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Appendix 2: Proof of Lemma 1, Theorems 1 and 3.

Throughout the proof, we use ¢ or C' to denote some fixed constants.
Lemma 1 Define

1 zZ¢ — 22\’ _

where Z;,U; are iid, Z¢ € R, Z% € Rl Kp,(2¢) =
on Rl. If we have
Li. K(.) is bounded with compact support and for Euclidean norm |l.||,

I K(Zh—c), and K(.) is a kernel function defined

WK () = v K (v)| < exclfu—oll, for0<[j| <

Ls. g(u) is a measurable function of u; and E|g(u)|® < oo for s > 2.

Ls. supzer lg(w)|* fz u (2, w)du < 00, f.u(2) < 00, and f. .(2,u) is continuous around z°.
Ly. |w(Zf—2%2)| < 00, V29 € G?, a compact subset of R' | |w(Z¢ — 2 2¢, 2%) —w(ZE — 255 25, 2%)| <
el 2¢ — z]|.

Ls. nhle — co.
Then for z = (2¢,2%) € G = G¢ x G%, 2° € G°, a compact subset of Rl

zeG

n . *%
sup [Sp,j(2) — E(Sn,;(2))| = Op ( - )

Proof. Let’s define

SEOILICEEY (Zf " ) 1(Z8 = 2)g(Uiw(Z5 — 2% 2)(|g(Ui)| < Ba),

where B; < By < --- such that Zfil B;® < oo for some s > 0. Since G° x G? is compact, we
could cover G by a finite number [,, of [, dimensional cubes [ with center 2z, k =1,2,---,1, and
length 7,,. We could choose [,, sufficiently large such that 7, is sufficiently small and each cube I
corresponds to one fixed possible value of z¢, i.e., 2% = zg if z € Ik. Since G is compact, [,k = c,

lc

¢ a constant. Suppose we let [, = (W) then r, = ¢/ l “. Since

sup.e |97 ;(2) — E(SF;(2))]
= Mmari<k<i, SupzelkﬁG|S§ ( ) (SB ( ))
mﬂxlgkglnsupzcelkﬁG|S (Z Zk) SB( k)
+SP i(z1) — ESE i (z1) +ES i (z) — ESB (2% 20
< mari<k<i, Supzcelmc;|5 (Z zh) — SB ( k)l

+mazi<k<i, |SE (1) — ESn, (z1)]

+Maz1<p<i, SUP.eer,na [ ESy ;(2k) — BSY ;(2¢, 2]
= L+L+1;

The lemma is proved if we can show

(1) o = 0D S0 () B (S0 (2))~ (S5 ()~ B(SE, ()] = Ou s (BY) for B = O((2812) ),
Y1 Bt < oo

@)1= 0un((22)"). @) 2= 0((28)). @ 1= 0u.((g2) )

(1) Ip < sup,eq |Sn,(2) — Sﬁj(zﬂ +sup,cq |E(Sn,;(2) — Sﬁj(z)ﬂ = Ip1 + Ip2. We note

[N




101 = sSup
zeG

23wz -2 (B ) 102 = a2 0] > B).

=1

By Chebychev’s inequality, > .o, P(|g(U;)| > B;) < Y02, M < eX 2 B® < oo, by
construction of B; and Ls. By Borel-Cantellis Lemma, P(|g(U;)] > B i.0.) = 0. To see this,

P(lg(U;)| > Bi 4.0.) = lim;_oo P(UX_{w : |g(Un)| > Bm}) < lim;_ Zm ; PHw 1 9T, )| >
B, }) = 0since Y o) P({w: |g(U;)| > B;}) < oc. So Ve > 0, there exists i’ > 0 such that Vi > ¢/,

PUn=idw : [9(Um)[ > Bm}) <€ or P(Ny_i{w : [9(Unm)| < Bm}) > 1 -

So Ym > i, P(|g(Un)| < Bn) > 1 —c¢€ or |g(U, )| < B, for sufficiently large m. Since B; is an
increasing sequence w.p.1, |9(Un)| < By, for m > i and n > m.
When i = {1,2,-- ’} P(lg(U;)| < Bp) > 1 —e€. To see this, Ve > 0, and sufficiently large n,

P(lg(Us)| > By) < E'gg;ﬂ's
all, Ve > 0, and for n sufficiently large, we have I(|g(U;)| > Bn) =0 w.p.1.. So Ip1 =0 a.s..

(Ui)]* < oo and B; is an increasing sequence. So in

e—zc\’ c c
Io = sup.cq | EE(Z — =) (2525 128 = 2g(Usw(Z¢ — 5 2)1(1g(Un)| > B). -
(#, ey, %) = ‘Ifl = (‘Ifﬂ, cee ;\Ijilc); SO Zf = (Zf =+ h\IJﬂ, s ,Zlcc + hqjilc) = ZC + h/\IJ“
gi{ = h'e. By change of variable,

Inp = sup.cq | X ga—sa [ K(W)W [w(h;; 2)g(Ui)I(19(Us)| > Bn)

X fou(2¢ + RV, 24, U AU A, |
¢ [ |K (W)W |dW;sup. i [ g(Ui )| [0 (2, ) (l9(Ui)| > By)dU;
csupzer|g N2 ZUdU1 [ I(lg(Us)| > Bp) f-u, (2, U;)dU; ]t~
[/ 1(l9(U: |>B)fz|U()dU]7§

[ E(I(|g(U3)] > B))'~% = c[P(|g(U3)| > B,)]'~

C[E|gé[i]i)|s]17% S CB}z s

IAIAININIA

where to obtain the first inequality we use L4, the second we use L; and Hélder’s inequality, the
third and fourth we use Lz. The last line above we use Chebychev’s inequality again and Ls.

(2) 187502 2) = S (z)] |
= |nhlc E[Kh(z' —2°) (#) w(Z¢ — zc;zc,zg)

(25— 25) () (26 — =g )12 = Z0)g(UI(g(Us)] < By)|
S

e S (26— =) (Z52) — K2t =) (Z525) Yz — 20220, o)

=1

IN

R (26— 2) (B2 o2 = 20322, ) — w(Z8 — 2 w0l

xX1(Z]! = Zi)g(U)I(19(Ui)| < Bn)

< oS [eMZEU g ze — 2e]|g(Us)] by Ly and Ly,

1=1

since z € I, for some k, ||Z; — 2°|| < cry, and with Ly,

I < e 137 |g(Us)], by Lz and Kolmogorov’s Theorem,
i=1

—Zlg )= Elg(Us)] < oo

[N

_ C( in(n)

1
Tn — C n 1
So I < CRlcFT = Rlotl (ln(n)hlc+2> hle )2 a.s..



[

We could show (4) I3 = O, 5. (ZZJ,SZ))

