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Abstract. An interesting puzzle in estimating the effect of education on labor market earnings
(Card (2001)) is that the 2SLS estimate for the return to schooling typically exceeds the OLS es-
timate, but the 2SLS estimate is fairly imprecise. We provide a new explanation that it could be
due to the restrictive linear functional form specification on the control variables and the reduced
form. For the parameters of endogenous regressors, we propose three kernel-based semiparametric
IV estimators that relax the tight functional form assumption on the control variables and the re-
duced form. They have explicit algebraic structures and are easily implemented without numerical
optimizations. We show that these estimators are consistent, asymptotically normally distributed,
and reach the semiparametric efficiency bound. A Monte Carlo study demonstrates that our esti-
mators perform well in finite samples. We apply the proposed estimators to estimate the return to
schooling in Card (1995). We find that the semiparametric estimates of the return to schooling are
much smaller and more precise than the 2SLS estimate, and the difference largely comes from the
misspecification in the linear reduced form.
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1 Introduction

Many studies have been devoted to uncover the causal effect of education on labor market earnings,
where endogeneity in education calls for the use of instrumental variables (IV) to estimate the return
to schooling (see Card (2001) for an excellent summary). Let’s consider the framework studied by
Card (1995), YV; = Ziia + X8 + ¢, where Y; is the log of wages, X; is the years of schooling,
Z1¢ includes a set of exogenous control variables and €; is the error term. One can conveniently
interpret § as the return to schooling, but the ordinary least squares (OLS) estimate is not reliable
since schooling is not randomly assigned. Various interesting studies summarized by Card (2001)
utilize the supply-side variables, such as minimum school-leaving age, tuition costs, or the geographic
proximity of schools, as instrumental variables to perform an IV type estimation, typically a two-
stage least squares (2SLS) estimation.

An interesting finding from the studies (Card (2001), p1155) is that the IV estimate of 3 typically
exceeds the corresponding OLS estimate, often by 20 percent or more, though the IV estimate is
relatively imprecise. Assuming negative correlation between the omitted ability variables and the
marginal cost of schooling, OLS methods should lead to upward-biased estimates of the true casual
effect of schooling, and thus the even larger IV estimate presents a puzzle. One typical interpretation
(Griliches (1977) and Angrist and Krueger (1991)) is that the OLS ability biases are relatively small,
and the gaps between OLS and IV estimates are explained by the OLS estimate’s downward bias

L. Because the IV estimates are fairly imprecise, it is difficult to

largely due to measurement error
accept or reject this explanation in general. However, Card points out that measurement error bias
can explain only 10 percent of the gap between OLS and IV. Thus, it is unlikely that many studies
(see Table II in Card) find large positive gaps simply because of measurement error. Furthermore,

neither Card nor other related studies analyze the cause of the imprecision of the IV estimates.

We provide an alternative explanation. The result that 2SLS provides a larger estimate of the

1We cite one for illustration. Card (2001) gives further explanations, which does not include our proposed expla-
nation.



return to schooling than OLS could be due to restrictive linear functional forms placed on the
control variables Z1; and on the reduced form of X;. Misspecification could lead to different and
misleading estimates on return to schooling. We propose three kernel-based efficient semiparametric
IV estimators that relax the restrictive functional form assumptions on the control variables and
on the reduced form. We demonstrate in our empirical illustration section that the semiparametric
IV estimates are much smaller than the 2SLS estimates, and they improve greatly on the precision.
We thus conclude that one alternative explanation for the gap between 2SLS and OLS estimates on
return to schooling is due to the restrictive functional form specification.

In this paper, we consider the following semiparametric additive regression model?

Y: = 9(Z1, Xiy &) = m(Z1y) + XuB + €, t=1,---,n. (1)
We denote the endogenous explanatory variables explicitly by X; = (X;1,---, Xi k) € RE, the
included exogenous variable by Z;, = (Z14.1,- -+ , Z111,)" € R, and the excluded exogenous variable

by Zb, € Rz, with l; + I = . We assume the exogenous variables enter this equation of the model
via a nonparametric function m(-), and the endogenous variables X; influence Y; in a linear fashion.
We explicitly consider continuous and discrete variables in X; = (X¢, X{), where X{’ € %< are the
continuous variables, X’ € R%¢ discrete variables, and K. + Ky = K. Similarly, Zy, = (Z§,, Z%,),
Zor = (Z5,,24,), where Z§, € Rle, 75" € R are the continuous variables and Z{,’ € R4 and
74, € Rl24 discrete variables.

The partially linear model in (1) differs from the earlier semiparametric literature (Robinson
(1988), Speckman (1988), Delgado and Mora (1995), and Hérdle, Liang and Gao (2000)) in that

it contains endogenous variables. It provides much needed flexibility through the nonparametric

2The 2SLS addresses the right hand side endogenous variables parametrically. Many recent papers consider non-
parametric generalizations of 2SLS estimation to account for the endogeneity (see Matzkin (1994, 2008), Blundell and
Powell (2003), Imbens and Newey (2009), and Dorolles et al. (2011)). The generalizations relax the tight parametric
assumptions on the functional forms of structural equations, and thus estimation and inference are robust to potential
model misspecifications. Though the flexibility is desirable in many applications, further assumptions on the structural
equation or the nature of the endogeneity are needed to identify the parameters of interest. Furthermore, the pure
nonparametric approach is generally associated with the “curse of dimensionality” to a large degree. On the other
hand, our equation (1) offers a convenient alternative by modeling both nonparametric and parametric components,
where the former provides robustness against misspecification, and the latter reduces the severeness of the “curse of
dimensionality.”



control function m(Z1¢), while the endogenous variables X; enter the model parametrically, allowing
for easy interpretation, implementation, and faster convergence. Consider again the estimation of
the return to schooling in Card (1995). He estimates the structural form of an earnings model, where
Y; is the log of wages, X; is the endogenous years of schooling, and Z1; includes experience (potential
experience, treated as exogenous) and indicators for race and residence. ( can be interpreted as the
return to schooling. Assuming m(-) to be a parametric function and using the proximity to a four-
year college as IV for education®, Card concludes with 2SLS estimation that OLS estimate for 3 might
underestimate the return to schooling. However, we argue that the return to schooling parameter 3
might still be estimated inconsistently with 2SLS if m(Z;;) is misspecified. Furthermore, assuming
the linear reduced form in 2SLS creates another potential source of misspecification and can result
in loss of efficiency (see equation (3) and the discussion). This calls for an efficient semiparametric
instrumental variable estimation of model (1).

It is well known that the efficiency of the estimators for 5 becomes a concern when we relax
the restrictive functional form assumptions on m(Z;;) and on the reduced form E(X;|Zt), for Zy =
(Z1t, Zat). Newey (1990, 1993) considers efficient estimation of a parametrically specified structural
model (m(+) is not present) with conditional moment restrictions using nearest neighbor and series
estimators. Recently, many interesting papers consider efficient estimation of a semiparametric
model more general than (1) using non-kernel based methods. Ai and Chen (2003) propose a
semiparametric efficient estimator by the methods of minimum distance and sieves, which can be
particularly convenient when m(-) enters the conditional moment expression in a nonlinear fashion, or
when certain restrictions, such as additivity, are imposed on m(-). An empirical likelihood estimator
has been considered by Otsu (2011), a penalized sieve minimum distance estimator has been proposed
by Chen and Pouzo (2012), and a function space Tikhonov regularized minimum distance method
has been studied by Florens et al. (2011) (see Chen and Pouzo (2012) for an excellent summary).

However, implementing these efficient estimation methods usually entails a demanding numerical

3When instrumental variables are not available, one could use heteroskedasticity covariance restriction to identify
and estimate the model as in Lewbel (2012).



optimization procedure*. Computationally intensive implementation may not lead to desirable finite
sample performance.

The most commonly used kind of nonparametric regression estimation in econometrics is the
kernel-based estimator, such as the Nadaraya-Watson, or the local polynomial one (Li and Racine
(2007)). Kernel-based estimators provide attractive features of easy implementation with explicit
algebraic structure and convenience in an asymptotic analysis. Li and Stengos (1996) and Baltagi
and Li (2002) consider the efficient instrumental variable estimation of a semiparametric dynamic
panel data model, but their estimators may not achieve the semiparametric efficiency bound. As
far as we know, a kernel-based estimator of § with endogenous X; in model (1) which reaches the
semiparametric efficiency bound has not been formally considered.

In this paper we make two contributions to the literatures. First, we propose three new kernel-
based and easy-to-implement estimators for 8 in model (1). We depart from the existing kernel-
based estimation literature by modeling the reduced form nonparametrically. The estimators are
consistent, asymptotically normal and reach the semiparametric efficiency bound. Exhibiting good
finite sample performances, they provide a viable alternative that complements other estimators in
the literature. Second, on the empirical side, we apply the proposed methods to estimate the return
to schooling using data in Card (1995). The results help to resolve the puzzle on the estimates of
the return to schooling.

Utilizing the partially linear nature in model (1), we construct efficient estimators directly with
kernel-based methods®. We explicitly allow the endogenous and exogenous variables in equation (1)
to be discrete or continuous, which facilitate its application to empirical research. The structural
functions characterized by 5 and m(-) are easily identified (see assumption Al and the discussion).
The estimators are easily implemented without entailing numerical optimizations and have explicit

algebraic structures.

4The general estimator in Ai and Chen involves numerical optimizations. One could use the profile sieve minimum
distance procedure outlined in Blundell et al. (2007) as a computationally simpler alternative.

50ne could construct an efficient minimum distance estimator using kernel-based method to approximate the
unknown items locally, which could still involve numerical optimization procedures.



The explicit algebraic structure of our efficient estimators reveals that allowing nonlinearity in
the reduced form F(X;|Z¢) could be an important step in semiparametric efficient estimation of 3.
First, the identification of 5 is achieved with the existence of a positive definite matrix E(W/W;)
in assumption Al, where Wy = E(X;|Zy) — E(X¢|Z1;) depends on the reduced form (see also our
assumption A6, and assumption 4.1 in Ai and Chen). Second, the semiparametric efficiency bound
of § (see Chamberlain (1992), or the definition of Jy in section 3) depends on F(X;|Z¢). Third,
E(X¢|Z¢) in the reduced form is generally of unknown form, since the structural form of Y; and
X; could contain nonlinearity in the endogenous and/or exogenous variables of unknown form, or
even if the form of nonlinearity is known but information on X;’s conditional distribution given Z is
insufficient to parameterize E(X¢|Z¢). Our simulation and empirical results also indicate that failing
to allow the reduced form to be nonparametric can lead to misleading parameter and standard error
estimates.

When exogenous X; enters model (1), Li and Racine (2007, p237) note that the challenge for
an efficient semiparametric estimator of 3 is the “curse of dimensionality.” It requires estimation
of a nonparametric model with dimension K and /; (the dimension of (X, Z1¢)), while a consistent
but not necessarily efficient estimation of 5 and m(-) involves only nonparametric estimation with
dimension [;. Therefore, the “curse of dimensionality” may prevent researchers from applying effi-
cient estimation procedures to a partially linear model. When endogenous variables X; enters model
(1), we contend that the challenge of efficient estimation of 3 resides in estimating a nonparametric
model whose dimension is determined by Iy + l2, the number of exogenous variables Z¢, where [ is
the number of excluded exogenous variables which can be used as additional IV’s for X;. Specifi-
cally, we address the challenge of estimating m(-), the heteroskedasticity function, and the reduced
form nonparametrically by placing proper smoothness conditions on them (see assumptions A2 and
A6). Utilizing the smoothing parameter (bandwidth) to converge to zero at proper speeds with
increasing sample sizes, together with higher order kernel functions (see assumptions A3 and A5),

we manage to control the errors generated from estimating the nonparametric functions, such that



the estimators are /n consistent and asymptotically normal. The degree of “curse of dimensional-
ity” in our kernel-based estimation is determined only by the number of continuous variables in Z,
since discrete variables in Z¢ do not slow down the convergence, which can be useful in empirical
applications with many dummy variables in the exogenous variables. The first two estimators are
efficient relative to those considered previously under conditional homoskedasticity and the last es-
timator is efficient under heteroskedasticity. They are asymptotically equivalent to semiparametric
IV estimators that optimally select instrument variables, and are thus efficient in a class of semi-
parametric IV estimators with conditional moment restrictions. We further show that they reach
the semiparametric efficiency bound. A Monte Carlo study illustrates that our estimators perform
well relative to other estimators in finite samples. Thus, we conclude that our efficient kernel-based
semiparametric IV estimators, with the ease of implementation, provide a viable alternative that
complements the estimators available in the literature.

On the empirical side, we apply our estimators to estimate the return to schooling (3) using
the data in Card (1995). The semiparametric IV estimates for S are much smaller than the 2SLS
estimate, and are much more precise. The empirical evidence further suggests that the difference
between our estimates and the 2SLS estimate largely arises from the misspecification in the para-
metric reduced form. These results provide a good explanation for the puzzle on the larger 2SLS
estimate than the OLS counterparts on the return to schooling in the literature.

In what follows, we provide a detailed description of our semiparametric model and propose three
estimators in Section 2, provide the asymptotic properties in Section 3, perform a Monte Carlo study
to investigate the finite sample performance of the estimators and to compare with other alternatives
in Section 4, estimate the return to schooling in Section 5, and conclude in Section 6. All tables and
graphs are relegated to an appendix, and proofs are referred to in another appendix (for the review

purpose only) and are also available in our working paper (Yao and Zhang (2012)).



2 Semiparametric Model

Consider the model in Equation (1) and assume the existence of instrumental variables Z¢ =
(Z1t, Zot) with E(et|Z¢) = 0, for all t. To motivate the estimation, suppose we know the true
conditional expectation E(Y;|Z1;) = m(Z1;) + E(X¢|Z1;)3. Hence, we could subtract E(Y;|Z1;)
from (1) to obtain

Vi = E(Wi|Z1) = (Xo — E(X¢|Z14))B + €. (2)

The conditional expectations are generally unknown, but we could replace them with nonpara-
metric conditional mean estimators E(Y;|Zy) and E(X;|Z1;). However, due to the correlation
between ¢; and X;, we can not apply Robinson (1988)’s estimator by regressing Y; — E (Y;|Z14) on
X, — B(X4|Zvt).

Following Davidson and MacKinnon (2004) and adapting to the current notation, we could
estimate 3 by

A =(@X)'Q'Y.
using the instrument variables Q = {Q}, Q%,---, @} if Q} € R and Q; contain Zy;, Zy;. Here

X1 — BE(X1|Z11) Vi — BE(Y1|Z11)
X = : Y = ;

X, — BE(X|Z10) Yo — E(Yy|Z1n)
Li and Stengos’ (1996) estimator sets Q; = Zoy — E(Z2t|Z1t) in handling the endogeneity in the
partially linear panel data models. In the case that Q) € RE¥9 for some positive integer g, inspired

by (8.29) in Davidson and MacKinnon, we consider the estimator of the form
AP = (XQQQTQX)TIXQEQQ) QY.

