et al. (1998) does not have an explicit asymptotic distribution
rendering difficult its practical use. Cazals et al. (2002) have proposed an estimator based
on the joint survivor function that is more robust to extreme values and outliers than
1See Seifford (1996) for an extensive literature review that illustrates the widespread use of deterministic

frontiers.
2See the earlier work of Banker (1993) and Korostelev et al. (1995) for some preliminary asymptotic results.
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DEA, FDH and Knight’s estimators, and does not suffer from their inherent biasedness.3

Girard and Jacob (2004) proposed a smooth kernel estimator of the frontier based on a
convolution representation that extends the estimator of Geffroy (1964). The asymptotic
properties of their estimator, however, are obtained for the case where the data Nn is a
Poisson process, rather than under the more conventional setting where Nn is a random
sample.

In this paper we propose a new deterministic production frontier regression model and
estimator that can be viewed as an alternative to the methodologies currently available.
Our frontier model shares the flexible nonparametric structure that characterizes the data
generating processes (DGP) underlying the results in Gijbels et al. (1999) and Park et al.
(2000), but in addition our estimation procedure has some general properties that can
prove desirable vis-a-vis the estimators currently available in the literature. First, as in
Cazals et al. (2002) and Girard and Jacob (2004), the estimator we propose is more robust
to extreme values and outliers than those proposed by Hall et al. (1998) and Knight (2001)
as well as DEA and FDH. Second, our frontier estimator is a smooth function of input
usage. Third, the construction of our estimator is fairly simple as it is in essence a local
linear kernel estimator, avoiding the constrained optimization problems in Knight (2001)
and Hall et al. (1998). Fourth, although our estimator envelops the data, it is not
intrinsically biased as DEA/FDH, Knight’s estimator or the piecewise polynomial
estimator of Hall et al. (1998), therefore no bias correction is necessary. In addition to
these general properties, we are able to establish the asymptotic normality and consistency
of our production frontier and efficiency estimators under assumptions that are fairly
standard in the nonparametric statistics literature. Contrary to Girard and Jacob (2004)
our asymptotic normality result is obtained for the case where Nn is a random sample
rather than a Poisson process. We view our proposed estimator not necessarily as a
substitute to estimators that are currently available but rather as an alternative that can
prove more adequate in some contexts.

In addition to this introduction, this paper has five more sections. Section 2 describes
the model in detail, contrasts its assumptions with those in the past literature and
describes the estimation procedure. Section 3 provides supporting lemmas and the
main theorems establishing the asymptotic behavior of our estimators. Section 4
contains a Monte Carlo study that implements the estimator, sheds some light on its
finite sample properties and compares its performance to the popular bias corrected FDH
estimator of Park et al. (2000). Section 5 provides a conclusion and some directions for
future work.

2. A nonparametric frontier model

The construction of our frontier regression model is inspired by DGP for multiplicative
regression. Hence, rather than placing primitive assumptions directly on ðY t;X tÞ as it is
common in the deterministic frontier literature, we place primitive assumptions on ðX t;RtÞ

and obtain the properties of Y t by assuming a suitable regression function. We assume that
Zt � ðX t;RtÞ

0 is a Dþ 1-dimensional random vector with common density g for all t 2

f1; 2; . . .g and that fZtg forms an independently distributed sequence. We assume there are
3Bias corrected FDH and DEA estimators are available but their asymptotic distributions are not known.

Again, see Gijbels et al. (1999) and Park et al. (2000).
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observations on a random variable Y t described by

Y t ¼ sðX tÞ
Rt

sR

. (1)

Rt is an unobserved random variable, X t is an observed random vector taking values
in RD

þ, sð�Þ : R
D
þ ! ð0;1Þ is a measurable function and sR is an unknown parameter.

In the case of production frontiers we interpret Y t as output, rð�Þ � sð�Þ
sR

as the produc-
tion frontier with inputs X t, and Rt as efficiency with values in ½0; 1�. Rt has the
effect of contracting output from optimal levels that lie on the production frontier.
The larger Rt the more efficient the production unit because the closer the realized output
is to that on the production frontier. In Section 3 we provide a detailed list of assumptions
that is used in obtaining the asymptotic properties of our estimator, however, in defining
the elements of the model and the estimator, two important conditional moment
restrictions on Rt must be assumed: EðRtjX t ¼ xÞ � mR where 0omRo1 and
V ðRtjX t ¼ xÞ � s2R. It should be noted that by construction 0os2RomRo1. The parameter
mR is interpreted as a mean efficiency given input usage and the common technology T and
sR is a scale parameter for the conditional distribution of Rt that also locates the
production frontier. These conditional moment restrictions together with Eq. (1) imply
that EðY tjX t ¼ xÞ ¼

mR

sR
sðxÞ and V ðY tjX t ¼ xÞ ¼ s2ðxÞ. The model can therefore be

rewritten as

Y t ¼ sðX tÞ
Rt

sR

¼ bsðX tÞ þ sðX tÞ
ðRt � mRÞ

sR

¼ mðX tÞ þ sðX tÞ�t, (2)

where b ¼ mR

sR
, �t ¼

Rt�mR

sR
, mðX tÞ ¼ bsðX tÞ, Eð�tjX t ¼ xÞ ¼ 0 and V ð�tjX t ¼ xÞ ¼ 1.4

The frontier model described in (2) has a number of desirable properties. First, the
frontier rð�Þ � sð�Þ

sR
is not restricted to belong to a known parametric family of functions

and therefore there is no a priori undue restriction on the technology T. Second, although
the existence of conditional moments are assumed for Rt, no specific parametric family
of densities is assumed, therefore bypassing a number of potential problems arising
from misspecification. Third, the model allows for conditional heteroscedasticity of Y t

as has been argued for in previous work (Caudill et al., 1995; Hadri, 1999) on
production frontiers. Fourth, the structure of the proposed frontier allows for
the convenient separation of its shape, represented by sð�Þ, and location represented
by sR in the estimation process. Finally, the structure of (2) is similar to regression
models studied by Fan and Yao (1998), therefore lending itself to similar estimation via
kernel procedures. This similarity motivates the estimation procedure that is described
below.
The nonparametric local linear frontier estimation we propose can be obtained in three

easily implementable stages. For any x 2 RD
þ we first obtain m̂ðx; hnÞ � â where

ðâ; b̂Þ ¼ argmin
a;b

Xn

t¼1

ðY t � a� bðX t � xÞÞ2K
X t � x

hn

� �
.

Kð�Þ : RD
! R is a density function and 0ohn ! 0 as n!1 is a bandwidth. This is

the local linear kernel estimator of Stone (1977) and Fan (1992) with regressand
Y t and regressors X t. In the second stage, we follow Hall and Carroll (1989) and
4For simplicity in notation, we will henceforth write Eð�jX t ¼ xÞ or V ð�jX t ¼ xÞ simply as Eð�jX tÞ or V ð�jX tÞ.
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Fan and Yao (1998) by defining et � ðY t � m̂ðX t; hnÞÞ
2 to obtain ŝ2ðx; hnÞ � â1, where

ðâ1; b̂1Þ ¼ argmin
a1 ;b1

Xn

t¼1

ðet � a1 � b1ðX t � xÞÞ2K
X t � x

hn

� �

which provides an estimator ŝðx; hnÞ ¼ ðŝ
2
ðx; hnÞÞ

1=2. In the third stage, an estimator
for sR,

sRðhnÞ ¼ max
1ptpn

Y t

ŝ ðX t; hnÞ

� ��1

is obtained. We emphasize that the estimator sR depends on the bandwidth hn

through ŝðX t; hnÞ. Furthermore, in what follows it is desirable to distinguish the bandwidth
used in the first two stages of estimation, which we will denote by hn, from that used in
defining sR, which we will denote by gn, where 0ogn ! 0 as n!1. Therefore, we
represent the production frontier estimator at x 2 RD by r̂ðx; hn; gnÞ ¼

ŝðx;hnÞ

sRðgnÞ
. Note that by

construction, provided that the chosen kernel K is smooth, r̂ðx; hn; gnÞ is a smooth estimator
that envelops the data (no observed pair ðY t;X tÞ lies above ðr̂ðX t; hn; gnÞ;X tÞ) but may lie
above or below the true frontier rðX tÞ. As such, our estimator does not suffer from the
inherent downward bias of DEA/FDH, the estimator proposed by Knight (2001) or Hall
et al. (1998).

As pointed out above, in model (2) the parameter sR provides the location
of the production frontier, whereas its shape is given by sð�Þ. Since besides the condi-
tional moment restrictions on Rt there are no restrictions other than Rt 2 ½0; 1�, the
observed data fðY t;X tÞg

n
t¼1 may or may not be dispersed close to the frontier, creating a

difficulty in locating the frontier, i.e., estimating sR. The estimation of sR by sR implies
that there exists one observed production unit whose production plan lies on the estimated
frontier, and by consequence the forecasted value for Rt associated with this unit is
identically one.

The problem of locating the production frontier is also inherent in obtaining the
estimator proposed by Knight (2001), as well as DEA and FDH estimators. By
construction, these estimators require that multiple production units be efficient, i.e., lie on
the frontier. This results from the fact that these estimators are defined to be minimal
functions (with some stated properties, e.g., convexity and monotonicity in the case of
DEA and FDH) that envelop the data. Hence, if the stochastic process that generates the
data is such that ðY t;X tÞ lie away from the true frontier, e.g., mR and sR are small, these
estimators will provide a downwardly biased location for the frontier. It is this dependency
on boundary data points that makes these estimators highly susceptible to extreme values,
not only as determinants of the location but also the shape of the frontier. This is in
contrast with the estimator we propose which by construction is not a minimal enveloping
function of the data. Furthermore, we note that although the location of the frontier in our

model depends on the estimator sR, if estimated efficiency levels are defined as R̂t ¼
sRðgnÞY t

ŝðX t;hnÞ
,

the efficiency ranking of firms, as well as their estimated relative efficiency R̂t

R̂t
for t; t ¼

1; 2; . . . ; n are entirely independent of the estimator sR. In the next section we investigate
the asymptotic properties of our estimators.
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3. Asymptotic characterization of the estimators

3.1. Asymptotic normality

In this section we establish the asymptotic properties of the frontier estimator described
above. We first provide a sufficient set of assumptions for the results we prove below and
provide some contrast with the assumptions made in Gijbels et al. (1999) and Park et al.
(2000) to obtain the asymptotic distribution of DEA and FDH estimators. We focus on
DEA and FDH because these are by far the most used deterministic frontier estimators in
applied econometrics and productivity analysis.

Assumption A1. (1) Zt ¼ ðX t;RtÞ
0 for t ¼ 1; 2; . . . ; n is an independent and identically

distributed sequence of random vectors with density g. We denote by gX ðxÞ and gRðrÞ the
common marginal densities of X t and Rt, respectively, and by gRjX ðr;X Þ the common
conditional density of Rt given X. (2) 0oBgX

pgX ðxÞpB̄gX
o1 for all x 2 G, G a compact

subset of Y ¼ �D
t¼1ð0;1Þ, which denotes the Cartesian product of the intervals ð0;1Þ.

Assumption A2. (1) Y t ¼ sðX tÞ
Rt

sR
. (2) Rt 2 ½0; 1�, X t 2 Y. (3) EðRtjX tÞ ¼ mR, V ðRtjX tÞ ¼

s2R. (4) 0oBspsðxÞpB̄so1 for all x 2 Y. (5) s2ð�Þ : Y! R is a measurable twice
continuously differentiable function in Y with second derivative denoted by s2ð2ÞðxÞ. (6)
js2ð2ÞðxÞjoB̄2s for all x 2 Y.

Assumptions A1(1) and A2 imply that fðY t;X tÞg
n
t¼1 forms an iid sequence of random

variables with some joint density fðy;xÞ. That fðY t;X tÞg
n
t¼1 forms an iid sequence

corresponds to assumption AI in Park et al. (2000) and is also assumed in Gijbels et al.
(1999). Given that 0osRo1, A2(4) and A2(5) are implied by assumption AIII in Park
et al. (2000). A2(6) is implied by A1 in Gijbels et al. (1999) and AIII in Park et al. (2000).
The following Assumption A3 is standard in nonparametric estimation and involves only
the kernel Kð�Þ. We observe that A3 is satisfied by commonly used kernels such as
Epanechnikov, Biweight and others.

Assumption A3. KðxÞ : SD ! R is a symmetric density function with bounded support
SD � RD satisfying: (1)

R
xKðxÞdx ¼ 0. (2)

R
x2KðxÞdx ¼ s2K . (3) for all x 2 RD,

jKðxÞjoBKo1. (4) for all x;x0 2 RD, jKðxÞ � Kðx0Þjomkx� x0k for some 0omo1,
where k � k is the Euclidean norm.

Assumption A4. For all x; x0 2 Y, jgX ðxÞ � gX ðx
0Þjomgjjx� x0jj for some 0omgo1.

A Lipschitz condition such as A4 is also assumed in Park et al. (2000). We note that
obtaining consistency as well as the asymptotic distribution of DEA and FDH estimators
for the production frontier and associated firm efficiency depends crucially on the
assumption (AII in Park et al., 2000) that the joint density fðy;xÞ of ðY t;X tÞ is positive at
the frontier.5 In reality, there might be situations in which this assumption is too strong.
In contrast, we assume that Rt takes values in the entire interval ½0; 1�, but there is no need
for the joint density of the data to be positive at the frontier to obtain consistency or
asymptotic normality of the frontier estimator. However, asymptotic normality of the
frontier, as is made explicit in Theorem 2 requires a particular assumption on the speed of
5By consequence this assumption is also crucial in obtaining the asymptotic distribution of the estimator

proposed by Cazals et al. (2002), as verified in their Theorem 3.2.
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convergence of max1ptpn Rt to 1 as n!1, which clearly implies some restriction on the
shape of gR.

