APPENDIX TO: EFFICIENT SEMIPARAMETRIC INSTRUMENTAL VARIABLE ESTIMATION
UNDER CONDITIONAL HETEROSKEDASTICITY

Feng Yao
Department of Economics
West Virginia University

Morgantown, WV 26505 USA
email: feng.yao@mail.wvu.edu

Voice: + 1 304 293 7867
August, 2011

For reviewing convenience only, not intended for publication.

Keywords and Phrases. Instrumental variables, semiparametric regression, efficient estimation.

JEL Classifications. C14, C21



Appendix 2

We first state Lemmas, which is used repeated in the proof below.
Lemma 1 Define

C

7. _ g J .
Sn(s0) ZKh 2 - 25) (0 ) 128 = oV (2 — a5iz0). il =01

where Z;, U; are iid, Z¢ € R Z$ € R Kj(-) = 7-K(3), and K(-) is a kernel function defined
on Rle. Here similar to notatwns in A2(1), j = (u,J2s- s i), Z§ = (Z§1,ZS 5, -+, Z5) ), 25 =
(25,1,26,2> "+ +Zg,,), and Zc%)J = (%)Jl X oo X (Lhza’lc)ﬁc. Let C' denote an arbitrary
real number and C < co. Assume that

Ly. K(-) is bounded with compact support and for Euclidean norm .||,

W K () = v K (v)| < exclfu—wll, for0<[j| <

Lo. g(U;) is a measurable function of U; and E|g(U;)|* < C for s > 2.
Ls. Let G = G¢ x G%, a compact subset of RleTla where G¢ and G¢ are compact subsets of Rl and Rl
respectively. Define the joint density of Z; and U; at (zo,u) as f(zo,u), conditional density of Z; and U;
given U; at Zy = 2o and U; = u as f,,(20). Assume that
sup,.eq J 19(w)]® fzu(2o, u)du < 0o, f.u(z0) < C for all zo , and f...(2o,u) is continuous at z§ for all
Zg.
Ly. w(Z$ — z§; 20) is a function of Z§ — z§ and zo. |w(Z$ — 2§;20)| < C, |w(Z§ — z§; 25, 28) — w(Z§ —
z¢; 28, 28)| < C||z§ — 28 || almost everywhere.
Ls. nhl — 0.

Then for zo = (2§, 23) € G,

1
nhle \ 2
s [55(20) ~ E(S1,z0))| - (( ey ) .
See Yao and Zhang (2010) Lemma 1.

Lemma 2 Define gi(Ze) = E(X, 1| Zs), and g1 x(Z1y) = E(Xi 1| Z1) for k =1,2,--- K. Let Ly, =

l1c lictlac
(nl}:i )75 + hiJrl, Lo, = (nh"’llnn ’ )7% + h;lJrl, and L, = Lip + Loy,. With assumptions A2 and A3, we
have

(1)sup,, cq, |f1(210) fi(z10)] = Op(Lan). infzpeq, fi(z10) > C > 0.
(2)8Up,yc | f(20) — f2(20)| = p(|L2n)- infzoeq f(z0) > C > 0.

(3) sup,, eq, 191,5(210) — 91,5 (210)| = Op(L1n)-
(4) SUP,,ec 195 (20) — gj(20)| = Op(L2n).

(3) 3Pz c6, 1Bm(Z11) Z10) = m( 20| = Ol sy L)=h) o).
N n c 2¢ 1 s
(6) $upz, o |1Em(Z1)|Ze) — m(Z1)| = Op(ha( 2 Z2)=%) + O(hg ).
supz, e | E(m(Z11)|Z) — m(Z11)
—sz@ (Zlh;f“, Zzh;f“) N(Z§ = Z8)[m(Z1;) — m(Z1)]]

nhlietize

nhyletie 2s1+1 s14+1/nhy 1
= Op(ha( Tn(n) )1+ O(hy ) + Op(h3™( In(n) )72).
~ nh lic+
(7) subg, i | B(6r]Zo)] = Op((Men™)=4).
; VA 7Zt Z5,— 75,
supgz, e | E(e|Zy) — 71‘ AT ZK ( bt L K ) 1(Z8 = Zd)e,|

nhltetloe s nh 1c+ 2c 1
= O;D((ﬁlﬁ) 1) =+ Op(h21+1( ln(n) ) é)

~ nhtle 1
(8) supz, e, |E(&| Z11)] = Op (i)™ 2)-
See Theorem 1 in Yao and Zhang for proof.




Lemma 3 With assumption A1-A5, A6(1)(ii), (3), we have

sup [62(Z¢) — 0%(Ze)| = Op(Ln) + Op(n™%).
ZicG

Lemma 3: Proof. ~
(a)We first note since § — = Op(n*%) from Theorem 1 in Yao and Zhang (2010),

& = m(Z1) — E(m(Z10)| Z10) + & — Ee| Z1) + (Xo — E(X4|Z14)) (8 — B)

&= (m(Zu) — E(m(Z11)| Z14))* + (e — (et Z11))* + (X — E(Xe| Z14))(8 — 5))?
2(m(Z1e) — E(m(Z11)| Z1r))(er — E(er] Z11)) )
2(m(th) E(m (th)|th))(Xt E(X4|Z14))(B - B)

+2(e (€t|th))( E(X:|Z1))(B - B)
=L+ -+ I

So 62(Z) = E(2|Z¢) = E(I1|Zg) + - - - + E(I|Zy).

R

We use Lemma 2(2) to have
E(1|Z¢)

' (Ze)— f(Zy =2y Z5,—Z5, o ~
(L) by e 2o Ko(Zi e, B (23t = 28 (m(Z210) = Em(210)|10)?

n

. 1 76— 7¢, 7S — 7§
< su le —Ele Z’L 20 1+;7 K 14 1t, 21 2t IZd Zd.
S (210 = (20| 20 lopV) + ) e MM S e Stz — 22

I1y
We notice that |K3(+)| satisfies the Lipschitz condition given assumption A3(2). We apply Lemma 1 to
Lot
obtain sup |1y — Elyy| = O, (™2 "")=%).
Z1:€G
EIll — fz(Zt) f |K2(¢1i, 1/)21)|d1/)11d¢21 < 0 uniformly iIl Zt c G
So Ii1 = Op(1) uniformly. With result in Lemma 2(5), we conclude
sup |E(I1|Zy)| = (Op(hl("h - )72) + O(h3t1))2 = 0,(n~2) with assumption A5.

inn
1:€G1

E(13|Zy) .
= lop(D) + 7z zmmZK( e, BB 120 = 2) 32 52 (X = 91,0(%10)
X (X pr — gl,k/(le))(ﬁk — 5k)(5k/ — Bk/)

o LN S 0 N (ZRZ Z5ZE (74 — 7d
= Op(n)[op(1) + fz(zt)]kz kZ rhleT2e 2%K2( Fs ' s M(Z§ = Z¢)
=1k’'=1 i=

x(e1,ki + 91.6(Z1i) — 01, k(Zu))(el ki + 915 (Z15) — g1, (Z14))
= O;D(nil)[ (1)+ T (z )]Z Z I3

I3 = hzlc+zzc ZIK (Zhh 2 Zmi;Zzt) (Zd Ay e kier ki + (91,6(21:) — 91,6(Z13))er ki

+(g1, k/(Zu) G916 (Z14))er ki + (91,6(Z13) — G1,6(Z14)) (91,6 (Z13) — G160 (Z13))]
= I311+- + 1314

I311 = llcﬂzc ZK (%, Z;T) (28 = Zd)eq pier ki Given assumption A6(3), we have
E(le1rie1 k/1|2+61|Z) [E(|e1,1:|* 0| Z:) E(|ex, Wil 91 Z)]2 < o0, so we have
sup |Is11 — Fl311] = (("hé’;:% )*‘) Furthermore,
Z.cG
|El311| < zlc+lzc E|K ( » tha ZSI-];Z;)H(Z? =ZNH| Xk — 91.6(Z0:)|| Xi e — 91.00(Z13)] = Op(1) given
result on 111 above and E(|X; 1 X; i/||Z;) < oo with assumption A4(1). So sup |I311] = O,(1).