Estimators considered in Baltagi and Li (2002) are technically similar to § using Q; = Zo; —
E(Z2t|Z1t), Q: = Zs; or some other variables in the subspace S(Z) spanned by the columns of
7 = (21,24, - ,Zy'). As noted in Baltagi and Li (2002), setting Q; = Zoy — E(Zoy|Z14) is

equivalent to using Q; = Za; because E(Zot|Z1;) is orthogonal to X; — E(X;|Z1;). The above



cited papers investigate the partially linear panel data or dynamic panel data model and they
essentially consider variables in S(Z ) as instrumental variables in . More generally, we could
utilize Z¢ = (Z1t, Zot) as instrumental variables because they are by definition exogenous. Hence,
we consider

B=(X'Z(Z2) "2 X)X Z(ZZ2)7'Y. (3)

—

In (3), X is projected onto the subspace s(Z) through the projection operator Z(Z'Z)~'Z', and
Zo(Z'Z)"'Z'X estimates the conditional expectation E(X, — E(X;|Z1;)|Z¢) (in Li and Stengos’
estimator, one could interpret X being projected parametrically onto the subspace spanned by
{Zay — E(Z4|Z141)}7—,.). If the conditional expectation of X given Z or the reduced form is not
linear in Z , and since the conditional mean is the optimal predictor of X given Z in the mean square
sense, we expect gains in efficiency by replacing the projection Z (Z 'Z )*12 ’X with a nonparametric
estimate.

As indicated in Robinson (1988, p. 945), a valid instrument for X; — E(X;|Z1;) is a vector of
functions of Z¢ that includes Z;; and is independent of ¢;, such that the covariance matrix in the
limiting distribution of the n? consistent estimator of [ exists. One candidate for the instrument is
E(X;|Z) — E(X{|Z1,), where E(X;|Z¢) is a nonparametric estimator of E(X;|Z¢). We note that it
can estimate E(X; — E(X¢|Z1:)|Z¢) consistently even if E(X; — E(X¢|Z1:)|Z¢) is not linear in Z.
When m(Z;;) is absent but X; has a nonparametric reduced form, this estimator is similar to those
in Newey (1990, 1993) for nonlinear equations with known structural form but unknown reduced
form. This approach has not been pursued formally in the literature.

The conditional expectation is generally of unknown form if the structural form of Y; and X,
contains nonlinearities in the endogenous and/or exogenous variables of unknown form, or even if the
form of nonlinearity is known but information on X;’s conditional distribution given Zy is insufficient

to parameterize E(X;|Z¢). Motivated by this observation, we propose the first estimator of 3 as

B=(W'W) WY - BE(Y|Z)). (4)



Define the density of Z1; at 219 as f1(z10), and the density of Z¢ at 2y as f(z9). We estimate
them with the Rosenblatt density estimators with both continuous and discrete variables, and use

the Nadaraya-Watson estimators for F(Ag|z10), and E(Ag|z0). Specifically, they are

. L ze e 4 4
f1(z10) = Al iy Kl(%)j(zlt = 210),
— o, Ky (Ao (28, =24) A,

E(A0|Zlo) =N z ;

L 2
F — 1 n 1:—2%0 Z31—%50 d _ .d d _ .d
f(z0) = hoeTTze > Ko T T M(Z5 = 210, Z5; = #50),
2
26 8 78 Lt

Ko ( lthz 10, 2th2 20)1(Z, =21y, 28, =25,) As

f(z0) ’
where hy and hy are bandwidths which go to zero as n — oo. Ki(-), Ko(+), and I(-) are the kernel

1 Zn
nhl21c+12c t=1

E(A0|Zo) =

and indicator functions. Let

%1 Wl,l Vi/l,2 V?l,K

R 2 W W W R . .

w=| = 7P TR TR W = B(X k| Ze) — E(Xu k| Z0),
Wn Wn,l I/T/n,2 e Wn,K

where X i, is the kth element of random vector X;. Define Y = (Y1, --,Y,), Zy=(Z,,-,2)
and E(Y|Z1) = (E(V1|Z11), E(Ya| Z12), -+, B(Ya| Z10)) -

In constructing B, we first replace the unknown in X, — E(X¢|Z1+) by the Nadaraya-Watson
estimator E(X;|Zy;). Then we further estimate the conditional expectation E(X;, — E(Xy|Z11)|Z).
Geometrically, we project X, — E(X;|Z1;) onto M(Zy), the closed linear subspace of L? consisting
of measurable function of Z with finite second moments. We only replace X; with its conditional
expectation estimator E(X,|Z¢) because E(X;|Zy,) is already in M(Z). Thus, this is similar to
Theil’s (1953) version of two stage least square estimator for simultaneous equations.

The second estimator we consider is
B=WW)""W(E(Y|Z) - E(Y|Z)), ()
where E(Y|Z) = (E(Y1|Z1), E(Y3|Z3), -, E(Y,|Zy))'. In essence, relative to the first estimator,
we further project Y; onto M (Z¢) nonparametrically. Hence, it is in the spirit of the traditional two
stage least square estimator by Basmann (1957).

The first two estimators are shown in the next section to be consistent and asymptotically

normally distributed (see Theorem 1 and the discussion). They are efficient relative to the estimator



previously considered as demonstrated in Theorem 2 under conditional homoskedasticity. However,
they do not exploit the structure of heteroskedasticity if it is present. To properly account for
the information provided by heteroskedasticity, it is important to estimate the conditional variance
correctly. We provide our third estimator BH in two steps, whose asymptotic properties are provided
in Theorem 3. To simplify the analysis, we focus on the case that heteroskedasticity depends only
on the included exogenous variables, that is, E(e?|Z¢) = 02(Z1;) as in assumption A6(1) below.
First, the estimated residual based on B s =Y, — E(Yt|Z1t) — (X — E(Xt|th))6~. The conditional
variance is nonparametrically estimated as 62(Z1;) = E(€2|Z1;). The conditional covariance matrix
Q(Z,) is estimated with €(Z; ), which is a diagonal matrix with the t—th clement as 62(Zy;). Second,

inspired by the generalized least squares estimator, we construct the feasible efficient estimator as

— ~ A A —

ZO)W)TTWQ TN Z)(E(Y|2) - E(Y|Zy)). (6)

sy
o
I

=
3

Using an indicator function to account for the discrete variables has been considered in other
contexts by Delgado and Mora (1995), Fan et al. (1998), and Camlong-Viot et al. (2006). One could
also follow Racine and Li (2004) to introduce a more delicate estimator for the discrete variables for
improved finite sample performance, but in this case, one needs to consider the selection of additional

smoothing parameters.
3 Asymptotic properties

Similar to the parametric instrumental variable estimation, our semiparametric instrumental vari-
able estimators are likely to be biased. We investigate their asymptotic properties with the following

assumptions.

Al: (1){Y%, X, Z¢}7—, is an independent and identically distributed (iid) sequence of random vectors
related as in Equation (1). (2) E(e|Z¢) = 0 for all ¢.
(3) Let Wy = E(X¢|Z) — E(X¢|Z1t), E(W{W;) is a symmetric and positive definite matrix.

In A1(2), we require the conditional expectation of the error term ¢; given Z to be zero, but we

allow ¢;’s and X;’s to be possibly correlated, and thus Z; plays the role of instrumental variables.

10



A1(3) is the identification assumption for 3, similar to the identification assumption in Robinson

(1988). From Equation (1) and assumption A1(2),
E(Yi|Ze) — E(Y:|Z11) = [E(Xi|Ze) — E(Xi|Z10)]6 = Wi .

We pre-multiply both sides by W/, take expectation, and obtain with assumption A1(3) that
B = (EW{Wy)) *E(W/(E(Y:|Zy) — E(Y:|Z14))). Since conditional expectations are identified, /3
is identified with A1(3). We provide some intuitive implications. First, X; cannot contain a con-
stant. Second, it implies that F(X;|Z¢) # E(X¢|Z1¢). Since Zy = (Z14, Zot), any element of X
cannot be perfectly a.s. predictable by Zi4, i.e., X; cannot be some function of Z;; only. Obviously,
Zo¢ cannot simply be a linear combination of Zy;, so Za; needs to contain variables that are linearly
independent of Z;;. A1(3) forbids more general forms of dependence. Third, because W; cannot be
a.s. zero, no elements of F(X;|Zy) — E(X:|Z1:) are multicollinear. This fails if X} is collinear.

We let C' denote a generic constant below, which can vary from one place to another. Let
G=G{xGiIxGExGECc R, G =G x G C R and Gy = G§ x GE € R2. G§ and G§ are
compact, and G¢ and G¢ have finite support, i.e., they contain finite number of discrete elements.

Let’s denote a generic function g(Z1;) € Cj if g(Z1:) is s times continuously differentiable
w.r.t. Zf,, with its sth order derivative uniformly continuous on G¢, and for |j| = 1,2,---

SUPz,,cq, |8(§—gt)jg(Z1t)| < oo. Here, the |j|th order derivative is

_0 (7)) = oVlg(z5,.2¢,) ‘
s 2] = 0(25, 1)1 0(25, 5)720(Z5, , )he

We adopt the notation that j = (j1, 42, -, 4n.)5 il = Zilzcl ji- In what follows, we denote
Zogmgs = Z|j|:0 +Z|j|:1 t+-- '+Z|j|:s’ Jh= gt xgal X x gy (Zlct)j = (Zlct,l)jl x (Zlct,2)j2 x
<o X (Z5,,,. )1, where Z7, ; vefers to the i — th element in Z7,.

Denote a generic function g(Z1¢) € C7* if g(Z14) is s1 times continuously differentiable w.r.t.
Z5,, with its sth and sith order derivative uniformly continuous on G§, and for |j| = 1,2,---, s,
SUPyz,,cq, |8(g—gt)jg(Z1t)| < 00. Denote a generic function g(Z¢) € C7Y if g(Z¢) is s1 times con-

tinuously differentiable w.r.t. Z§ = (Z§,, Z$,), with its sth and sith order derivative uniformly

11



continuous on G = G{ x G§, and for |j| = 1,2, , 51, supg, ¢ |(9(’%—;)jg(zt)| < 00. Here, we denote

the |j|th order derivative as

B‘Ij‘g(th,th,‘th,th) _ _
B(th,l)]l B(th,2)12 ...B(fo,llc)]llc B(Zé:t,l)]l16+l B(Zé:t,2)]ll‘:+2 ...B(Zé:t,l2c)]llc+lzc

a&—}yg(zt) =

A2: (1) Denote the density of Z1; at 210 by f1(25y, 2%). (f1(250, 28) is the “mixed joint density”,
defined with respect to the product measure on the respective support of zf, and z{lo. One can
construct it as the product of conditional density of z§, given 2z, and the marginal probability
function of 2¢).) Assume fi(2$,,2¢%)) € Cf Vz{, € G. (2) 0 < C < fi (2, 2¢) < oo, for all 2, € Gi.

(3) Xok = E(Xue k| Z1t) + Xek — E(Xe k1 Z10) = g1.6(Z14) + €10t V2 € G, g1.1(210) € C;'. The
conditional density of Z;; given e; j; is bounded, and the conditional density of X j given Zy; is
continuous around Z7f,.

(4) Denote the density of Z¢ at zo by f.(20). Vz{y € GY, 28, € G4, f.(20) € C1’%.

(5) 0 < C < fy(2zo) < 0, for all zg € G.

(6) Xep = E(XyklZe) + Xo ko — BE(Xk|Ze) = gr(Ze) + ere. V2iy € GY, 28 € GY, gr(zo) € O
The conditional density of Z¢ given ey is bounded, and the conditional density of X, j given Z; is

continuous around Zg. (7) m(z10) € C7*.

A3: (1) For z € R4, d = l1. or la., the kernel function K (x)(K1(x) or Ka(w)) is bounded with
bounded support, and it is of order 3s1. (2) [u'K(u) — v'K(v)| < Ckl|lu—0||, |i| = 0,1,2,- -+, s1.

A4: (1) For some § > 0, E(|X;x?T0|Zs), E(| X¢ x?10|Z11) < 00, |gr(Zt)|, |91.6(Z1¢)| < oo almost
everywhere. (2) E(|e;]|?>T°|Z¢), E(|e:|?>T0| Z11) < 00. (3) E(€2|Zs) = 02(Zy).

(4) The conditional density of Z1; given ¢; is bounded, and the conditional density of ¢; given Zy4 is
continuous at Z7,. The conditional density of Z; given ¢, is bounded, and the conditional density
of €¢; given Z is continuous at Zg.

A5: as n — oo, (1) nh3"s — oo, (2) nh%uuﬂzc) — 00. (3) nh?(s+1),nh§(sl+l) — 0.

We require that the densities fi(z10) and f(zo) to be bounded away from zero on a bounded
support set in assumption A2 to handle the technical difficulty due to the random denominators
f(z10) and f(z0). Alternatively, we could follow Robinson (1988), Bickel (1982), and Manski (1984)
to “trim” out small f(z10) and f(z), or replace them with a small but positive constant. We

expect that this will not change the asymptotic results so we will not introduce it in the definition.

As another strategy, we could follow Li and Stengos (1996) or Powell et al. (1989) to estimate a
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density-weighted relationship. We expect that the asymptotic results will be different.
Assumptions A2(1), (2), (4), (5), and (7) require the densities fi(z10), f-(20), and m(z10) to be
bounded and continuously differentiable w.r.t. its continuous components. These assumptions are
commonly used in nonparametric kernel regression, enabling the use of Taylor expansion. They are
similar in spirit to the smoothness and boundedness condition in Definition 2 of Robinson (1988),
or the assumption Al of Li and Stengos (1996). A2(3) and (6) explicitly assume the relationship
between X; and Z;; and between X; and Z¢. Similar assumptions have been maintained in Speck-
man (1988) in the fixed design case. Assumption A3 requires the kernel function to be smooth
and bounded (Martins-Filho and Yao (2007)). Asymptotic distributions are established using Li-
apunov’s central limit theorem, with conditional moments assumption of €¢; and X; given Z; or
Z11 in A4. The bandwidth assumptions A5(1) and (2) are in line with those used in the literature
(Martins-Filho and Yao (2007)). A3, together with A5(3), specifies the kernel properties and the
rate of decay for the bandwidths. They are used to control the bias introduced in the nonparametric
regression, which is similar to assumptions in, for example, Robinson (1988) and Li and Stengos
(1996). However, A5(3) is stronger than that maintained in Li and Stengos, or Robinson. As our
estimators involve estimation of W, the bias arises not only from estimation of E(X;|Z1;), but also
from estimation of E(X;|Z¢). Ab requires choosing a higher order kernel to eliminate the bias asymp-
totically. A5 illustrates the extra technical assumption needed to perform efficient semiparametric
endogenous variables estimation, relative to consistent semiparametric estimation indicated in the

introduction. Results in Theorems 1-2 are obtained for general heteroskedasticity structure in A4(3).

A6: (1) E(e2|Zt) = E(2|Z1t) = 02(Z11). 0 < C < 0%(Z14) < 00, 02(210) € C5* V28, € G4.

(2) E (%Wt’ W,) is a symmetric and positive definite matrix.

(3) E(|X1.k*0|Z11) < o0, and E(|e;|**°|Z1;) < oo. The conditional density of Zy; given |X; pe]
is bounded, and the conditional density of |X; r€;| given Zy; is continuous at Z¢,. The conditional
density of Zy; given ey peq k¢ is bounded, and the conditional density of | X, ,X¢ r/| given Zy; is
continuous at Z§, for all k, k' € {1,--- , K}.
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AT: (1) B(X} | Ze) < 00. (2) E(ef|Zy) < .