Lastly, we make some general comments on our assumptions. As alluded to before the
assumption that Zt are iid does not prevent the model from allowing for conditional
heteroscedasticity of Y t. Also, we do not assume that X t and Rt are contemporaneously
independent as it is usually done in stochastic frontier models. All that is assumed here is
that conditional first and second centered moments are independent of input usage.

The main difficulties in obtaining the asymptotic properties of ŝðx; hnÞ and by
consequence those of ŝðx;hnÞ

sRðgnÞ
derive from the fact that ŝðx; hnÞ is based on regressands

that are themselves residuals from a first stage nonparametric regression. This problem
is in great part handled by the use of our Lemma 3 on U statistics, which generalizes
Lemma 3.1 in Powell et al. (1989) for the case where the U-statistic’s kernel is of dimension
greater than two. This lemma is of general interest and can be used whenever there is a
need to analyze some specific linear combinations of nonparametric kernel estimators. For
simplicity, but without loss of generality, all of our proofs are for D ¼ 1. For D41 all of
the results hold with appropriate adjustments on the relative speed of n, hD

n and gD
n .

6

Lemma 1 establishes the order in probability of certain linear combinations of kernel
functions that appear repeatedly in component expressions of our estimators. The proofs
of the lemmas and theorems that follow rely on repeated use of Lebesgue’s dominated
convergence theorem, which we will refer to often. All proofs are collected in Appendix.

Lemma 1. Assume A12A3 and suppose that f ðx; rÞ : ð0;1Þ � ½0; 1� ! R is a continuous

function in G a compact subset of ð0;1Þ � ½0; 1� with jf ðx; rÞjoBf o1. Let

sjðxÞ ¼ ðnhnÞ
�1
Xn

t¼1

K
X t � x

hn

� �
X t � x

hn

� �j

f ðX t;RtÞ with j ¼ 0; 1; 2.
(a)
6I

assu
If nh3
n !1 then supx2G jsjðxÞ � EðsjðxÞÞj ¼ Opðð

lnðnÞ
nhn
Þ
1=2
Þ.
(b)
 If
nh3n
lnðnÞ ! 1 then supx2G

1
hn
jsjðxÞ � EðsjðxÞÞj ¼ opð1Þ.
Part (b) of Lemma 1 is a direct consequence of part (a), and in combination with
Assumption A4 can be used to easily show that s0ðxÞ � gX ðxÞ ¼ OpðhnÞ, s1ðxÞ ¼ OpðhnÞ and
s2ðxÞ � gX ðxÞs

2
K ¼ OpðhnÞ uniformly in G by taking f ðx; rÞ ¼ 1. These uniform bounded-

ness results are used to prove the following lemma.

Lemma 2. Assume A1–A4. If hn ! 0 and
nh3n
lnðnÞ
! 1, then for every x 2 G the compact set

described in Lemma 1, we have

ŝ2ðx; hnÞ � s2ðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðr̂t � s2ðxÞ � s2ð1ÞðxÞðX t � xÞÞ

þOpðRn;1ðxÞÞ
f different bandwidths h1; . . . ; hD; g1; . . . ; gD are used, a more extensive adjustment of the relative speed

mptions of n, hi, gi are necessary, but with no qualitative consequence to the results obtained.
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uniformly in G, where r̂t ¼ s2ðX tÞ�2t þ ðmðX tÞ � m̂ðX t; hnÞÞ
2
þ 2ðmðX tÞ � m̂ðX t; hnÞÞsðX tÞ�t,

s2ð1ÞðxÞ is the first derivative of s2ðxÞ, Rn;1ðxÞ ¼ n�1ðj
Pn

t¼1 KðX t�x
hn
Þr�t j þ j

Pn
t¼1 KðX t�x

hn
Þ

ðX t�x
hn
Þr�t jÞ and r�t ¼ r̂t � s2ðxÞ � s2ð1ÞðxÞðX t � xÞ.

Arguments similar to those used in the proof of Lemma 2 can be used to establish that

m̂ðx; hnÞ �mðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðY t �mðxÞ �mð1ÞðxÞðX t � xÞÞ

þOpðRn;2ðxÞÞ,

where Rn;2ðxÞ ¼ n�1ðj
Pn

t¼1 KðX t�x
hn
ÞY �t j þ j

Pn
t¼1 KðX t�x

hn
ÞðX t�x

hn
ÞY �t jÞ and Y �t ¼ Y t �mðxÞ�

mð1ÞðxÞðX t � xÞ.
Lemmas 2 and 3 (which appears in Appendix) are used to prove Theorem 1 which is the

basis for establishing uniform consistency and asymptotic normality of the frontier
estimator. Theorem 1 contains two results. The first, part (a), establishes the order in
probability of the difference between ŝ2ðx; hnÞ � s2ðxÞ and 1

nhngX ðxÞ

Pn
t¼1 KðX t�x

hn
Þr�t

uniformly in G. This result permits, under suitable normalization, the investigation

of the asymptotic properties of ŝ2ðx; hnÞ � s2ðxÞ by restricting attention to 1
nhngX ðxÞ

Pn
t¼1

KðX t�x
hn
Þr�t . The second, part (b), establishes the

ffiffiffiffiffiffiffi
nhn

p
-asymptotic normality of 1

nhngX ðxÞ

Pn
t¼1

KðX t�x
hn
Þr�t , and uses this result to obtain the asymptotic normality of

ffiffiffiffiffiffiffi
nhn

p
ðŝðx; hnÞ � sðxÞÞ.

The proof of Theorem 1 is similar to that provided by Fan and Yao (1998), but there are
two main differences. First, our results are for iid variables; second, and most importantly,
their proof as stated is incorrect. Specifically, the inequality involving the term they label
I33 following their Eq. (A2.6) is incorrect.7

Some of the assumptions in the following theorems are made for convenience on �t,
rather than Rt. Since �t ¼

Rt�mR

sR
these assumptions have a direct counterpart for Rt.

Specifically we have Eð�4t jX tÞ ¼ m4ðX tÞ ) EðR4
t jX tÞ exists as a function of X t and

Eðj�tjjX tÞ ¼ m1ðX tÞ is uniformly bounded in G, which implies that EðjRt � mRjjX tÞ exists as
a uniformly bounded function of X t. We note that although Assumption A2(3) implies
that Eð�tjX tÞ ¼ 0 is not dependent on X t, it does not, in general, imply that Eðj�tjjX tÞ is
independent of X t.

Theorem 1. Suppose that Assumptions A1–A4 are holding. In addition assume that

Eðj�tjjX tÞ ¼ m1ðX tÞ is a uniformly bounded function of X t 2 G a compact subset of ð0;1Þ. If

hn ! 0,
nh3n
lnðnÞ
! 1, then for every x 2 G
(a)
7See
supx2Gjŝ
2
ðx; hnÞ � s2ðxÞ � 1

nhngX ðxÞ

Pn
t¼1 KðX t�x

hn
Þr�t j ¼ Opðh

3
nÞ þOpðð

hn lnðnÞ
n
Þ
1=2
Þ.
(b)
 If, in addition, we assume that Eð�4t jX t ¼ xÞ ¼ m4ðxÞ is continuous in ð0;1Þ, h2
n lnðnÞ !

0 and nh5
n ¼ Oð1Þ then
ffiffiffiffiffiffiffi
nhn

p
ðŝðx; hnÞ � sðxÞ � B1nÞ!

d
N 0;

s2ðxÞ
4gX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞdy

� �
,

for all x 2 G where B1n ¼
h2ns

2
K

4sðxÞ s
2ð2ÞðxÞ þ opðh

2
nÞ.
Fan and Yao (1998, p. 658).
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The results in Theorem 1 refer to the estimator ŝðx; hnÞ, but since our main interest lies
on r̂ðx; hn; gnÞ �

ŝðx;hnÞ

sRðgnÞ
, a complete characterization of the asymptotic behavior of the

frontier estimator requires a characterization of the asymptotic behavior of sRðgnÞ, and
how it combines with the results obtained in Theorem 1 for ŝðx; hnÞ. We first establish in
part (a) of Theorem 2 a general result regarding the order in probability of sRðgnÞ � sR. It
states that if the estimator ŝðx; gnÞ used to obtain sR is OpðLnÞ, where Ln is an arbitrary
nonstochastic sequence such that 0oLn ! 0 as n!1, and if 1�max1ptpn Rt ¼ OpðLnÞ,
then sRðgnÞ � sR ¼ OpðLnÞ. The result is useful in that from part (a) of Theorem 1, if
ng5n
lnðnÞ
! 1, then ŝðx; gnÞ � sðxÞ ¼ Opðg

2
nÞ. Hence, together with the assumption that 1�

max1ptpn Rt ¼ Opðg
2
nÞ we obtain sRðgnÞ � sR ¼ Opðg

2
nÞ. It should be noted that the

required boundedness in probability of 1�max1ptpn Rt is not necessary to establish the
consistency of sRðgnÞ, which results directly from part (a) of Theorem 1. Its use is confined
to part (b) of Theorem 2, where we use the result on the order of sRðgnÞ to obtain the
asymptotic normality of r̂ðx; hn; gnÞ under a suitable normalization.

Theorem 2. Let Ln be a nonstochastic sequence such that 0oLn ! 0 as n!1 and suppose

that (1) ŝðx; gnÞ � sðxÞ ¼ OpðLnÞ uniformly in G, and (2) 1�max1ptpn Rt ¼ OpðLnÞ. Then,
(a)
 sRðgnÞ � sR ¼ OpðLnÞ,
5

(b)
 Under the assumptions in Theorem 1 part (b), if
ngn

lnðnÞ
! 1, nh5

n ¼ oð1Þ, and nhng4
n ¼ Oð1Þ

then ffiffiffiffiffiffiffi
nhn

p ŝðx; hnÞ

sRðgnÞ
�

sðxÞ
sR

� B2n

� �
!
d
N 0;

s2ðxÞ
4s2RgX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞ dy

� �
,

where B2n ¼ Opðg
2
nÞ.
Assumption (2) in Theorem 2 places an additional constraint on the DGP that goes beyond
those in A1, A2 and A4. Informally, the assumption can be interpreted as a shape restriction
on the marginal distribution—FRðrÞ of Rt that guarantees that for all �40 as n!1, F n

Rð1�
�Þ ! 0 sufficiently fast. Mathematically, the importance of assumption (2) lies in controlling
the order in probability of the term ŝðx; hnÞðs

�1
R ðgnÞ � s�1R Þ, and by consequence controlling

the bias introduced by the estimation of sR in the estimated frontier.
The conditions on the order of the bandwidths hn and gn are also crucial for asymptotic

normality of the estimated frontier. In particular, they imply that the bandwidth hn, used in
the first and second stages of the estimation, must satisfy nh5

n ¼ oð1Þ, which represents an
undersmoothing in the estimation ŝðx; hnÞ. In addition, the bandwidth gn used to obtain sR

in the third stage must converge to zero slower than hn, i.e.,
hn

gn
! 0 as n!1 at suitable

speed. The requirement ng5
n !1 in the estimation of sR is necessary only in that it

provides a convenient order for B2n.
A sharper result on the bias term B2n can be obtained by assuming that

1�max1ptpn Rt ¼ opðg
2
nÞ. In this case part (b) of Theorem 2 can be extended to give

ffiffiffiffiffiffiffi
nhn

p ŝðx; hnÞ

sRðgnÞ
�

sðxÞ
sR

� B3n

� �
!
d
N 0;

s2ðxÞ
4s2RgX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞ dy

� �
, (3)

where B3n ¼
g2nsðxÞs

2
K

4sR
supx2G;R2½0;1�ð�

s2ð2ÞðxÞR
s2ðxÞ Þ þ opðg

2
nÞ. We note that this increased precision

in the expression of the bias is unnecessary for inference purposes, since it is normally
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conducted under the assumption that nhng4
n ! 0, in which case

ffiffiffiffiffiffiffi
nhn

p
B3n ! 0 as n!1. It

is also clear that since ŝðx;hnÞ

sRðgnÞ
�

sðxÞ
sR
¼ ŝðx; hnÞð

1
sRðgnÞ
� 1

sR
Þ þ 1

sR
ðŝðx; hnÞ � sðxÞÞ and ŝðx; hnÞ ¼

Opð1Þ an immediate consequence of Theorem 2 is that ŝðx;hnÞ

sRðgnÞ
�

sðxÞ
sR
¼ opð1Þ, establishing

consistency of the frontier estimator.
The asymptotic properties of the frontier estimator can be used directly to obtain the

properties of the implied inverse Farrell efficiency. If ðy0;x0Þ is a production plan with
x0 2 G, then R̂0 � R0 ¼ opð1Þ and

ffiffiffiffiffiffiffi
nhn

p
ðR̂0 � R0 þ B4nÞ!

d
N 0;