ZieG



. 1 " Z5, — 75, 25, — 7S
Inz < swp |(910(Zui = 1,6(Z00)| —m | K2 (= it P EE(Z] = Z9)|en il
n 2

716Gy h121c+lzc : ho
I3121
lie+loe
With assumption A2(3) and A6(3), we apply Lemma 1 to have sup |I3121 — Elz121] = Op((nh"’llnn : )*%).
ZieG
Furthermore, Elsio1 < jrters B Ko(Popfe, 22| (2 = Z)[E(Xi||Z0) + l100(Z1)] = O(1)

with result I1; above and assumpmon A4(1). So I312 = 0p(1) uniformly in Zy € G. Similarly, I313 = 0,(1)
uniformly in Z¢ € G.

I314 = 0p(1) uniformly in Z;; € Gy with result on I1; above and Lemma 2(3).

So in all, we have I3; = O,(1) uniformly in Z; € G and E(I3|Zy) = O,(n™1) uniformly.

E(L|Ze) = [0p(1) + £ (Zt)]WZK (¥ ZiZi)[(78 — 7d)

x2(m (Z“z) — E(m (Zu)IZu))( e — B(ei| Z11)).
[0y (ha (55 )’%) +0p(hi™)]

ch 43 Zs; — 25
thH%ZI S S-S (28 = 2] 4o, (1)

IN

4
uniformly in Zy € G with Lemma 2(5) and (8). With assumptions A4(2) and A4(4), we apply Lemma 1

to obtain sup [ly1 — Ely| = OP(("h;n *)=%). Furthermore,
Z1:€G

Ely = [|Ky(ui, Vo) |E(|€|| Z5, + hotors, Z8,, Z5, + hatpai, Z5,)
X [ (25, + hothns, 28, Z5, + hotai, Z4)dipridipa; < oo

So we have sup |Is1| = O,(1) and sup |E(I4|Zs)| = Op(hy (“" 1) -5) 4 0, ().
ZicG ZicG

A n Zc‘fzct Zcifzct - A
E(I5|Z¢) = [op(1) + ﬁ]ﬁ ;Kﬂ“hiz,l, == (28 = Z9)2(m(Z1i) — E(m(Z44)| Zi))

x f: (Xi,k — 31.6(Z12)) Bk — Br)
)7%) +0p(hTH)]0p(n %)

IN
LSO
=T
E

lnn
x Z { I’LlltJrlzC ZI|K2 Zh ho th s ho ZQt)U(Zd Zd)|X1 k— 91, k(Z14)]
Is1
hzlcm Zle A 2o 0 12— 29 (Zus) — (20
Is2
We obtain easily that Zstu€%|l52| = 0p(1) from result on I1; and Lemma 2(3). Furthermore, Zstu€%|l51| =
Op(1) as argued for term I3121. So we conclude sup |E(I5|th)| = op(n*%).

ZicG



- Zii—Z1y Z3 Z2t d d K [
E(Is|Ze) = [op(1) + fz(zt)]WZK (T o (28 = Zt)kZ:l?(fi—E(GJZu))
x(Xik — &, k(Zu))(ﬁk - 5k)

-1 X Zh th Z21*Z2t d _ zd
Op(n™2) 3 [—r7ms zlc+zzc Z|K (Fr W(Z§ = Z¢)|eil| Xi ke — 91,6(Z14)]

<
k=1 "

+ sup |g1.k(Z1:) = G1.1(Z15) |~ zlc+zch|K (B ZausZin)| (23 = Z) e
Z1;,€Gy

+ sup |E(€z|le)| zlc+zQCZ|K (Z“ Z“ Ziim Z“)U(Zd ZH)| Xk — 91.6(Z1)|
Z1;,€Gy

+ sup |E(€]Zu:)| sup |91,k(le) 91,k(Z14)]
Z1;,€Gy Z1,€G1

VAT AT
o 2o (B, B 1z = )

= Op( )[161 + -+ Ipd)
It is easy to see that sup |Iss| = op(l) with result on term I;;, Lemma 2(3) and (8). Similarly, with

ZieG
Lemma 2, we have sup |Ig2| = 0p(1) and sup |Ig3| = 0p(1) with results on Is; and I3191.
Z1:€Gy Z1:€Gy

& Z5,-75, Z5,—25
o1 < ﬁZWz(Ma S (ZE = Z) el | X i

Zi, Z5.—
+ zlc+zch|K (e, 2 12 = 79) el lg1.1(Z100)]

2
= 1611 + 1612
With assumption A6(3), E(|e;]|2H0 | X, 1279 Zs) < [E(|es]*120] Z) E(| X, 1]412%] Z))]2 < o0, so we apply
l l

Lemma 1 to obtain sup |lg1; — Fle11| = Op((w)*%),

Inn
ZtGG
Elgi1 = hllmc Bl|Ky(Zi 2 BB | 1(28 = 28) E(|ei]| X 1| Z:)] < 0o with assumption AG(3), so we
have
sup |1611| = Op(l)
Z1:€G
Zh th Z21 Z2t d _ 7d — —

o1z < -~ llcﬂzc Z|K ( WI(ZS = Z)|e;| = clua, so we conclude sup |Ig12] = Op(1). So

ZieG
sup |Ig1] = Op(1 ) and in all sup |E(Is|Z)| = p(n*%).

Z.cG e
With Lemma 2(7), we obtain uniformly for Z¢ € G,
. —z¢, 75—
Bl = lop1) + i) s 5 e, B 12 = 2

X{e'_251 (€z|le) ( (61|Z11))}
= T h“c“%ZK (B2, Zu i) (73 — Z)2 + 0, ((H0)4),

(b) So we have from above
6%(Ze) = E(&|Zy)

1 Z" Z¢, - 7%, 73, — 7§ .
_ 1 17 1t 21 2t d _ rpdy 2 Y
- fz(Zt) nhl21(:+l2c . KQ( h2 ’ h2 )I(Zl - Zt )61- ""Op(n 2) + OZD(Lln)

I
nhlzlc+lzc

With A6(3) and A4(4), we apply Lemma 1 to obtain supgz,cq |[I — EI| = Op((W)*%). With a
change of variable and using A6(1)(ii) and A2(1),



El= f K (P, \IJQi)UQ (Z1; + ha Vi, tha Z5; + haWa;, th)
X f (25, + oW, Z8,, ZS, + ho Wy, th)dq,“dq,%
= [ KW, B0 (20) + S e (20
JrZ“":Sl(@(g—]f)jC"Q(th*’ 2y, Z5px, Z3,) — a(g—;)jﬁ(zt))w]
U120 + iy ey 20) S
S e, Gy o (e 2, Z%, 285) = ey £ (20) 22 4w v,
= 0%(Zy)f.(Zy) +o’2(zt)2|l| 1 ,9(ZC)zfz (Zy) hl‘|‘ [ Ko (W14, Ugi) (Ui, Uo)d Wy d Wy,
+02(Zt>z“'—51 J B (Wi, W) gy F( 2w, 281, Zyx, 28)) a(zquz(zt))mdqzud\pm
+Z|J| 1 B(ZC)J )hju‘fz Zy) [ Ko \1111,\1121)(\111“\1121) EATIAY
+2 0= a(ch )hJ“ et ae f () 5 [ Ko (W, i) (W, o) AW i d s,
+Z|J| 1 a(zcy o*(Z t)T(Zm_sl hl‘u‘ J Ko (W, Uy;)
(g7 £ (Z5e%, Z{lt,ZSt* 74y - 6(Z€)lfz(zt))(\;[jh.,\Ij2i)j+ld\plidqj2i)
o (Ze) 3o =, J‘ sz \Ijlz,\IJQ’L)(a(gi)j o2 (Z§*, Z%,, Z5,x, Z8,) — a(zc)] 02(Zoy)) (W1, Wo;)T AWy ;d W,
+ X1 Sir o (205 sz Uy, U
X(a(g—;)jg (th*,th,ZQt*,Zth) 6(zg)j 02(Z)) (W1, o) H AT ;AW
2= 2ftl=s L fK2(\IJM’\Ij2i)(f3(g—lc)lfz(zlct*’ziit’Z5t*’th) ~ w20
x(a(zc)] N2, Z8,, ZS %, Z4,) — a(zc)] 02(Z)) (V1;, Uo;)T H AW, d s,
= 0%(Z¢)f-(Z) + O(h3™), with the additional assumption A6(1)(ii).

o*(Zy
0*(Zy

The claim in (2) above follows from (a) and (b).