For efficient estimation, we restrict the structure of E(€7|Zs) to be 0%(Z1;) in A6(1) for simplicity,
so the heteroskedasticity depends only on the included exogenous variables. Assumption A6 provides
higher moments and additional smoothness conditions, enabling us to obtain the asymptotic results
for BH , which involves estimation of the conditional covariance matrix of €,. The asymptotic results
for B are obtained with additional moments conditions in A7. Lemma 1 in the Appendix of our
working paper (Yao and Zhang (2012)) establishes the order in probability of certain linear combi-
nations of kernel functions that appear repeatedly in the component expressions of our estimators.
We use it in the proofs of the Theorems.

Theorem 1 Let ®g be a K x K positive definite matriz with the (i, j)th element E[0?(Z)(g:(Z¢) —
Ez,.12..(9i(Z1t, Z2:)))(9(Ze) — Ez,.12,,(9;(Z1t, Z27)))), where Ez, |7,,(.) denotes the conditional

expectation of Zar given Zi. Given assumptions A1-A5, we have

V(B — B) 5 N0, (E(W{W)) " @o(E(W{ W)™ ).

0 is relatively easier to construct because it does not involve further projecting Y; onto M (Zy)
and is in spirit similar to Theil’s two stage least square estimator. However, we notice that W,
estimates W; nonparametrically, so the simplicity in Theil’s original estimator disappears. In finite
samples, B and B are not unbiased. Furthermore, compared to B, we find that the asymptotic
expansion of B — [ involves more stochastic terms, whose magnitudes need to be further controlled
with the additional assumption A7 to obtain the asymptotic distribution. However, we do find the
asymptotic distribution of B to be the same as that of B The finite sample performance of the
two proposed estimators is investigated in the simulation section and it indicates that 6 always
outperforms B . For this reason, we do not provide asymptotic result for B formally to save space.

From Theorem 1 and discussion above, we note B and B are consistent and asymptotically
normal with the general conditional variance structure specified in A4(3). When ¢, is conditionally

homoskedastic, i.e., V(€;|Z¢) = 03, it is straightforward to compare the asymptotic properties of the
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proposed estimators with 3 because they are all consistent and converge to a normal distribution at
rate v/n. We find the asymptotic variance of ( is always greater or equal to that of the two proposed
estimators, i.e., the difference is a positive semidefinite matrix. Thus, B and B are asymptotically
efficient relative to 3.

Theorem 2 If V(e;|Zt) = 03, then the asymptotic variance of ( is greater than or equal to that of
B or 3.

To illustrate the point, we first observe that in @,

Ez,.12,,(95(Z1t, Z27)) = Ez,,12,,(E(Xt,1(Z14, Z27))) = E(X4,5|Z11)-

Therefore, (E(W/W3)) 1@ (E(W/W;))~! = 02(E(W/W,))~!. For the estimator 3 defined in Equa-
tion (3), suppose the estimated items are replaced by the true values, we obtain with Equation

(2),

BTT — ((XTT)/Z(Z/Z)*lZA/XTT)fl(XTT)/Z(Z Z*)le*/YTr
B+ ((XTT) A(Z“/Z“)le“/XTT)*l(XTT)/ *( */Z”)flz”/g

where XT7 = (X — E(X1|Z11))', (X2 = B(X2|Z12)Y, -+, (Xo — B(Xal Z1a))'), YT7 = ((%: —
EM1|Z11)), -+, (Yo — E(Ya|Z1p))'), and €= (€1, ,€,). We expect the asymptotic distribution
of 3 to be the same as that of 37", if the unknown conditional expectations are estimated with
nonparametric kernel estimates. Suppose that %Z '€ = 0, which follows from the assumption of Zy
being instrumental variables. Assume further that ((X7")'Z) L B(X, — E(X4|Z11)) Z¢] = A, and
1z'z 2 E(Zy'Z) = B, Ahas rank K and B is positive definite. We have %V(Z’e”) = 02 B, because

€; is conditionally homoskedastic. Thus, we expect
V(BT = B) 5 N(0,05(ABTA) ),

The theorem is proved if 02(AB~*A")™! — o2 (E(W/W;))™! is positive semidefinite.
The above claim is equivalent to E(W/W;) — AB~'A’ being positive semidefinite. We note A =

B((X, — B(X,|Z10))'Zu] = BI(E(X/|Z4) — E(X/|Z1,))Z] = E(W{Z). Hence,

E(W!W,) — AB-LA = B(WIW,) — E(W/Z4)(EZ'Z0) - E(Z4' W)
= E[Wt/(Wt — Zt(EZt/Zt)ilE(Zt/Wt))]
= E[(Wt — Zt(EZt’Zt)*lE(Zt’Wt))’(Wt — Zt(EZt/Zt)ilE(Zt/Wt))]
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which is positive semidefinite. The last equality is true as
E((Ze(E(Z¢'Z)) " E(Z'Wy)) (We — Z(E(Z¢'Z¢)) " E(Z'W2))]
= E(Wt’Zt)(E(Zt’Zt))*lE(Zt’Wt) — E(W{Zt)(E(Zt’Zt))*lE(Zt’Zt)(E(Zt’Zt))*lE(Zt’Wt)
= 0.
When ¢, is conditionally heteroskedastic as in A6(1), we consider the feasible estimator BH , which
is based on the first stage estimation with B We did not consider B because it is outperformed by

3 in the simulation study in Section 4. The as mptotic property of 3H g provided in Theorem 3.
y Y y

Theorem 3 If we assume AI1-AG, then

n(GH _ 4 1 ’ -1
\/_(6 6) N(O’ (E(0'2(Z1t) WtWt)) )

It is straightforward to show that under heteroskedasticity in A6(1), (E(W;W;)) '@ (E(W/W;))~*
—(FE (%Wt’ W;))~! is a positive semidefinite matrix. Thus, asymptotically, 57 is efficient relative
to B and B

To shed light on the theoretical results above, let us consider a class of semiparametric IV
estimators based on the model in Equation (1) that satisfies the conditional moment restriction
E(e;|Zt) = 0, where ¢, = ,(8) = Y;—E(Y:| Z1,)— (X; —E(X;|Z1,))3 as in Equation (2). Then, 3 and
B are asymptotically equivalent to the semiparametric IV estimator that optimally selects instrument
variables. Thus, B and B are efficient among this class of semiparametric IV estimators in the sense
that their asymptotic variance is smallest. To establish this, suppose E(Y;|Z1;) and E(X:|Z;:) are
known, or can be consistently estimated at a certain rate, then let H(Z¢) denote an h x 1 vector
of functions of Z¢, h > K. By law of iterated expectation we have E(H (Z)e(8)) = 0. Following
Newey (1993), we could construct the IV estimators using the method of moments estimator. It is

defined as

n

BMIY = argminggn(8) Pgu(8), u(B) = = > H(Zo)er(9),

n
t=1

for h x h positive semidefinite matrix P, which may be random. Since €,(3) is linear in (3, by solving

the minimization problem we easily obtain,

VMY = 8) =[5 20X — B(X| 20)) H(Ze) P 0, H(Ze)(Xy — E(X| Z1,))] ™
X 2o (Xe = B(X4|Z10) H(Ze) P/ 32, H(Ze e,
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Assume P % P, where P is a positive semi-definite matrix, LN H(Ze) (X — E(Xy|Z1)) LS

—B(H(2:)%5Y) = —G, and define V = EH (Zy)e1e,H(Z) = Eo*(Ze)H(Ze)H(Z)', then
Va(BMIV — 8) 4 N (0, (G'PG) " G'PVP'G(G'PG) ™).

Under conditional homoskedasticity, 02(Z¢) = 02, so the asymptotic variance of 3 is o3 (E(W/W;)) ™.
Let A =G'PH(Z¢)e(3), B = —[E(X; — E(Xt|zlt)|zt)]’%, then

(G'PG)'\G'PVP'G(G'PG)™Y) — o2 (B(W]W;))~!
— E{(EAB)"'[A— (EAB)(EBB')~'B|[A' — B'(EBB')~ (EBA")|(EBA')~'.}

which is a quadratic form, so the difference is positive semidefinite. We note the asymptotic vari-

ances will be the same if we let the optimal instrumental variable to be H(Z¢) = —YTV—;/. Thus,
0

asymptotically, B and B behave like an optimal semiparametric IV estimator. Under conditional

heteroskedasticity specified in A6(1), we could follow a similar argument above to show the differ-

ence between (G'PG)"'G'PVP'G(G'PG)~ ! and (E(mVV{VVt))*1 is positive semidefinite. Here,

the two asymptotic variances will be the same if we let H(Z¢) = —%Zglt). Thus, asymptotically,
G behaves similar to an optimal semiparametric IV estimator under heteroskedasticity.
We further compare the theoretical results in Theorems 1-3 with the semiparametric efficiency

bound derived in Chamberlain (1992). Our model in Equation (1) and assumption A1(2) consider

the estimation of 3 in the model of ¢, = Yy — m(Z1;) — X8 with the conditional moment restriction

E(e|Zy) = 0. Since 5% = —X, define Do(Zs) = E(§5|Z) = —E(X|Zs), X0(Zs) = Elere;|Ze) =
02(Zs) with the general heteroskedasticity structure in A4(3), Ho(Z¢) = E(%|Zt) = —1forr =

m(Z1;). The Fisher information bound for j3 is

Jo = E{E(Do(Z)'%0(Zs) "' Do(Zs)| Z11) — E(Do(Zt)'Y0(Ze) ™" Ho(Zt)| Z11)
X[E(Ho(Z)'S0(Ze) " Ho(Z)| Z14)) " E(Ho(Zg)' S0(Ze) " Do(Ze)| Z14) }-

It is easy to show that under homoskedasticity $o(Z¢) = o2,

Jo = S BOV,W) = [(BOV/Wo) 00 (BOV/W) 1],
0

as in Theorems 1. Under the heteroskedasticity structure imposed in A6(1), Xo(Zs) = 0%(Z11), we

have Jo = F (%Wt’ W,), as in Theorem 3. We therefore conclude that the estimators B, 3, and
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BH reach the semiparametric efficiency bound. Efficient estimation actually calls for nonparametric

estimation of E(X;|Z) since it shows up in Jp.
4 Monte Carlo Study

In this section, we perform a Monte Carlo study to implement our efficient semiparametric instru-
mental variable estimators and illustrate their finite sample performance. For ease of comparison,

we consider the data-generating process in Baltagi and Li (2002) adapted to the iid set-up as
Y, = BX; + o1 Zuy + aaZyy + €, and Xy = gi(Z1e, Zat) + Us.

Here, the nonlinear function m(Zy;) is a1Z1; + a2Z%, and we fix 3 = a3 = az = 1. We generate
Z1+ and Zo; independently from a standard normal distribution, truncated to [—1,1]. Conditional
on Zi, ¢, and U; are generated from a bivariate normal distribution with zero mean, variance
0?(Z), and correlation 6. We truncate ¢; and Uy to [—1, 1] x [—1, 1]. We consider 0% (Z¢) = 1 for the
homoskedasticity case, and 03(Z¢) = Z%, for the heteroskedasticity case. We choose 6 = 0.2, 0.5, and
0.8. As 0 increases, the correlation between X; and €; increases, and thus endogeneity is magnified.
We select two functions for g;, with g1 (Z1¢, Z2¢) = v1 211 + Y2 Zor and go( 214, Zoy) = 11 22, + ¥2 23,
with 4 = 79 = 1. Hence, with g;, X; depends on Z; linearly, while in g, X; relates to Z¢ in a
nonlinear fashion. It is easy to verify that assumptions maintained in A1, A2, and A4 are satisfied.
We consider two sample sizes, n = 100 and 200, and perform 1000 repetitions for each experimental
design.

To implement our estimators B , B, and BH , we need to select the bandwidth sequences h; and
hy. We select the bandwidth Ay using the rule-of-thumb data driven plug-in method of Ruppert,
Sheather, and Wand (1995). We select hy using 1.25SD(Z¢)n~'/®, where SD(Zy) is the standard
deviation of Z¢. We choose a second order Epanechnikov kernel, which satisfies our assumption A3(2)
and part of A3(1). Though our assumption calls for a higher order kernel, it is known that in finite
sample applications, nonnegative second order kernels have often yielded more stable estimation

results as higher order kernel could generate negative weights to data. Thus, we investigate the

18



robustness of our estimators with a popular second kernel function. From our asymptotic analysis
in Theorem 1 and the comments before Theorem 1, B and B might have high finite sample bias.

Aside from our proposed estimators, we also include the semiparametric estimator (1) without
considering the endogenous variable as in Robinson, estimator 3(®) as in Li and Stengos with instru-
mental variable Q; = Zo; — E (Zat|Z1+) using the density weighted estimation, and § in Equation
(3). B serves as the benchmark because it ignores the endogeneity problem. We evaluate the
performance of each estimator using bias (B), standard deviation (S), and root mean squared error
(R) as criteria. The results of the experiments with 0%(Z¢) = 1 are summarized in Table 1 in the
Appendix for g; and Table 2 for go. The results with 03(Z¢) = Z7, are provided in Tables 3 and 4.

We observe that 3 and 3(?) generally have negative bias under g1, while other estimators produce
positive bias. As the sample size n increases, the estimators’ performance generally improves in terms
of smaller bias, standard deviation, and root mean squared error. This observation is consistent with
our asymptotic results in Theorems 1 and 3 that B , B , and BH are consistent. Exceptions occur with
61 whose bias does not seem to drop with a large sample. Exceptions also exist with 5) and 3
in the data-generating process go. This observation is consistent with the fact that in go, E(X|Z¢)
is not linear in Z¢, while 5?) and § implicitly assume E(X;|Z¢) is linear in Z.

As 6 increases, the endogeneity problem is magnified. The bias of M) increases. Although its
standard deviation drops slightly, the drop in standard deviation is dominated by the increase in bias
and the root mean squared error increases. This is expected because 3(1) does not take endogeneity
into consideration. We notice that the bias of all estimators generally increases with 6. For 3 and
BH in the homoskedasticity experiments, their standard deviation drops with 6, though their root
mean squared error increases.

When g¢; is in the data-generating process and homoskedasticity is present, we note F(X;|Z¢) is
linear in Z¢. In terms of relative performance, (1) carries the largest bias, but smallest standard
deviation. As expected, its root mean squared error is largest with # = 0.5 or 0.8. Among the other

estimators that take endogeneity into account, 32)’s or (’s bias is smallest, followed by 5, by BH ,
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and B The relatively large bias of B, BH , and B is expected as we use a second order nonnegative
kernel function, which is often found to yield more stable estimation results than their higher order
counterparts. However, B is the best using standard deviation as the criterion, followed by BH and B ,
which is better for a large 6, or followed by 3, while 3(2) carries the largest standard deviation. This
result is consistent with Theorems 1-3, which indicate the asymptotic variance of 5, BH , and B is
smaller than or equal to 3. Although having the same asymptotic distribution, B 's standard deviation
is larger than that of B . This is consistent with our observation after Theorem 1. The asymptotic
expansion of B — [ involves additional stochastic terms. Although their magnitudes are controlled
asymptotically, their presence does influence the finite sample performance. (’s performance is
generally best in terms of root mean squared error, followed by B and BH , 63 and B , with exceptions
at 8 = 0.2 where B performs best. 3’s good performance is expected because with g1, 3 correctly
assumes F(X;|Z¢) to be linear in Z¢. When the heteroskedasticity assumption is in place, we
notice the best estimator is BH in terms of bias, standard deviation, and root mean squared error.
The reduction of standard deviation relative to B is well over 10%. The observation confirms our
theoretical result in Section 3 that BH properly takes into account the heteroskedasticity structure
and reaches the semiparametric efficiency bound. The conclusion we draw for the performance of
the rest of the estimators is similar to that in the homoskedasticity case, except that we notice e
performs much better, outperformed only by BH in terms of root mean squared error.