(3) It is sufficient to show 3 a constant A > 0 and N > 0 such that Ve > 0 and n > N,
1
P((ln(n)) 2 I > A) <€

nhle

similarly.

nhle

S8 ,(21) = BSE; (20)] = 13 iy Wil
= SR - 2 (BE) 12 = eUu(Z - 25 20 1(1g(Uh)] < Ba)
~ - BK(Z¢ = %) (ZiT*Zi)JHZ-d:zz)g(U-) (Z¢ = =53 2)1(9(Us)| < Bl

Since EW;,, = 0, |Win| < 2¢8
Bernstein’s inequality,

—nhlee?
P(|SE ( k) — ESB (zk)| > €,) < 2exp (m)’

where 52 *%Z (Win) = EW2, = I — 13,

Let €, = (ln(n))E A, then P(Iz > e,) < S0, P(ISZ (21) — ESE (21)] = €n).

o~ by Ly and L4, and {W;,};", is an independent sequence, by

c c Zi—zp J _ c c
(2 = 2)(Z525) )12 = 2P (U w(Z¢ = 255202 1(9(Us)] < Ba)]|
. 2
c Zi—zp J c c
[ BR(Z; ) (Z572) 128 = s)g(Usw(Z¢ — 25 2)1(g(Us)]| < By)
Iy = zzg:zg f K(\If)\vzg(m)w(h%; o] < B (5 + s, 24, UL
— cf |K( ‘IJJ|d\IJ f |g |fzu(zk, U;)dU; < oo, with Ly, Lg and Ly.
Similarly hlcI5; = O(1). So 2hl 52 < 0. If Bpe, < 00, then C,, = 2h’52 + %Bnen < 00, then

Cnhlee?
P(ly > €,) < lp2exp (m)

1 2
I —nhle ((M)M) e 52
2 nhlc n
(in(n)) T plet =
le_ A2
Above is true since C,, < oo, if we let A2 > C,(1+1.), then —22 21 < —2 — —0
(n) S niet B = (n(n)F (nhte)

by L5.

If we let B, = nst for s > 2 and § > 0, then B,e, < oo for sufficiently large s. To see
this, Bpe, = anr‘sA(%)%. By Ls, we could let (nhle)"2 = n=3t9 for 2 > 41 > 0, then
Bpen, = ns 20 A(In(n))z. If we let s > [ —6— 061", then Bpe, — 0.

It is casy to see that for B, = n++0, we easily have S1°°, B'® < co. Furthermore BL™* < n
1
— l 2

hle
Theorem 1: Proof. NoteYV;—E(Y|Zy,) = (X;—E(X|Z1.))B4+m(Z1,)—E(m(21)| Z11)+ei—E(e| Z1y),
so we could write

§= 5= GW )™ = (BWiW) ™" + (BW{w) ™
x LWt~ B(m(=1)| ) + €~ B(el20)),

1
5*5, e}

where m = {m(Z1:)}{_, ( (21)|Z1) = {E(m(21)| Z10) iy, €= {etioy, E(elZ1) = {E(el Z10) ey
Let’s denote E(Xy|Zi) = g1(Zs) and E(Xk|Z1t) = G1.6(Z11), the}l Wt,k = Gk(Z¢) — gx(Ze) +
gl,k(th) — gl,k(zlt) =+ gk( 91,k (th) The (’L,j)th element of %W/X is

t) —
LS WeiXey = 250 Wii(Xey — 45(Ze)) + 2S00 Wi



%Z?:l Wt 1Wt]
= 2 300:(Ze) — 9i(Z0))[95(Ze) — 95(Ze)] + £ D, [5:(Ze) — 9i(Ze)][91,5(Z10) — G1.5(Z11)]
+2 3 700:(Ze) — 9i(Zo)][95(Ze) — 91,5 (Z00)] + 5 2il91.4(Z1e) — 91.4(Z100)])[95(Ze) — g5(Ze))]
= 2 M91.4(Z1) — 91.6(Z0))[g1,5(Zre) — 91.5(Z1o)] + = 224 191.6(Z1e) — 91.6(Z10)]l95(Ze) — 91.5(Z4))
= 2 096(Ze) — 91.6(Z00)])[95(Ze) — 95(Ze)] + £ 224M9:(Ze) — 91,0(Z10))[91.5(Z1e) — G1,5(Z1e))]
2 24 M9:(Ze) — 91.6(Z00)])[95(Ze) — 91,5(Z10)]
= A+ Ay 4+ A
L Wi Xey = 95(Z4)) = & 307 Wiilgi(Ze) — 35(Ze) + €51)
= (=)= >,[0:(Z¢) - 0:(Zo))[35(Ze) — g5(Zo)) + L3 01(Ze) — gi(Ze)) e
=316 Z1e) = 91.i(Z1)G5(Ze) — 95(Ze)] + = D2, 91.0(Z1e) — 91.6(Z1e) e
== 30091(Ze) — 91.6(Z1))[95(Ze) — 95(Ze)] + = D2, 19i(Ze) — 91.4(Z11) e
= —A;+ A A4—|—A11—A7—|—A12.

Similarly, for £ = 1,2 , K, the kth element of C' is
Cr= &3 Wir(m (th) E(m(21)|Zu) + & — E(€| Z11))

= 5 uln(Ze) — gr(Ze)][m(Z1e) — E(m(21)|Z11)]
+3 2il91k(Z1e) = g1 Zin))[ml(Z1e) — E(m(21)| Z14))]
+o 20l98(Ze) = g1.6(Z10)][m(Z1e) — E(m(21)| Z11)]
+ir 2ul91(Ze) — g(Ze)][er — E(e| Z11))]
+ 2el91k(Ze) = g1,0(Zue))[ee — E(el Z11))
+ 2il9x(Ze) = g1,6(Z1e)][e0 — E(e| Z1e)]
Cir + Cop + - - - + Cop.

We show below

—~
—_
~—

Ai=o0,(1),i=1,---,8,10,11,12,

A9 = Elgi(Ze) — 91,:(Z11)|[9j(Ze) — 91,5(Z11)] = 0p(1),

so together we have %W’X — EW/W, = 0,(1). By A1(3) and Slutsky’ Theorem, (%W’X)*l -

(EW;W) ™! = 0p(1).

(2) Denote Inz; = (—ZZ(ITC) W2 4 hst Inz = (—l:](lz))lﬂ + h®. We show that
iy

C1 = Op(Inz ¥ Inzy), Co = Op(Inz}), Cap = 0,(n"12), Cuap = 0,(n"/2) + O, (Inz * (—“2%’3)1/2),

nhy

Cste = 0p(n12) + Op(Inz1 + <l"<">>1/2>

For Cg = [Ce1, Co2, - - , Cok]’, v/nChs LA N(0,®g), where P is defined in Theorem 1.