R2
0

4gX ðx0Þ
ðm4ðx0Þ � 1Þ

Z
K2ðyÞ dy

� �
, (4)

where B4n ¼
g2ns

2
K

R0

4
supx2G;R2½0;1�ð�

s2ð2ÞðxÞR
s2ðxÞ Þ þ opðg

2
nÞ.
3.2. Bandwidth selection

The asymptotic normality result in Eq. (3) can be used to provide guidance on
bandwidth selection. We follow standard bandwidth selection methods (see Fan and
Gijbels, 1995; Ruppert et al., 1995) by considering the minimization of an asymptotic
approximation of the estimator’s weighted mean integrated squared error (AMISE). The
minimization of the AMISE in our case is not standard, since the bias and variance of the
frontier estimator depend on different bandwidths. To make the minimization of AMISE
amenable to standard solutions, we consider gn ¼ nghn, where 0ogo1

6
which guarantees

that all conditions required in Theorem 2 on the relative speed of hn and gn are met. Hence,
we write

AMISEðr̂ðhnÞÞ ¼
1

nhn

Z
s2ðxÞ
4s2R

ðm4ðxÞ � 1Þ dx

Z
K2ðfÞ df

þ
h4

nn4gðs2K Þ
2

16s2R
sup

x2G;R2½0;1�
�
s2ð2ÞðxÞR
s2ðxÞ

� � !2 Z
s2ðfÞgX ðfÞ df,

which is a function only of hn. Using standard calculus we find that bandwidth hn that
minimizes AMISE is given by

h�n ¼

R
K2ðfÞ df

R
s2ðxÞðm4ðxÞ � 1Þ dx

ðs2K Þ
2 supx2G;R2½0;1� �

s2ð2ÞðxÞR
s2ðxÞ

� �� �2 R
s2ðxÞgX ðxÞ dx

0
BBB@

1
CCCA

1=5

n�ð1þ4gÞ=5

¼ Cn�ð1þ4gÞ=5. ð5Þ

The practical use of h�n requires the estimation of the unknowns appearing in C, as in
traditional plug-in bandwidth selection methods. In the next section, we provide an easily
implementable estimation procedure for these unknowns. We perform a simulation study
that sheds some light on our estimator’s finite sample performance and compares it to the
bias corrected FDH estimator of Park et al. (2000).
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4. Monte Carlo study

In this section we investigate some of the finite sample properties of our estimator,
henceforth referred to as NP via a Monte Carlo study. For comparison purposes, we also
include in the study the bias corrected FDH estimator described in Park et al. (2000). Our
simulations are based on model (1), i.e.,

Y t ¼
sðX tÞ

sR

Rt with D ¼ 1.

We generate data with the following characteristics. The X t are pseudorandom variables
from a uniform distribution with support given by ½al ; bu�. Rt ¼ expð�ZtÞ where Zt are
pseudorandom variables from an exponential distribution with parameter b40, therefore
Rt has support in ð0; 1�. We consider two specifications for sð�Þ:

s1ðxÞ ¼
ffiffiffi
x
p

with x 2 ½al ; bu� ¼ ½10; 100� and s2ðxÞ ¼ 3ðx� 1:5Þ3

þ 0:25xþ 1:125 with x 2 ½al ; bu� ¼ ½1; 2�

which are associated with convex and nonconvex production technologies, respectively.
s2ðxÞ is also considered in the simulations conducted by Park et al. (2000). Five parameters
for the exponential distribution were considered: b1 ¼ 3, b2 ¼ 1:5, b3 ¼ 1, b4 ¼

2
3
, b5 ¼

1
3
.

These choices of parameters produce, respectively, the following values for the parameters
of gRjX : ðmR; s

2
RÞ ¼ ð0:25; 0:08Þ, ð0:4; 0:09Þ, ð0:5; 0:08Þ, ð0:6; 0:07Þ and ð0:75; 0:04Þ. Three

sample sizes n ¼ 200; 300; 400 are considered and 1000 repetitions are performed for each
alternative experimental design. We evaluate the frontiers and construct confidence
intervals for efficiency at ðy0;x0Þ ¼ ð10; 32:5Þ; ð10; 55Þ; ð10; 77:5Þ for s1ðxÞ and at ðy0; x0Þ ¼

ð3; 1:25Þ; ð3; 1:5Þ; ð3; 1:75Þ for s2ðxÞ. The values of X correspond to the 25th, 50th and 75th
percentile of its support and the values of Y are arbitrarily chosen output levels below the
frontier. An important aspect in the implementation of our frontier estimator is bandwidth
selection. We consider the following rule-of-thumb bandwidth:

ĥROT ¼

R
K2ðcÞ dcðm̂4ðlnÞ � 1Þ

R
_s2ðxÞ dx

ðs2K Þ
2 max1ptpn

_s2ð2ÞðxtÞ _Rt

_s2ðxÞ

� �� �2
1

n

Pn
t¼1 _s

2ðxtÞ

0
BBB@

1
CCCA

1=5

n�ð1þ4gÞ=5,

where g is set to be 0.11 in all experiments, which satisfies the requirements in Theorem 2,
Kð�Þ is an Epanechnikov kernel and ĝROT ¼ ngĥROT. The sequence f _s2ðX tÞg

n
t¼1 is estimated

with an ordinary least square quartic regression of f�̂2t g
n
t¼1 on fX tg

n
t¼1, with

�̂t ¼ Y t � m̂ðX tÞ, where m̂ðX tÞ is estimated via local linear regression with a rule-of-thumb
bandwidth as in Ruppert et al. (1995). f _s2ðX tÞg

n
t¼1 is then used to construct

R
_s2ðxÞ dx,

max1ptpn ð
_s2ð2ÞðxtÞ _Rt

_s2ðxÞ
Þ and 1

n

Pn
t¼1 _s

2ðxtÞ. m̂4ðlnÞ ¼
1
n

Pn
t¼1 ð

Y t

ŝðX t;lnÞ
� b̂Þ4, where b̂ ¼Pn

t¼1
ŝðX t;lnÞY tPn

t¼1
ŝ2ðX t;lnÞ

is an estimator for b ¼ mR=sR. Consistency of b̂ is established in Lemma 4

that appears in Appendix.8 fŝ2ðX t; lnÞg
n
t¼1 in m̂4 is estimated via local linear regression of
8Note that together, the consistency of sRðgnÞ from Theorem 2 and Lemma 4 can be used to define a consistent

estimator for mR, m̂R ¼ b̂sRðgnÞ.
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f�̂2t g
n
t¼1 on fX tg

n
t¼1, with a rule-of-thumb bandwidth ln as in Ruppert et al. (1995) and Fan

and Yao (1998).
Given the convergence in (4) asymptotic confidence intervals for the efficiency R0 can be

constructed. To construct a 1� a confidence interval for R0, we obtain a bandwidth

ĥu ¼ ĥROTn�d for ŝðx; ĥuÞ for some positive d such that the term

ffiffiffiffiffiffiffi
nĥu

q
B4n ! 0 as n!1,

and here d is picked to be 0:02. Similarly ĝu ¼ ĥung: Hence, for quantiles Za
2
and Z1�a

2
of a

standard normal distribution we have

lim
n!1

P R̂0 �

ffiffiffiffiffiffiffi
nĥu

q� ��1
ŝ0ðx0;R0ÞZ1�a

2
pR0pR̂0 �

ffiffiffiffiffiffiffi
nĥu

q� ��1
ŝ0ðx0;R0ÞZa

2

 !
¼ 1� a,

where ŝ20ðx0;R0Þ ¼
R̂
2

0

4ĝX ðx0Þ
ðm̂4ðĥuÞ � 1Þ

R
K2ðyÞ dy, R̂0 ¼

y0
ŝðx0;ĥuÞ

sRðĝuÞ, ĝX ðx0Þ is the

Rosenblatt kernel density estimator. Confidence intervals for R0 using the bias corrected
FDH estimator are given in Park et al. (2000). We follow their suggestion and choose their

constant C to be 1 and select their bandwidth (x) to be proportional to n�1=3.
The evaluation of the overall performance of the efficiency estimator was based on three

different measures. First, we consider the correlation between the efficiency rankings
produced by the estimator and the true efficiency rankings:

Rrank ¼
covðrankðR̂tÞ; rankðRtÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

varðrankðR̂tÞÞ varðrankðRtÞÞ

q

¼

Pn
t¼1 ðrankðR̂tÞ � rankðR̂tÞÞðrankðRtÞ � rankðRtÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

t¼1 ðrankðR̂tÞ � rankðR̂tÞÞ
2Pn

t¼1 ðrankðRtÞ � rankðRtÞÞ
2

q ,

where rankðRtÞ gives the ranking index according to the magnitude of Rt and rankðRtÞ is
the mean of rankðRtÞ. The closer Rrank for R̂t is to 1, the higher the correlation between the
true Rt and R̂t, thus the better the estimator R̂t. The second measure we consider is
Rmag ¼

1
n

Pn
t¼1 ðR̂t � RtÞ

2 which is simply the squared Euclidean distance between the
estimated vector of efficiencies and the true vector of efficiencies. The third measure we use

is Rrel ¼
1
n

Pn
t¼1

R̂t

R̂i
� Rt

Ri

��� ���; where i is the position index for Ri ¼ max1ptpn Rt, and R̂i is the ith

corresponding element in fR̂tg
n
t¼1, which may or may not be the maximum of R̂t. Hence

Rrank, Rmag summarize the performance of the estimator R̂t in ranking and calculating the
magnitude of efficiency. Rrel captures the relative efficiency. In our simulations we consider
estimates R̂t based on both our estimator and the bias corrected FDH estimator.
The results of our simulations are summarized in Tables 1–4 and illustrated with

Figs. 1–5. Table 1 provides the bias and mean squared error—MSE of sR and ŝðxÞ at three
different values of x. Table 2 gives the bias and MSE of our estimator (NP) as well as those
of the bias corrected FDH frontier estimator. To help interpret the results, we illustrate the
relative performance of the two frontier estimators in terms of MSE in Fig. 1. Fig. 2 shows
kernel density estimates for the two frontier estimators around the true value evaluated at
x ¼ 55 based on 1000 simulations, mR ¼ 0:25 and s1ðxÞ, for n ¼ 200 and 400. Table 3 gives
the empirical coverage probability (the frequency that the estimated confidence interval
contains the true efficiency in 1000 repetitions) for efficiency for both estimators and
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Table 4 gives the overall performance of the efficiency estimators according to the
measures described above. For comparison purposes, we provide in Figs. 4 and 5 a plot of
the NP and bias corrected FDH frontier estimates. The jagged appearance of the graph for
FDH (B–C FDH in Figs. 4 and 5) is due to the bias correction. We also include in the plots
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a graph for the uncorrected FDH frontier estimates. The graphs are for s1ðxÞ and s2ðxÞ
with mR ¼ 0:5 and n ¼ 400. We first identify some general regularities on estimation
performance.
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General regularities: As expected from the asymptotic results of Section 3, as the sample
size n increases, the bias and the MSE for sR, ŝðxÞ, and the frontier estimator based on NP
generally decrease, with some exceptions when it comes to the bias. The frontier estimator
based on the bias corrected FDH also exhibits decreasing MSE and bias, with a number
of exceptions in the latter case. We observe that the empirical coverage probability for
NP is close to the true 95%, while that for FDH is usually below 95%. For both estima-
tors there is no clear evidence that their empirical coverage probabilities get closer to
95% as n increases. Regarding the measures of overall performance for efficiency
estimators mentioned above, both estimators perform better as n increases. The
asymptotics of both estimators seem to be confirmed in general terms as their
performances improve with large n.

We now turn to the impact of different values of mR on the performance of NP and
FDH. As mR increases, the bias of sR increases but MSE oscillates, with the bias being
negative. The bias of ŝðx; hnÞ, which is negative for most experiments considered, does not
seem to be impacted by mR. Note that the sign of these biases is in accordance to what the
asymptotic results predict due to the presence of s2ð2ÞðxÞ in the bias term. Also, in
accordance to the asymptotic results derived in Section 3, the MSE for ŝðx; hnÞ oscillates
with mR, which reflects the fact that the variance of ŝðx; hnÞ depends on mR in a nonlinear
fashion, as indicated by Theorem 1. Following the prediction in Theorem 2, the bias of the
NP frontier estimator is generally positive, except for small mR and n ¼ 100, and the bias
has a pattern of increasing with mR and MSE tend to oscillates with mR. In general, the
FDH frontier estimator has a positive bias, which together with MSE decreases with mR in
most experiments, exceptions occurring when sðxÞ ¼ s2ðxÞ. No clear pattern is discerned
from the impact of larger mR on the empirical coverage probability for NP, but there is
weak evidence that FDH is improved. Regarding the measures of overall performance for
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Table 1