When g2 and homoskedasticity are in the data-generating process, we note F(X;|Z¢) is not linear
in Z¢. M) carries the smallest standard deviation with a relatively large bias, while its root mean
squared error is generally larger than 5, BH , and B Among the other estimators, B, BH , and B are
the best in terms of small bias and standard deviation, especially when the endogeneity problem
is more severe. It is quite obvious that B has the smallest root mean squared error. BH performs
similarly well, followed by B 63 and § are outperformed by the others, due to the fact that
E(X¢|Z¢) is not linear in the data-generating process. This again confirms our results in Theorem

2. When the heteroskedasticity situation is considered, we notice that BH once again performs
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best among all estimators. The comments about the other estimators in the homoskedasticity case
continue to be valid.

To summarize, under homoskedasticity, we conclude that when F(X;|Z¢) is linear in Zy, all es-
timators taking endogeneity into account perform better than 3(1). 3 is the best in this case with
B, BH, and B being competitive alternatives. When F (Xt|Z¢) is not linear in Zi, estimators 8,
BH and /3 perform best because they estimate E(X;|Z¢) nonparametrically, thus avoiding potential
misspecification. We generally recommend the use of B over B due to better finite sample perfor-
mance. Under heteroskedasticity, however, the best estimator is BH , which properly accounts for
the information in the variance structure. B continues to be a competitive alternative, though less
efficient.

We further compare our estimators B and BH with the efficient estimator BS proposed in Ai and
Chen (2003) by a simple simulation analysis. The semiparametric efficient estimator BS is based on
the method of minimum distance and sieves and can be applied to a more general semiparametric
model. However, the efficient estimation calls for a numerical optimization. Since the estimators are
constructed with different nonparametric methods, we follow their simulation closely for a meaningful
comparison. The data generating process is the same as in their section 7, where the only change
here is that we let the endogenous variable X; shows up only in the parametric component, but not
in the nonparametric control function. We investigate the performances with sample sizes 200, 400
and perform 200 repetitions. We denote the degree of endogeneity by p (they use “R” for p. Here we
use R to denote root mean squared error.) and consider p = 0.1 and 0.9, where a larger p indicates
a more serious endogeneity.

The estimators’ performances in terms of the bias, standard deviation and root mean squared
error in the simulation are summarized in Table 5 in the Appendix. The results indicate B and
BH carry positive bias, while BS are negatively biased. All estimators’ performance improve as the
sample size increases. When endogeneity is more serious, it is more difficult for all to estimate (3

well, as judged by their larger R. Our estimators outperform 3% in terms of standard deviation and
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root mean square error, and the advantage is more obvious in small samples. The limited simulation
results suggest that with explicit algebraic structure and an easily implemented procedure without
numerical optimization, our kernel-based estimators provide a viable alternative that complements

the estimators available in the literature.
5 Empirical Illustration

We estimate the return to schooling with our proposed estimators using the data from Card (1995)
in equation (1).% Using 3010 observations from the National Longitudinal Survey of Young Men in

1976, Card considers the regression model

logwage = By +P1educ  +Brexper +Bzexper? /100

OLS 0.074 0.084 —0.224
25LS 0.132 0.107 —0.228
+Bsblack +PBssouth +Ggsmsa + €
—0.190 —0.125 0.161
—0.131 —0.105 0.131

where logwage is the log of the 1976 hourly wage, educ is years of schooling, exper is the potential
experience constructed as age —educ—6. black, south, and smsa (Standard Metropolitan Statistical
Area) are dummy variables (see Card for detailed data description and analysis). The OLS estimate
for By is 0.074 with a standard error of 0.004. However, due to the fact that educ is not randomly
assigned or endogenous, it is difficult to argue it to be the return to schooling. Card uses the
proximity to a four-year college (nearc4) as an instrumental variable for educ. Since being located
close to a college might reduce the cost of investing in education, one might get more education. The
2SLS estimate for 31 is 0.132 with a standard error of 0.049. Thus, the return to schooling might
be underestimated in OLS”, even though the OLS estimate carries a much smaller standard error.
We notice the specification might be restrictive, i.e., experience enters the control function as a

quadratic function, the dummy variables carry fixed coeflicients and the reduced form is linear. The

6As in most of the work in the literature, we assume that the slope of the earning function does not vary across
individuals, so that 8 in equation (1) can be interpreted as the return to schooling. An alternative framework would
be to allow heterogeneous returns to schooling using a varying coefficient approach (see Su et al. (2011)). Deschenes
(2007) estimates an interesting model of schooling and earnings with heterogeneous return to education. How our
proposed estimators can be extended to such alternatives would be a topic for future research.

72SLS estimate could be biased in the same direction as OLS estimate in finite samples if the excluded instrumental
variables explain a small share of the variation of the endogenous variables (Angrist and Krueger (1995).
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larger value of 3; in 2SLS might be due to the restrictive function form assumptions. We therefore

consider the semiparametric estimation of 3 in the model
logwage = Peduc + m(exper, black, south, smsa) + residuals,

using the two estimators proposed in the paper, B and B, where we allow m(-) and the reduced
form to be nonparametric. Since the 2SLS results reported in Card are quite stable for treating
experience as either exogenous or endogenous, we simply treat experience as an exogenous variable
for illustration purposes. Using the proximity to a four-year college as the IV for educ as in Card
(1995),% we choose the kernel function and bandwidths as in the Monte Carlo study. When § is

used, one can construct an estimate for m(-) as
in(Z1) = E(Y|Z11) — E(X|Z1) 3.

The estimated residual is ¢, = Y; — XtB — m(Zy;). Based on our Theorem 1, we can easily es-
timate the variance for 3 as (W/W)~11 " € if € is conditionally homoskedastic. If not, the
heteroskedasticity consistent variance estimate is constructed as (W/W)~'WQW’(W'W)~! follow-
ing White (1980, 1982), where Q is a diagonal matrix with €2 as its diagonal term. A similar estimate
could be obtained for the variance of B .

We obtain B = 0.048 with a standard error of 0.019, and B = 0.091 with a standard error of
0.019. The heteroskedasticity robust standard error is 0.016 for both estimates. It suggests that
the return to schooling obtained in 2SLS might be too big due to its restrictive function form on
the control variables and the reduced form. Our semiparametric efficient estimates are much more
precise than the 2SLS estimates. To further illustrate the difference, we provide the estimated
control function m(exper, black, south, smsa) using B and 2SLS in Figure 1 in the Appendix, for all
combinations of the race and location status except for (black, south, smsa) = (1,0,0) which has

only five occurrences in the sample. Figure 1 shows that all m(-) estimated with 2SLS are quadratic

8Kling (2001) discussed some important and subtle issues in the choice of the instrumental variables for estimating
the return to schooling.

23



in experience with different intercepts, with the difference between each of the two m(-)’'s being
fixed. On the other hand, our semiparametric estimates with B give quite different results. For
example, the quadratic control function assumption might be reasonable for a non-black person in
the northern metropolitan area ((black, south, smsa) = (0,0,1)), but it is unlikely to be the case for
a black person located in the southern non-metropolitan area ((black, south, smsa) = (1,1,0)). The
gap between their expected wage is indeed largest in semiparametric estimates, but the gap changes
across different experiences. Furthermore, the intercepts of m(-) estimated with B are higher than
those estimated with 2SLS, which follows because the B estimate is smaller. To get an overall picture
of the difference of two estimation procedures (semiparametric IV with B and 25LS) in capturing
logwage, we plot the predicted logwage against the realized logwage in Figure 2. A solid line is
superimposed to indicate perfect prediction. Both estimates seem to overestimate logwage when it
is small, but underestimate logwage when it is large. The semiparametic IV estimates’ variability
seems to be smaller.

Another potential source of misspecification is in the reduced form. For illustration purposes, we
plot in Figure 3 the estimated nonparametric reduced form E(educ|exper, black, south, smsa, nearcd)
with B and the estimated linear reduced form educ = Zy@ used in 2SLS (note ( uses the same lin-
ear reduced form as 2SLS), where Zy = (constant, exper, exper? /100, black, south, smsa, nearcd),
and & is the linear regression parameter estimates. The 2SLS reduced forms of educ plotted
against exper resemble straight lines with a fixed slope coefficient of —0.41, since the coefficient
of the quadratic term exper? /100, 0.073, is fairly small. As expected, the difference across different
(black, south, smsa, nearcd) groups are fixed. Residing close to a four-year college results in 0.337
more years in expected education, indicated by the larger intercept for reduced forms using 2SLS
and nearcd = 1 relative to nearcd = 0. On the other hand, the nonparametric estimated reduced
form delivers a quite different picture. Though one gets less educ as exper increases, the pattern is
far from a linear one. The reduced form turns out to be approximately convex for education less

than ten years, but roughly concave for education larger than ten years. Though one can say that
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a white person in a big city in the north gets more educ across almost all experience than other
groups, the gaps of educ across different groups are far from a constant. For example, a black person
from a small town in the south may not always get the least educ, and the ranking of the magnitude
of educ across groups changes with experience.

Since 2SLS estimation is potentiallly misspecified in both the control function and the reduced
form, we attempt to disentangle empirically the impact of misspecifications from the two sources,
and assess which part contributes more to the difference in the return to schooling estimates obtained
with 3 and 2SLS. The estimator (3 considered in equation (3) allows the control function m(-) to be a
nonlinear function, but assumes the reduced form to be linear. We have demonstrated the potential
efficiency gain of our estimator 3 over (3 in Theorem 2 and in the Monte Carlo study in situations
where the reduced form is nonlinear. ( using Z¢@ as the reduced form estimate turns out to be
0.135, with 0.052 as its standard error and the heteroskedasticity robust standard error estimate.
Both the parameter and standard error estimates resemble those of 2SLS. It indicates that assuming
the control function to be quadratic may not be far from the truth, but the parametric assumption
on the reduced form is too restrictive. Thus, we conclude that further allowing nonparametric
reduced form in B not only allows us to construct efficient estimates relative to both (3 and 2SLS,
but also helps us to gain some empirical evidence that the difference between the return to schooling
estimates obtained with 3 and 2SLS largely comes from the misspecification of the reduced form.

Since the potential experience is closely related to education, exper might be endogenous for the
same reason that education is endogenous. To check the robustness of the above findings, we consider
the alternative model as logwage = feduc + m(age, black, south, smsa) + residuals, which replaces
exper in the control function by age. We repeat the semiparametric IV estimation procedures with
proximity to a four-year college as IV for educ. We obtain 3 = 0.024 with a standard error of 0.019
and B = 0.039 with a standard error of 0.019. The heteroskedasticity robust standard error is 0.017
for both estimates. Again, the semiparametric efficient estimates are much more precise than the

2SLS estimate. Although the estimates change, we still conclude that the 2SLS estimate for the
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return to schooling might be too large, due to its restrictive functional form assumptions on the

control variables and on the reduced form.

6 Conclusion

We provide an explanation for the puzzle observed in Card (2001) that 2SLS estimates for the re-
turn to schooling are typically larger than OLS estimates, though the former are fairly imprecisely
estimated. The difference could be due to the restrictive linear functional form specification in 2SLS
on the control variables and the reduced form. For the parameters of endogenous regressors, we
propose three kernel-based semiparametric IV estimators that relax the tight functional form as-
sumptions on the control variables and the reduced form. They have explicit algebraic structures
and are easily implemented without numerical optimizations. We show that they are consistent
and asymptotically normal. The first two estimators are efficient relative to previously considered
estimators under homoskedasticity. The third estimator incorporates heteroskedasticity information
and is efficient under heteroskedasticity. They reach the semiparametric efficiency bounds in Cham-
berlain (1992), and are asymptotically equivalent to semiparametric IV estimators that optimally
select the instrument under conditional moment restrictions. A Monte Carlo study shows that they
perform well in finite samples. We estimate the return to schooling with the proposed estimators
using data in Card (1995). We find that the estimate for the return to schooling is much smaller
and more precise than the 2SLS estimate and the difference largely comes from the misspecification

in the linear reduced form.
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Appendix

TABLE 1 BI1As(x0.1)(B), STANDARD DEVIATION(S) AND ROOT MEAN
Squared Error(R) for estimators with g; and o7

0=0.2 =05 =028
n=100 B S R B S R B S R
@<1> 963 .073 .121 2.469 .066 .256 3.947 .052 .398
5{2) 050 .119 .119 .062 .124 .124 -.104 .127 .128
Jé; ~.022 .107 .107 -.011 .110 .110 -.109 .113 .113
g 879 .107 .139 1.360 .108 .174 1.789 .104 .207
B 262 .095 .099 .663 .094 .115 .991 .088 .133
GH 266 .101 .105 .685 .100 .121 1.030 .093 .139
n=200 B S R B S R B S R
@<1> 988 .050 .111 2461 .047 .251 3.959 .035 .397
5{2) 051 .079 .079 -.007 .082 .082 -.021 .079 .079
Jé; -.031 .073 .073 -.060 .074 .074 -.076 .071 .072
0 768 073 .106 1.117 .075 .134 1.448 .069 .161
I 159  .068 .070 .404 .067 .079 .627 .062 .088
GH 160 070 .072 413 .069 .081 .644 .064 .091

TABLE 2 BIAs(B), STANDARD DEVIATION(S) AND ROOT MEAN
Squared Error(R) for estimators with go and o7

0=0.2 =05 =028
n=100 B S R B S R B S R
@<1> 152 .091 177 .384 .079 .392 .630 .058 632
5{2) 525 10.177 10.185 .294 9.011 9.011 .285 24.627 24.617
Jé; 182 3.589  3.592 178 12.492 12.487 532  1.906 1.978
0 215 .209 300 .353  .205 409 504 215 548
B 093  .152 178 204 141 248  .333 118 .353
GH 099  .160 188 214 150 261 342 126 .364
n=200 B S R B S R B S R
@<1> 155  .066 168 390  .051 393 .627 .039 628
5{2‘) 629 20.838 20.838 3.628 57.572 b57.657 4.768 157.262 157.255
Jé; 183 3215 3218 .393 3.078 3.101 .599  2.416 2.488
g 221  .151 268 325  .146 356 .436 150 461
B 073  .118 138 156 .108 189 237 .092 255
GH 076  .121 143 160 111 194 241 .093 .259
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TABLE 3 BI1As(x0.1)(B), STANDARD DEVIATION(S) AND ROOT MEAN
Squared Error(R) for estimators with g; and o3
0=0.2 0=0.5 0=0.8
n = 100 B S R B S R B S R
5O 345 058 .067 1.028 .054 .116 1.674 .052 .175
i 033 .0564 .054 .049 .054 .054 -.005 .057 .057

6 -.124 .060 .062 -.096 .059 .060 -.120 .062 .063
3 376 .062 .073  .594 .062 .086 .741 .064 .098
3 038 .058 .058 .221 .056 .060 .346 .056 .066
i 012 .038 .038 .076 .037 .038 .106 .038 .040

n=200 B S R B S R B S R
5}1) 385  .039 .055 1.0561 .037 .111 1.719 .035 .175
52 045 .035 .035 .022 .037 .037 .030 .036 .036

6 -071 .039 .039 -.095 .042 .043 -.086 .041 .042
é 406 .041 .058 .509 .044 .067 .655 .043 .078
3 033 .039 .039 .105 .041 .042 .209 .039 .044
BH 003 .024 .024 .017 .024 .024 .033 .024 .024

TABLE 4 BIAs(B), STANDARD DEVIATION(S) AND ROOT MEAN
Squared Error(R) for estimators with go and o2
6=0.2 =05 0=0.8
n=100 B S R B S R B S R
@ 097  .093 134 242 084 256 .397  .069 403
e 208 10.796 10.792 .353 8.366 8.370 .844 13.184 13.204

Jé; 076  2.955 2954 227 2.620 2.629 .197 2.703  2.709
¢ 115 143 183 177 141 226 242 141 1280
3 063 .107 125 112 .100 151 170 .092 194
BH 016  .075 076  .037  .079 087  .063  .082 104
n=200 B S R B S R B S R
£ 093  .065 113 251 .055 257  .407  .043 409
52 -.036 24.853 24.840 .199 16.715 16.708 .302 6.619 6.623
Jé; 131 2197 2200 .155 2.211 2215 .341 1.546  1.582
¢ 118 .095 151 172 .094 196 .219  .093 238

B .042 071 083 .08  .071 111 123 .066 .140
BH 075 .044 045 015  .045 047 030 .044 .053

TABLE 5 BIAS(B), STANDARD DEVIATION(S) AND ROOT MEAN SQUARED ERROR(R)
FOR ESTIMATORS 3, 3 anp 3%

p=0.1 p=20.9

n = 200 n =400 n = 200 n =400

B S R B S R B S R B S R

164 .015 .113 .114 .026 .110 .113 .239 .097  .257 .197 .078 .212

g" 011 106 .106 .019 .099 .101 .212 .098 .233 .172 .079 .189

4S5 -.057 563 565 .017 .222 .222 -.126 1.181 1.185 -.025 .247 .247
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Figure 1: Plot of estimated control function m(exper, black, south, smsa) with 3 (left) and 2SLS
(right). (black, south, smsa) indicated in graph.
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Figure 2: Plot of estimated log(wage) using 3 and 25LS against realized log(wage).
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Figure 3: Plot of estimated reduced form E(educ|exper,black, south, smsa,nearcd) with 3 (left)
and 2SLS (right). (black, south, smsa, nearcd) indicated in graph. neacd = 0 for the top panels.