With A5, nh?le — oo, nhfllc — 00, nh* — 0 and nh%sl — 0. It implies that Cix + -+ - + Cs, =

0p(n™12) + O, (In2? + Inz}) = o, (n=1/2).

Combining results in (1) and (2) and using A1(3), we conclude

V(B — B) 5 N0, (EW{W) " &g (EW/W,) 7).

(1) (a) Define fi(z10) = ﬁ;m,(zu — 210). We first show sup,, e, |fi(210) — fi(210)] =
Op(Inz1). We apply Lemma 1 with S, o(210) = fi(z10), so

nhlllc
In(n)

sup | fi(z10) = Efi(z10)] = Op((-=2=)"2).

210€G1

Condition L, is satisfied with A3, Lo is satisfied since g(u) = 1, L3 is true with A2(1) and (2), Ly
is satisfied since w(z) = 1. Since the data are iid in A1(1),



Ef(zlo) f Wlie K ( h 10)f1(Zlm ZlO>dZ1w with ¥; = %Zfo,
= [ K (Y, fl(zlo + hlllll, 24)d¥;, with A2(1)
s h‘] 07 f1(z7g,2 07 f1(z z

= [ Ku(W)[fi(f, o) + Sy B Sl gl 4 5 I 9 (o) gl 1qy,
= f1(z10) —|—O(hi1) uniformly Vz19 € G1 by A3, A2(1) and Dominated Convergence Theorem, where
250, 18 between zf; and Z{;. So sup,, cq, |Ef1(z10) — fi(z10)| = O(hT").

(b) Define f(z0) = —r
with A2(4), (5) and A3.

K1(Z; — zp). Similarly, we obtain sup, cq |f(20) — f.(zo)| = Op(Inz)

&_
It

_ | s1n0(210)  s101(210) _ o & . Z5,—250
(¢) Define Sin(z210) = | " (0 N o (g | WRee S1mi(210) = T EIKH(ZM z10)(ZH)
for j =0,1, and 51n2(210) llc ZKII(ZM — Zuﬂ(%) (Zf’h—:zfo) Let
76 — 25 76 — 2¢
Wl(% z10) = (1 Ozl )S1n (2’10)(1 %)/KH(ZM — 210)-
1 1

Then E(Alz10) = —— ZW (Zh 210 210) A

With (1)(a), we have San(Zlo) = fi(z10) + Op(Inz1). With similar arguments , we have
s1n1(210) = Op(BH)/2 413 ™1) = Oy (A3 ™") and s1na(210) = Op((Z2)1/24h3172) = Op(h3~2)

llc llc

uniformly over the compact set GG1, where the second equalities follow if we choose h; = O(nil/ (251“16)).
So for any y;,

n e e n
— lel( e 210)YF ~ e Z:KH(ZM —210)Y;
P
= - > [Wl(“sz, 210) — jl(Zm)K”(Z“ — z10)|Yi
n
- ZKH(ZM A

0S8R ) — G o1 | 3
nhzc ZKH(ZM - 2’10)(—)191

Then nh%c ZWl(Zf’h—:zfo, Zlo)yi‘< = m ZKII(ZM - Zlo)yr(l + Op(hl)) since
1= 1=1
[(1 021)5173 (210) = (557 01,.)] = [Op(Inz1) Op(ha)] and we expect
=S Ki1(Zy; — Zlo)(zhh—lzm)yf = Op(—rz Yo K11(Z1s — z10)9)).
1=1 1=1

_ Sno(Zo) Snl(Zo) ) _ 1 w L Z;°—2z0°\j s
Define S,,(zo) = Snl( o) sna(zo) | where sp,;(2z0) = nhlcl;KI(Zl 7o) (#5722 ) for j =

c

0,1, and 5n2(Z0) = MLZCZKI(ZI _ZO)(Zi = zq° ) (Z —2z0° ) Let
=1

Zic — ch Zic — ch

W(E—20 20) = (107)8; (70) (1 =2 K1(Zs — 20).

Then E(A|Z0) = hlc ZW( ,Zg)Ai.

With (1)(b), we have sno(z[)) = f(zo) + Op(Ilnz). With similar arguments , we have s,1(2z0) =
Op((Z)1/2 4 ps=1) = 0, (h*~1) and sp2(z0) = Op((2U)1/2 4 p5=2) = O, (h*~2) uniformly over

the compact set G, where the second equality follows if we choose h = O(n~1/(2s+e)),
So for any y7, nh%cl;W(ZiC;zOC ,Z0)Y; = ml;Kz(Zi —20)y; (1 + Op(h)) since




[(10 )S Yzo) — (f(;o) 0;.)] = [0p(Inz) Oy(h)] and we expect
g ;Kl(zi —20) (5520 )y; = Oy L K1(Zi = 20)y).

(d) We show sup,,, e, [91.j(210) — 91 J(Zlo)| = Op(Inzy).
Since X; j = e1ji + 91,;(Z14), let gg 3(2’10) a(zc)/gl i(210), gﬁ) (210) = W{;(‘zf)gu(zlo),
0 J(Zlo) 9 J(Zlo) = E(Xo,5]210) — g1,5(210)
= o ZW (e 210)[ Xy — g1,5(210) — (25, — 20)a1 ) (210)]

(& 2 C (&
m ZKH(ZM — z10)en i + (25, — 20)90 (315, 200 (25 — #50))(1 + Op(hn)),

where 27§ = )\zlo—|—(1 )\)Zfl for some A € (0,1). We apply Lemma 1 and use assumptions A2(1)-(3),
A3, A4(1) to obtain the claimed result in the same fashion as in (1)(a).
() We show sup,c; 5 (70) — g (70)| = Op(In2).
Since X j = eji + g;(Za), let i (20) = 5:%5795(0), 95" (20) = 5oy 95(%0);
gj(Zol — g;(20) = E(Xo,j|20) — 9;(20)
= e S W 50) (X~ g5(20) — (Zi° — 20°)g," (0]

= ey 2 Ki(Zi — 70)[eji + 3(Zi — 20%)g,” (20", 70%) (Zi° — 20)] (1 + Op(h).
i=1
We apply Lemma 1 and use assumptions A2(4)-(6), A3, A4(1) to obtain the claimed result.

Ay = 25°,10:(Ze) — 9:(Z4)][95(Zs) — 9;(Zy)] = Op(Inz?) with result in (e) and A5.

Similarly, we use results in (d) and (e) to show terms Ay, A4 and As are op(1).