Theorem 1: Proof. A
| We denote ga,(Z40) = (Bl )™ By 0. () = (Blity 30) ™ Bl ).
ince

E(Yi|Zy) — B (Vi|Z)
= Cin(B(X0k|Ze) = (E(oriz 1 21)) ™ E(origs 1 210)) By
+E< (211)|Ze) — (E(5xigy | Z10)) L E (28534 Z11)
(€t|zt) ((gz(zt)|th)) E(gz(zt)|th)

we obtain
pl—p o ] ] ] ]
= [ W EW) ™ — (B gy W0)™ + BVt W)~
x LW O D) Bm(7)|Z) ~ B (m(7)| 1) + B(e|Z) — B (el 1),

C

where the E(m(Z1)|Z) is a n x 1 vector with the t — th clement E(m(Zy,)|Zs), E*I(m(Z1)|Z) is
n x 1 with the t — th element E*!(m (zlt)|zlt) = (B(saigy|20))” 1E(’:2<(ZZ1;>|Z”) E(e|Z) isn x 1
with the ¢ — th element E(e|Z¢), and E*(¢|Z;) is n x 1 with the ¢ — th element E*!(e|Zy,) =
(E(gz(zt)|th)) E(g2(zt)|th)

(1) For k,7 = (1,2,---, K), the (k,7)th element in L W1 Q-1(Z)W is




3=
NE!
=
Eal

ql\)

N
=
3

- —¥<> 90(Z0) — 1(Ze) + 92.0(Z11) — G441 Z10) + 91(Ze) — g2.0(Z10)
X102~ 90(B) + 020(Za0) — 88 () + 90(Z0) — g2 (Za1)]

= % 7z [n(Ze) — 9(Z)][9r(Ze) — 9r(Z0)

33 by 00(20) = () g2 (Z10) = G4, (Z00)

+33° crb 00(20) - (20l [o- (20) — g2.7(Z10)]

33 cabaloan(Zun) - 8 (210097 2e) - 9r(22)

33 b 0na(2a0) = G220 lo2 (Ba) — 3. ()

3 otz l92(Z30) = 84l (Be) — g2 (Z10)

+33° crb 0(20) - 0242003+ (20) - 9-(20)]

33 abalon(Ze) - gan(Za)lg2.r(Z10) = 9, (Z00)

+%;%[9k(zt) = 92.6(Z10)g7(Ze) — g2,r(Z11)]
— Ayt Ayt Ay,
(a)A We show sup. <, |E(%|th) - E(Uz(zt) |Z11)| = Op(L1n).
E(gz(lz )|th) E(Uz(zt |th)
Z7,—Z1, o
= [nhzlc ZK (Q) I(Z{; = Z8) oty — [1(Z0) E(Gaigy | Z1e) + F1(Z10) B(Gaizy | Z10)

f1(Z1) = )1 (Zae) 1
_fl(th) (02(Zt) |th)][ }1(Z11t)f11(Z11) + fl(th)]
Z5,-75, _
= [nhzlc ZK (Q) I(Z{; = Z8) soitzy — F1(Z10) B(agzey | Z1e) + Op(L1n)][Op(Lin) + )
uniformly for all Zy; € Gy, where Lemma 2(1) and assumption A6(1) are used to obtain the last equality.
The claim in (a) will be true if we show

1 < Z5 — 7 1
sup | — Y K 117”>Izl_z Z11)| = Op(L1p)-
ot (B 12 = 2 s 0B sl 220] = Oyl

Ia

lic
By Assumption A6(1), % < 00. We apply Lemma 1 to obtain sup,, ¢, [la — Elo| = Op((;l:(i))*%).
By A6(1) again, 0(Z¢) € Ct’y, so easily we have % € C5. So

E(I,|Z) =F lllc K (M) I(zf; = Zflt)ﬂz(lzi)
7 5 (hyti)?
= Z JEiWl ez zm |Zla<zc EReiTs R
Jl

o9 hyti)?
+||2: [6(ZC ) 02(Z5,., Zflt Zai)  0(Zg5,)7 02(Z11t7Z2i)]( lj! : }{fz(th’Zm)
1 Y
Jr||Z a(Zs, )lfz(th,Zzz)(h“H + Z [a(zc 50 f2 (2510 28y, Z2i) — 6(§ft)lfz(zlt’z2i)] Qi) Y dupidZs;,

where Zf,, is between Z¢, and Z¢, + hqit;. With assumption A3 and A2(4), we obtain



Sup., e, |E(La| Z16) = [1(Z10) E(Gaizg | Z10)| = O(hiHY). Soimall, sup,,,, g, |1 —f1(Z10) E( iz | Z10)| =
Op(L1yp) as claimed.

From above, we also obtain

Zsuep |E(02(Zt |th) (02(1Zt) |th) - fl(lzlt)ja + ﬁgig E(Uz(lzt) |th>| = O;D(L%n)'
1:€G1

With assumption A6(1), we have E(%Mu) >C >0, so0

. r- 1 . 1 .
letléfc E(Uz(z y1218) = meGl[E(o?(Zt 1Z11) — E(Gzzy | Z1)] + letlé%lE(mwlt) > 0, since

inf (B(gatgy|Z10) — E(gaigy|Z10)) < S |E(%|Z1t)—E(%|ZM)|zop(l). Thus,

Z11€G1
ZS%% (E(gz(ztﬂth)) - (E(gz(zt)|th))
1t 1
E(—Qmwlt) E(_Q(Z_|th) 1 ~ 1
= =0,(1 F(—=~121t) — E(=— |2 =0,(L1,).
le:é%l E( 2(z )|Z1t)E( 2(z 2zy | 41) p( >letll€%1 (02(zt)| 1t) (Uz(Zt)| 1t) p( 1n)

(b) We show S |E(F2i51%10) — E(33i5121)| = Op(Lan).

E(ztgs121) — E(%ma

1 ch- — ZC Xi,k Xy X
= [ > K (1h—11> (71 = Zﬂ)m — A %) E(5t5120) + hi(Z) B(Gis1 Zu)
1 =1 !

Iy

; Xt f1(Z1)—f1(Z1e) 1
_fl(th) (gz(Zkt |th)][ }1(Z11t)f11(Z11) + fl(th)]

= [ — filZ1) E(Grggy | Z1) + Op(L1n)][Op(Lin) + 37075
uniformly for all Z;; € G, where Lemma 2(1) and assumption A6(1) are used to obtain the last equality.

The claim in (b) is proved if we show sup |l — f1(Z1,)E (c,i‘{zi 51Z10) = Op(L1n).-
Z1:1€G1
b= e Sk (S5 102, = 28) 888 + b 3k (B 1028 = 24) o3ty
1 4=1
= Ip1 + Ip2.
Since g’;g; < 0o by A4(1) and A6(1), we apply Lemma 1 to obtain
n lie 1
sup |Ip1 — E(In1| Z11)| = Op((aty) 7 H).
Z1:1€G1

Z¢,+hivpi, 2 7o
E(Ib1|th) Z le /(Z)’L g’;gz}: +h111i1 Zit Zz )fZ(th + h’l/(/)’UZleQ’L)d/l/)’LdZQfL

- fl(th) (4125 Z11) + O(h;™) uniformly in Zy, € Gy with A2(4),(6), A3 and A6(1).

Soinall, sup Iy — f1(Z1) Bt Z11)| = Op(Lan), since (&2 Z1) = E(aig1 Z1)-
1:€G1

For Ipg: since Elei|Z;) = 0, |W| < oo, with A2(6) and A4(1) we apply lemma 1 to obtain

nhlle .
sup |Ia| = Op((Gsy) 2) S0 sup |1, — f1(Z1) a1 Z10)| = Op(Lnn).
Z1:1€G1 Z1:1€G1

From above, we also obtain

X, AT Xtk
P 1|E(g2<z 11210) — Bz 1 21e) = gyt + SRS B G| 210)] = Op(Li,).