Appendix of proof

Lemma 1 Define

1 o z¢ — 22\’ _
Sna(2) = 3 D Kn(Zf = =) (T> 12 = =g (Unw(Z¢ = 255 2), 1] = 0,1,2,-++ . ],
=1

where Z;,U; are iid, Z¢ € R'e, Z8 € R K, (2°) = h%K(Zh—C), and K(.) is a kernel function defined
on R'. If we have
Li. K(.) is bounded with compact support and for Euclidean norm |l.||,

WK () = v K (v)] < exclfu—oll, for0<[j| <

Ls. g(u) is a measurable function of u; and E|g(u)|® < oo for s > 2.

L. sup,eq [ |9(w)]® fou(z, u)du < 00, fou(2) < 00, and f..(z,u) is continuous around z°.

Ly. |w(Zf—2%2)| < 0o, V24 € G, a compact subset of R, |w(Z¢ —2¢; 2¢, 24) —w(Z¢ — 25 28, 2%)| <
ell=— 51l

Ls. nhle — 0.
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Then for z = (2¢,2%) € G = G x G%, 2° € G°, a compact subset of R'

n L *%
sup [Sp,j(2) — E(Sn,;(2))| = Op ( " )

zeG

Proof. Let’s define

= 22wz =) (B ) 1t = #alzs = = 1o < B

where B; < By < --- such that Z;’il B;® < oo for some s > 0. Since G° x G? is compact, we
could cover G by a finite number [,, of [, dimensional cubes I} with center 2z, k =1,2,---,1, and
length 7,,. We could choose [,, sufficiently large such that 7, is sufficiently small and each cube I
corresponds to one fixed possible value of z¢, i.e., 2% = zg if z € Ik. Since G is compact, [,k = c,

lc

¢ a constant. Suppose we let I, = (W) then r, = ¢/ l “ . Since

sup.eq |97 ;(2) = E(S7(2))]

= Mmari<kg<i, supzezkaIS ( ) (SB ( ))

= Mmari<i<i, SupzcelkﬁG| (Z Zk) SB( k)
+85 () — ESP (= )+ES (k) = ESB 7252

< mazi<p<, SUPLeer,nG [Sn (Z Z) = SP; ( k)|

+mazi<k<i, |SE;(z1) — ESn, (z1)]
+mari<k<i, SUP.ccr, NG |ESn7j(Zk) ESB (Z Zl(ci)|
= L+DL+1s

The lemma is proved if we can show

(1) To = SUP.cg; [0 (=)= E (S (2))~[SE ()~ B(SE, (2))]] = Ou(BY~*) for BL=* = O((12) ),
Yty B " < oo

(2) I = 0,0 ((1282) N @ b= 0, (i) N Wh- Oun (122 g!

(1) Io < sup,e |Sn.j(2) = SP,(2)| + sup,cq | E(Sn j(2) — SE ()| = To1 + loa. We note

[N

z¢ — 2\’
o= 30123 K2zt - 20 (EE) 1t = 00200000 > B,
zeG i=1
BY Chebychev’s inequality, > .o, P(|g(U;)| > B;) < >.:2, El(gB& < e B® < oo, by
construction of B; and Ly. By Borel-Cantellis Lemma, P(|g(U;)| > B; 4.0.) = 0. To see this,

P(lgUi| > Bi _i.0.) = limjoe P(UZ_{w : [9(Um)| > Brm}) < limioo 3 0; P({w ¢ 9(Um)| >
B,}) =0since Y0 P({w: |g(U;)| > B;}) < 0o. So Ve > 0, there exists i/ > 0 such that Vi > i/,

PUn=idw : [9(Un)[ > Bm}) <€ or P(Ny_i{w : [9(Um)| < Bm}) > 1 —e

So Ym > i, P(lg(Un)| < Bm) > 1 —c¢€ or |g(U, )| < B,, for sufficiently large m. Since B; is an

increasing sequence w.p.1, |9(Un)| < By, for m > i and n > m.
When i = {1,2,-- ’} P(|g( i) < Bp) > 1—¢€. To see this, Ve > 0, and sufficiently large n,

P(lg(U;)| > Bn) < M < Bs < ¢, since E|g(U;)|®* < oo and B; is an increasing sequence. So in
all, Ve > 0, and for n suﬁimently large, we have I(|g(U;)| > Bp) =0 w.p.1.. So Ip; =0 a.s..

e Lend e
Toz = sup,cq |[EKR(Z] — 2°) (—Zih ) 1(28 = 2 g(Uy)w(Z¢ — 2% 2)1(|g(Us)| > B). Let 255 =

zo-s . Zaik
(Ft e Tee) = U = (W, o0, W), so 2 = 2 4+ AWy, 2f + Ry, = 2¢ + R,
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= h'. By change of variable,

0z;
|57,

Inp = sup.cq | X ga—sa [ K(W)W [w(h¥;; 2)g(Ui)I(19(Us)| > Bn)

X fou(2¢ + RV, 24, U AU A,

¢ [ |K (W)W |dW;sup. i [ g(Ui )| fo0: (2, ) (lg(Ui)| > By)dU;
csupzer|g N AAL szU ls[ff Us)| > By fov, (2, Up)dU; |~
c[Bu,(I(lg(Ui)| > Bn) foju, ()]~ =

C[EUi(I(|9(Ui)| > Bn)]llié = C[P(|9(Ui)| > Bn)]li_
| BaU 1=t < Bl

ININ TN IN A

where to obtain the first inequality we use L4, the second we use L; and Holder’s inequality, the
third and fourth we use Lz. The last tine above we use Chebychev’s inequality again and Ls.

(2) 180,05 2) — ST,

e Sl - ) () w(zg 2
K2 = 29) (252 ) w(ze - 2 a2 = 29U (1g(Us)| < Bu)
e Sl (Ze - =) (B2) — K(Zg - o) (228 (2 — 222, 29
15 (76— 27) (E528) w2 — 2052, o) — w(ZE — 25 20)

<I(Z = 20)g(U)1(19(U1)] < By)

< oSy o) Ze — 2el)]|g(Us)] by Ly and Ly,

IN

since z € I, for some k, ||Z; — 2°|| < crp, and with Ly,
I < ey % > 19(Us)], by Lo and Kolmogorov’s Theoremn,

—Zlg )= Elg(Us)] < oo

1 in(n)
2 = (G

So It < cypr = rem (ln(n)hlc+2) = )2 a.s..
1
We could show (4) I3 = Og.s. ( n(n )) ’ similarly.

nhle

(3) It is sufficient to show 3 a constant A > 0 and N > 0 such that Ve > 0 and n > N,
1
P((ln(n)) 2 L>A)<e

nhle

Let €, = (l"<">) A, then P(Ir > ;) < 0, P(1SB,(21,) — ESE (21)] > €n). We note |SE (z1) —

L K2 - o) () 12 = g2 — 25 ) g0 < Bu) - B2 -

c Z —z c c n

) (Z525) 128 = o2t — 25 2 1(9(U)| < B = 12 50, Wil

Since EW;,, = 0, |[W;,| < 20 o by Ly and L4, and {W;,}" ; is an independent sequence, by
Bernstein’s inequality,

_phlee?
P(] B_( ) — ESB (zk)| > €,) < 2exp (thcﬁﬂlj»ﬁ),
where 6% = L3 V(W) = EWE = Iy — I3,

— o BRz = ZR ) Pzt = 0wz - P00 < )
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2

R
Iog =3 za_.q [ K@) g(U)w(hWi; 2)1(|g(Us)] < Bu) f2 (25 + bW, Z8, Us)depidU;
< ¢ [|1K@)W||g(U:)|f2u(Z5 + DV, Z{, Us)disidU
— Cf |K(\I/)‘I/i|d\lflf |g(Ui)|fz,u(Zk, Ul)dUl < 00, with L1, L3 and L.

Similarly h%<Iy; = O(1). So 2hlc6? < co. If Bye, < oo, then C,, = 2hlc5? + %Bnen < 00, then

7nhlcei
P(IQ Z Gn) S ln2€$p m

L BK(2f - =) (Z52E) 128 = a2 — =20 1(9(U)] < Bnn]

1 2
Nk —ante ((252) ) 22
= (7ln(n)hlc+2) 2exp o = - T 0.
(In(n)) % plet
2111_2(;7A—2
Above is true since C,, < oo, if we let A% > C,,(1+1..), then D < —2 =
(n(n)EnptetE — (n(n)E (nhie)'+3

by L5.
If we let B, = nstd for s > 2 and § > 0, then B,e, < oo for sufficiently large s. To see
this, Bpe, = n%”A(%)%. By Ls, we could let (nhl)~2 = n=2+91 for 2 > 01 > 0, then
Bpen, = ns 20 A(In(n))z. If we let s > [2 — 6 —61]7", then Bye, — 0.
It is casy to see that for B, = n++0, we easily have S2°°, B;® < co. Furthermore BL™* < n
1
Bl =0 ()"
Theorem 1: Proof. Note E(Y|Z;) — E(Y|Zv) = Wi+ E(m(21)|Z:) — E(m(21)| Z1) + Ee| Zy) —
E(e|Z1t), so we could write
B0 =[GWW)™t = (BEW/W,)~! + (EW/W,)~ ]
1 ., 4 = ~ - .o NP
x —WI(E(m(21)|2) = E(m(=1)|21) + E(e|Z) = E(e]21))

1
5*5, SO

c
Let’s denote E(Xk|Zt) = gk(Zt) and E(Xk|Z1t) = glyk(thA), tAhen Wt,k = gk(Zt)_gk(Zt)+gl,k(th)_
gl,k(zlt) =+ gk(Zt) — gl,k(th); then (’L,j)th element Of %W/W iS

%Z?:l Wt,th,J
= =>09:(Z) — 9i(Z0))[9;(Z0) — 95(Zy))]
+230,091(Ze) — 9i(Ze)91,5(Z1e) — G1,5(Z11)]
+30,09i(Ze) — 9i(Z)l9i(Ze) — g1,4(Z1))]
= 3 M91.4(Z0) — 91.6(Z0)])[95(Z0) — 95(Z0))
+= 2 M91.4(Z1) — 91.6(Z0)][91,5(Z1e) — 91.5(Z1))]
=2 091.4(Z1) — 91.6(Z10)][95(Z0) — 91,5(Z10)]
+=2u09i(Z0) — g1.i(Z0))95(Ze) — g5(Z1))
+=309:(Z) — g1.i(Z1)l91.5(Zae) — G1,5(Z00)]
+ 20u09:(Z2) — 91.1(Z1)gi(Ze) — g1.5(Z))
= Al +As+-+ A

Similarly, for If =12 K, the Ifth element of q is A
Co= 5 2 Wenl(E(m(21)|Z) — E(m(21)| Z1e) + E(el Zy) — E(€| Z11))

[95(Z2) = g(Z)|[E(m(=1)| Z4) — E(m(=1)|Z10)]

% >l
+ 2il91k(Z1e) — g1k(Z10)][E(m(21)|Ze) — E(m(21)] Z10)]
+o Leloe(Ze) = g11(Z1)[[E(m(z1)| Ze) — B(m(z1)| Z1t))]
+o Llie(Ze) — gu(Z0)][E(el Zy) — E(e] Z1t))]
i 2il91k(Z1e) — 910(Z10)][Eel Ze) — E(el Z1y)]
+ 2ulon(Ze) — g1.0(Z10)[E(e| Z1) — E(e| Zu1))]

= Cu+Cou+--+Cor
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We show below (1) A; = o0p,(1), i =1,---,8,

Ay = Elgi(Z1) — 91.(Z10)][95(Zt) — 91,5(Z1)] = 0p(1),
so together we have %W’W — EW/W, = o0,(1). By A1(3) and Slutsky’ Theorem, (%W’W)*l -
(EW;W) ™! = 0p(1).

nhlietize 1 51 n lllc 1 1ctl2¢ 1 s 59
(2) Cui = [0p (22 ) =) 1O (h3 )] [0, (M) a+0<«immy— 5)+0(h ) +0(h5 ).
nh lict+l2c—

)"
Care = [Op((J5) %) + OB ™)) [0p((“pi) %) + O ((73"(") )3) +O(h5 ) + O(h ).
nhltetize 51 n 1216+lzc _
Cs = O, (hz(ihlfl(n) )™ + O, (hs hln(n) )72) + O, (h (zn(n)) 1
+0 (hs“(ﬁf(n)) #)+ O((n*hy=™)7%) + O(i*™) + O((n*hg27%)~4) + O(h3 ™).

nh lic+l2c

1 51 n 121c+12c 1
Cui = [Op((“Fg7—)77) + O(h3 “)MOA(’&HT) 5+ 0, <<m<n>> ).
l1e 1 s n 121c+12 1
Coi = [Op((5)=%) 4+ O ][0, ((M2e ™)) 4 O, (1)~ 4)].
For Cg = [Ce1, Co2, - - - , Cok]’, v/nCs 4, N(0,®y), where @ is defined in Theorem 1.