Bias and MSE for SR and ŝðxÞ

s1ðxÞ n SR ŝðx1Þ : x1 ¼ 32:5 ŝðx2Þ : x2 ¼ 55 ŝðx3Þ : x3 ¼ 77:5

Bias (�10�1) MSE (�10�3) Bias MSE Bias MSE Bias MSE

mR ¼ 0:25 200 �0.025 0.289 �0.057 0.253 �0.154 0.489 �0.085 0.573

300 �0.052 0.225 �0.020 0.176 �0.139 0.353 �0.054 0.406

400 �0.049 0.188 �0.026 0.123 �0.100 0.252 �0.017 0.286

mR ¼ 0:4 200 �0.067 0.196 �0.081 0.128 �0.148 0.264 �0.102 0.279

300 �0.062 0.156 �0.039 0.090 �0.077 0.152 �0.053 0.224

400 �0.060 0.118 �0.020 0.062 �0.059 0.113 �0.046 0.157

mR ¼ 0:5 200 �0.087 0.223 �0.055 0.105 �0.118 0.226 �0.104 0.254

300 �0.075 0.156 �0.030 0.078 �0.074 0.140 �0.061 0.173

400 �0.073 0.134 �0.023 0.059 �0.066 0.113 �0.053 0.152

mR ¼ 0:6 200 �0.118 0.318 �0.061 0.128 �0.108 0.240 �0.080 0.333

300 �0.099 0.210 �0.048 0.103 �0.100 0.175 �0.045 0.225

400 �0.092 0.173 �0.039 0.071 �0.082 0.145 �0.060 0.184

mR ¼ 0:75 200 �0.144 0.375 �0.061 0.216 �0.144 0.447 �0.057 0.596

300 �0.124 0.275 �0.012 0.172 �0.118 0.296 �0.067 0.418

400 �0.099 0.188 �0.027 0.129 �0.088 0.220 �0.020 0.356

s2ðxÞ n SR ŝðx1Þ : x1 ¼ 1:25 ŝðx2Þ : x2 ¼ 1:5 ŝðx3Þ : x3 ¼ 1:75

Bias (�10�1) MSE (�10�3) Bias MSE Bias MSE Bias MSE

mR ¼ 0:25 200 �0.028 0.277 �0.022 0.019 �0.029 0.027 �0.017 0.028

300 �0.057 0.251 �0.026 0.013 �0.031 0.017 �0.011 0.019

400 �0.070 0.199 �0.022 0.011 �0.024 0.015 �0.007 0.014

mR ¼ 0:4 200 �0.084 0.234 �0.035 0.012 �0.026 0.013 �0.020 0.015

300 �0.083 0.173 �0.026 0.007 �0.023 0.009 �0.009 0.010

400 �0.079 0.150 �0.016 0.005 �0.020 0.007 �0.005 0.007

mR ¼ 0:5 200 �0.106 0.272 �0.034 0.010 �0.025 0.012 �0.017 0.012

300 �0.103 0.218 �0.023 0.007 �0.025 0.009 �0.008 0.008

400 �0.096 0.173 �0.017 0.005 �0.019 0.007 �0.013 0.007

mR ¼ 0:6 200 �0.151 0.410 �0.033 0.010 �0.036 0.016 �0.018 0.016

300 �0.124 0.276 �0.026 0.008 �0.023 0.010 �0.011 0.010

400 �0.116 0.223 �0.023 0.007 �0.020 0.008 �0.010 0.008

mR ¼ 0:75 200 �0.168 0.447 �0.027 0.018 �0.040 0.023 �0.006 0.024

300 �0.140 0.304 �0.023 0.013 �0.030 0.016 �0.000 0.019

400 �0.122 0.237 �0.023 0.012 �0.009 0.013 0.001 0.015
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the efficient estimator described above, the NP estimator seems to perform worse when mR

is larger for Rrank, Rmag and Rrel. The FDH estimator performs worse when mR is larger and
the performance measure considered is Rrank, while in the case of Rmag and Rrel, FDH
performs better as mR increases.
Lastly, as one would expect from the NP estimation procedure, the experimental results

indicate that as measured by bias and MSE, the estimation of the NP frontier is less
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Table 2

Bias and MSE of nonparametric and FDH frontier estimators

s1ðxÞ n x1 ¼ 32:5 x2 ¼ 55 x3 ¼ 77:5

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 Bias 0.004 3.294 �0.290 3.347 0.029 3.203

MSE 2.886 51.535 5.017 52.270 7.208 50.809

300 Bias 0.327 2.642 0.010 2.723 0.415 3.010

MSE 2.511 37.088 3.972 37.962 5.166 39.146

400 Bias 0.279 2.418 0.122 2.527 0.517 2.521

MSE 1.710 29.942 2.989 29.616 4.162 30.097

mR ¼ 0:4 200 Bias 0.174 2.700 0.074 2.766 0.350 2.575

MSE 1.394 38.684 2.344 38.978 3.098 37.866

300 Bias 0.280 2.049 0.274 1.947 0.458 2.034

MSE 1.153 25.241 1.770 24.740 2.902 25.122

400 Bias 0.326 1.535 0.309 1.765 0.451 1.863

MSE 0.822 18.432 1.270 19.500 1.958 20.480

mR ¼ 0:5 200 Bias 0.440 2.226 0.399 2.002 0.613 2.123

MSE 1.629 30.063 2.770 28.396 3.760 30.273

300 Bias 0.431 1.738 0.429 1.868 0.613 1.772

MSE 1.183 20.460 1.705 22.225 2.602 21.745

400 Bias 0.443 1.573 0.444 1.427 0.624 1.382

MSE 1.012 16.985 1.488 15.082 2.518 15.118

mR ¼ 0:6 200 Bias 0.825 1.839 0.957 1.939 1.322 1.727

MSE 2.936 26.026 4.992 26.047 7.189 23.261

300 Bias 0.686 1.559 0.740 1.607 1.179 1.385

MSE 2.073 18.826 3.051 18.698 5.235 15.789

400 Bias 0.655 1.021 0.726 1.191 1.020 1.213

MSE 1.534 10.479 2.493 12.354 4.373 12.247

mR ¼ 0:75 200 Bias 2.107 1.766 2.362 1.660 3.459 1.740

MSE 11.584 23.577 19.298 22.047 32.202 23.588

300 Bias 2.010 1.474 2.055 1.446 2.834 1.328

MSE 9.792 16.881 14.699 16.291 22.364 15.168

400 Bias 1.481 1.028 1.643 1.201 2.402 1.053

MSE 5.975 9.805 9.374 12.431 16.541 11.207

s2ðxÞ n x1 ¼ 1:25 x2 ¼ 1:5 x3 ¼ 1:75

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 Bias �0.020 0.836 �0.043 0.458 0.008 0.204

MSE 0.243 3.303 0.308 1.458 0.389 0.897

300 Bias 0.013 0.506 0.002 0.391 0.089 0.174

MSE 0.163 1.855 0.178 1.041 0.282 0.645

400 Bias 0.048 0.540 0.047 0.317 0.127 0.131

MSE 0.116 1.710 0.161 0.759 0.248 0.525

mR ¼ 0:4 200 Bias 0.020 0.466 0.059 0.176 0.093 0.012

MSE 0.123 1.640 0.137 0.277 0.196 0.198

300 Bias 0.045 0.297 0.067 0.130 0.128 0.012

MSE 0.067 0.911 0.102 0.165 0.154 0.160

400 Bias 0.075 0.177 0.070 0.084 0.134 �0.009
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Table 2 (continued )

s2ðxÞ n x1 ¼ 1:25 x2 ¼ 1:5 x3 ¼ 1:75

NP FDH NP FDH NP FDH

MSE 0.064 0.463 0.077 0.071 0.116 0.080

mR ¼ 0:5 200 Bias 0.066 0.238 0.114 0.123 0.161 �0.033

MSE 0.109 0.751 0.142 0.145 0.212 0.085

300 Bias 0.099 0.161 0.104 0.079 0.185 �0.025

MSE 0.082 0.330 0.102 0.039 0.169 0.068

400 Bias 0.107 0.150 0.113 0.064 0.150 �0.036

MSE 0.064 0.318 0.080 0.029 0.122 0.036

mR ¼ 0:6 200 Bias 0.203 0.179 0.210 0.113 0.317 �0.024

MSE 0.219 0.448 0.252 0.101 0.404 0.054

300 Bias 0.164 0.154 0.197 0.060 0.272 �0.040

MSE 0.140 0.323 0.170 0.029 0.287 0.041

400 Bias 0.158 0.108 0.186 0.049 0.252 �0.030

MSE 0.123 0.205 0.133 0.023 0.224 0.022

mR ¼ 0:75 200 Bias 0.552 0.174 0.527 0.076 0.792 �0.028

MSE 0.895 0.426 0.927 0.042 1.595 0.059

300 Bias 0.445 0.100 0.450 0.047 0.669 �0.031

MSE 0.610 0.169 0.645 0.014 1.158 0.029

400 Bias 0.365 0.090 0.479 0.034 0.580 �0.003

MSE 0.472 0.143 0.606 0.009 0.907 0.045
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accurate and precise than that of sðxÞ, since the NP frontier estimator involves the
estimation of both sðxÞ and sR.

Relative performance of estimators: On estimating the production frontier (Table 2) there
seems to be evidence that NP dominates FDH in terms of bias and MSE when mR ¼ 0:25,
0.4, 0.5 and 0.6, with exceptions in cases where sðxÞ ¼ s2ðxÞ, while FDH is better with
mR ¼ 0:75 (see Figs. 1 and 2). Specifically, when DGP uses s1ðxÞ, NP outperforms FDH in
almost all experiment designs, with a few exceptions when mR ¼ 0:75. When s2ðxÞ is used in
the DGP with mR ¼ 0:6, FDH is better with exceptions where the frontier is estimated at
the 25th percentile of X, in which case the NP outperforms FDH. The dominance of FDH
over NP when mR ¼ 0:75 is most likely explained in this DGP by the fact that in this case
s2R ¼ 0:04Froughly half of its values in other DGPs—contributing to a higher variance of
the NP estimator as suggested by Theorem 2. The relative performance of both frontier
estimators in terms of MSE is illustrated in Figs. 1 and 2, where for different points and
n ¼ 400, the ratio of NP’s MSE over FDH’s MSE is plotted against mR for s1ðxÞ, and the
ratio of FDH’s MSE over NP’s MSE is plotted against mR for s2ðxÞ (similar graphs result
when we examine the cases where n ¼ 200 and 300).
Regarding the empirical coverage probabilities (Table 3), the NP estimator is superior in

most experiments, i.e., NP estimates are much closer to the intended probability
1� a ¼ 95%. When the different measures of overall performance we considered are
analyzed (Table 4), we observe that the NP estimator outperforms FDH in terms of Rrank

and Rrel, except when mR ¼ 0:75. In terms of Rmag, NP generally outperforms FDH when
mR ¼ 0:25; 0:4; 0:5, while FDH is better when mR ¼ 0:6; 0:75, with exceptions in mR ¼ 0:6
and s1ðxÞ. Based on these results, it seems reasonable to conclude that when we are dealing



ARTICLE IN PRESS

Table 3

Empirical coverage probability for R̂ by nonparametric and FDH for 1� a ¼ 95%

s1ðxÞ n x1 ¼ 32:5; y1 ¼ 10 x2 ¼ 55; y2 ¼ 10 x3 ¼ 77:5; y3 ¼ 10

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 0.937 0.760 0.944 0.758 0.939 0.764

300 0.929 0.751 0.925 0.755 0.940 0.786

400 0.934 0.757 0.937 0.800 0.943 0.791

mR ¼ 0:4 200 0.942 0.808 0.947 0.814 0.955 0.804

300 0.929 0.809 0.939 0.793 0.931 0.810

400 0.922 0.784 0.915 0.802 0.934 0.816

mR ¼ 0:5 200 0.943 0.829 0.938 0.822 0.947 0.801

300 0.934 0.829 0.941 0.825 0.948 0.810

400 0.913 0.838 0.915 0.839 0.921 0.817

mR ¼ 0:6 200 0.943 0.824 0.925 0.825 0.946 0.833

300 0.926 0.809 0.929 0.830 0.923 0.854

400 0.935 0.826 0.902 0.828 0.909 0.853

mR ¼ 0:75 200 0.947 0.832 0.922 0.836 0.945 0.832

300 0.914 0.847 0.890 0.847 0.919 0.831

400 0.936 0.854 0.908 0.832 0.911 0.824

s2ðxÞ n x1 ¼ 1:25; y1 ¼ 3 x2 ¼ 1:5; y2 ¼ 3 x3 ¼ 1:75; y3 ¼ 3

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 0.931 0.857 0.912 0.904 0.904 0.831

300 0.931 0.816 0.943 0.917 0.905 0.819

400 0.949 0.831 0.928 0.911 0.906 0.779

mR ¼ 0:4 200 0.938 0.871 0.940 0.939 0.935 0.792

300 0.957 0.870 0.928 0.935 0.900 0.769

400 0.944 0.849 0.927 0.945 0.904 0.763

mR ¼ 0:5 200 0.968 0.872 0.949 0.941 0.926 0.786

300 0.950 0.896 0.945 0.953 0.918 0.737

400 0.960 0.888 0.930 0.961 0.905 0.719

mR ¼ 0:6 200 0.966 0.878 0.935 0.961 0.916 0.761

300 0.973 0.900 0.929 0.949 0.904 0.730

400 0.962 0.901 0.929 0.949 0.915 0.747

mR ¼ 0:75 200 0.978 0.893 0.948 0.960 0.948 0.757

300 0.973 0.902 0.942 0.955 0.915 0.740

400 0.965 0.902 0.909 0.948 0.920 0.784

C. Martins-Filho, F. Yao / Journal of Econometrics 141 (2007) 283–319 301
with DGPs that produce inefficient and mediocre firms with large probability, then the fact
that the NP estimator is impacted to a lesser degree by extreme values results in better
performance vis-a-vis the FDH estimator, whose construction depends heavily on
boundary points. This improved performance is easily perceived in Fig. 3. The figure
shows kernel density estimates for the frontier around the true value evaluated at x ¼ 55
for NP ðŝðx;hnÞ

sRðgnÞ
�

sðxÞ
sR
Þ and FDH ðr̂FDHðxÞ �

sðxÞ
sR
Þ based on 1000 simulations, mR ¼ 0:25 and
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Table 4

Overall efficiency estimators by nonparametric and FDH

s1ðxÞ n Rrank Rmag (�10�2) Rrel (�10
�1)