(c) géA (Z1t) — g2.1(Z1t) )

= Bz Z20) ™! = (Blargg 20) ™" + (Blorg $121)) B Gt | Z1) — Blsaggs ) 2u)]
H(E(ogs 1 21) 7! —(E(gz(zt>|21t)) NE(t512u)

lop(1) + (E(5eiz51210) " 10p(L1n) + E(2251Z10)0p(L1n)

Op(L1y) uniformly for all Zy; € Gy.

(d) Note Lemma 2(4) gives sup |gx(Z¢)—gx(Zs)| = 0p(1). =

n
ZieG t=1

92,:(Z10)|l & E oy |9r(Ze) = g2,1(Z14)| < o0 since

NE!

=z Btz < 0 %2 72y 19 (Ze) ~



E o5tz 198(Ze)| < CE|E(X; 4|Z4)| < CE(E(X}|Z4))* < 00 by A4(1) and A6(1), and

Egg(z )|92 (Z1t)] < CE(E(XEJJZQ)% < oo similarly. Results in (a)-(c) and above observations give
A =o0p(1) fori=1,---,8.

Ay E{%[Qk(zt) = 92,6(Z10)][97(Zt) — g2,-(Z11)]}
< Bardyl9u(Z0)gr (Z4)] + Borys lgn(Ze)g. (Z10)]

+E%|92,k(zlt)gr(zt)| + E%Igz,k(zt)gzﬁ(%)l < 00,

where the last inequality is obtained with A4(1), A6(1) and

E xzy192,6(Ze) 92,7 (Z14)|

< CFBlgai(Ze)g2,+(Z1)| = E|(E(5o(zy |th))*2E(g§(tzi |Z1)E (Uz(zt | Z14)]
< CE[E(IXokl|Z1) E(| X171 Z10)]) < C(E(E[X2 ] Z1))) 2 (E(E[X} | Z14))) % < oo.
? %;Wt{kbz(lzt)ﬁ/t{r B B(Wok 7otz Wer), thus 2 W' Q=Y Z)W! 2 E(W{ 2z Wi). By A6(2),
we obtain
LW QW) D (BT )]
n (Zt>
(2) The k — th element in C is
Cr= 13 salgyWhIEM(Z1)|Ze) — B (m(Z1)| Z1) + (1| Ze) — E* (e1] Z01)]
t=1
= %tﬂ" 2 0k(Ze) — ge(Z|[E(m(Z10)| Ze) — B (m(Z14)| Z14)]
22 srtg 92 Z10) = 8 W (Zi)[E(m(Z10)| Ze) — B (m(Z10)| Z10)]
t=1
2 o7z Lok (Ze) — gz,k(th)][E(m(thﬂzt) — E* N (m(Zv1)| Z11)]
t=1
+%;gz(lzt)[§k(zt) — gi(Ze)[E(et|Ze) — B (€] Z14)]
+%;gz(lzt) [92.6(Z14) = 33 1(Z10)][E(er| Ze) — B (e1] Z10)]
+i¥ %[gk(zt) — 92.6(Z10)][E(et|Ze) — E* (4| Z11)]
t=1
= Ci+-+ Co
(0) Let 1 = o $2aey (BEhe) 1z = 24 %9,
We show sup |Il f1(Zi)m (th)E(gz(Zt) |Z11)| = Op(Lin).
Z1:1€G1

By A2(7) and A6(1), we have | 247
1

nhlle
s |l = B(h| Z1)| = Op((figi)~%).
1:€G1
E(L|Zy) =Y [ K@) ot Bl p (75, + haths, 28, Zas)dipid Z
( 1| 1t> - Zd: f 1(¢1)02(th+h1111i, fz( 1t + 11/)“ 1t» 21) wl 21
Z2i
=fi (th)m(th)E(%|Z1t) + O(hiJrl) uniformly in Zy; € Gy,
with A2(4),(7), A3 and A6(1). Combining above two results, we obtain the claim.

< 00, thus we apply Lemma 1 to obtain

(b) BB Z10) — m(Z10) E(5rlg | Z10)
= [ = fi(Z1)m(Z0) B gy | Z10) + (J1(Z1e) = f1(Z10))m Z10) B oy | Z10)]
X[flﬁ(th)*:fl(th) 1 ]
J1(Z12) f1(Z1¢) f1(Z1t)
[ = f1(Z1)m( Z14) E(5izy | Z1e) + Op(Lan)l[Op(L1n) + 77775
- O;D(Lln)
uniformly for all Z; € G1, where Lemma 2(1) is used to obtain the second to last equality.
From above, we also obtain




Bom(Ze f1(Z14
su | BG5S 121) = m(Zu)E (x| 1) = gz + Rz m(Za) Bty 1 Z10)| = Op(I4,).
1t 1

(¢) Claim: Zsu% |E*I(m(Z1t)|Z1t) —m(Z1t)| = Op(L1n).
1:€G1

E(m(Z10)| Z1e) = m(Ze)
= (Bl |1210) ™ = (Bt | Z10)™ + (Bt 210) ]
x[E( ’;éle:)’ |Z11) = MU Z10) E(ig5 | Z10)]
I oy | 210)) ™ = (B (g | 210)) i Z10) By | Z10)
= Op(L1y) uniformly for all Z;; € G1, with results (a) above, and (1)(a).
Furthermore,

B (m(Z14)| Z10) — m(Z1e)
= [(E(gz(zt)|Z1t)) - (F (gz(zt)|th)) +(E(gz(zt)|th)) ]
x[B(S281210) — m(Zu) E(5oigs | %10) — 550 + ;&gig m(Z10) E (725 Z11)
R D - ﬁgﬁ;m(zltw(o%zt |th)]
+[(E(gz(zt) |th)) - (E( gz(zt) |th)) + (E(gz(lz )|th))7l](E(%|th))il
X[E(W|th) B (%|th) fl(th)Ia o ﬁgging(tﬁ(th) |th)
_fl(lzlt)j + jlgging(gz(lzt) |th)]]m(zlt)E(gz(zt) |Z1t),
Thus, from (1)(a) and (2)(b) we obtain
sup |E*(m(Z10)| Z1e) — m(Zue) + (E(5a(zy | Z1e) ™

Z1:€G1 .
{—rm 1 + ﬁgiigm(Z”)E(—U%lzt)'|Z”> +m(Z) 5y La ;‘1%535(62(1%) | Z10)]}
= Op(L3,)
~ l1e
(d) We claim:  sup |E* (e|Z1,)| = Op((“ors)—4),

Z1:€Gy
BT (@)210) = (Blarigs | 210) ™ = (Bt | 210)) ™ + (B | 2000) ) B s | Z10)
with result (1)(a) and Lemma 2(1), we obtain uniformly for all Z;; € G,
E (e Z1) =[Oy (Lln) (E(Uz(zt) |Z14)) Y]

VATEYA + o €
ZICzK (Zis2ie) 128, = 28) 7355100 (Lan) + b -

Note E(e;]Z;) = 0 and UQ(Z_) < oo. With assumptions A1(2), A4(2), (4), A3 and A6(1), we apply Lemma
1 to obtain

Z‘:-fz‘:t € nhllc 1
sup nhllc ZK ( hhl ' )I(Ziii = th)m’ = Op((ﬁ) z). Thus,

Z1:€G1
lic
sup |E*1(&]Z1,)| = p((%)*%) as claimed. Furthermore, we have
Z1:€Gy
S L & nhtle 1
S, | (64| Z1t) = (E(53(751210)) T E(53t51 Z10)| = Op(Lan) Op((57) %)
1t 1

(e) With Lemma 2 (4) and (6) and result (c) above, we obtain
Cu= 1L E s [0(Ze) — 9 (Z)][BOm(Z10)| Ze) — m(Z1s) — (B (m(Z10)| Zat) — m(Z0))]