1
(nh2(llc+12c))§

Since v/AC1k = [Op(“H =) ~#) + O(n¥hy )]

(nh2(llc+12c))% 1

21
X[Op(ha (P24 1 0, (hy(WETDE) ) L O(ndhi ) 4+ O(ndh )] = 0p(1) with 45.
Similar arguments could be used with A5 to show /nCs = o0,(1) for i = 2, 3,4, 5. Note the relatively
strong assumption A5(3) are used specifically in C3j to make the bias disappear asymptotically.
Combining results in (1) and (2) and using A1(3), we conclude

Va3 — B) % N, (EW{W,) " @o(EW/W,)~Y).

N n lic
(1) (a) We first show sup.,, e, |f1(z10) = fi(z10)| = Opl((Fiiy)~*) + O(hi).
We apply Lemma 1 with S, o(z10) = llc Dy Kl(“—z“’)I(Zﬂ- = z{lo), S0
nhlllc

sup | fi(z10) = Efi(z10)] = Op((—2=)"2).

210€G1 ln(n)
Condition L, is satisfied with A3, Lo is satisfied since g(u) = 1, L3 is true with A2(1) and (2), L4
is satisfied since w(z ) = 1. Since the data are iid in A1(1),
Ef(zlo) = f lllc K (h—zm)fl( 14> Zilo)dzlci’ with ¥; = Zlih—:zm’
= [ K (¥ fl(zlo + h U, 28,)d ¥, with A2(1)

s 1l 93 1 (26,2 z z
= [ K (¥ [f1(210a210)+Z|J|11 hju W\IJJ_FZUW Sh—}%‘w]d‘y
= f1(z10) + O(h$) uniformly Vz10 € Gy by A3, A2(1) and Dominated Convergence Theorem, where
204 1s between 2§y and zf;,. So sup,, cq, |[Ef1(210) — f1(210)| = O(h]).
. l1etloe
(b) Similarly, we obtain sup, ¢ [f(z0) — f(20)| = Op((%)ié) + O(h3') with A2(4), (5)
and A3.

n 7. —2¢ nhlte 1
(¢) We show sup.., cq, |$ Yo K (55201285 = 210)[Xik — 91,0(210)]] = Op((3gay) ") +
O(hs™).
Since Xik=q, k(Zu) + €1 ki, we have
llc Zz 1 Kl(h—zm)j(zﬂ' = Zilo)el,ki

+ = ST K (B (24 = o) gne(Z1s) — g1a(z10)] = T+ I
1
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We apply Lemma 1 again with Sy, 0(z10) = I1, 9(Ui) = e1ri, and w(z) = 1. Lo is implied by
A4(1) and Lg is implied by A2(3). Since E(ey 1i|Z1:) = B(X; — E(X;|Z1:)|Z1:) = 0, EI, = 0 and
sup., e | Ti| = Op (1) 2). |

Iy = ﬁ iy Kl(Zfih—:zfo)I(Zﬂ' = z{y) er|:1 mf—é)jgl,k(mo)i(zfi;!zfo)]

ot L K (BB I(Z, = o) X1 [ o (ons 280) = aimonk(z0)
L= Ziol = [y + I,

Consider for 1< k| <s, ‘

Iy = == S Ky (BE0) 124 = 240) 32 2y iy 91,0 (210) B0,

with A2( ) and by Lemma 1, sup,, ., |11 — Elon| = (h"“'(;f(n) )"%).
Bl =3k 8(21 791k 210 ) | K1 (¥ (hlﬁ) [f1(210)

by W by W
+ Yl Wfl(zlo)( =+ ¥ nies a1 (ous o) L d
where z{, is between z{, and z{;. Since by A3, the kernel functlon is of order 3s1, and by A2(3),

le ‘Ithm a(fcm)m fl(zfo*,z{lo)d‘ll-
— iy " filz10) [ Ky (W)WM AW, < oo, so Elyy = O(hi™), and sup,, cq, [Ta1] = O(h5T) +

o (hl(m(n)) 5).
Ely = hi Zm o B KU)W (581 (20 H A Vs, 240) = 57557 91,k (210)) (2501 Wi, 200)d W,
by A2(3), 8(zfo)7 91,k(z10) is uniformly continuous around z{, € G§,
<P Y e g S () AW £ (250 + Wi, 20)d s = Op(hy*T) by A2(2) and A3(1).
By applying Lemma 1 with w(Z{;, — 2{; 20) = a(f—;))jglyk(zfo*,zfo) — a(f—go)jglyk(zlo), by A2(3)
|w(Z¢; — zfo; 20)| < o0, and
|w(Z7; — 2103 20) — w(ZT; — 211 ks Zg)| ]
|a(zc 7 91, k(210 + A(ZE; Zfo) o) — a(fc] ) gL(2fy, + M2 — Z5), 210
+| a(zfo)] 916253, 240) — a(zc 37 91, k(250 250)]
<=0 = 28I+ 1210 — 21kll < (2 = M[210 = 20,
S0 SUp,, cq, [l22 — Elaa| = (hs(ln(n))f%) and sup, cq, [l22| = o™ +0 (hs(ln(n)) 7). So

1

in all, sup,, g, |I2| = O(h§™) + O (hl(ln(n) )7 2).

(d) We show sup.,, e, [91.5(z10) — 91,5(210)] = Op((s)=4) + O(h ).
SUP2, e 191,3(210) = 91.3(210)| = 8UP. e, | 20 Ko (Zee)

<12y = =o)X gu<zlo>1[f;ffgfj”{;gj;;’ + 7l
By A2(2), fi(z10) > 0. inf.  eq, fl(Zlo) > lnfzmecl[fl(zlo) f1(z10)] + inf.pec fi(z10) > 0,
since in (a), sup,,, |f1(z10) = fi(z10)| = O ((ln(n)) 5) + Op(hi), infsypeq, [fi(z10) — fi(z10)] <
inf., eq, |fi(210) — fi(210)] < sup., e, 1f1(210) — fi(210)] = 0p(1).
So sup.., e, 191.5(210) — 915 (210)] = [Op ()~ 4) + O [Op((s)~4) + Oy (1) + 7s] =
Op(()=4) + O(h ™).

Furthermore, sup,, cq, 191,5(210)—91,(210)—

Z¢ —z
iy K (7 “’)I(Zﬂ- = 2{)[Xi;—91,5(z10)]] =

llcfl(zlo)

O (E5) 1) 4+ O(R2 ) + Oy (hf (J2s)3).
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(e) We can show similarly sup, o | ZICH% Dy Kg(h—z“’ M)I(Zid = 2D [Xi k—9k(20)]| =

ha
nhlietize

OP((;W)*E) + O(h3'™) with A2(4)-(6), A3, A4(1) and Lemma 1.

R Rlictize 1
(f) We show sup., e 9;(20) — 95(20)| = Op((“mm—) %) + O(h3'*).
) g e e e
SUp,,cq [95(20) — gj(20)| = sup, e |[nhz21ﬁ Do Ko (F e, =m0)

xI(Z{ = 2)[ X — g5 (20| LEHER 4 L)
B nhlzchzc 1 s1+1 nhlzlc+lzc 1 51 1
= 0p((—F—) %) + Oh  )Op(—y—) " 2) + Op(h3') + 77251
nhlzl‘:ﬂ2C _1 s1+1
— O,((ME ) ) 4 o),
Furthermore, sup, < [9;(20) — g;(20) — m S K2(Zhh—;m’ Z21h—;20)I(Zid =28)[Xi; —

nhtietize

"hlllc+l2c -1 2s1+1 S1 1 -1
95zl = Op((Fgy=) ™) + O(h™ ) + Op(ha' (=) " 2)-

A= 2.410:(%0) = 9:(Z)l9;( %) — 9(Z0)]

lc 2c c c
= O:D((nhf;(n) )7+ O(hg(lerl)) +0 (hsﬁl("hl;(n; )"z = 0p(1) with result in (f) and A5.
Similarly, we use results in (d) and (f) to show As, A4 and A5 are op(1).
Az <supeq [9i(20) = 9i(20) 5 224 195(Ze) — 91,5(Z1e)| = 0p(1) 5 304 195(Ze) — 91,(Z1s)], since Z, s
iid, by Khinchin’s theorem, £ >, |g;(Z;) — g1,;(Z11)] 2 Blgj(Z:) — g1.j(Z11)|, provided Elg;(Z;) —
gl,j(th)| < 00. Since E|gJ(Zt) g1 J(th)| = E|E(XtJ|Zt) (XtJ|Z1t)| < 2E(|Xt|) < o0 by A4,
As = op(1). Similar arguments show that Ag, A7 and Ag are o,(1).
By Khinchin’s theorem, Ag %> E[g;(Z) — 91.i(Z14)[95(Zt) — 91.5(Z14)], which is the (i, j)th element
of EW/W, provided Elgi(Zt) — 91,1(Z1¢)][9;(Z1) — 91,;(Z11)] < o0,
Elgi(Z1) — 91.4(Z10)][95(Zt) — 91,5(Z1)] < Elgi(Z4)9i(Z1)| + Elgi(Zi)91,5(Z10)| + Elg1.,6(Z11)9;(Z1)| +
Elg1,i(Z1¢)g1,;(Z11)| < 0o by Cauchy-Schwartz inequality and A4(1).

(2) (a) We first show
n Zi,—7Z3,
SUPZueGI |$ iy Ky (S22 = Z4)[m( 2y — m(Z))

Op(h1 (5 ln(n) )7%)+O(hi+l), following similar arguments as in (1)(c) Iz, using A2(7), A3 and Lemma
1.

(b) We can show similarly SUPz, e, |E(m(21)| Z11) — m(Z1,)]
=SUPz,,cq, |nh+lc iy K (BB 128 = 28) (20 — m(Z))

[jl(th) f1(Z1e) 1 ]|
fi (th)fl (Z11) f1(Z1e)

= [0y (225)=4) 4 O ™) ][Op ()~ 4) + Oy () + 7y ) with A2(1)-(2), A3, Lemma 1 and
@),
= Op(h(faty)™8) + O(hi ).
Similarly, we obtain supy, ., |E(m(21)|Z1) — m(Z1y)
,I(th)nhzh Yy K (P12 = Z)m(Zai — m(Zs))|

=04+ OO+ 0,080
= Op(a () ™) + OURE*) + Op (i (i) 4).

(¢) We show
n Zi,—21, Z3;—z5,
SUPz,ci |nh;1ﬁ Soiey Fo (P, 222 [(ZE = 23 [m( 2y — m(Zae)]
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@) (M(WT%) + O(h3'th), following similar arguments as in (1)(c) Iy, using A2(7), A3 and
Lemma 1.

(d) We can show similarly supy, ¢ [E(m(21)|Z:) — m(Z1,)|

= SUpz, e | =i Soimy Ko(Z2e, 22 [(Z2 = Z)[m(Z1; — m(Zay))
2

[(Z0)=(2+) 1

Fzoiz + ol
— [0y (ha (22 =8) L O (R )0 (M2 ) =3 ) 10, (h1) + L] with A2(4)-(5), A3, L
= [Op(ha (=) " 2) +O(hy O (=) " 2) + Op(h3') + 7] Wi (4)-(5), A3, Lemma
1 and (2)(a )
=0 (hz(w)ié) + O(h;lJrl).
Similarly, we obtain supy, .o E(m(21)|Z) — m(Z1,)

Z5,-28, 25,5,
Ko (Hg2e, 2220 [( 7 = Z78) [m(Z1y — m(Z)|

_f(Zt)n]l.Lélc‘Hm: Z?:l
— [Op(ha (M) =3y 1 O(hg ][0, (M) =4 4 0, (h3:
O (a2 )= 1) 1 O+ [Op (Mo 22)4) + 0, (3]

nhlletize

lic+loe
= Op(ha(Mas) ™) + O(h3Y) + 0, (hy (M) —3).

() With (2)(b) and (d), supz, e [E(m(1)|Z0) — E(m(1)] Zuy)|
S supy, e |E(m(z1)]2:) — m(Zu)| +supz,eq Im(Z1e) — E(m(21)| 214
l1c+loe nhlle
= Op(ha(Maes™)5) + O(hs ) + O pli l:g;> )=5) + O(hiH).
AlSO denote Ig W Z,L 1 Kl( h 21 )I(ZI'L Zldt

Z1,—7Z%, Zs
om0 KB, B (2 — 2t

SUPz,cc |E(721(21)|Zt) — E(m(21)|Z1s) + I3 — L A
<supg, e |[E(m(21)|Z:) — m(Z1) — La| + supyg,, e, [E(m(21)|Z11) — m(Z1) — 1]

nhltetloe s s nhlletize 4 nhllc _
= Op(ha(Mars™) ™) + O(B3 ) 4+ O, (h3 (M) 8) + Op (I (s) ™)

+O(h2s+l)+0 (hs+1(ln(n))7%)'

(f) supz, e IE( |1Z1)]

Zy, Z5,—25, Z Zt
= b, e | b Yoy Ka( St B 120 = Z)e [ LETZ) o 1))

:op((%)*a) with Lemma 1, A1(2), A2(4),(5), A3 and A4(2).

l
Similarly, we have sup,, ., |E(e|Z1t)| = Op((;l:él) )*%).

Cur < supg, e n(Z0) = 9u(Z0|[ Em(:)]Z) — B(m(z1)|Z30)
:[0p<<"’3nin>c> 5+ O ][0y (ha( ™)~ 4) + O )
O, (h () =%) + ()] by (1)(f) and (2)(c).

Car < 5Dz, 6, |014(Z10) = g1 Z1l[E(m(1)|Z0) = B(m(z1)] Z10)
=10, <<’;%>*%> +O(hT ™[0 (ha (M=) "3) + O(hs'™)

+0,(n (2925 =4) 4 O(h3 )] by (1)(d) and (2)(c)-
Cax = £ 57, [0(Z0) — 1k (Z0)] )| Zi) = B(m(21)| Z10) + Is — 1)

(m(21
=239 Ze) — gk (Z) s + £ 57, [91(Z1) — 91.6(Z0)] s
= Cs1 — Cs2 + Cs3i,
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+l2c

= Oy (ha(ME )71 £ O(R3 1) + Oy (h3 (ML) 4y 4 0, (B (J5) 1)
FO(R ) + Oy (3 (o) ) + O((n2y2)74) + O(hi™)
+O((n?hbe T2 2) =) 4 O(hg ™).

Asin (1) item A3, L3 19k(Z:) — 91,k (Z1)] = Op(1), so we use (2)(e) to obtain

Osak < 5 5 04(Z0) = s (Z0) bz, | B(m(z2)| Ze) = Bm(z1)|Z) + 1o = L

l1c+loe lictlac

= Op(ha(™2 )71 O(RZ 1) + O, (b5 T (Phae ) =4) 4 O,y (o))

FO(RE™) + Op(hi ™ (585) ).

in(n)
91(Zt) — g1 (Ze) o 21 — ZF
Chak = e ua i = pop 5 KT, = Z5)Im(Zas) = m(Zu)
V(Zi,Z+t)

- ﬁ Doz 2231V (Zis Zy) + Y ( 2y, Zi)] = ﬁ Dotpi 20 D(Zis Zy).

Let’s define E¢(Z:, Z0) = [ ¢(Zi, Z0)f(Z:)dZ: + [ $(Zi, Ze) f(Z2)dZ, — ES(Zi, Z4), and B(Z;, Zy) =
&Zi, Zy) — E¢(Z;, Zy). Note ®(Z;, Zy) is symmetric and has conditional mean zero by construction.
E¢(Z;, Zt) is the U-statistics projection.