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 0.997 0.981 0.253 0.844 0.247 1.440

300 0.998 0.987 0.171 0.621 0.208 1.233

400 0.999 0.989 0.108 0.503 0.184 0.994

mR ¼ 0:4 200 0.994 0.970 0.235 0.776 0.293 1.492

300 0.996 0.978 0.139 0.563 0.236 1.126

400 0.997 0.983 0.083 0.439 0.197 0.915

mR ¼ 0:5 200 0.990 0.962 0.313 0.680 0.345 1.174

300 0.993 0.973 0.161 0.477 0.289 0.950

400 0.995 0.979 0.161 0.368 0.247 0.837

mR ¼ 0:6 200 0.976 0.955 0.696 0.554 0.478 1.024

300 0.984 0.969 0.278 0.384 0.371 0.890

400 0.988 0.977 0.193 0.283 0.327 0.687

mR ¼ 0:75 200 0.909 0.943 1.595 0.373 0.772 0.846

300 0.927 0.962 0.780 0.236 0.639 0.583

400 0.943 0.972 0.541 0.171 0.533 0.466

s2ðxÞ n Rrank Rmag (�10�2) Rrel (�10
�1)

NP FDH NP FDH NP FDH

mR ¼ 0:25 200 0.996 0.985 0.251 0.594 0.294 0.946

300 0.998 0.989 0.155 0.432 0.244 0.854

400 0.998 0.991 0.124 0.362 0.213 0.661

mR ¼ 0:4 200 0.993 0.979 0.260 0.521 0.340 0.920

300 0.996 0.985 0.164 0.374 0.276 0.843

400 0.997 0.988 0.107 0.285 0.249 0.608

mR ¼ 0:5 200 0.987 0.974 0.956 0.458 0.409 0.933

300 0.991 0.982 0.210 0.309 0.339 0.700

400 0.993 0.986 0.151 0.239 0.299 0.563

mR ¼ 0:6 200 0.970 0.970 0.796 0.371 0.545 0.708

300 0.979 0.979 1.120 0.255 0.451 0.556

400 0.984 0.984 0.293 0.192 0.403 0.474

mR ¼ 0:75 200 0.889 0.959 1.304 0.274 0.880 0.596

300 0.913 0.973 0.914 0.177 0.732 0.434

400 0.926 0.979 0.831 0.129 0.654 0.407
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sðxÞ ¼
ffiffiffi
x
p

, for n ¼ 200 and 400. The kernel density estimates were calculated using an
Epanechnikov kernel and bandwidths were selected using the rule-of-thumb of Silverman
(1986). We observe that the NP estimator is more tightly centered around the true frontier
and shows the familiar symmetric bell shape, while that of FDH is generally bimodal with
greater variability. Fig. 3 also shows that the estimated densities become tighter with more
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acute spikes as the sample size increases, as expected from the available asymptotic
results.9

5. Conclusion

In this paper we proposed a new nonparametric frontier model together with estimators
for the frontier and associated efficiency levels of production units or plans. Our estimator
can be viewed as an alternative to DEA, FDH as well as other estimators that are popular
and have been widely used in the empirical literature. The estimator is easily
implementable, as it is in essence a local linear kernel estimator, and we show that it is
consistent and asymptotically normal when suitably normalized. Efficiency rankings and
relative efficiency of firms are estimated based only on some rather parsimonious
restrictions on conditional moments. The assumptions required to obtain the asymptotic
properties of the estimator are standard in nonparametric statistics and are flexible enough
to preserve the desirable generality that has characterized nonparametric deterministic
frontier estimators. In contrast to DEA and FDH estimators, our estimator is not
intrinsically biased but it does envelop the data, in the sense that no observation can lie
above the estimated frontier. The small Monte Carlo study we perform seems to confirm
the asymptotic results we have obtained and also seems to indicate that for a number of
DGPs our proposed estimator can outperform bias corrected FDH according to various
performance measures.

Our estimator together with DEA, FDH and the recently proposed estimators of Cazals
et al. (2002), Girard and Jacob (2004) and Knight (2001) forms a set of procedures that can
be used for estimating nonparametric deterministic frontiers and for which asymptotic
distributional results are available. Future research on the relative performance of all of
these alternatives under various DGPs would certainly be desirable from a theoretical and
practical viewpoints. Furthermore, extensions of all such models and estimators to
accommodate stochastic frontiers with minimal additional assumptions that result in
identification is also desirable. Lastly, with regards to our estimator, an extension to the
case of multiple outputs should be accomplished. Also, it seems desirable to derive
minimax convergence rates for our model.
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Appendix

Proof of Lemma 1. (a) We prove the case where j ¼ 0. Similar arguments can be used for
j ¼ 1; 2. Let Bðx0; rÞ ¼ fx 2 R : jx� x0jorg for r 2 Rþ. G compact implies that there exists
x0 2 G such that G 	 Bðx0; rÞ. Therefore for all x; x0 2 G jx� x0jo2r. Let hn40 be a
sequence such that hn ! 0 as n!1 where n 2 f1; 2; 3; . . .g. For any n, by the
9Similar graphs but with less dramatic differences between the NP and FDH estimators are obtained when

mR ¼ 0:5.
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Heine–Borel theorem there exists a finite collection of sets fBðxk; ð nh3n
Þ
�1=2
Þg

ln

k¼1 such that

G �
Sln

k¼1 Bðxk; ð n

h3n
Þ
�1=2
Þ for xk 2 G with lnoð nh3n

Þ
1=2r. For x 2 Bðxk; ð n

h3n
Þ
�1=2
Þ,

js0ðxÞ � s0ðxkÞjpðnhnÞ
�1
Xn

t¼1

mjh�1n ðxk � xÞjBf oBf mðnhnÞ
�1=2 and

jEðs0ðxkÞÞ � Eðs0ðxÞÞjoBf mðnhnÞ
�1=2.

Hence,

js0ðxÞ � Eðs0ðxÞÞjpjs0ðxkÞ � Eðs0ðxkÞÞj þ 2Bf mðnhnÞ
�1=2 and

sup
x2G

js0ðxÞ � Eðs0ðxÞÞjp max
1pkpln

js0ðxkÞ � Eðs0ðxkÞÞj þ 2Bf mðnhnÞ
�1=2.

Since, ð nhn

lnðnÞ
Þ
1=22Bf mðnhnÞ

�1=2
! 0, then to prove (a) it suffices to show that there exists a

constant D40 such that for all �40 there exists N such that for all n4N,

P ð nhn

lnðnÞ
Þ
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js0ðxÞ � Eðs0ðxÞÞjXD
� �
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p
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Pðjs0ðxkÞ � Eðs0ðxkÞÞjXenÞ.
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1
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sequence, by Bernstein’s inequality
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3

0
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1
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where s̄2 ¼ n�1
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t¼1 V ðW tnÞ ¼ h�2n EðK2ð
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hn
Þf 2
ðX t;RtÞÞ � ðh

�1
n EðKðX t�xk

hn
Þf ðX t;RtÞÞÞ

2.

Under Assumptions A1 and A3 and the fact that f ðx; rÞ and gðx; rÞ are continuous in G

we have that hns̄2! Bs̄2 by Lebesgue’s dominated convergence theorem, for some

constant Bs̄2 . Let cn ¼ 2hns̄2 þ 2
3
BW en: Then,
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3

¼
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since cn ! 2Bs̄2 and therefore there exists D242Bs̄2 .

(b) The result follows directly from part (a) and the assumption that
nh3n
lnðnÞ
! 1. &

Proof of Lemma 2. Let r̂0 ¼ ðr̂1; . . . ; r̂nÞ with r̂t ¼ s2ðX tÞ�2t þ ðmðX tÞ � m̂ðX t; hnÞÞ
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and SðxÞ ¼
gX ðxÞ 0

0 gX ðxÞs
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where the inequality follows from the Cauchy–Schwarz Inequality and the fact that for a

set ai, i ¼ 1; . . . ; n of positive numbers
Pn

i¼1 a2
i pð
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i¼1 aiÞ

2. By part (b) of Lemma 1,
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Proof of Theorem 1. (a) Given the upperbound B̄gX
and Lemma 2

ŝ2ðx; hnÞ � s2ðxÞ �
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
r�t

�����
�����

pB̄gX
BnðxÞhn

1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
r�t

�����
�����

  

þ
Xn

t¼1

K
X t � x

hn

� �
X t � x

hn

� �
r�t

�����
�����
!!

¼ B̄gX
BnðxÞhnðjc1ðxÞj þ jc2ðxÞjÞ.

Since BnðxÞ ¼ Opð1Þ uniformly in G, from part (b) of Lemma 1, it suffices to investigate the
order in probability of jc1ðxÞj and jc2ðxÞj. Here, we establish the order of c1ðxÞ noting that
the proof for c2ðxÞ follows a similar argument given Assumption A3. We write c1ðxÞ ¼

I1n þ I2n � I3n þ I4n where

I1nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðs2ðX tÞ � s2ðxÞ � s2ð1ÞðX t � xÞÞ,

I2nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
s2ðX tÞð�

2
t � 1Þ,
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I3nðxÞ ¼
2

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
sðX tÞ�tðm̂ðX t; hnÞ �mðX tÞÞ,

I4nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðmðX tÞ � m̂ðX t; hnÞÞ

2

and examine each term separately. I1nðxÞ: by Taylor’s theorem there exists X tb ¼

lX t þ ð1� lÞx for some l 2 ½0; 1� such that I1n ¼
hn

2ngX ðxÞ

Pn
t¼1 KðX t�x

hn
ÞðX t�x

hn
Þ
2s2ð2ÞðX tbÞ.

Given A1(2) and A2(6) we have

sup
x2G

jI1nðxÞjp
B̄2s B

�1
gX

2
h2

n sup
x2G

1

n

Xn

t¼1

1

hn

K
X t � x

hn

� �
X t � x

hn

� �2
�����

 

�E
1

hn

K
X t � x

hn

� �
X t � x

hn

� �2
 !�����

þ h2
n sup

x2G

E
1

hn

K
X t � x

hn

� �
X t � x

hn

� �2
 !!

¼
B̄2sB

�1
gX

2
ðh3

nopð1Þ þ h2
nOð1ÞÞ ¼ Opðh

2
nÞ by part (b) of Lemma 1.

I2nðxÞ: note that by Assumption A1(2)

sup
x2G

jI2nðxÞjpB�1gX
sup
x2G

1

n

Xn

t¼1

1

hn

K
X t � x

hn

� �
s2ðX tÞð�

2
t � 1Þ

�����
����� ¼ Op

nhn

lnðnÞ

� ��1=2 !
,

where the last equality follows from part (a) in Lemma 1 with f ðX t;RtÞ ¼ s2ðX tÞð�2t � 1Þ,
which is bounded in G by Assumptions A2(2) and A2(4).

I3nðxÞ: from the comment following Lemma 2 and by Taylor’s theorem there exists X kt ¼

lX k þ ð1� lÞX t for some l 2 ½0; 1� such that I3nðxÞ ¼ I31nðxÞ þ I32nðxÞ þ I33nðxÞ, where

I31nðxÞ ¼
2

n2h2
ngX ðxÞ

Xn

t¼1

Xn

k¼1

1

gX ðX tÞ
K

X t � x

hn

� �
K

X k � X t

hn

� �
sðX tÞsðX kÞ�t�k,

I32nðxÞ ¼
h2

n

n2h2
ngX ðxÞ

Xn

t¼1

Xn

k¼1

1

gX ðX tÞ
K

X t � x

hn

� �
K

X k � X t

hn

� �
X k � X t

hn

� �2

�sðX tÞ�tm
ð2ÞðX ktÞ,

I33nðxÞ ¼
2

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
sðX tÞ�t

� m̂ðX tÞ �mðX tÞ �
1

nhngX ðX tÞ

Xn

k¼1

K
X k � X t

hn

� �
Y �k

 !
,
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where Y �k ¼ Y k �mðX tÞ �mð1ÞðX tÞðX k � X tÞ. We now examine each of these terms
separately. Note that,

jI31nðxÞjp2B�1gX

1

nhn

Xn

t¼1

1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj sup

x2G

1

nhn

Xn

k¼1

K
X k � x

hn

� �
sðX kÞ�k

�����
�����.

Since jsðX kÞ�kjoC for a generic constant C. If nh3n !1 we have by part (a) of Lemma 1,

sup
x2G

1

nhn

Xn

k¼1

K
X k � x

hn

� �
sðX kÞ�k

�����
����� ¼ Op

nhn

lnðnÞ

� ��1=2 !
.

Therefore, supx2G jI31nðxÞjp2B�1gX
Opðð

nhn

lnðnÞ
Þ
�1=2
Þsupx2Gj

1
nhn

Pn
t¼1

1
gX ðX tÞ

KðX t�x
hn
ÞsðX tÞj�tjj.