As < sup,oeq |9i(20) — 9i(20) |5 20, 195(Ze) — 91,5(Z10)| = 0p(1) 1 30, 195(Ze) — 91,5(Z1e)], since Zy s
iid, by Khinchin’s theorem, L 3" 19;(Z¢) — g1,;(Z14)] 2 Blgj(Ze) — 91.5(Z1t)|, provided E|g;(Zs) —
91,5(Z1)| < oo. Since Elg;(Z¢) — g1,(Z1e)| = E|E(Xy51Z¢) — E(Xy5121)] < 2E(]X¢|) < oo by
assumption A4, Az = 0,(1). Similar arguments show that Ag, A7 and Ag are op(1).

By Khinchin’s theorem, Ag 2 E[gi(Z¢) — g1.:(Z14)][9j(Zt) — 91.5(Z11)], which is the (i, 5)th element
of EWt/Wt, provided E[gl(Zt) — gl,i(th)][gj(Zt) — gl,j(th)] < 0.

Elgi(Z¢) — 91.:(Z10)][95(Ze) — 91.5(Z11)] < Elgi(Z)9i(Ze )|+ E|9i(Ze)91.5(Z10)| + Elg1,(Z11) 95 (Ze )| +
Elg1,i(Z1¢)g1,;(Z11)| < 0o by Cauchy-Schwartz inequality and A4(1).

Since Eleji| = E|X: ; — g;(Zs)| < 00, A1g and A1 are op(1) with similar argument.
Since E(gi(Zt) — g1,i(Zw))eje = 0, E[(9i(Ze) — 91.:(Z1¢))eje] < 00, A1z = Op(n™1/?) = 0, (1).

(2) (a) supg,,cq, |E(m(21)|Z1:) — m(Zy)| = (h2( ))1/2 +hit).
E( (21)|th) m(Z1t)
= o ZW (BZie, 700 [m(Zy:) — m(Zue) — (25, — Z5)m™ (Z1y))]

= ety ;KU(ZM — Zw)5(Z5; — Z5)m® (Z5¢, Z§) (25, - Z5,)
Btz 2 K (Za = Zu)3 (25, = Z5)m® (235, 24,) (75, - 75,))

B etz o Ko = Zu)3 (25, = Zi)m® (215, 24)(Z5; = 25))](1 + Op(h)
= [VFM,(Z1) + hi' DF M, (Z1:)(1 + Op(h1)).
2
m(l)(th) = a(%f),m(th), m(2) (th) = WTR(ZU), and Zi‘tc = )\Zlct + (1 —)\)Zlcl for A S (0, 1)
E.(-) refers to the conditional expectation given Z. The claim is shown with (2)(b) and (c).



) Bz S K2 — Zu) (25, - Z)m® (237 24)(25, - Z40)

= #Z%M) JE()I(Zf; = Z1,) ;1/)1771(2)(2& + Ny, ZE)WL (25, + hathy, Zy)diy

= iy S KWL, = 20 [ S gy g O (), )
(Z10) + S S S ) + X, S SR (1 iy

= s K W) = Z8) (510 % S B (1)) (5 s 2 3252 (1))

0D m(Z1s
+1(Z10) Sy, $1 770 (011 (1+ 0p(1))
= hi'DFM,(Z;) = Op(hi') uniformly over G;.
(¢) supy,,cq, |VFMy(Z1)| = (h2(l"(") )1/2) follows from Lemma 1 and assumption A2(7).

llc

(d) With Lemma 1, A1(2), A2(1)-(3), A3 and A4(2), we have sup,, e, |E(€| Z11)| = op((;l:(i ; )—z).

Cik < SUpg, i |0k(Ze) — g(Ze)| * [m(Z1) — E(m(21)| Z1e)| = Op(Inz * Inz).
Cok < 5Py, e, [91.6(Z1e) — g1u(Zu)| = Im(Z1e) — E(m(z1)| Z10)| = Op(Inz}).

Car = =3, [91(Ze) — 91.6(Z10)|Im(Z14) — E(m(z1)| Z1y)]
= IS Wir(Chy DF M, (Zy) — VFM,(Zy))
= —(Caix + Caai) = 0p(n=1/?).
Note DFM,,(Z1:) depends only on Z;; and is bounded.
EW, . DF My (Zys) = E[E(gs(Zs) — g1.6(Z10)| Z1)) DF My, (Z1)] = 0, and E(W; x DF M, (Z1,))? < o0
by A4, so Cglk = 0,(n~12h5") = 0,(n=1/2).

Wt C C *C C C
Csar = nZ Z;éz e gy (kZ )[Kll(Zli - th)%(zu - th)m(2)(zlt ) th)(Zh- - Z%)
t#£4

~E (K1 (21 = Zu) b (25, = Z5)m 25, 240 (25, - Z5,))
= ?Z Z¢nt1 = 2712 Z Z (wntl + wnlt) = ?Z Z(bntl
t#i t#£i S—— t<i
¢nti

= 52 E(bniilZe) = §Edusi + Op(n™ (Egp,)'?),
where the second to last equality uses the fact that ¢, is symmetric in (Z¢, Z;) and the last equality
uses the H-decomposition for U-statistics with sample size dependent kernel (Theorem 1 in Yao and
Martins-Filho (2013)).

Since E(Wy ;| Z1¢) =0, E¢ini0. E(¢nilZs) = 0 as well.
Wt2 (& (& *C C (&

< CE[WEIEZM)[ 121(Zli - th)(%(zu - th)m(2)(th ) th)(zu - th)/)Q

HE (B (Zvi — Zhe)5(Z5; — Z5)mP) (257, 28,)(25; — Z5,)')°)

= Op(hy"*hi),
50 Czie = Op(n™'hy /2 h3) = 0, (n™1/2).

Car = 3 Lulow(Ze) = gu(Z)ler = B(el Z1)] = 5 Tilon(Ze) — g (Ze)lew + Opllnz + ((5E1)Y?)
= Cur+ Op(lnz (l"("))l/Q)

n K[(Zt Z; ) EtK[(Zt Z; ) 1 (2) d
C = LE E Et— E ——ZiC—ZC Z.*°, 7 Z:¢ — 7.6
Ak EE W f(Ze) s t;é; f(Zy) 3 $g (27 2 +)
PYinti PYanti

= Cuk+ Cazg.
FOHOWiIlg Cng, for ¢1nti = U)lnti + U)lnit; when ¢ 7§ i,



Cuik = 13, E(b1nti|Zs, €1) — 2 Ed1nei + Op(n=H(E¢3,,;)Y?)
= Opln (B 12) = Opln 1h1e/) = op (= 1),

since E(er|Z¢) = 0 and Eexi|Zs) = 0 and E3,,; < CEY3,,, < CE(SAE G202 ) = O(h ) by

assumption A4.
When ¢ =, Cane = S35, 5585 = Op(n ") = op(n ™),
Similarly, for Donti = Yonti + Yonit, when t £ i,

Cuiok = L 3, E(d2ntil Zs, ) — 2Epons; + Op(n~H(E2,,)Y?) = 0,(n=1/2).
Since E(et|Zt) =0, Eponsi = 0. E¢2m < CEY3,,; = O(h™ +4) by assumption A4, so O, (n~ ' (E¢2,,.)/?) =
0p(n~1/2). Furthermore, E(¢anti|Zs, ;) = E(Vonii|Zs, 1) = oy J KW h2¢9(2)(zt +AD, Z ) f (2 +
hap, Zg®)dip = 7750 (h%), E(E(Y2nti|Ze, €)) = 0, E(E(Yanti|Ze, €1))* O(h2s) $0 L5, E(ponti|Z, €) =

Op(n n~2n%) =0 p(1 —1/2). So Cyyon = op(nfl/Q) and Cy1p = op(nfl/Q).