Csa = 2hzlc i S/ @(Zs, Zy) + E$(Zi, Zy)). By ¢, inequality

EC?%% < hzlc [ (Zt<i Z (I)(Zia Zt)) + E(Zt<i Zl E¢(Zia Zt>)2]
= (Cszak + C32pk)-

4h2llc
If t,4,¢,i" are different, Caoar = Dy D25 D0 D oir teiyicis E®(Ziy, Zt)®(Zir, Zyr) = 0, since the condi-
tional mean of ®(Z;, Z) is zero.
If only three of the four indices in the sum are different, for example, ¢,7, ¢ are different, C3o.x =
D2 Zt/,t<z‘,t/<t E®(Zi, 2)®(Zi, Zv) = 0.
If only two of the four indices in the sum are different,
Cs2ak = D4 D it<i E®*(Z;, Zy) = n(nzil)E‘I)Q(Zi, Zy).
E®%(Z;, Z,) = El¢(Zi, Zy) — [ §(Zi, Z0) [(Z:)dZ; — [ §(Zi, Zy) f(Zi)dZy + EG(Z;i, Zy))?
< ¢ |[E¢*(Z;i, Zy) + 3ff¢2(Zl-,Zt)f(Zi)f(Zt)dZidZt], by ¢, inequality and Cauchy-Schwartz in-
equality,
E¢*(Z;, Zy) < 2|EV%(Z;, Z;) + E\IJQ(Zt, )] by ¢, inequality again,

BV (23, %) = B2 SR I (BBl (2], = 24 m(Z1s) = m( 21

< hlllc ZZf f (gk(Zt}f(nglS(Zt)) Kl (0, )[3m(Z1t* Z“)h W, ]

X f1(Z5, + h;, Z&) [(Z,)dV,dZ5,dZ5, = O(hllc+2), by A2(1), (2),(7), A3 and A4(1), for Z§,,
between Z§, and Z§;. So E¢?(Z;, Z;) = O(hl;c“‘).
Since Z!s are TID by A1(1), [ [ ¢*(Zi, Z:) f(Z:) f(Z)dZ:dZ; = E¢*(Zi, Zi) = O(h'rT?).
In all, we have Czoqx = 0( 2hllc+2).

Caopr = 4E[Zt Zz < E(b(Zl, Zt)] = 4[Zt Zi,t<i E(E(b(?“ Zt))2
T2 2w 2o 2o w<ir (i) in) BIED(Zi, Z0))(EQ(Zir, Z))]
= 4[Cs2p1% + C32p2]

Caonik =y iy B 0(Zi, Z0) f(Z:)dZ; + [ ¢(Zi, Z4) [(Z1)dZy — ES(Zi, Z4))?
< en?(E([ ¢(Zi, Zo) f(Z:)dZ:)* + E([ ¢(Zi, Zy) f(Ze)dZy)? + E*$(Zs, Zy))
= n?2E([ ¢(Zi, Zy) f(Z:)dZ:)* + E*$(Zi, Zy))

[ (Zi, 20) [(Z:)dZ; = [ 0(Zi, Z) [(Z:)dZ; + [ 9(Zs, Zi) f(Z:)dZ;

MO(MIC“H) + O(hkeT=F1) it follows from results below.
1(Z1¢)

e 9k (Zt Zy)
WU 2 S, = W K ) 55 ) 282
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X(F1Z10) + Einim g f1(Za) = + Zw_s oty f1(Zfe, 24,) P av

]

+ K1 () 5 2 (g U Zse, 280) — eyl Zae) S (25, + by, 24,)d )
= %O(hlh“*l) by A2(1), (7) and A3 using similar arguments as in (1)(c).
[ (Z, Z:) f(Z;)dZ;
— hlllc ZZgi f[gk(th7Z2i)7gl,K(th) + Zrﬂfl 8(32)] 9:(Z1¢,Z2:)— g1,k (Z12) (—h1 ;)7

f1(Z1) f1(Z1) 3!
+3 ( & 9254280 Z2) — 1k (Z5a,28y) 97 gr(Zae.Zai)— gl,K(th))(*hl‘Pi)j]
lil=s\o(Zt,)? f1(25,..21,) a(Z3,) f1(Z1e) 3!

X[ i1 B0 <Zu>—< M Y s Gy (Zf s Z8) — rgeymm(Zu) ]
h1¥;
XKy (Vi) [f(Z1e, Zai) + Z|z| 1 a(zc (24, zi, Z2z)7( el

c hi1¥; cts
+Z|l|:s B(Z—ft)lf(zlt*a tha 221)( 1 x ]d\IJ dZ21 O(h’lll * +1)'
Above results are obtained using

. Z1t,29i)— Z1t s ™
() X J 505 ”[z|m| L a2 S
XK (‘Piﬂf(zlta Z2z) + Z|l| 1 a(zc ) f(tha tha Z2z)w
+ 3 ms T (Ffer 2, Z0i) EE a0 Z5, = O(hH) wsing A2(2),(4),(5),(7), A3 and A4(1).
.. Z14,22i)— Z1t c m - o™
(i) 3o 5 [ 2tnZe) ol ’[z|m|:s<Wm<zm, 28) = sedem(Zu)) )]
X (W) (25, — haWi, 2§, Zo:)dWidZ5; = O(hi™!) by A2(2), (4), (5 )( ),A3, and A4(1).
s J Z1t,22i Z1t h \I/ J h ¥,
(i) sz lejl ) 8(313)] 91 (Z1 ji()Zli])l K (Z11) (=ha¥y) [Z|m| ) B(ZC . m(Zy, )u]
><Kvl (‘IJi)[f(tha Z21) + Z|z| 1 a(zc ) f(tha tha Z2l)w
+ s 7ea [ (Z51er 2, Zo) L dWidZ5, = O(hi+?) using A2, A3 and A4(1).
; s i Z14,221) =91, 1 (Z14) (—Ph1 ¥s)’
(iv) Zzgime:l 8(3@)7' gx(Z1 fi()Zli])l k(Z14) ( ;_! )
m c m —hy W)™ c c
X3 s (BT MU L s Z8) =iy U Z10)) ST ) Ky (W) (25, =P W3, 28, Z3:)dWd 2,
= O(h5™2).
(v) > 44 fz|j|_s (gi E 96(Z25,0,28,,Z20) a1 k (Z5,.,28) 99 gk(th7Z2i)*gl,K(th))(7hlkpi)j]

fl(thwat) (Z t)] fl(th) j!
x(m(Z1e) = m(Z5, — bV, ZE) K1 (03) f(Z5, — Vs, 28, Zoi)dV;dZ5; = O(h7H).

B(J 6(Zi, 2) f(Z)dZ:)? < 2B ([ (2, 2) f(Z)dZ:)? + B[ W(Zy, 2:)f(Z:)dZ:)?]

_ 2E(gk(z})l(gil)<(zt )20(h 2(zlc+s+1)) +0(h f(llc+s+1)) — O(h?(llﬁsﬂ)) by A4(1).

E20(Zs, Z0) = [ [ 6(Zs, Z0) F(Z:)dZ: f(Z4)dZi)? = O(h3 et
So Csop1k = O(n2h?(llc+s+l)).

If ¢,4,t',4" are all different,
Csopor < n4E[f AN Zi, Z4) [(Z:)dZ; + [ ¢(Zy, Z;) [(Z;)dZ; — E($(Zi, Zy)))
f &(Zir, Zo) f(Zi)dZis + [ $(Zur, Zir) (Lo )dzﬂ — E(¢(Zir, Z1r)))]
= f¢ Zu Zt)f(Zz) Z’L (f ¢(Z1 ;Zt/>f(Z1 ) )
+2Ef¢ZlaZt)f(Z> Z’L (f(bZz;Zt/ ( ) )
+E f¢ (Zv, Z;) [(Zi)dZ;)( f¢( vy Zir) [(Zir)dZy )— 3E2(1¢(Zi/;zt/>)]
E(f ¢( ZuZt) (Z:)dZ;)*E( f¢ Zz s Zy) [(Zir)dZ )2]15
f¢ ZuZt)f(Z) 2E(f¢ Zz aZt/)f( 14 )le ) JE
f¢ Zy, Z;) [(Z:)dZ;) 2E ([ ¢(Zv, Zi) f(Zir)dZir)?) 7 — BE*($(Zir, Zur))}
= O(n4hf(llc+s+1)) by Cauchy-Schwartz inequality.
3h?(llc+s+l))

IN

If only three indices, say, t, ¢, t" are different, Csapor, = O(n . If there are only two distinct
indices, t < i, then Cagpar = O(n2h2 T So in all we have Csapar = O(nth2" < ™) and
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Csopk = O(n4h]?(llc+5+l))'

Since E?Cs2k < - (Ca2ak + Ca2ek) = O((n2hl==2)"1) + 0(h2**Y) 50
VnCsar = Op((nhl<72)=%) + 0, (nh2* V) 3) = 0,(1).

Casp = m Zt# Zl gk(Zt)j(Hle((th)K (Zhh Zis Zzlh Z2t)I(Zd Zd)[ (Zli) _ m(th)]. With

assumption A2 that g1 ,(Z1t), f(Z1), gk(Z:) and m(Zy4) are s1 times continuously differentiable with
the s1th order derivative uniformly continuous, with uniformly bounded derivatives, we similarly
obtain

E2Clgr. = O((n?hge™272)71) + O(h5 ), so

VACigi = Op((nhie 2 =2)=%) + O,(nh5 ) #) = 0,(1).

Cur < sy, 9:(Z1) = 9k(Z)|| E(e| Zy) - §<e|zu>|
= [0p(“ =) %) + O(hg ™[O0 (Miy—) #) + 0 ((M )7 %)) with (1)(f) and (2)(f).

o < 30z, 11,6 0) = 914 Z0)|[B(e| Z) — Bl 210)
= [Ou((2)~4) 1+ O(h [Op((Mei ™)) 4 Op()=4)] with (1)(d) and (2)(F).

Cor = £ Sulon(20) — g1 1210 B(e|20) — Elel 210)]
= F il ) — g (2N SEEEE + )

n Z5,—Z5, Z5,—25,
Xt Sy Ko B, B2 1(20 = 7]

1(Z14)—f1(Z1e VAT AR _
BB & e S K (B2, = 7))
2

= 52 L 2ilon(2e) = 9102 5z e Ko(BiZie Bty [(74 = Z)e;
_mh#m(zf%fﬁ)f(zﬂ = Z%)e; H{1 + 0,(1)} where S; = (Z;, ¢;), with (1)(a), (b), and A2(2)
and (5),

= 2 20 22 U(Si, SO{L 4 0p(1)} = g5 324 20 (W(Si, i) + P(Sy, Si){1 + 0p(1)}

= 5is > 3 6(Si, S ){1+ 0p(1)}, where ¢(S;, S;) is symmetric,

= [# 220 05, Se) + # Do Zi,t<i P(Si, Se)[{1 +0p(1)}

= [Cﬁlk + CﬁQk]{l + Op(l)}.

2 _ _ 2 cer _ cer 2
E6*(Sr. 5) = Elge(Ze) = a1 (Z00) (et — i)

= O(hy 2Bty 4 O(h7 %), by Ad(1) and (3).

S0 Clric = Oy ((nhg=12)71) + Oy (ki) 1)

Cear, = n2 Zt Zz Jt<i [ (Sia St) E¢(Sza St)] "‘nz Z Zz t<i (Su St)
P(S;,St)

= Cs21k + Co22k

where E¢(Si, St) = E(6(Si, St)|S)+E(¢(Si, 51)[Si) = Ed(Si, Si) = E($(S:, 5:)|St) +E(6(Si, 5t)|5i)
since E¢(S;, S¢) = 0.

E0622lk = %E(Zt Zi,t<i (I)(Sia St))2 = ﬁ Zt Zi,t<i Zt/ Zi/,t/<i/ E(I)(Sia St)fl)(Si/, St/)-

If ¢,i, ¢, are all different, ECgy;, = 0.

If only three of the four indices in the sum are different, EC3,,, = 0.

If only two of the four indices in the sum are different,

EC6221k = % Zt Zi,t<z‘ E(I)2(Sia St) = #@EQ)Q(SM St)-
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Since E(I)2(S“ St) = E((b(S“ St) — E((b(Sl, St)|St) — E((b(Sl, St)|81))2 S CE¢2(81‘, St),
Ed*(S:, Sp) < c[EV(S:, Sp) + EV2(Sy, Si)] = 2¢EV3(S;, Sy).

EW3(S;,8,) < c[BZdgnho) Kz(Zfz;Zsz#%)I(Zd Zi)e?

2(llc+12c)j2(Z )

Zs Z1t it =
_|_E(gk( 21)161531(’}( t; )’ Kl( 1 T )I(Zu = Zg)ei]

by A4(3), E(¢2|Zs, Z;) < oo, and also by A4(1), A3, A2(2) and (5),
B¢ (Si,5) = O(hy ")) + O(h"), s0 ECEyy = O(n=2(hy ™) + hy')) and Cooni =

(1ctlae) Ue

O(nil(h2 : +h1 *)).

VCoazk = iz 3y >0 1o [E (9 (SuSt)ISt)+E(¢(5u5t)|5)]
- \/_n2 Z 21 RE2) ( (S“St>|8t) ==l Zt 1 Stn =n-l Zt 1Stn, where

Z;)— Z1i 25, -7, 7§, —=z5,
S =@ fg’“&clzi;j(;j)’ffz( ot BB (2] = Z))1.(Z)dz
Z1i th*ZCi —

- [ s ) gy (B (7, = 74).(20)aZ,

Note tha~t S’m forms am independent triangular array, ES’M =0, and
i1 ESE, = V(Sin) = Eo*(Z)gx(Z1) — Ez,1 2, (9%(Z1e, Z20)))? + o(1).
| gtn |2~‘r5
(. BSZ, )2
= d

§ >0, we have Y, St, = N(0, Ec*(Z,)[gr(Z:) — Ez,12.. (9r(Z1s, Z2i))]?).

n Sim & 18 _8
Si Bl P = (2, B82) 1 i RS,
E|St |2+6

Z; Z1; —Z¢, ZS,—25,
< e BIE(a**?|2)| | Bfanl s 2O K (P P, BB 1(Z) = 20) f.(Z)dZif )

B (Zi) (Z14) 2y~ 2y, - B
BB (e 2012,)| | 2B s e, (2 iy 174, = 7)1.(2)a2+9)
Since E(|e|?79)Z;) < oo by A4(3), and

Zi — zZ i Z‘:th‘:i VA t*Z i
| [ Ui g i it (7 = 2012z

— Elgi(Z) — g1, k(th)|2+5 < 2EXt2;g5, and similarly,

Z; Zyi Z5,— 25,
E|f (gk(llc)jg(lzk() 1i )K ( lh 1i )I(th — Zﬂ)fz( i)de’|2+6
- E|EZ2i|th (gk(th; Z2i) - glyk(th)|2+5 =0,

S0 in all we have B[Sy [** < oo and limy oo 7y Bl —Sar |+ = 0.

By Liapounov’s Central Limit Theorem, provided lim, .. > 1, F = 0 for some

ha

Finally with Cramer-Rao device, we obtain

VnCs %5 N (0, ®o).

Theorem 3: Proof.

Let’s define the infeasible estimator

B = (W'QYZ)W) "' W'Q~YZ,)(E(Y|Z)—E(Y|Z,)), where the true 62(Zy,) is known in Q=1 (Z,).
In the following we show

(1) V(8" = B) > N0, (B WiW) ™).