Since j sðX tÞj�tj
gX ðX tÞ

joC,

sup
x2G

1

nhn

Xn

t¼1

1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

�����
�����

p sup
x2G

1

nhn

Xn

t¼1

1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

������
�E

1

gX ðX tÞ
h�1n K

X t � x

hn

� �
sðX tÞj�tj

� ������
þ sup

x2G

E
1

gX ðX tÞ

1

hn

K
X t � x

hn

� �
sðX tÞj�tj

� �

¼ Op
nhn

lnðnÞ

� ��1=2 !
þ

1

hn

sup
x2G

E
1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

� �
,

by part (a) of Lemma 1. Now, 1
hn
Eð 1

gX ðX tÞ
KðX t�x

hn
ÞsðX tÞj�tjÞ ¼

R
KðfÞsðxþ hnfÞm1ðxþ

hnfÞ df and by Lebesgue’s dominated convergence theorem,

1

hn

sup
x2G

E
1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

� �
p
Z

KðfÞ df sup
x2G

sðxÞ sup
x2G

m1ðxÞpC

given Assumption A2(4) and the fact that m1ðX tÞ is uniformly bounded in G. Therefore,

1

hn

sup
x2G

E
1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

� �
¼ Oð1Þ

and consequently supx2G jI31nðxÞj ¼ Opðð
nhn

lnðnÞ
Þ
�1=2
Þ. Now, by Assumptions A2(1) and A2(6)

jI32nðxÞjpB�1gX
bB2s

1

n

Xn

t¼1

1

gX ðX tÞ
K

X t � x

hn

� �
sðX tÞj�tj

� sup
x2G

1

n

Xn

k¼1

K
X k � x

hn

� �
X k � x

hn

� �2
�����

�����.
From the analysis of I1n, supx2G j

1
n

Pn
t¼1 KðX t�x

hn
ÞðX t�x

hn
Þ
2
j ¼ OpðhnÞ and by using part (b)

of Lemma 1 supx2G
1
n

Pn
t¼1

1
gX ðX tÞ

KðX t�x
hn
ÞsðX tÞj�tj ¼ OpðhnÞ, which gives supx2G jI32nj ¼
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Opðh
2
nÞ. From Lemma 2

jDnðX tÞj � m̂ðX t; hnÞ �mðX tÞ �
1

nhngX ðX tÞ

Xn

k¼1

K
X k � X t

hn

� �
Y �k

�����
�����pBnðX tÞRn;2ðX tÞ.

Hence jI33nðxÞjpOpð1Þ
2

nhngX ðxÞ

Pn
k¼1 K X t�x

hn

� �
sðX tÞj�tjRn;2ðX tÞ. Now, we can write

Rn;2ðX tÞpjR11ðX tÞj þ jR12ðX tÞj þ jR21ðX tÞj þ jR22ðX tÞj,

where R11ðX tÞ ¼
1
n

Pn
k¼1 KðX k�X t

hn
ÞsðX kÞ�k, R12ðX tÞ ¼

1
2n

Pn
k¼1 KðX k�X t

hn
ÞðX k � X tÞ

2mð2ÞðX ktÞ,

R21ðX tÞ¼
1
n

Pn
k¼1 KðX k�X t

hn
Þð

X k�X t

hn
ÞsðX kÞ�k and R22ðX tÞ¼

h2n
2n

Pn
k¼1 KðX k�X t

hn
Þð

X k�X t

hn
Þ
3mð2ÞðX ktÞ.

By part (b) of Lemma 1 supX t2G jR11ðX tÞj ¼ opðh
2
nÞ and by the analysis of I32n we have

that supX t2G jR12ðX tÞj ¼ Opðh
3
nÞ. Again by Lemma 1 and the fact that Eð�tjX tÞ ¼ 0 we have

that supX t2G jR21ðX tÞj ¼ opðh
2
nÞ. Finally, given that K is defined on a bounded support, by

Lemma 1 and A2(6) we obtain supX t2G jR22ðX tÞj ¼ Opðh
3
nÞ. Hence, supX t2G Rn;2ðX tÞ ¼

opðh
2
nÞ and

jI33nðxÞjp2B�1gx
Opð1Þopðh

2
nÞ

1

nhn

Xn

t¼1

K
X t � x

hn

� �
sðX tÞj�tj ¼ 2B�1gx

opðh
2
nÞI331n.

By Lemma 1, supx2G I331n ¼ opðhnÞ þOð1Þ and therefore supx2G jI33nj ¼ opðh
2
nÞ. Combining

all results we have supx2G jI3nj ¼ Opðh
2
nÞ þOpðð

nhn

lnðnÞ
Þ
�1=2
Þ.

I4nðxÞ: we write I4n ¼ I41nðxÞ þ I42nðxÞ þ I43nðxÞ þ I44nðxÞ þ I45nðxÞ þ I46nðxÞ where

I41nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
1

n2h2
ng2

X ðX tÞ

Xn

k¼1

Xn

l¼1

K
X k � X t

hn

� �

�K
X l � X t

hn

� �
sðX tÞsðX kÞ�k�l ,

I42nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
1

4n2h2
ng2

X ðX tÞ

Xn

k¼1

Xn

l¼1

K
X k � X t

hn

� �
ðX k � X tÞ

2

�K
X l � X t

hn

� �
ðX l � X tÞ

2mð2ÞðX ktÞm
ð2ÞðX ltÞ,

I43nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
D2

nðX tÞ,

I44nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
1

n2h2
ng2

X ðX tÞ

Xn

k¼1

Xn

l¼1

K
X k � X t

hn

� �
K

X l � X t

hn

� �

�ðX l � X tÞ
2mð2ÞðX ltÞsðX kÞ�k,
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I45nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
2DnðX tÞ

nhngX ðX tÞ

Xn

k¼1

K
X k � X t

hn

� �
sðX kÞ�k,

I46nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
DnðX tÞ

nhngX ðX tÞ

Xn

k¼1

K
X k � X t

hn

� �
mð2ÞðX ktÞðX k � X tÞ

2.

We now examine each term separately. First,

I41nðxÞ ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
1

nhngX ðX tÞ

Xn

l¼1

K
X l � X t

hn

� �
sðX lÞ�l

 !2

¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðI411ðX tÞÞ

2,

where I411ðX tÞ ¼
1

nhngX ðX tÞ

Pn
l¼1 KðX l�X t

hn
ÞsðX lÞ�l . But,

sup
X t2G

jI411ðX tÞjpB�1gX
hn

1

hn

sup
X t2G

1

nhn

Xn

l¼1

K
X l � X t

hn

� �
sðX lÞ�l

�����
�����

¼ B�1gX
hnopð1Þ by part (b) of Lemma 1.

Hence, supX t2G jI411ðX tÞj ¼ opðhnÞ and supX t2G ðI411Þ
2
¼ opðh

2
nÞ and

sup
X t2G

jI41nðxÞjpopðh
2
nÞ sup

x2G

1

nhn

Xn

t¼1

K
X t � x

hn

� ������
����� ¼ opðh

2
nÞ.

Now,

jI42nðxÞj ¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �

�
1

2nhngX ðX tÞ

Xn

t¼1

K
X k � X t

hn

� �
mð2ÞðX ktÞðX k � X tÞ

2

 !2

¼
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
ðI421ðX tÞÞ

2,

where I421ðX tÞ ¼
1

2nhngX ðX tÞ

Pn
t¼1 KðX k�X t

hn
Þmð2ÞðX ktÞðX k � X tÞ

2. But jI421ðX tÞjpB�1gX
h�1n

jR12ðX tÞj and since supX t2G jR12ðX tÞj ¼ Opðh
3
nÞ from above, we have that supX t2G

ðI421ðX tÞÞ
2
¼ Opðh

4
nÞ. Since

1
nhn
j
Pn

t¼1 KðX t�x
hn
Þj ¼ Opð1Þ we have supx2G jI42nj ¼ Opðh

4
nÞ.

For the I43nðxÞ we first observe that from our analysis of I33n we have that

supX t2G jDnðX tÞj ¼ opðh
2
nÞ hence jI43nðxÞjpB�1gx

opðh
4
nÞj

1
nhn

Pn
t¼1 KðX t�x

hn
Þj and consequently

supx2G jI43ðxÞj ¼ opðh
4
nÞ since

1
nhn

Pn
t¼1 KðX t�x

hn
Þ ¼ Opð1Þ uniformly in G.
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Now,

jI44nðxÞjp
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� ������
����� supX t2G

jI441ðX tÞj sup
X t2G

jI442ðX tÞj where

I441ðX tÞ¼
1

nhngX ðX tÞ

Pn
k¼1 KðX k�X t

hn
ÞsðX kÞ�k, I442ðX tÞ ¼

1
nhngX ðX tÞ

Pn
k¼1 KðX k�X t

hn
ÞðX k � X tÞ

2mð2Þ

ðX ktÞ. But given that supX t2G I441ðX tÞpB�1gX
h�1n supX t2G jR11ðX tÞj ¼ opðhnÞ and

sup
X t2G

I442ðX tÞp2B�1gX
h�1n sup

X t2G

jR12ðX tÞj ¼ Opðh
2
nÞ,

we have supx2G I44nðxÞ ¼ opðh
3
nÞ. Finally,

jI45nðxÞjp
2

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
sup
X t2G

jDnðX tÞj sup
X t2G

jI441ðX tÞj

which implies from above that supx2G jI45nðxÞj ¼ opðh
3
nÞ and

jI46nðxÞjp
2

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
sup
X t2G

jDnðX tÞj sup
X t2G

jI421ðX tÞj

which from above gives supx2G jI46nðxÞj ¼ opðh
4
nÞ, hence supx2G jI4nj ¼ opðh

2
nÞ. Combining

all terms we have that supx2G jc1ðxÞj ¼ Opðð
nhn

lnðnÞ
Þ
�1=2
Þ þOpðh

2
nÞ and also supx2G

jc2ðxÞj ¼ Opðð
nhn

lnðnÞ
Þ
�1=2
Þ þOpðh

2
nÞ. Consequently,

ŝ2ðx; hnÞ � s2ðxÞ �
1

nhngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
r�t

�����
�����pOpðh

3
nÞ þOp

hn lnðnÞ

n

� �1=2
 !

.

(b) From part (a), provided that h2
n lnðnÞ ! 0 we can concentrate on 1ffiffiffiffiffi

nhn

p
gX ðxÞPn

t¼1 KðX t�x
hn
Þr�t to obtain the asymptotic distribution of

ffiffiffiffiffiffiffi
nhn

p
ðŝ2ðx; hnÞ � s2ðxÞÞ.

I1nðxÞ ¼
1
2

hn

n
1

gX ðxÞ

Pn
t¼1 KðX t�x

hn
ÞðX t�x

hn
Þ
2s2ð2ÞðX tbÞ, and given A1,

E
I1nðxÞ

h2
n

 !
¼

1

2gX ðxÞ

Z
f2KðfÞs2ð2Þðxþ hnyfÞgX ðxþ hnfÞ df and,

V
I1nðxÞ

h2
n

 !
¼

1

4gX ðxÞ
2

1

nh2
n

E K2 X t � x

hn

� �
X t � x

hn

� �4

ðs2ð2ÞðX tbÞÞ
2

 ! 

�
1

n

1

hn

E K
X t � x

hn

� �
X t � x

hn

� �2

s2ð2ÞðX tbÞ

 ! !2
1
A

for jyjp1. Given Assumptions A1, A2(5) and A3 and by Lebesgue’s dominated
convergence theorem,

E
I1nðxÞ

h2
n

 !
!

1

2
s2ð2ÞðxÞs2K and V

I1nðxÞ

h2
n

 !
! 0

hence by Chebyshev’s inequality I1nðxÞ

h2n
� 1

2
s2ð2ÞðxÞs2K ¼ opð1Þ.
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We now establish that
ffiffiffiffiffiffiffi
nhn

p
I2n!

d
Nð0; s

4ðxÞ
gX ðxÞ
ðm4ðxÞ � 1Þ

R
K2ðyÞdyÞ. To this end, note

that

ffiffiffiffiffiffiffi
nhn

p
I2n ¼

Xn

t¼1

1ffiffiffiffiffiffiffi
nhn

p
gX ðxÞ

K
X t � x

hn

� �
s2ðX tÞð�

2
t � 1Þ ¼

Xn

t¼1

Ztn,

where fZtn : t ¼ 1; . . . ; n; n ¼ 1; 2; . . .g forms an independent triangular array with EðZtnÞ ¼

0 and

s2n ¼
Xn

t¼1

EðZ2
tnÞ ¼

1

nhng2
X ðxÞ

Xn

t¼1

E K2 X t � x

hn

� �
s4ðX tÞð�

2
t � 1Þ2

� �

¼
1

hng2
X ðxÞ

E K2 X t � x

hn

� �
s4ðX tÞðm4ðX tÞ � 1Þ

� �
,

where m4ðX tÞ ¼ Eð�4t jX tÞ. By Lebesgue’s dominated convergence theorem and the

continuity of m4ðX tÞ, s2n !
s4ðxÞ
gX ðxÞ
ðm4ðxÞ � 1Þ

R
K2ðfÞ df. By Liapounov’s central limit

theorem
Pn

t¼1
Ztn

sn
!
d
Nð0; 1Þ provided that limn!1

Pn
t¼1 Ej

Ztn

sn
j2þd ¼ 0 for some d40. Now,

Xn

t¼1

E
Ztn

sn

����
����
2þd

¼ ðs2nÞ
�1�d=2

Xn

t¼1

EjZtnj
2þd

¼ ðs2nÞ
�1�d=2 gX ðxÞ

�2�d

ðnhnÞ
d=2

1

hn

E K
X t � x

hn

� �
s2ðX tÞð�

2
t � 1Þ

����
����
2þd

.