= 0,(L3,) + Op(LanLin) = 0p(n~7) with assumption A5.
With result (1)(c), we obtain

Cok = %Enl%[gzk(zu) - géyk(zlt)][E(m(th”Zt) —m(Zy) — (B (m(Zye)| Z1e) — m(Z1))]

= Op(LinLon) + Oy(L3,) = O;D(ni%)-
With Lemma 2(6) and result (2)(c) above, let’s define

S Z5,-75, 25— 75,
Io= WZI@ (hhizl’ 2h722) I(Z§ = Z¢)[m(Z1;) — m(Z14)], and

Ii= (B(zigy|20) Mgz + fagm(Zin) E (g | 21e)
il Z2) iy o — S Bt | 2]}




Car = %; w7 |98 (Ze) — 92, 6(Z1)|[E(m(Z10)|Ze) — B (m(Z11)| Z10)
= 1Y otz [0n(Ze) — 920 (Z0){E(m(Z10) | Ze) — m(Zne)
t=1
—I. 4 I, — (B (m(Z1y)| Z1s) — m(Z1y) + 14 — 1]
= Op(L},) + %Zlﬁ[gk(zt) = g2.1:(Z1e){1e + 1a}
t=
= OZD(L%n) + %;cﬂ(lzt) [gk(zt) - g2,k(th)]
X @i 2 (Zlh;f“ Zzh;f“) 1(Z§ = Z9)[m(Z1i) — m(Zye)]
3 3 7z l9n(Ze) = 92021l (B gy |200)) = i B+ RS m(Z00) Btz | 200)
= - f1(Z
+%t:10 (Zs )[gk(Zt) 92, k(th)](E(gz(lzt) | Z11)) lm(th)[fl(Ith)Ia — figzith(Ungt) 1Z10)]
= Op(Li,) + CBlk + Cs2p + Ca3-
- 1 - _ 1 -1
Cszk = —32 Eh; hlllcj'l(th)cr2(Zt) [96(Z¢) = 92.6(Z10)[(E(G2rz,51%10))

x K1 (Zl.];th_) (74 = Z;lt)[g(zzug — (B(z=ig; )|th)) m(Zuy)]
= %ZZU)”(Z“ZO n2 an(ztazt) nzzzwn(zta )
t;éz
= —#;wn(zt, Zy) - ﬁ;; (Yn(Zi, Zg) + Un(Ze, Zs))

¢n(ztvzi)
= C321% + C320k

Co1k = n2 Z W[Qk(zt) - 92,k(th)](E(gz(zt) | Z14))

K (0>[gz(zt) (E( gz(zt) |Z1¢))Im(Z14)]
= Op((nhle)=1) given A2(2), (7), A4(1) and A6(1).
By construction, ¢, (Z;, Zt) is symmetric, so Csaop is a two dimensional U-statistic. By Lemma 1 in
Yao and Ullah (2011), we define

On = 25 B(60(20, 20|20 — (00 (20, 20),

then Claoi = —5Un + Op(n ™} (E(67 (Ze, Z0)) ¥).
We show Cizop = Op(hi™) + Op((n?hli)~%),
( ) ((b?z(zta )) (U)n(zu Zt) + 1Z)n(zi, Zt))2 S 4E¢721(Z1, Zt) — O(h;ll(:), SiIlCe

m(Z$,+hii, 28, Ze)—go.k(Z1))>
hye By (Zi, Ze) = ;ZgfK%’(wi)[Uz(z(ftg,fll;fzft};%) — (B(sxig| 210))m( 20| Be gt (1))

_ ¢ 2 (Zt c c c
(E(gz(zt) |Z14)) "2 f2(Z5, + i, 24y, Za2i) jj'%((th)) dipidZ5,dZ5,dZs,
= O(1) given assumptions A2(4), (7), A3, A4(1) and A6(1).
()  EYn(Zs, Zt)|Zs)
= > [EKi(¥)] I LT (B 20,))m(Za0)) 2 (25 + T, 2, Zag)dibidZg
= > 1 ) 02(th+hl'¢'iyziityz2i) 02(Zt) 1t 1t z 1t 1%5y L1ty 424 ) 2
21
Ze)—go 1 (Z1e _
x P22 (B orfg | Z10)) ™!
= I3221% — I3222k-
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I3221%
m(Z§,+hivi, ZY, c c
= {2 KW g e = (i s, 2, Z) i)

AR g 0

02(Z¢) f1(Z1+)
m(Zi+ m(Z1¢ hits; I
= {Z le(U)z')[gz(z(ufz)zl Z a(zc E gz(z(ltlz)zl)( i :
m(Z14) 37 m(Z1s) 7 (haths)’
+5 otk w7y — oy g ]

l7l=s
[fz(th; Z21) + Z G(ZC )z fz(th; Z21) (hlw )

+ |2: [G(ZC ) fz(th; Z21) a(Z—ft)lfz(th’ Z21)] (hlwl ]dwleQfL}
J =
Zy Z1t _
Bty | 210) ™!
= m(Zy,) BB ) | Oyt uniformly for all Ze € G, with A2(2), (4), (7), A3, A4(1)
and A6(1), where Z¢,, = AZ§, + (1 — N\)(Z§, + h1vy;) for some A € (0,1).
I32925

= {Z J K (i) (E(Gxizg | Z10))m(Zn) £:(Z5, + havbi, 25, Zoi)daid Z5; }

Zy Z1t _
x gka(gt;jélt; NE(5aiz51210)) 7

= m(Zy )% + O(h5*h) uniformly for all Zy € G with similar argument.

So we conclude E (1, (Z;, Zt)|Zt) = O(RST) uniformly for all Z; € G.
(%(Zt, i)|Z¢)
Z<. m t
= Taelk (Zm2) 174, = Z8) (2853 — (Bt | Z1))m(Z1)]

Zi — zZ i —_ (& C
X gké?(%i)?i’(kz(ls )(E(gz(lzi) |Z10)) " f2(Z4)dZ3,dZs5;

= I30031 — I3204k.
13203k

m(Z1¢) gk(th hivi, 2, Z2:)—g2,1(Z5,—h11i, Z5,)
Uz(zt Z fK 02(Z hl’l[)I th Z21)

(28 —hihs, 2 Do
X(E( 02(ZC hldjl Zd Zs )|th hlwla Ziit)) 1L ;1(I§c l}ipldjl léd = )dwleSz
z Z14,70 z

= BB (x| Z0))) B[ 2l 7, )y O(hi“)
O(hiJrl) uniformly in Z¢ € G, by definition of g2 x(Z1).
Note this illustrates the importance of constructing the estimator as in Equation (7), which implies the
bias of the estimation disappears asymptotically. Similar argument shows

I32245
— f K gk(th*hlﬂh th Z2i) =92,k (Z7; —h1vi, th)

7 it 0% (Z5,—h1i, 2§, Z:)

¢ (25, —hii, 22, Za c
xm(Z5, — ha, 21 I Dt i) gy dz,
= O(hiJrl) uniformly in Z1; € Gy.
(iii)  Edn(Ze, Zi) = 2E1p, (Zi, Z)
m(Z§,+hii, 28, Z)—go. k(214
= XX/ () [ i i — (Ertgy | 20) (21, Bl (Bae)
t 24
(E(5eizy | 200) M F (25 + hati, 28, Zoi) 258 duid 25,d 25,25,
= O(hs*!) with similar arguments in (ii).
So Caar = Op(h3TY) + O, ((n2h!2e)=2). Thus, Cop, = O,(h5FY) + O, ((nhle)™1).