~ nhile _1 s _1
(2) supz,,eq, 162(Z1r) = 02 (Z10)] = Op((Gatsy) %) + Op(h™) + 0p(n "),
Result (2) might be of use by itself. Here repeated use of (2) enables us to obtain

(3) Va(s" = 57) = o,(1).

The conclusion of Theorem 3 follows from (1) and (3).
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(B =8 =[FWQHZ)W) ™ — (Emggy WiW) ™! + (B gy Wi W) Y]
x %W/Q*%Z])(E(Yﬁ) — E(Y|Z)))

c
(a) The (i, j)th element of %W’Qfl(zﬂﬂﬁ/)*l is

% Z?:l th,th J
= 22 e 9i(Z) = 9i(Z0))[95(Ze) — 95(Z4)]
+5 2 gz(lzlt) [9:(Ze) — 9i(Z4)][91.5(Z12) — 91,5(Z1e)]
o 2 gz(zl 7z 9i(Ze) = 9:(Z0)9i(Ze) — 91.5(Z14))]
+1 Zt 02(Z1t) [91 1(th) g1 1(th)][AJ( ) gj(Zt)]
+% 2t gz(zu) [91.:(Z1¢) — 91.i(Z1e))91,5(Z1e) — 91,5(Z1e)]
+r 2 gz(zu) [91.1(Z1¢) — 91.4(Z0)]195(Z1) — 91,5(Z14)]
+% Zt 02(Z1t) [91( — 01 1(th)][AJ(Zt) gj (Zt)]
+% 2 gz(zu) [9:(Z1) — 91.4(Z10))91,5(Z11) — §1,5(Z14)]
2 gz(zu) [9:(Z1) = 91.4(Z10))95(Ze) — 91,5(Z10)]
= Al + Ao+ -+ Ay

Since Zy; is iid, %Zt 62(1th) LN Egg(lzlt) < o0 by A6(1), we follow the proof of Theorem 1 to obtain
Aizop(l)ai: 15 585

Ag— FE Zy) — q1,i(Z1)l9i(Z1) — g1,;(Z11)] = 0p(1),

1
m[gi(
provided Em[gi(Zt) —91,i(Z1))l9;(Zt) — g1,;(Z14)] < o0, which is true given A6(1) and A4(1).
So together we have %W’Q YZ)W — EUQ(Z )Wt’Wt = 0p(1). By A6(2) and Slutsky’ Theorem,
EWQHZ)W) ™ = (B ggs W/Wi) ™! = 0p(1).

(b) Similarly, for k =1,2,---, K, the kth element of C is

Crh= 7% th,k(E(m(ﬁ)IZt) E(m m(21)|Z) + E(e|Z) — E(e| Zu1))
7 2t 72y [06(Z0) = ok (Z0)][E(m(=1)| Z1) — E(m(21)| Z1)]

+a 2 7z 90 k(Z1) = Guk(Za)| (m(21)|Z0) — E(m(21)| Z1)]

+a 2 7z 96 (Z0) — gL(Zu)[B(m(z1)| Z1) — E(m(=1)|Z1)]
o 24 sz 0k(Ze) — gr(Z0)IE(el Z:) — (IZu)]
[
[

i St srigy 1 a(Zae) — G1u(Z1))[E (el Ze) — (el Z1))
+i 2 gz(lzlt) 91(Zt) — 91.6(Z1)][E (e Z1) — E(e| Z11)]
= Cig+Coy+ -+ Cox
Since 137, % i Em < oo, we follow proof of Theorem 1 to obtain Cj, = op(n*%) for
1 =1,2,3,4,5 with the additional assumption A6(1).
Cor = # DI [gk(Zt)*gl,k(th)]{f(th) hl21c1+lzc K2(Zfih*th, Zé:ih;zgt)j(zid — th)fi

02(Z1+) 2
~ ity e B (B2, = 2 )1 + 0,(1)}
where S; = (Zl-, €;), with (1)(a), (b), and A2(2) and (5),
= 77 200 2 V(S S){1 + 0,(1)} = 577 35, 3 6(Si, S){1 + 0p(1)},
where ¢(S;, Sy) = U(S;, St) + ¥(S:, S;) is symmetric,
= [# > A(5e, 51) + # Dot Zi,t<i ¢(Si, St){1 + 0, (1)}
= [Cﬁlk + CﬁQk]{l + Op(l)}.
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Co1r = Op((nhbet2)=1) 4+ 0, ((nh')~') as in Theorem 1 by A4(1) and (3) and A6(1).

CGQk = n2 Zt Z’L t<i [ (Sla St) - E¢(Sla St)] +# Zt Zi,t<i E¢(Sla St)
P(S;,St)

= Cs21k + Co22k
where E¢(S;, Si) = E(6(S;i, S1)|St) + E(¢(S:, S1)|S;) since E¢(S;, Sp) =0

(ictlae)

L c
Cea1r =0 t(hy = + A=) as in Theorem 1 with A6(1).
2 1

VCoeok = \Vlisz 2oy 2o i E(0(Si, S1)[Se) + E(¢(Si, St)|Si)] i
= Var 2y D B(B(Si, S)ISe) = 251 320y = Sm = 25t 301, Sen, where

Z, Z1; 28,28, 78, —25 _
Stn = il [ A I Ko (PP, BB (2 = 2 f.(21)dz

Z; Z1; A _
- [l O (L2, = 24)1.(2:)d2)

Note that Sy, forms am independent triangular array, ES;, =0, and

(Zi — 5 zZ i Z‘:th‘:i VA t*Z i
[ e ) gy (2P Bt 171 = 70) . (Z0)dZ

— % uniformly VZ; € G with A2(3) and (6) and A6(1),

Z; Z1i AT AT
J e D i (B B 12, = 245)1-(Z:)dZ

Egk(Z“ fﬁ’()zlf; ) uniformly VZ;; € G with A2(3) and (6) and A6(1),

n a t)— t 2
Yy BS2, = V(Si,) = BleZge @l 4 o),

By Liapounov’s Central Limit Theorem, provided lim, . > ;- E|(25+;2)|2+6 = 0 for some
2
§ >0, we haYe >, Sin <, N(0, E—[g’“(zt(),;(gzl’l’gzlt)]z).
n Stn &2 \—1-8 3
St Bl P40 = (3, B,) 1 4E)8,2,
E|Sin|?*°

Zi — zZ i Z‘:th‘:i VA + 4 i
< {BIE(a*"|20)| | pte et s Ko (PP, B2 (2] = Z9) 1.(2:)dZi )

Z, Z1, Z¢,—-7¢, _
HEE(e*7120)| [ e Z O (BB 12, = 28) 1.(2:)dZiP )}
Since E( ) < oo by A4(3), and

Zi — zZ i Z%*ZCI VA +—Z9;
Bl | S s Ko Bt B (2] = 2 .(2dzi

- E|—g"(zfy2(?lt")(z“) |2+9 < 2EXt2;g5, and similarly,

Z; Z1; Z8,— 75,
B [ s G g (2171, = 24) 1.(2)dZi

— E|Bzy (2L 240 — g,

02(Z1t) B
So in all we have E|S;,|**? < oo and lim,, o0 > 5 E|—22——|2%9 = 0.
- (3, ESE)E
Finally with Cramer-Rao device, for Cs = [Ce1, Coa, - - ,CGK] , we obtain
d
C N, E———W/W,
v/nCg = N(0, 2z t)-

So combine results in (a) and (b), we obtain the claim in (1).
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(2) (a) We first note since § — 8 = O,(n"3),

€ =m(Z1) — E(m(21)|Z1) + e — E(e| Z1y) + (Xe — E(X|th))(5l— B3)
= m(Zu) — E(m(z1)|Z1) + & — E(€| Z1t) + (X — E(X|Z14))Op(n™73)

Since X; — BE(X|Z1,) = X; — B(X|Z1,) + E(X|Z1;) — E(X|Z1t) = X — E(X|Z1t) + 0,(1) uniformly
in Z14 € G1, so consider the kth element in X — E(X|Z14), which is Xy — E(Xg|Z1),

E(Xy — E(Xy|Z1)| Z11)

- Zt*t Z1¢ n Zci*ZCt —
= GRS+ mm)mie T K (BRI = 2) (X = 914(210)

= Op((%)*%) + O(h3*!) as in Theorem 1, (1)(a) and (c).

Similarly E((Xy — E(X#|Z1))%| Z1¢)
= lop(1) + Frty ) e S K (B 12, = 24) (X2 = 2010014 Z00) + 67 4(Z10)),
with assumption A6( ) we apply Lemma 1 and notice
zlc Sy Ky (B0 [z = Z3) (X2, — 25001 6(Z01) + 92 (Z12)
— fl(Zlo)[ (X2 Z1o) — gik(Zlo)] < oo uniformly V719 € G;.
So we have E(Xy, — E(Xy|Z1)?Z1;) = Op(1) uniformly in Z;,. We obtain

D& = (m(Ze) — E(m(21)|Z21)) + (e — E(e|Z11))? + 0p(n~ )

2(m(Z1,) — Blm(z)| Zi0) e — E(e|Zu) + 2(m(Zur) — E(m(1)|Z11))0yn )
+2(es — E(€| 211))Op(n~7)
From result ?(b) and (f) in Theorem }proof7 we l}ave 2(m(Zv)— } E(m(z )|Zlf))0p(n7%)A: op(n*%),
(m(Zw) — E(m(21)|Z10))? = 0p(n™2), 2(er — E(€]Z14))Op(n" %) = 0p(n~ %), and [{E(e|Z1:)]* =

)
Op((%)fl) = op(nf%) uniformly in Zy;. So
() &°(Zw) = B(&|Zu)
Zl'Lith — [
= oo + ozl e Xin Kn(Fo ) 1(28; = Zi{e} - 26 (| Z1) + ({E(el Z1,)]?

+ 2(m(Zy) - E(m (Zl)lZu))(z (Ile))}+0p(n ?)

1 78 — 7¢
= [010(1) + fl(lth) hllc ZKI IT”)I(ZM th)

1
l I
_1 nhiley_1 s
+  op(n 2)"'010((1"(")) 2)+O;D(h1+l)

since —4— S| K (L Zie)1(Z{, = 24, )|ei] = O,(1) with A6(1) and (2).
1

l\)|>—‘

lic
(d) With A6(3) and A4(4), we apply Lemma 1 to obtain supy ,cq, [ — EI| = Op((;l:(i)) ). With

a change of variable and using A6(1) and A2(1),
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EI = [ K:(W)o*(Z; + hath, Z{) [1(Z5, + ha, 28, )dy)

h\]\\I}]
= le \IJ 0’2(th) +Z|J|:1 B(th)] (th)
nl ‘xp

h‘”\I/l

+ Dy apy o (Zin 24 — wiigyo AN A + Vs hi(Z) My
+ Y gy i (Ziex 28) - a(g—i)lfl(zu))h” ]d\p

= 0*(Zu) f1(Zu) +0? (th>2m oo 2(Z,,) fK V0w

+ (th)Zm K0 B(ZC )lfl(th* Zd) — e )lfl(th))h‘ Iyt I

+ il 18(ZC )7 Q(th) f1 (Z1t) le ‘I!Jd\IJ

+ X 18(Z t)] (Z”>ha‘“(zlll 1 a(zc )lfl(th 5 le YUt qw)

+ Yl a(Zc 77 (th) 7 (Zm_s h;‘ [ K, (¥ Wfl(zlt* Zi) — E)(g—;)lfl(zlt))\llfrld\p)
+ fl(th)Zm s J| le (Zc 7o o2(Z8x, Z8,) — (ZC o 02(Z1)) W A

+ Dijies Zii= 7777, >lf1(th>hz‘|‘h;‘ K () (55702 (25, 28,) — ey 0%(Z00) WO H AW
+ Ty s hy‘" K () (5 1251, 24) = 5y 1(Ze)

X (a(gi 70 o (Z5x, Z4,) — 8(31 7o 02(Z1,)) Wit dw

02(Z1) f1(Z1;) + O(hsth), with the additional assumption A6(1).

The claim in (2) follows from (a)-(d).

— ~ ~

= VA{[WQ Y (Z)W) L — (WQY(Z) W)WY (Z)(B(Y|Z) - E(Y|Z)))
+ (W Z)W) WY (Zh) - QN Z0(EY|Z) - E(Y|Z)))}

So we show . S o o

(@) (GWQHZ)W)™! = (GW'QHZ)W) ™! = 0p(1).

(b) VAEWQTN(Z1) - QU ZO)NE(Y|Z) - E(Y|Z1)) = 0p(1).
Since in (1) we have /aiW'Q~Y(Z,)(E(Y|Z2)~E(Y|Z1)) = Op(1), and with (a) (L W'Q~1(Z)W)~ &
(E%W{Wt)fl, E%W{Wt is positive definite, the claim of (3) follows from (a) and (b).
We first note supy g, |62(1th) 62(1th)|
< [inletGGl (th> 1an1t€G1 (th)] SuletGGl |U (th) -0 (th)|
With result (1) and A6(1), for large n, infz,,cq, 62(Z11) > 0, so

lic
. = Op((Gas)”

)+ Op(hi ™) + 0p(n~ 7).

\/
l\)|>—‘

sup
716Gy 72 o2(Zw) (Zu)

—

(a) Since 1 W Q- (Zl)W LE %Wt’ Wi, which is positive definite, so by Slutsky’s Theorem,
Ewo- v (Zyw)t B (E 62(121 AAUAN
If (a') 2" (Q Y Z ) QHZ1))W = 0y(1), then 2W'QHZ)W 2 Bz W{W; as well, and
(%W QY Z)yw)t & (E 02(2 t)W W;)~! so we have the claim in (a). So we only need to show
(@), ) S
The (i, j)th element in LW/'(Q~1(Z;) — Q71(Z1))W is
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i(Z1e) = 01,(Z1)[91,5(Z1e) — g1,5(Z1e)]
NG5 (Ze) = g1,5(Z11)]

-

~+

) NG5 (Ze) = g4(Zy)]
9i(Zt) — 91,i(Z16)][91,5(Z1¢) — 91,(Z1)]
[(Zt) NG5 (Ze) = 91,5(Z11)]
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MM MMM MMMIMN
N

s deds

e

N e e N e e e e e N e e

14+ A
Since supy,,cq, |% - %| = 0p(1), we follow Theorem 1 (1) to have A; = op(1) for
i=1,---,9. So we have the claim in (a’) and (a).

~ —

- Q2B |Z) - E(Y|2y)) is

~—

(b) The kth element in 2W'[Q~1(Z,
9e(Ze) — gk(Zt)][E(m(flﬂzt) - E(m(Azl)|Z1t)]
91.6(Z1) = G1e(Z1)][E(m(z1)[Ze) — E(m(21)|Z0)]
96(Ze) = g11(Z10)][E(m(z1)| Z,) = E(m(21)|Z10)]
96(Z2) = 9(Z)|[E(e| Ze) = E(e] Z1e)]

91.6(Z11) = Guu(Z10)l[E (€| Z0) — Ee| Z10)]

96(Zt) = g1.6(Z12)][E (€| Z2) — E(e| Z14)]

lic
nhy

With supy,, e, |72 — 370777 = On((fty) ™ %) + Op(hi™) + 0,(n~%), and Theorem 1 proof
(1)(d), (f), (2)(b),(f), we easily have \/nCy = 0,(1), thus we obtain the claim in (b).
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