Csk = 13 [91.6(Z1e) — 91.0(Z00)][er — E(e| Z1t)]
= 15000106(Z1) — i1 46(Z10)]er + Opllnz (12l 1/2)
ik + Op(Inzy (12 )1/2)
Csin= — > S UG Zire, oy L(ze, — 75)g ) (Zi¢, Z4) (25, — Z5,))-

(Z1=1 M N (Za)
We follow similar argument as in Cyy, to obtain Cs1y = o,(n~1/2).

Cor = = > [91(Ze) — g1, k(th)]ft — L5 [06(Ze) — 91,1(Z10)] E(€| Z14)] = Co1x — Coai.

Since E(e|th) W ZKH(ZM Z11)€i(1 + Op(h1)), with similar arguments as in Cy11x,

Cear = nzz Z zlcvjt(kz )Kll(Zu — Z11)€ei(1 4+ Op(hr)) = op(nfl/Q).

Cor = 5 Zt Wt,ket. Since E[W; xer] = 0, E[Wyrer] = Eo?(Zy)(gi(Ze) — g1.1(Z11))?, by Central
Limit Theorem (Lindeberg-Lévy), with assumption A4, we have

VnCey, % N(0, Ec*(Ze)WPy,).

Finally with the Cramer-Rao device, we obtain

VnCs % N(0, @).

Theorem 3: Proof.
Let’s define the infeasible estimator A . .
pl=W'Q Y Z)X) "' W'Q~Y(Z)(Y — E(Y|Z1)), where the true 0?(Zy;) is known in Q~(Z).
In the following we show
(1) V(8" = B) > N0, (Bsrry WiW) ™).

~ nhile _1 s _1
(2) supz, e, 162(Z1) = 0(Zu) = Op((5g5y) ™ %) + Opl(hi") + Op(n™?).
Result (2) might be of use by itself. Here repeated use of (2) enables us to obtain

(3) V(B — 1) = o,(1).

The conclusion of Theorem 3 follows from (1) and (3).

W' =8 =[GWNZ)X) " — (B WiWo) ™ + (E
x %W/Q*l(z])(y - E(Y|Z)

02(Z1t)W Wt) ]

c
(a) The (i, j)th element of 2W'Q~1(Z})X is



IZt 102(Z1)Wt1XtJ o
> Zt 1 02(21 )Wt i(Xey — J '(Zt)) + % Z?:l th)th)j-
711215:1 02(th)WtﬂWt,J
= 52wy 9i(Ze) — 9i(Z))[95(Ze) — g;(Ze)]
+1 2 gz(lzlt) (9:(Ze) — 9:(Ze))91.5(Z1e) — G1,5(Z10)]
i S 0620 — Bl [0,(Z) ~ 91,520
++ D gz(zlt) [91,i(Z1¢) — G1,i(Z10)][95(Z¢) — 95 (Zs)]
+ 2 gz(zu) [91.1(Z1¢) — 91.1(Z10)][91.5(Z1e) — G1,5(Z10)]
++ D gz(zlt) [91,i(Z1¢) — G1,:(Z14)1[95(Ze) — 91,5(Z14)]
"’H D 02(th) [9:(Z
"’% Zt gz(zlt) l9:(Z
+3 2 sz 9i(Ze
= Ai+Az+-+ Ay
IV o WX — 95(Ze)) = 2300, ngzu)m i(9y(Ze) = 55(20) + 1)
= (5 Xt 52z 19i(Ze) — 9i(Ze)][95(Ze) — 95(Ze)] + gz(zl ) Z [gz(zt) 9i(Z))ejt
o 2 iz l9ni(Zue) = §1,3(Z10)]195(Ze) — 9;(Ze)] Mz w2 02(Z1t) [91.1(Z10) — §1.4(Ze)] e
— 2 iy 191(Ze) — 91,6(Z1))[95(Ze) — 95(Ze)] + 3 Zt 1z 96(Ze) — 9141(Zue)eje
= A1+ Ao — As+ A — A7 + Aga.
Since Zy; is iid, %Zt 02(1th) 2, Egg(lzlt) < o0 by A6(1), we follow the proof of Theorem 1 to obtain
Ai=op(1),i=1,---,8,10,11,12,

t) — 91,i(Z211)][95(Z¢) — 95(Zy)]
t) — 91,i(Z16)][91,5(Z1¢) — 91,(Z11)]
) = 91,i(Z10)][95(Z¢e) — g1,5(Z14)]

Ay = B l(20) = 0 20l Z0) = 015 (Z00)] = 0, (1),

provided Em[gi(zt) —91,i(Z14))9;(Zs) — g1,;(Z11)] < 00, which is true given A6(1) and A4(1).
So together we have LW/Q~1(Z)X — E%W{Wt = 0p(1). By A6(2) and Slutsky’ Theorem,
(EWra—1(Z)X)"! - (B gy WiWe) ™ = op(1).

(b) Similarly, for k = 1,2,---, K, the kth element of C is
Cr = % Z?:l mwt,k(m(zlt) - E(m(z1)|Z1t) + € — A( |Z1t))
2 3 7z 9k(Ze) = ge(Ze)][m(Z1s) — E(m(z1)|Z10)]
+2 5, w9k (Zu) = §1.u(Zin)l[m(Z1e) — E(mi(z1)| Z1,)]
+a 2 77z 96 (Ze) = 91k(Z10)][m(Zue) — E(m(z1)|Z10)]
o 2t wmrzy 06(Ze) — gr(Ze))[er — E(e| Z1e)]
+5 2 gz(lzlt) [91,6(Z1e) = §1.6(Z00)][e — E (€| Z11)]
FLY, oo (n(Z4) — g1 x(Zan)llee — EelZ)
= Clk+c2k+ -+ Ce;
Since 137, m i Em < oo, we follow proof of Theorem 1 to obtain Cj, = op(n*%) for
1 =1,2,3,4,5 with the additional assumption A6(1).
Cow = 3 2 sz 96(Ze) — g1.6(Zue)lee — 5 32, sopzyl9n(Ze) — 91.0:(Z10)| E (€| Z11)
= Cowx +0p(n"/?)
following similar arguments as in Cgi in Theorem 1. Again.
Co1r = %Zt th,ket. Since E[th,ket] =0, E[th,ket]Q = E%(gk(zt) -
91.k(Z11))?, by Central Limit Theorem (Lindeberg-Lévy), with assumption A6, we have

\/

/—\



Finally with the Cramer-Rao device, for Cs = [Cé1, C62, -+, Cgk|’, we obtain

d 1
Cs — N(0, E———W,W,
Vs = N(0, o2(Zy) )
So combine results in (a) and (b), we obtain the claim in (1).