We obtain with similar arguments that Czx = O, (h5™) 4 O, ((nhi<)~1).
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n Zo)— g2, (Z1s Z5,—78, 25,—75,
Cup= ) 3 Bl el ey (Zhp2ie, B ie) 1(22 = 22)(m(Z0s) — m(Z01))

t=1i=1
t#£1
= #;;wn(zlazt) = %ZZWM(ZUZO'FU%(ZM ))
i t;él_ On(Ze,Z)

Since ¢ (Z¢, Z;) is symmetric, Csyy is a two dimensional U-statistic. Following the proof in Csop above,
we show

(i) EQ%(Ze, Zi) < 2AEV3(Zi, Zy) + EV2(Ze, Z3)] = O(hy 7)), since
. 2
Wyt By2(Zi, Ze) = Y [ K3 (s, o) (25, + hathrs, Z8) — m(Z)|P 220z )
zd *
X [ (Z§, 4 hotbrs, Zih, Z§, + hotba, Z8)) [ (Ze)dipr;dipo,dZ$,d ZS,
— 00).
(i1)  E(Yn(Zi, Zt)|Ze)
= [ Ko(¥ri, o) [m(Z5, 4+ hatori, Z3) — m(Zaa)| f2( 25, + hators, Z34, Z5; + hotbas, Z8,)

dwud%i%

= O(h3*™) uniformly at Z; € G, with A2(4), (5), (7), A3, A4(1) and A6(1).
E(n(Zs, Zs)|Zs)
J Ko (s, da)[[m(Z1e) — m(Z5; = hathri, Z14)]
e i Syt

= O(h3*™) uniformly at Z; € G, with similar argument.

(11i)  E¢n(Zy, Z;) = 2B (Zs, Zy)

= ZfK2 (i, i) (M2, + hatbui, Z8,) — m(Zy,)| 222k

fz (Z§, + havni, Z,, 25, + hatbas, Z8,)dipridipaid Z§,d 25,
= O(h5*!) with similar arguments in (ii).

So we conclude C31p, = O(h3' ™) + Op((thl;CH%)*%). Thus, we obtain
Car = O(hglJrl) + O;D(hiJrl) + 010(”7%)-

510(Ze) = gx(Ze)][E(er] Ze) — B (1| Z00)]

1) [Op(M3 20 =4y 1 0, (00 )4 ]
(7) and result (2)(d) above.

Car = %i
— 0,(L
2(4),

with lemma

! !
nh21c+ 2¢

Ok = Op(L1n)IO((
(1)(c).
With Lemma 2(4), (7) and result (2)(d) above, we have
Cor = %é%[gk(zt) — 926 Z1)[Eet] Ze) — (B(Gaigy| 210) ™ E ity | Z1e)
—(E?*I(etlzu) (E(gz(zt)|th))71E(gz(zt)|th)]

lc

nh -1
= Op(Lin)Op((5)7%) + & Zgz(zt [9k(Ze) — g2,6(Z11)]
Z VA
X{ 11c+12c ZK (7’]12 1t 721]12 ) (Zd Zt )61[0;0(L2n)+ fz(lzt)]
_(E(m|zlt)) llc ZK (Zh th) I(Ziil = Ziit)cﬂ‘zizi)
X[O:D(Lln) + fl(lth)]}
nhlietize

By Lemma 2(7), we have sup | ZICH% ZK (Zf",;zft, Zgih;Z;f) I(Z§ = Z)e;| = Op((*2— )—2),
Z1:€G1 ™

)*%) + Op(( lnnc )*%)] could be shown in a similar fashion given result

inn

and by result (2)(d) above, sup |—4—
Zi,€G, ™

z¢ _z¢, . nhile\_1
ZK (lhfll) I(Zf; = Z{) =55 = Op((h-) 72, so we

obtain



nhlietize

Cor = Op(L1,)0p (( an )*%)+0p(/32n)0p(( Z——)7%)
1N~y 1 z5-25, Z5,-7s, d_ nd
it 2 5t 96 (Ze) — 92 Za) W ety Ko (B, B ) 102 = 2
llcfi(th) (E(o2(Zt)|Z1t>) Kl (Iit) I(Ziiz = th)%}
nhlle 1 n 121c+12c 1
= Op(L1n)Op((%2)75) + Op(L1n) Op(*H4—) %) QZZ% (S, S,
t=14i=1
Ce1k
where S; = (Zi, ¢;). We note
Co1r = QLZ > (¥n(Si, St) + ¥n(St, Si))
t=1i=1
= % Z ( ) 2n2 t*lZ:I (1/)71(31, St) + wn(Sta ))
¢n(sivst)

= Ce11k + Co12k-
Cortk = 52> %[gk(zt) — g2,k(Z1¢)]
=1

gy K2 (O 6 — s s (B Gz 1 210) ™ K 0) 2t )
Since E(e¢|Z¢) = 0, with assumption A2(2), A2(5), A4(1) and A6(1), we have
Cor1k = Op((nZhb<T2e) =) + O, ((n3hlte)7L).
Since ¢, (S;, St) 1s symmetric, Cg12x is an U-statistic. By Lemma 1 in Yao et al. (2010), we have
Cer2k = 5 ZE(%(S“ SOISt) — 3En(Si, Si) + Op(n ™ (EG2(Si, S1)) 7).
=1
Since E(e;|Z;) = 0, we have E¢,(S;, S¢) = 0.

(95(Ze) — 92,k (Z11))* Zyi=2y, Z5i—Zy
BU3(Si8) < 2Bl Sl B i3 (Bt Bt ) 123 = 2)0% (%)

(95(Z0) g2 1 (Z10)) - 75,-75, _ o* (Zy)
Bl et Bl (B s 201) 2Kf( i 2 )](Z{ﬁ- = Z{) Frzoy )}
= O(hy ™) 4 p7he) with assumptions A2(2), (4), A3, A4(1) and A6(1).

7l ctloe 71_(:
S0 Op(n ™! (BG3(S:. $))4) = O(n~ by~ 7 +hy ).

Uetlae

_lbe
So Cerar = 5 ZE(¢n(Sza SOISe) +O0(n~ (hy ™ = +hy ?)) = Cer21x + Op(nié)-
= E(¢n(SzaSt>|St) \}EE(wn(Sta 1)|St)
Z; Z1; 78,78, 78,— 7, B c
= el Uzi’;gh’zlffz:ff;(; )K (B, B8 128 = 2 1.(Z0)aZ
Z t Z 7 p—
no2(Zt)Zf llcjl(Zl ) (02(1Zf)|le)) K (#) I(Zldt _Zldz)

ng(Z) g2, k(Zh)fz( )dzlc

02(Z¢)
1
ﬁﬁtcﬁuuk - ﬁﬁtcﬁuuk
Stn.

n
VnCei21k = D Sin. Sin forms an independent triangular array and ESy, = 0. Furthermore,
t=1

n
S ESE, = E[E(¢n(Sk, Si)|Si)]*.
t=1
_ ) N i (Z5,Hhov1i, 21, Z5, A ha i, Z8) — g2 1 (25, +hato14,Z5) ) )
061211k - f§2)(1/)1u 1(/)Z21)) L 02(Zf:Jrhzthli7th7Z§z+h21/12i7Z§t) £ dwhdwm
9k \bt)—92, k(L1
02(Z¢)
uniformly over Zy € G.

1 f2(Z5 b, 2, 20
Ce1212k = %Z le(wli)(E(m|Zlct + hatpn, Z)) 7 §»I(th4:hllmiféft)2)

g(Zt+h'¢'1ZtZ1)g (Zt+h¢1Zt) X c
T S i, %; Zl?é’ )1 1 <lz iw I
ety (B rg) B2 7, g

uniformly over Z¢ € G by definition of ga 1 (Z14). Thus
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EE(n(St, 5:)|S0)] eEa%lzt)[;‘i’zEét% = 75tz (Bt igi’z%)izun
= E(soon(Ze) — (B(5rig) " E(4Z3| 20))).
2446

By Liapounov’s Central Limit Theorem, provided lim,,_ Z E|—Sm— = 0 for some § > 0,
t=1 (ZE52 )3

we have

n 4 1 1
;Stn - N(Oa E(O_Q(Zt) [gk(zt) - (E(0'2(Zt)

2446

So we only need to show ZE 71 = (Y ES2) 158 E|E(¢n(S:, Si)|S1) 2T — 0. From
t=1 | (X BS5%)2 =1