But,

1

hn

E K
X t � x

hn

� �
s2ðX tÞð�

2
t � 1Þ

����
����
2þd

¼
1

hn

E K2þd X t � x

hn

� �
ðs2ðX tÞÞ

2þdEðj�2t � 1j2þdjX tÞ

� �

p
C

hn

E K2þd X t � x

hn

� �� �
! CgX ðxÞ

Z
K2þdðxÞ dx,

where the inequality follows from A1, A2(2), A2(4) and A3.
We now examine I3nðxÞ. As in part (a) we write I3nðxÞ ¼ I31nðxÞ þ I32nðxÞ þ I33nðxÞ and

look at each term separately. Using the notation of Lemma 3 in Appendix,

I31nðxÞ ¼
2Kð0Þ

n2h2
ngX ðxÞ

Xn

t¼1

K
X t � x

hn

� �
s2ðX tÞ

�2t
gX ðX tÞ

þ
n� 1

n

n

2

 !�1X
tok

cnðZt;ZkÞ

¼ I311 þ
n� 1

n
I312,

where cnðZt;ZkÞ ¼ htk þ hkt, htk ¼
1

gX ðxÞh
2
n

1
gX ðX tÞ

KðX t�x
hn
ÞKðX k�X t

hn
ÞsðX tÞsðX kÞ�t�k, Zt ¼

ðX t; �tÞ. Letting ~x ¼ ðX 1; . . . ;X nÞ and given our assumptions,

Eð
ffiffiffiffiffiffiffi
nhn

p
I311Þ ¼

2Kð0Þffiffiffiffiffiffiffi
nhn

p
gX ðxÞ

1

hn

Z
K

z� x

hn

� �
s2ðzÞ
gX ðzÞ

gX ðzÞ dz,
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EgX
ðV ð

ffiffiffiffiffiffiffi
nhn

p
I311j~xÞÞ ¼

4Kð0Þ

n2h2
ng2

X ðxÞ

1

hn

Z
K2 z� x

hn

� �
s4ðzÞ
g2

X ðzÞ
ðm4ðzÞ � 1ÞgX ðzÞ dz

and

VgX
ðEð

ffiffiffiffiffiffiffi
nhn

p
I311j~xÞÞ ¼

4K2ð0Þ

nhng2
X ðxÞ

1

nhn

1

hn

Z
K2 z� x

hn

� �
s4ðzÞ
g2

X ðzÞ
gX ðzÞdz

�

�
1

n

1

hn

Z
K

z� x

hn

� �
s2ðzÞ
gX ðzÞ

gX ðzÞ dz

� �2
!
.

Since, V ð
ffiffiffiffiffiffiffi
nhn

p
I311Þ ¼ EgX

ðV ð
ffiffiffiffiffiffiffi
nhn

p
I311j~xÞÞ þ V gX

ðEð
ffiffiffiffiffiffiffi
nhn

p
I311j~xÞÞ, provided that nhn !1

a direct application of Lebesgue’s dominated convergence theorem gives,
Eð

ffiffiffiffiffiffiffi
nhn

p
I311Þ;V ð

ffiffiffiffiffiffiffi
nhn

p
I311Þ ! 0 and consequently by Chebyshev’s inequality we have

I311 ¼ opððnhnÞ
�1=2
Þ. Given our assumptions it is easily verified that EðcnðZt;ZjÞÞ ¼ 0 and

c1nðZtÞ ¼ 0. Hence, by direct use of Lemma 3, we have
ffiffiffi
n
p

I312 ¼ opð1Þ provided that

Eðc2
nðZt;ZjÞÞ ¼ oðnÞ. We now turn to verifying that Eðc2

nðZt;ZjÞÞ ¼ oðnÞ. Note that,

1

n
Eðc2

nðZt;ZjÞÞ

¼
1

ng2
X ðxÞh

4
n

E K2 X t � X j

hn

� �
K2 X t � x

hn

� �
s2ðX tÞs2ðX jÞ�

2
t �

2
j

1

g2
X ðX tÞ

� �

þ
1

ng2
X ðxÞh

4
n

E K2 X t � X j

hn

� �
K2 X j � x

hn

� �
s2ðX tÞs2ðX jÞ�

2
t �

2
j

1

g2
X ðX jÞ

� �

þ
2

ng2
X ðxÞh

4
n

E K2 X t � X j

hn

� �
K

X t � x

hn

� �
K

X j � x

hn

� �
s2ðX tÞs2ðX jÞ�

2
t �

2
j

�

�
1

gX ðX jÞgX ðX tÞ

�
¼ U1 þU2 þU3.

We focus on the first term—U1. Since, taj we have that

EðU1j~xÞ ¼
1

ng2
X ðxÞh

4
n

K2 X t � X j

hn

� �
s2ðX tÞs2ðX jÞK

2 X t � x

hn

� �
1

g2
X ðX tÞ

and

EðU1Þ ¼
1

ng2
X ðxÞh

4
n

Z Z
K2 X t � X j

hn

� �
s2ðX tÞs2ðX jÞK

2 X t � x

hn

� �

�
1

g2
X ðX tÞ

gX ðX tÞgX ðX jÞ dX t dX j.

Given our assumptions, if nh2
n !1, by Lebesgue’s dominated convergence theorem we

have EðU1Þ ! 0. We omit the analysis of U2 and U3 which can be treated similarly.
Hence, combining the results on I311 and I312 we have that

ffiffiffiffiffiffiffi
nhn

p
I31n ¼ opð1Þ. Now we turn

to the analysis of I32nðxÞ. Using the notation of Lemma 3 we have I32nðxÞ ¼
n�1
2n

1
gX ðxÞ
ðn
2
Þ
�1P

tok cnðZt;ZkÞ where cnðZt;ZkÞ ¼ htk þ hkt and

htk ¼ K
X t � x

hn

� �
K

X t � X k

hn

� �
X t � X k

hn

� �2

mð2ÞðX tkÞ
sðX tÞ�t

gX ðX tÞ
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and Zt ¼ ðX t; �tÞ. Given our assumptions EðcnðZt;ZkÞÞ ¼ 0 and

c1nðZtÞ ¼ K
X t � x

hn

� �
sðX tÞ�t

gX ðX tÞ
E K

X t � X k

hn

� �
X t � X k

hn

� �2

mð2ÞðX tkÞjZt

 !
.

Hence, using the notation in Lemma 3,
ffiffiffi
n
p

ûn ¼
2ffiffi
n
p
Pn

t¼1 c1nðZtÞ, with Eð
ffiffiffi
n
p

ûnÞ ¼ 0 and

V ð
ffiffiffi
n
p

ûnÞ ¼ 4E K2 X t � x

hn

� �
K

X t � X k

hn

� �
X t � X k

hn

� �2 s2ðX tÞ

g2
X ðX tÞ

mð2ÞðX tkÞ

 

�K
X t � X l

hn

� �
X t � X l

hn

� �2

mð2ÞðX tlÞ

!
.

Using Lebesgue’s dominated convergence theorem we have V ð
ffiffiffi
n
p

ûnÞ ! 0 and conse-
quently by Lemma 3,

ffiffiffi
n
p

I32n ¼ opð1Þ provided that Eðc2
nðZt;ZjÞÞ ¼ oðnÞ. Now,

1

n
Eðc2

nðZt;ZjÞÞ

¼
1

4nh4
n

Z Z
K2 X t � X j

hn

� �
K2 X t � x

hn

� �
ðX t � X jÞ

4

�
s2ðX tÞ�2t mð2Þ2ðX tjÞ

g2
X ðX tÞ

gX ðX tÞgX ðX jÞ dX t dX j

þ
1

4nh4
n

Z Z
k2 X t � X j

hn

� �
K2 X j � x

hn

� �
ðX t � X jÞ

4

�
s2ðX jÞ�2j mð2Þ2ðX tjÞ

g2
X ðX jÞ

gX ðX tÞgX ðX jÞ dX t dX j

þ
2

4nh4
n

Z Z
K2 X t � X j

hn

� �
K

X j � x

hn

� �
K

X t � x

hn

� �
ðX t � X jÞ

4

�
sðX tÞsðX jÞ�t�jm

ð2ÞðX tjÞm
ð2ÞðX tjÞ

gX ðX tÞgX ðX jÞ
� gX ðX tÞgX ðX jÞ dX t dX j

¼ U1 þU2 þU3.

Given our assumptions, a direct application of Lebesgue’s dominated convergence
theorem gives U1;U2;U3! 0. Since from part (a) I33n ¼ opðh

2
nÞ we have that by

combining all terms I3nðxÞ ¼ opðn
�1=2Þ þ opðh

2
nÞ. Finally, since we have already established

in part (a) that I4nðxÞ ¼ opðh
2
nÞ, combining all convergence results for I1nðxÞ; I2nðxÞ; I3nðxÞ

and I4nðxÞ we have that if nh5
n ¼ Oð1Þ, then

ffiffiffiffiffiffiffi
nhn

p
ðŝ2ðx; hnÞ � s2ðxÞ � B0nÞ!

d
N 0;

s4ðxÞ
gX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞ dy

� �
, (6)
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for all x 2 G where B0n ¼
h2ns

2
K

2
s2ð2ÞðxÞ þ opðh

2
nÞ. It is a direct consequence of part (a) that

ŝðx; hnÞ is uniformly consistent. Hence, noting that

ffiffiffiffiffiffiffi
nhn

p
ŝðx; hnÞ � sðxÞ �

1

2sðxÞ
B0n þ

1

2sðxÞ
�

1

2sbðxÞ

� �
B0n

� �

¼
1

2
ffiffiffiffiffiffiffiffiffiffiffi
s2bðxÞ

q ffiffiffiffiffiffiffi
nhn

p
ðŝ2ðx; hnÞ � s2ðxÞ � B0nÞ

for s2bðxÞ ¼ ys2ðxÞ þ ð1� yÞŝ2ðx; hnÞ for some 0pyp1 we have that by (3) and the uniform
consistency of ŝðx; hnÞ in G

ffiffiffiffiffiffiffi
nhn

p
ðŝðx; hnÞ � sðxÞ � B1nÞ!

d
N 0;

s2ðxÞ
4gX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞ dy

� �
,

where B1n ¼
h2ns

2
K

4sðxÞ s
2ð2ÞðxÞ þ opðh

2
nÞ. &

Proof of Theorem 2. (a) We start by noting that jsRðgnÞ � sRj ¼ sRðgnÞsRjsRðgnÞ
�1
� s�1R j.

By Theorem 1 supX t2G ŝðX t; gnÞ ¼ Opð1Þ, hence by definition sRðgnÞpsupX t2G ŝðX t; gnÞ

ðmax1ptpn Y tÞ
�1
¼ Opð1Þ. Hence, to obtain the desired result it suffices to show that

sRðgnÞ
�1
� s�1R ¼ OpðLnÞ. Since, jsRðgnÞ

�1
� s�1R j ¼ s�1R jmax1ptpn

sðX tÞRt

ŝðX t;gnÞ
� 1j we need only

show that max1ptpn
sðX tÞRt

ŝðX t;gnÞ
� 1 ¼ OpðLnÞ. Note that for some D0;D40,

P L�1n sup
X t2G

sðX tÞ

ŝðX t; gnÞ
� 1

����
����oD

 !
XP L�1n sup

X t2G

jsðX tÞ � ŝðX t; gnÞjoD0
 !

.

Therefore, given supposition (1) in the statement of the theorem, for all d40 there exists
D40 such that for all n4Nd,

P L�1n sup
X t2G

sðX tÞ

ŝðX t; gnÞ
� 1

����
����oD

 !
41� d. (7)

Now suppose that max1ptpn
sðX tÞRt

ŝðX t;gnÞ
� 1X0. Then, jmax1ptpn

sðX tÞRt

ŝðX t;gnÞ
� 1jpsupX t2G

sðX tÞ

ŝðX t;gnÞ
�

1 and L�1n jmax1ptpn
sðX tÞRt

ŝðX t;gnÞ
� 1jpL�1n jsupX t2G

sðX tÞ

ŝðX t;gnÞ
� 1j. By inequality (7)

P L�1n max
1ptpn

sðX tÞRt

ŝðX t; gnÞ
� 1

����
����oD

� �
41� d.

Now suppose that max1ptpn
sðX tÞRt

ŝðX t;gnÞ
� 1o0. Then, jmax1ptpn

sðX tÞRt

ŝðX t;gnÞ
� 1jp1�

max1ptpn Rt infX t2G
sðX tÞ

ŝðX t;gnÞ
and

P L�1n max
1ptpn

sðX tÞRt

ŝðX t; gnÞ
� 1

����
����oD

� �
XP max

1ptpn
Rt inf

X t2G

sðX tÞ

ŝðX t; gnÞ
41� LnD

� �
.

By inequality (7) and assumption (2) in the statement of the theorem, for all d40 there is

some D1;D40 such that whenever n4Nd, PðinfX t2G
sðX tÞ

ŝðX t;gnÞ
41� LnDÞ41� d and

Pðmax1ptpn Rt41� LnD1Þ41� d. Hence, for all d40 there is some D240 such that

whenever n4Nd Pðmax1ptpn
sðX tÞRt

ŝðX t;gnÞ
41� LnD2Þ41� d.
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(b) Note that
ffiffiffiffiffiffiffi
nhn

p
ð
ŝðx;hnÞ

sR
�

sðxÞ
sR
�

B1n

sR
Þ �

ffiffiffiffiffiffiffi
nhn

p
ð
ŝðx;hnÞ

sRðgnÞ
�

sðxÞ
sR
� ŝðx; hnÞðsRðgnÞ

�1
� s�1R Þ �

B1n

sR
Þ.