(2) (a) We first note since B—p3= Op(n*%),

& = m(Zu) = E(m(21)|Z1) + e — E(e| Z10) + (Xi — B(X|Z1,))(8 — B)

&= (m(Zu) — E(m(z1)|Z1))? + (0 — E(e] Z11))? + (X¢ — E(X[Z1))(8 — B))?
+2(m(Z11) — E(m(z1)|Z10)) (e — E(e] Z1)) i
+2(m(Z1t) — E(m(21)|Z1:))(Xe — E(X|Z14))(8 — B)
+2(er — E(e] 214))(Xe — E(X|Z14))(8 — B)

So 62(Zy) = E(2|Zy) = E(I1| Zy) + - - - + E(Ig| Z1y).

E(I1) Zvy)

= e S (PRI, = 2 m(Z) - E(m(zl>|zu>>2<1 +Oyl))

< s fm(Zu) — E(m(a0)| 200 Pl (1+ O Z|K1 A=A 12, = 24,
1i 1
I
We notice that |K7(+)| satisfies the Lipschitz condition given assumption A3. So with assumption
i c
A6(3), we apply Lemma 1 and obtain sup |[;; — El1| = Op(("l}:i )*%).

Z1:€G
ELi — fi(Z1) [ 1K1 (¥)]dy < oo uniformly in Z14 € Gy.
So Ii1 = Op(1) uniformly. With result in (2)(a) in Theorem 1, we conclude

sup |B(11]Z10)] = (Op(h3(L2)=F) + O(h3))? = 0p(n~%) with assumption A5.
Z1:1€G1

E(Is)Zvy)
n ze _ge J J K K R
= [+ Oplh)) g e DIG(REEOI(Z; = 28) 32 3 (Koo = 1al(Z0)
X (Xi ke — G1.6/(Z13)) (B — 61@)[((51@/[( Brr)
= Oy DI+ Oplh) g X 3 e VI (BB 1(24; = 24
x[e1 kie1 ki + (91.6(Z1i) — G1.k (Zu Yer i + (91,6 (Z14) — G100 (Z11)) € ki
+(91,6(Z1i) — 91.6(Z14)) (91, k/(gu) 91,k'(Z14))]
= Op(n H[(1+ Op(hl))fl(zlt)]k;lkglfsl = 0p(n™ N1+ O0p(M)) 7 »

(
I314 = 0p(1) uniformly in Zy, € Gy with result on Ill above and result (1)(d) in Theorem 1.

Z
Is1 < S [(91.6(Z1i = 91.6(Z1)] zl Z|K1 ”)U(Zﬂ = Z{)lewil;
1:.€G1

I3121

]Z Z (I311 + -+ I314].



Since with assumption A2(3),A4(1) and A6(3), we apply Lemma 1 to have sup |I3121] = Op(1).
Z1:€G1

So I312 = 0p(1) uniformly in Zy;, € G. Similarly, I313 = 0p(1) uniformly in Zy, € Gi.
Iy = —i S K (BB (28, = Z4))er pier ws.
=1

Given assumptions A4(1) and A6(3), we have similarly sup |I311] = Op(1).
Z1:t€G1

So in all, we have I3 = Op(1) uniformly in Z;; € G1 and E(I3|Zy) = O,(n™1) uniformly.

E(L|Zu) = [(1+ O0p(h)) k) e ; Ky (B2 (28 = 28)2(m(Zu) — E(m(21)|Z17))
x(€; — E(e| Z1,)).
< [Op(h(H) =) 4 O, (h)][——

inn

1
nhle

43— 4%
Z|K1<T”>|I<Zﬂ = Z{)led) + o0p(n~11%)

Iy
uniformly in Z;; € G with results (2)(a) in Theorem 1. With assumptions A4(2), A4(4) and A6(3),

we apply Lemma 1 to obtain sup |y = Op(1) and sup |E(I4|Zy,)| = (hQ("l]:mC )"2)+0,(h5h).
Z1:€G1 1t€G1

E(13) Z1) = [(1+ Op(h0)) gy e S K1 (P28 (24, = 28)20m(Z00) = E(m{Z11)|21))

X f: (Xik — 01.6(Z10)) (B — Br)

nh 1 s _1
< (O (h?( lnn) ?) + Op(h1")]0p(n"2)
7z — 7¢
Ky (I 1(Z = Z{) | Xie — g1,0(Z0i
X,E{nhgu;' () 128 = Z) X - g1.4(200)
Is1
1 AT A1 .
g ZIK1<T”>|I<Zﬂ = 281 (Z13) — G1.6(Z10)|}
Is2
We obtain easily that sup |Is2| = 0p(1) from result on I;; and sup |Isi1| = O,(1) as argued for
Z1:€Gy R Z1:€G1
term Is121. So we conclude sup |E(I5]Z14)] = op(n*%).

Z1:1€G1
E(Is|Z1) = [(14 Op(l)) g7y ) ZK (B2 1( 24, = Zﬂ)éz@ — B(ei|Z11)
X (X, — 91 k(le))(ﬁk 5 )
Op(n~—2 )kZ [ 2:1|K1(17t)|f(zﬂ- = Z4)el | Xik — g1.1(Z03)]

S z5,-75,
+ sup |91,k(Zu) — 91.6(Z0i)| - lzlc Z|K1(“h711)|f(zﬂ- = Z{,)|eil

IN

Z1,€G1
+ sup [E(e[Z1)]~ zch|K( BB\ (24, = 231 Xi ke — g1.0(Z0)]
Z1,€G1
~ . n Zc-fZCt
+ sup |E(e|Z1;)| sup |91,k(Zli)—gl,k(Zli)|m+h:Z|K1(hh711)|I(Zﬂ-:th)H
Z1.€G1 Z1.€G1 1 =1