1 9(Z0)
7B 20

above, we know that > ES? = O(1).
=1
Furthermore, since 02(Z$) > C > 0, we have
Cor211k < C [ Ko(14,02:) | gi(Z5, + hotprs, Z8,, Z5, + hotbas, Z5,)
—go.1(Z5, + hars, Z8,) | dipridapa;
< Jalgr(Z85, + hatpri, Z34, Z5, + hotas, Z8,)|dipridaa;
+ [ 4 l92.6(Z5, + hathri, Z§)|dipra
where A is the bounded support for K3(-). So
E|Ce1211x)*1° < C [, Elgr(Zg, + hatpui, Z&, Z5, + hotbai, Z8,) 2o daprdapa;
+C [ Elg2o(Z5; + hatns, Z1,)[PF0dpn
Since E|gr(Zs)|**° < C by A4(1), and E|g2 x(Z1:)|?T° < CE|E(X|Z1,)]**° < C by A6(1) and A4(1),
we conclude E’|C’61211k|2+(s < Q.
In a similar fashion with additional assumption A2(2) and (5), we obtain E|Cg1212x/?>T < c0.
E|E(1/)n(8t, )|St)|2+5 E{E(|€t|2+§|zt>|061211k - 061212k| +5} < 00, with the results above and
the assumption A4(2) that E(|e;|>*°|Z¢) < oo. So in all we conclude

2446

JLH;OZEil =0
t=1 (ZE )2

Finally, we conclude /nCeg12k < N(0, E(%[gk(zt) — g2.k(Z14))?)). With assumption A5, we have

ViCor <> N0, E(5xly[9k(Ze) — g2.4(Z12)]2))-
Combining results on Cyx, i = 1,- - - , 6, result in (1) and assumption A5(3), we apply the Cramer-Rao’s
device to obtain

1 .

3 d ’ -1
VA = ) N0 (BT, s W) ).

Theorem 2: Proof. }
(1) B —pF =5 - (3" - p)
= (W OW) W QD) E(m(21)|Z) + E(lZ) - B (m(21)|20) — B (e| 2,)]
—(WE' QW ZWE) L WE QN ZD)E(m(21)| Z) + E(e| Z) — B*(m(Z1)|Z1) — E* (el 20)).
where E*(m(Z1)|Z,) is n x 1 with the ¢ — th element (E(%|z”))*lﬁ(fzfzu)> |Z11), and E*(e|Z)) is
n x 1 with the ¢ — th element (E(Uz(zt) |th))*1E(gz(Zt) | Z1t).
So we write
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x % W (2)[Em(20)|2) + E(GIZ) — B (m(21)|Z1) — E*(e| Z1))

+E WP QN ()W) :

[ WI: QD) E(m(21)|2) + B(elZ) — B (m(Z1)| Z1) — B (¢| Z1))
=5 W QTN 2)(E(m(21)|2) + E(e| Z) — E*(m(Z1)| Z1) — B (el 21))]}-

Given results in Theorem 1, i.e., /nCy = O,(1) for Cy, the k — th element in C, and
(L W' (Z)WT) ™ — [B(W/ 5255 We)) ™! = 0,(1), we only need to show
(i) R WIQ N AW~ = (2 WE' QY Z)WT) 1 = 0,(1).
(i) y/n W' Q1 (Z) = WE' QYD) E((21)|Z) = m(Z)) + E(e| Z)] = 0,(1) where
m(Zy) = (m(Z),m(Z12), -+ ,m(Z1,))'-
(i) { W QYD) E (m(Z0)| Z1) — m(Zy) + B1(e| Z0)) — WE' QN2 E*(m(Z0)| Zy) — m(Zy) +
E*(e|Z1)]} = 0p(1).

(i) Since we have 2 W' Q=Y (Z)W! L B(W/ xlzW;) and

(2 wi'a v Z)ywhHt L (E(W{%Wt))*l in the proof of Theorem 1, result (1), if we have

Lyt -1z -

1
n n
then L WF' QW Z)WF L E(W/ o2 )Wt) and (L WF'Q-1(Z
we have (L W' Q- Z)W!)~1 — (2 WF'Q (Z)WF) 1= 0,(1).
Let’s denote the (k,7) — th element in WI Q Yz
+ ZWtIk 02(Zt)Wt T n ZWtFk 02(1Zt)Wt T
z3190(Ze) — 35 1.(Z10)]197(Ze) — 35 - (Z14))]

S10k(Ze) — 92,1(Z10)][9-(Ze) — §2,-(Z11))

~
Il

3=
I
s 9
= ~—

3=
([
Il
—
QP
)
PN
N
N

fon
|
3=

5198 (Ze) = 95 1.(Z1e) + 95,1 (Z1e) — G2,6(Z11)]
93.(Z11) + 95 - (Z11) — §2.+(Z11))]
'z k(Ze) = 95 1. (Z10))[9+(Zs) — 33, (Z1e)]

1zt) [91(Ze) — 35 (2101195 +(Z10) — G2.+(Z11)]

(z
)

M:@ITM: fen
/—\ Q )

3= X
~

Il

¥

+
3=
M:“

~
Il
,_.

57z 95,06 Z10) = G2,6(Z10))[9+(Ze) — 33+ (Z10)]

+
3=
M:

~
3

,_.

+ntZ:1 5720 [2.6(Z10) = G2.1( 20135 - (Z10) — G2,7(Z11))]
= D1+ + D
L —In = %El[gz(% = 52z l9k(Ze) = 35 1 (Z10))[97(Ze) — 33+ (Z1e)]-

(a) We first note  sup |02(Zt) - %|
Zye
< [mf o (Zt) mf 62%(Zs)] "t sup |6%(Z) — 0(Zy))-
ZyeG Z.eC
With Lemma 3 and assumption A6( ), for large n, ZinfG62(Zt) > 0, so
t€

| = Op(Ln) + Op(n~%).

su — =
zte%| 02(Zy)  6%(Zs)
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With Lemma 2(4), and result (1)(c) in Theorem 1, we conclude I1 — Io1 = 0,(1).

(b) We claim: Zsu% 92.1(Z11) — G5 1 (Z14)| = Op(Ln) + O,(n~7).
1:€G1

024(Z) = 034(Zre) )
= [(E(eizg |1 2u) ™ gmﬂayaa>ym$zm&m
+(E <Z>wm>[<ézwm» E(35121)-

Given results (1)(a) and (b) in Theorem 1, if we further have
(A) swp |B(Re5120) — B Z10)) ] = O0,(Ly) + Op(n~%) and
Z1:€G1
(B) sup | (Bt | 22)) " (Bl | ) ]::C4<Ln>+—ca<nf%>
1t 1

then we have the claim in (b).

A, |BlE120) = Bl
1t 1

Zc'fzct —
B letlé%l [010(1) N fl(lth)]"hllllc 1;K1 ( hhl : ) I(Zldl o Ziit)XLk[#Zic) N #Zxc)]’
= Op(Ln) + Op(n™?),
with result on (a) above, Lemma 3 terms I;; and I3121, and with assumption A2(3), and A4(1).

(B)  sup E(gz(zt)|th) E(gz(zt)|th)
Z1:t€G1

Je e
= s lop(1) + grhg e K (Zhe) 1(2t, = 24 ety —oz<1z.c>]’
716G ! U=l ' '
= 0,(Lyn) + Op(n~2),

using result on (a) above, Lemma 3 term Ii;.

Bz 1710~ Elarig; 1 21)

Btz 210) ™ = Bz |1 20) ™ = 5 itz
We have in Theorem 1 (1)(a), meG E(W|th) > 0 with assumption A6(1). Given result above, we
1t €G1 t

follow similar argument there to obtain Zinf E (%MU) > 0. Thus,

sup | (Brigy|120) ™ — (Blrig|200) !