From part (b) of Theorem 1 we have that
ffiffiffiffiffiffiffi
nhn

p
ð
ŝðx;hnÞ

sR
�

sðxÞ
sR
�

B1n

sR
Þ!

d
Nð0; s2ðxÞ

4s2
R

gX ðxÞ
ðm4ðxÞ � 1ÞR

K2ðyÞdyÞ, and from part (a), provided that
ng5n
lnðnÞ
! 1 we have that

ŝðx; hnÞðsRðgnÞ
�1
� s�1R Þ ¼ Opðg

2
nÞ. Hence, given that nh5

n ! 0 and nhng4
n ¼ Oð1Þ

ffiffiffiffiffiffiffi
nhn

p ŝðx; hnÞ

sRðgnÞ
�

sðxÞ
sR

� B2n

� �
!
d
N 0;

s2ðxÞ
4s2RgX ðxÞ

ðm4ðxÞ � 1Þ

Z
K2ðyÞ dy

� �
,

where B2n ¼ Opðg
2
nÞ. &

Lemma 3. Let fZig
n
i¼1 be a sequence of iid random variables and cnðZ1; . . . ;ZkÞ be a

symmetric function with kpn. Let un ¼ ð
n
k
Þ
�1P

ðn;kÞ cnðZi1 ; . . . ;Zik Þ and ûn ¼
k
n

Pn
i¼1

ðc1nðZiÞ � ynÞ þ yn, where
P
ðn;kÞ denotes a sum over all subsets 1pi1oi2o � � �oikpn of

f1; 2; . . . ; ng, c1nðZiÞ ¼ EðcnðZ1; . . . ;ZkÞjZiÞ, yn ¼ EðcnðZ1; . . . ;ZkÞÞ. If Eðc2
nðZ1; . . . ;

ZkÞÞ ¼ oðnÞ then
ffiffiffi
n
p
ðun � ûnÞ ¼ opð1Þ.

Proof. Using Hoeffding’s (1961) decomposition for U-statistics we write, un ¼ yn þPk
j¼1 ð

k
j
ÞH ðjÞn where H ðjÞn ¼ ð

n
j
Þ
�1P

ðn;jÞ h
ðjÞ
n ðZv1 ; . . . ;Zvj

Þ, hð1Þn ðZv1Þ ¼ c1nðZv1Þ � yn, hðcÞn ðZv1 ;

. . . ;Zvc
Þ ¼ ccnðZv1 ; . . . ;Zvc

Þ �
Pc�1

j¼1

P
ðc;jÞ h

ðjÞ
n ðZi1 ; . . . ;Zij Þ � yn where ccnðZv1 ; . . . ; Zvc

Þ ¼

EðcnðZ1; . . . ;ZkÞjZ1; . . . ;ZcÞ and c ¼ 2; . . . ; k. Then, un � ûn ¼
Pk

j¼2ð
k
j
ÞH ðjÞn and it is

straightforward to show that Eðun � ûnÞ ¼ 0. Also,

V ðn1=2ðun � ûnÞÞ ¼ nE
Xk

j¼2

k

j

 !
H ðjÞn

 !2
0
@

1
A ¼ nE

Xk

j0¼2

Xk

j¼2

k

j

 !
k

j0

 !
H ðjÞn H ðj

0Þ
n

0
@

1
A

¼ n
Xk

j¼2

k

j

 !2
n

j

 !�1
EðhðjÞn ðZ1; . . . ;ZjÞ

2
Þ,

where the last equality follows from Theorem 3 in Lee (1990, p. 30). By Chebyshev’s
inequality, for all �40, Pðjn1=2ðun � ûnÞjX�ÞpnEððun � ûnÞ

2
Þ=�2. Therefore, it suffices to

show that

n
Xk

j¼2

k

j

 !2
n

j

 !�1
EðhðjÞn ðZ1; . . . ;ZjÞ

2
Þ ¼ oð1Þ.

If for all j ¼ 2; . . . ; k

EððhðjÞn ðZ1; . . . ;ZkÞÞ
2
Þ ¼ OðEðc2

nðZ1; . . . ;ZkÞÞÞ (8)

then for some D40,

nEððun � ûnÞ
2
Þpn

Xk

j¼2

k

j

 !2
n

j

 !�1
DEðc2

nðZ1; . . . ;ZkÞÞ

¼ n2
Xk

j¼2

k

j

 !2
ðn� jÞ!j!

n!
n�1DEðc2

nðZ1; . . . ;ZkÞÞ.
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Since Eðc2
nðZ1; . . . ;ZkÞÞ ¼ oðnÞ by assumption, for fixed k, there are a finite number of

terms in
Pk

j¼2, the magnitude determined by j ¼ 2. For some D040, nEððun � ûnÞ
2
Þp

D0n2ðk
2
Þ
2ðn�2Þ!2!

n!
Eðc2

nðZ1;...;ZkÞÞ

n
pOð1Þoð1Þ. We now use induction to prove that EððhðjÞn ðZ1; . . . ;

ZkÞÞ
2
Þ ¼ Oðc2

nðZ1; . . . ;ZkÞÞ. Note that

hðjÞn ðZ1; . . . ;ZjÞ ¼ cjnðZ1; . . . ;ZjÞ þ
Xj�1
d¼1

ð�1Þd
X
ðj;j�dÞ

cðj�dÞnðZi1 ; . . . ;Zij�d
Þ þ ð�1Þjyn

for j ¼ 2; . . . ; k.

We first establish the result for j ¼ 2.

ðhð2Þn ðZ1;Z2ÞÞ
2
¼ c2

2nðZ1;Z2Þ þ c2
1nðZ1Þ þ c2

1nðZ2Þ þ y2n
� 2c2nðZ1;Z2Þc1nðZ1Þ � 2c2nðZ1;Z2Þc1nðZ2Þ

þ 2c2nðZ1;Z2Þyn þ 2c1nðZ1Þc1nðZ2Þ � 2c1nðZ1Þyn � 2c1nðZ2Þyn.

By Cauchy–Schwarz’s inequality, the expected value of each term on the right-hand side
can be shown to be less than Eðc2

nðZ1;Z2ÞÞ. Since there are a finite number of terms
Eððhð2Þn ðZ1;Z2ÞÞ

2
Þ ¼ OðEðc2

nðZ1; . . . ;ZkÞÞÞ. Now suppose that the statement is true for all
2pjpk � 1. For j ¼ k

EðhðkÞn ðZ1; . . . ;ZkÞ
2
Þ ¼ EðcnðZ1; . . . ;ZkÞ

2
Þ þ E

Xk�1
j¼1

X
ðk;jÞ

hðjÞn ðZi1 ; . . . ;Zij Þ

 !2
0
@

1
Aþ y2n

� 2
Xk�1
j¼1

X
ðk;jÞ

EðhðjÞn ðZi1 ; . . . ;Zij ÞcnðZ1; . . . ;ZkÞÞ

� 2EðcnðZ1; . . . ;ZkÞynÞ þ 2yn

Xk�1
j¼1

X
ðk;jÞ

EðhðjÞðZi1 ; . . . ;Zij ÞÞ

and by Theorem 3 in Lee (1990)

E
Xk�1
j¼1

X
ðk;jÞ

hðjÞn ðZi1 ; . . . ;Zij Þ

 !2
0
@

1
A

¼
Xk�1
j¼1

X
ðk;jÞ

Xk�1
j0¼1

X
ðk;j0Þ

EðhðjÞn ðZi1 ; . . . ;Zij Þh
ðj0Þ
n ðZi1 ; . . . ;Zij0 ÞÞ

¼
Xk�1
j¼1

X
ðk;jÞ

EððhðjÞn ðZi1 ; . . . ;Zij ÞÞ
2
Þ.

Given that this sum has a finite number of terms and the induction hypothesis we have that
the left-hand side of the last equality is OðEðc2

nðZ1; . . . ;ZkÞÞÞ. Second, again by Theorem 3
in Lee (1990)

EðhðjÞn ðZi1 ; . . . ;Zij ÞcnðZ1; . . . ;ZkÞÞ ¼ EððhðjÞn ðZi1 ; . . . ;Zij ÞÞ
2
Þ,
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therefore by the induction hypothesis
Pk�1

j¼1

P
ðk;jÞ Eððh

ðjÞ
n ðZi1 ; . . . ;Zij ÞÞ

2
Þ ¼ OðEðc2

nðZ1;

. . . ;ZkÞÞÞ. Finally, EðcnðZ1; . . . ;ZkÞynÞ ¼ y2npEðc2
nðZ1; . . . ;ZkÞÞ and the last term is zero.

Hence, EðhðkÞn ðZ1; . . . ;ZkÞ
2
Þ ¼ OðEðc2

nðZ1; . . . ;ZkÞÞÞ for all j ¼ 2; . . . ; k. &

Lemma 4. Assume A1–A4. If hn ! 0,
nh3n
lnðnÞ
! 1, and X t 2 G a compact subset of R, then

b̂� b ¼ opð1Þ.

Proof. We write b̂� b ¼ y1 � y2 þ y3 þ y4 � y5, where

y1 ¼
b

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

1

n

Xn

t¼1

sðX tÞðŝðX t; hnÞ � sðX tÞÞ

 !
,

y2 ¼
b

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

1

n

Xn

t¼1

ðŝ2ðX t; hnÞ � s2ðX tÞÞ

 !
,

y3 ¼

1

n

Pn
t¼1 s

2ðX tÞ�t

1

n

Pn
t¼1 s2ðX tÞ

,

y4 ¼

1

n

Pn
t¼1 sðX tÞðŝðX t; hnÞ � sðX tÞÞ�t

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

and,

y5 ¼

1

n

Pn
t¼1 ðŝ

2
ðX t; hnÞ � s2ðX tÞÞ

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

1

n

Pn
t¼1 s

2ðX tÞ�t

1

n

Pn
t¼1 s2ðX tÞ

.

Under Assumptions A1–A4 a routine application of Kolmogorov’s law of large numbers
gives y3 ¼ opð1Þ. Now,

y1 þ y4 ¼
1

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

n�1
Xn

t¼1

ðŝðX t; hnÞ � sðX tÞÞY t

¼
1

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

n�1
Xn

t¼1

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2bðX t; hnÞ

q �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðX tÞ

p
0
B@

1
CA

� ðŝ2ðX t; hnÞ � s2ðX tÞÞY t þ
1

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

n�1

�
Xn

t¼1

1

2sðX tÞ
ðŝ2ðX t; hnÞ � s2ðX tÞÞY t

¼
1

1

n

Pn
t¼1 ŝ

2
ðX t; hnÞ

ðD1n þD2nÞ,
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where s2bðX t; hnÞ ¼ ys2ðX tÞ þ ð1� yÞŝ2ðX t; hnÞ for some 0pyp1 and for all X t 2 G. Since
1

1
n

Pn

t¼1
ŝ2ðX t;hnÞ

¼ Opð1Þ from Theorem 1, it suffices to consider D1n and D2n. We first

consider D1n. It is easy to see that if 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

b
ðX t;hnÞ

p � 1

2
ffiffiffiffiffiffiffiffiffiffi
s2ðX tÞ
p ¼ opðhnÞ uniformly in G and

n�1
Pn

t¼1 jŝ
2
ðX t; hnÞ � s2ðX tÞjjY tj ¼ opðhnÞ, then D1n ¼ opðh

2
nÞ. Now, j 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

b
ðX t;hnÞ

p �

1

2
ffiffiffiffiffiffiffiffiffiffi
s2ðX tÞ
p jp 1

2
B�1s

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

b
ðX t;hnÞ

p jsðX tÞ � sbðX t; hnÞj and since s2ðX tÞ � s2bðX t; hnÞ ¼ ð1� yÞ

ðs2ðX tÞ � ŝ2ðX t; hnÞÞ we have by Theorem 1 that s2ðX tÞ � s2bðX t; hnÞ ¼ opðhnÞ uniformly

for X t 2 G. Since sðX tÞ � sbðX t; hnÞ ¼ opðhnÞ and 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

b
ðX t;hnÞ

p ¼ Opð1Þ uniformly in G.

Hence,

sup
X t2G

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2bðX t; hnÞ

q �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðX tÞ

p
�������

������� ¼ opðhnÞ and

jD1njpn�1
Xn

t¼1

jY tj sup
X t2G

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2bðX t; hnÞ

q �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðX tÞ

p
�������

������� supX t2G

jŝ2ðX t; hnÞ � s2ðX tÞj

popðh
2
nÞn
�1
Xn

t¼1

jY tj ¼ opðh
2
nÞ,

where the last equality follows from the fact that n�1
Pn

t¼1 jY tj ¼ Opð1Þ by Chebyshev’s

inequality. Now D2npn�1
Pn

t¼1
jY tj

2sðX tÞ
supX t2G jŝ

2
ðX t; hnÞ � s2ðX tÞj ¼ opðhnÞn

�1
Pn

t¼1
jY tj

2sðX tÞ

¼ opðhnÞn
�1
Pn

t¼1
1
2
jbþ �tj ¼ opðhnÞ, where the last equality follows from n�1

Pn
t¼1

1
2
jbþ

�tj ¼ Opð1Þ by Chebyshev’s inequality. Hence, y1 þ y4 ¼ opðhnÞ. Now, jy2jp

bPn

t¼1
ŝ2ðX t;hnÞ

����
����jn�1Pn

t¼1 ðŝ
2
ðX t; hnÞ � s2ðX tÞÞj ¼ Opð1ÞopðhnÞ¼opðhnÞ by Theorem 1. Finally,

jy5j ¼ opðhnÞ by the results from the analysis of y2 and y3. Combining all the convergence

results b̂� b ¼ opð1Þ. &
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