= Op(n %)[ler + -+ Iod
It is easy to see that sup |Igs| = 0p(1) as in term Iy;. Similarly we have sup |Ig2| = 0p(1) and
Z1:€G Z1:€G
sup |Is3| = 0p(1) with results on I4; and I3121.
Z1:€Gy



Z1i— 25, - Z1i— 25, —
In< ZIK( =2 = Zi)lell Xl + S 2 K (Z W(Z; = Z1,)leillg1,5(Z1)]

= 1611+1612
With assumption A6(3), E(|e;|2T0| X, 12101 Z1) < [E(je|*T201|Z1) E(| X, 1412 Z13)]2 < oo, so

we use A6(3) and apply Lemma 1 to obtain sup |[lg11] = Op(1).
Z1:€Gy

Igrz < C—r llc Z|K( L lt)|I(Zh = Z{)|ei| = cl1, so we conclude sup |Is12] = Op(1). So
Z1:€G

sup |le1| = p( yand in all sup |E(Is|Z1,)| = Op(nfﬁ).
Z1:€G Z1:€G

With result (2)(d) in Theorem 1, we obtain uniformly for 71, € G,
. 75, _7¢, B .
E(l2|Z1) = [(14Op(h ))jl(zlt)]nhzlc ZKl( (2, = Zf){e} — 2eiE(e| Z1) + (B (| 21))*}

l

= St e LAz, = zf»e +0,((H)4),

(b) So we hAave from above
6%(Zn) = E(& |th)

= [(1+Op( ) fl(th) hllc Z

F 124, = 28) +0, 04+, () H+0, (1),

I
L c
With A6(3) and A4(4), we apply Lemma 1 to obtain supy ,cq, |1 — EI| = Op((;l:(i)) 7). With a
change of variable and using A6(1) and A2(1),

Bl = le( o?(Z, + hay, th)fl(th + ‘h‘ﬂ/’ , Zfy)dp
= JEKi(¥)[0*(Z1) + Z|j|:1 B(th)] o2(Zy,) M de .
Z|J|_sl(a(3c bl 2(Zlct*a th) - B(Z—ft)ja (th>)h Hfl(th) + Z|l| 1 a(zc ) f1(Zve) =

i ¢ l h
Z|l|:sl(a(3ft)l fl(th*a th) - a(gft)l fl(th)) 1 ]dU)
0?(Z14) f1(Z11) + O(h3'), with the additional assumption A6(1).

h‘”’l[)l

- -

The claim in (2) above follows from (a) and (b).

Note E(I;|Z11) = 0p(n~'/?) fori =1,3,5,

E(I|Zy) = WZ L Ki1(Z1i = Zu) (€8 = 26 E(e] Z12)) (1 + 0p(1)) + 0,(n1/?),

Bl 2) = T S Kui(Zai — Zu)2(m(Zus — B(m(z1)| Zui)e; + 0p(n~12),

E(Is| 21,) = T(Z) S0 K11(Z1 — Z1)26 gy e (B — Br) + 0p(n=1/2),
62(Zut) — 0*(Z1t)

_ 1 ¥ o > 20,
- {nhlllcfl(th)’L;Kll(le th)[el a (le)]

1 > 2 2 ¢ ¢ \00%(Z14)
+WZK11(ZM—ZH)[U (Z1i) = 0*(Z1e) = (2, = Z10) ey

ZKH(ZM Z1t)€i ZKH(ZIJ Z1i)€;j

llcfl(Zh)

ZKH(ZM Z1)eihi* DF M, (Zy1;) —

nhllcjl(th)

Z K11(Z1i — Z11)es VF My (Z1;)

nhl“h(Zu) “Ch(z 0=
+m ZKH(ZM Z16)2€; Yopey €1,k (B — Br) Y1+ 0p(1)) + 0p(n71/2)
= {S1(Zu) + —|— Se(Z14)}(1 + 0p(1)) + 0p(n~1/2). We use this alternative expression in (3).}
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- v (20)%) " = (/07120 X)W (Z)(¥ — B(Y|Z)
+ (W (Z)X) "W (Z) - TN (Z))(Y - E(Y[Z1)}
So we show . L o

() (EWQ1(Z)X)" = (A2 (Z)X) ! = 0,(1).

(b) VAEWQTHZ) - QTN (Z0IY - BE(Y|Z1)) = 0p(1).
Since in (1) we have /aiW'Q=Y(Z)(Y — BE(Y|Z1)) = Op(1), and with (a) (2W'Q-1(Z)X)"* %
(EmW{Wt)fl, E 7 WiW, is positive definite, the claim of (3) follows from (a) and (b).

1 1
We first note SUPz..ca, |U2(Z1t) Uz(th)|

< [inletGGl (th> 1an1t€G1 (th)] SuletGGl |6 (th) -0 (th)|'
With result (2) and A6(1), for large n, infz,,cq, 52(Z1;) > 0, so

1 1 nhlte
su — = =
B r=Tr =T LA

l\)|>—‘

)+ Op(hi') + Op(n™ )

(a) Since 2 W Q- (Z X2 E mwg W, which is positive definite, so by Slutsky’s Theorem,
L1 (Znx)t L (B Uz(lzh)wgwt)fl
If (a) 2W'(QY(Z)) — QO NZ))X = 0,(1), then 2W'Q"1(Z)X B EA—W/W, as well, and
p n o (Z )t
L Qo-1(Z)x)t & (EUQ(ZM)W W;)~! so we have the claim in (a). So we only need to show
a’).

The (i, j)th element in LW’ (Q~ (Z ) — QY Z))X is
7} ZZZI Wt’l(ﬂ (1th) &2(1Z1t) JXes 1 £ 1 1 p

= 2 i Weilorzg — )€+ 95(Ze) — 65(Ze)) + 5 220 Weilozmy — so0y) W

- Z?:l Wt,i(g2 (121? - 02(1th) )Wt J

—=

= %Zt[g2(lzlt) gz(zlt)][gz(zt) 9i(Z4¢)1(9;(Z¢) — 9(Zy)]
tu il — e l0i(Ze) — 9i(Ze)][91.5(Z1e) — 91,5(Z1e)]
"’%Z [gz(zlt) &2(th)][gi(zt) (Zt)][ J( t) 91 J(th)]
+% Zt[gz(zlt) &2(1zlt)][91,i(zlt> 91,:(Z1)1195(Ze) — 9(Zy)]
tu il — malloniZu) = 91i(Z1)]l91,5(Z1e) — 91,5(Z1e)]
"’% Zt[gz(lzlt) - &2(1zlt)][91,i(zlt> 91,:(Z10)][95(Ze) — 91,(Z1e)]
+% Zt[gz(lzlt) - (ﬂ(lzlt)][gi(zt) 91,:(Z10)][95(Z¢) — 95(Z¢)]
"’% Zt[gz(lzlt) - &2(1zlt)][gz(z ) = 91,i(Z1)][91,5(Z1¢) — 1,5(Z11)]
"’% Zt[gz(lzlt) (ﬂ(lzlt)][gi(zt) 91,:(Z10)][95(Ze) — 91,5(Z1¢)]

= Ai+---+ A

“"3

§>

Do Wi z(m - gz(lzl ))(ejt +9i(Z¢) — G(Z))
12 Uz(th) e sz 0i(Ze) — 9i(Ze)lej
41
i
41
?

3=3 =

[gz(zu) gz(zu)][gz(zt) 9i(Z4)][9;(Z¢) — g5 (Zs)]

P

2 [gzw gz<Z“>][gu<th> 91,i(Z10))eje
Z[gz(zlt) gz(zlt)][gll(zlt) 91,1(Z10)1195(Z) — 9(Zy)]
P

Y

Jeje

[02(Z1t) 02(Z1t)][gl(zt) 91,i( 21
19;(Z¢) — 9;(Z¢)]

t[U2(th) Uz(th)][gl(Zt) gl,l(th
= Alo—Al + A — Ay + A — Ar.

~— —
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Since supy,,cq, |m — m| = 0p(1), we follow Theorem 1 (1) to have A; = op(1) for
i=1,---,12. So we have the claim in (a’) and (a).

(b) The kth element in 2W/[Q~1(Z,) — QY (Z)|(Y — E(Y|Z))) is

~—

Cr =1 Yot — wwllon(Ze) — 9u(Ze))[m(Z1e) — B(m(=)| Z1,)]
+1 S et — w9 (Zie) — gua(Zilm(Zie) = E(m(z1)| Z10)]
+a Lilezzy — wrz |96(Ze) — 916(Zi)l[m(Z1) — E(m(1)] Z1)]
"‘% Zt[gz(lth) - gz(lzlt ]Wt k€t
+% Zt[g2(zlt) o 02(th)] t kE( 40

= Cu+-+Cs

With supy ,cq, |m - m| = Op(lnz), and Theorem 1 proof (1)(d), (e), (2)(d), we easily
have /nCj, = 0,(1) for i = 1,2, 3,5.
Cu= 1%, [Uz(th) Uz(Ith)][gk(Zt) — 9k(Ze) + 91,6(Z11) — 91.6(Z14) + gk (Ze) — g1,16(Z11)]er
= 1 Ly, [02(th) 62(1th)]Wt k€t + op( n=1/2)
_ 1 Zt 1 11:0 th 6(Z1t Wt,kﬁt + Op( 71/2)
le +oe 4 Dﬁka
where the last three equalities uses the result (2) above and supy ,cq, |m - m| = Op(lnz).

We show below that D; = op(nfl/Q) fori =1,---,6, which implies Cy), = 0,(n"1/2).

Wt k€t
D= iy, 8lZuy . — Azz K1 1(Z1; — Z1,) (€ — 0%(Z1y)) .
¢ 4(Z1) ’ t=1i=1 hl ,fl(th) 4(th)

Ynti
We follow the argument in Cszp, of Theorem 1 to perform H-decomposition to obtain

Dui = 3 32 E(bntilZu, €0) = 3 Ednts + Op(n™ (Ey,)'/?) = Op(n™! (EGT,:)'/?) = Op(n~ hy /%),

. t, kO (Z t) —lie
since E¢? , < CEY? , < %E[W[@ (Zvi — Z1)(E(e} Z13) + 0*(Z13))] = O(hy").

Do, =+ Zt §EE§IZ§Wt,k€t

W, e 1 820,2 Z*C,Zd
= S (- 2 (25— 250 g
—1i=1 h cf1(Z11)o*(Z1r) 2 (1) 0z
Pnti
Similarly, Doy, = + 37, E(¢ntil Zs, €) + Op(n~H(E¢2,,)1/?). E¢2,; = O(hy 21 ) and
E(¢nti|zt; et) = E(d;ntlwzta et) 5 2 4
h2W; et 0202(Z5, +Ah1v1, 22, .
= ij(zlt) f Kl(d’l)%‘/’l (al(;fr)/alz?l . )1/)/1f1(th + hat, th)dwl
_ Wy ket O(hﬁl)
o (Z11) F1(Z1e) -
So E(E(¢ntilZs, 1)) = 0 and E[E($nti|Ze, €)]* = O(hT™), s0 37, E(bnii|Zs, €) = Op(n=/2h3).
So in all, Doy, = 0,(n~'/2).

D3 = £, fig?t)w K€t

Wt ketfiej
= —2x% ’
o Zuzlgzl rhe f1(Zve) f1(Z1i) o4 (Z1e)

Yntij
When t # i # j, let ¢niij = Vntij + Untji + Uity + Ynije + Unjti + Ynjits

pu=is - (5) +(5) ImE T

t<i<j

(25 = Z31)')-

Ki1(Zvi — Z1)Ka1(Z1y — Zhi) -
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t<i<j

1
Up = ( g ) >3 éntij is a third degree U-statistics. We apply Theorem 1 of Yao and Martins-
013) to determine its order of magnitude. Using notations there,

Filho (2

Up = O +Z( )H(J) (Wyy, -+ s wy,), with w = (Z,¢€) ,

where HY = 0,((n o2 )1/%). Here 0, = 0}, = 03, = 0.
03, < CEY2,.. = O(hy?he), s0 HY = 0,(n=3/h7"e) = 0,(n"1/2). So D3y = 0p(n~1/?). We
obtain that Dz, = 0,(n~/2) when t =i = j, t =i, i = j, and t = j easily.

sl n n Wt k€t
Dy = 13,820y, 0= 94D Z 3 K
t o (Z1) 2 — = 1h  £1(Z1) o4 (Z1y)

1(Z1; — Zv)e; DF M (Z15) .

Ynti
We show in a similar fashion that Cy, = (—2h5)0,(n~"1hy /%) = 0,(n~1/2) when t # i and
Cur, = 0p(n~Y2R5") = 0,(n~1/2) when t = i. So Cuy, = 0,(n"1/?).

D5 = & Zt AW, ey

o4 (Z11)
WL Wi kerei K Z1i—Zat c c *C c c
N Z121 > 2llcfi(zlt);f((zll )0422)1 S (2 = 20)(28; = Z5)m @ (217, 28)(28; - 25)
1=1j= B

—E(KH(ZU = D255 = Z)m@ (23, Z8)(Z5; — Z4,)' | Z4))
= 0,(n71/2) can be shown with similar arguments

Dep= =3, fiéiiziwt,ket =23, (B — ﬁk)nthlZ %Kll(zu — Z1)€ier ki

= 0,(n~'/?) with similar arguments.
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