Z10€G1
< [, inf, Bzl Zu) it Bzl th)]flzi‘;% 1 ’ E(52ig51711) — E(5xig | Z10)
= Op(Ln) +0y(n~3%).
I
= %Enl[&z(lzt) — smtzy T 7| 06(Ze) = 96(Ze) + 92,6(Z1e) — 33,4 (Z1e) + gio(Ze) — g2.0(Z11))]
(93 +(Z1¢) = G2,+(Z11))
= %t;[&z(lzt) — 57z 9k(Ze) — 9k (Z))[93,(Z1e) — G2, (Z10)]

+
S|
M:

(522 — 2z 92.6(Z1e) = 35k (Z10)]135 - (Z14) — G2, (Z10)]

2z — ) 9k(Ze) — 92,6(Z10)][93 - (Z1e) — G2,+(Z11))]

~
Il
-

+
3=
M:

~
Il
-

33 et 00(20) — (2[5}, (Z00) — 2. (Za0)]
13 b (e Zae) = G (Z0))[h (Z00) = G (Z10)]

~+

3

—

+a t;l 57z (98 (Ze) = 92,k(Z10))[35,(Z1e) — G2, (Z1e)]

= 0,(1) with results in (a) and (b) above, result (1)(c) in Theorem 1 and lemma 2(4).
Similarly, we have Is3 = 0,(1) and Io4 = 0,(1). So in all we have Iy — Iy = 0,(1). So we have the
claim in (i).
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(ii) Let’s denote the k —th element of L[W!' Q=1(Z) = WF QY Z)[E(m(Z1)|2) —m(Z)) + E(e| )]
by Ay. It suffices to show /nAy = op(1).

A= 3 [y 0(B) = $44(200) = gy 4(Be) = 2 (Z00)]

<AB(m(210)|4) ~ m(Zy) + B2

= 25 vt — il b(Z0) — 9u(20) + u BN EOn( 1) 20) — () + Bl 20)
+%Enl[o2(zt — =tz 10 1(Z1e) = 92.6(Z10) + 921 (Z00)|[E(m(Z10)| Ze) — m(Z1e) + Ee|Ze))
LS rtsl24(Za0) — (2] (BOm(Z00)|0) — m(Zae) + B[22

t=1

o (
Given result in (i)(b) above, and result (1)(c) in Theorem 1, we have sup |G2.x(Z1t) — 92.6(Z1t)] =

) Z1:€G
Op(Ly) + (n*%) Thus, using result (i)(a) above, Lemma 2(4), (6), (7) and assumption A5, we obtain
Ay = op(nfé).
(iii) Let’s use By to denote the k—th element of 1 { Wi’ QYD) BT (m(21)| Z,)—m(Z))+E*L(e| Z,)]) -
W' QY (2)[B*(m(Z))|Z1) — m(Z)) + E*(€| Z1)]}. We note
By, = %Z gz(lzt) [96(Ze) = 35 1 (Z1N[E™T (m(Z10)| Z10) — m(Z1e) + B (0] Z10)]

_1

9k(Ze) — Go,k(Z1)|[B*(m(Z14)| Z1e) — m(Z1e) + E*(e] Z10)]

3
Q
L]
N
&

where B (A¢| Z10) = (B(7xigy1%10)) " B2t Z1e) and E*(Ad] Z1e) = (E (50551 210)) T E (501 Z10).-
It suffices to show

(a) Byj, = op(n*z)fnd (b) Bak = 0,(n"%).

(a) By, = %tzlg stz [00(Ze) — gk (ZO)E (m(Z11)| Z10) — m(Zue) + B (e1] Zu)]
+%Enl sz 92.6(Z1) — 4 1 (Za)|[ B (m(Z10)| Z0e) — m(Zae) + B (e4] Z11)]
+a i =7y l96(Ze) — g2k (Z1)] B (m(Z10)| Z1e) — m(Zue) + B (e4] Z14)]

— 0y(Ln n) % Op(L1n) + Op(I2,) + Bua
= op(n~ %) + Bu,

with Lemma 2(4) results (1)(c), (2)(c) and (d) in Theorem 1.
(b) By = %;[&2(1@) - gz(lzt) + gz(lzt)][gk(zt) - gk(zt) + 927k(th) - gé,k(zlt)
+9x(Ze) — g2.1(Z10)|[B*(m(Z11)| Z1e) — m(Z1e) + E* (er] Z11)]

If we have .

() sup |E*(elZ10)| = Op(Ln) + Op(n™%) and
1:€G1

(B) sup |E*(m(Z11)|Z1t) —m(Z1)| = Op(Ln) + Op(n~2), then with results in (1)(i)(a), (b) above, and
Z1:1€G1

Lemma 2(4), we have

Bo= L g [0p(Ln) + 0p(n7%) + 5275)0p(Ln) + Op(n?)
+9(Ze) — g2 (21| B (m(Z2)| Zu1) = m(Zus) + B (] Z01)
op(n*%) + %;%[Qk(zt) — 26 (Z1)|[E* (m(Z10)| Z1e) — m(Z1y)]

23 otz 9k(Ze) — g2.0(Z10)] B (€] Z01)
t=1
= Op(ni%)+B21k+B22k
(A> E*(€t|th> = ( (gz(zt)|th) (02(Z )|th) X
[ (gz(zt)|th) _(E(gz(zt)|th) (E(%|th)il]
X[E((ﬂ(zt |th) Ej(cﬂ(zt |Zlif>‘|'E’(U2(Zt |th)
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E(5t5121) — Bt 1200)
— flm ek (BEE) 121 = 28) (st - e &
< 1O+ ol 2 [ (B | nzt, = 2k
= Op(Ln) + Oy(n=7),

with result (1)(i)(a) above, and similar argument as in term I4; in Lemma 3.
With results (1)(a), (2)(d) in Theorem 1, result in (1)(i)(b)(B) above and E (%wu) > 0 with as-

E*(e1] Z11)| = Op(Ln) + Op(n 7).

11
62(Z) o2(Z§)

sumption A6(1), we conclude sup
Z1:€G1

(B) | (m(Z10)|21) = m(Zue)| = |(B iz 200)) 7 ECEES1 Z10) = m(Z,)
— | Bt 1200 | 7y e S B (528 ) 1028, = 28) ey () — (20|
= <E<m|zu>>l (B iz 1 21) ™ + (B oty | 206) Y| [0p(Lan) + ]
e K (S5 12 = 240 —gzgm+gzgch(m(Zu)—m(Zu)))]
(On(Ln) T Oyl >]+<E<gz<zt>|zu> [0p(Ln) + 7]

K (Z 2 | 124, = 24 m(Zas) — m(Z)

A

o7 ((Z4) ~ m(210)

(
)"

IN

1 1
5z )

x [ sup
ZicG

S, (B 12 -

l
nhlc_

We first note

sup |:nhllc Z K (Zh th)’] Zld'L th)|m(Z11) (th)|:|
Z1:€G1 1 1 1

< swp [ [ (B )| 10, = 282w Im(Zu)] = 0,(0),
Z1 €Gr ™M =1 Z1:t€G1
where we use I1; in Lemma 3 and assumption A2(7). Second, in result (2)(a) in Theorem 1, we obtain

VAT 1 1
K 7”IZd-:Zd— 7)) — f1(Z Z1)E(———=—|Z11)| = O, (L1p).
Zi%%Jnhl Z 1( > (Z1; 1t)‘72(zic)m( 11) = f1(Zie)m(Z1y) (Ug(zt)| 1t)] Op( 1n)
Third, following result (1)(a) in Theorem 1, we have
sup |—— ZKI( _th>1<z;a_zft>—1 m(Z11) — f1(Z1e)m(Zi) B Z10)| = Op(Lsn).
Z1:€Gq nh te 02(Z§) 02(Zt)

With the three observations above, we conclude
sup | E*(m(Z14)|Z11) = m(Z1s)| = Op(Ln) + Op(n™%).

Z1:1€G1

(c) We consider now

Boix = "

7oy (9k(Ze) — 92, k(th))[ pi ZK (Zh th)I(Zfli:th)#zic)

s ZlK (B528t) 128, = 24,) sy (ml(Z12) = m(Z0)

(A) We first note the result in (b)(B) above implies

s |n,ﬁCZK( BB ) 124, = 28) 7tz (m(Zas) = m(Zu))] = Opl(Ln) + Oy~ ).

(B) With result in (1 )(a) in Theorem 1, we know

sup

— 0y(Lun).
Z1:€G1

n o ] 1 ) .
hllc Zl ( > I(le th) 0’2(Zlc) fl (th>E(—U2(Zt) |th)
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With result in (1)(b)(B) above, we know

sup
Z1:€G1

1 « ze. — z¢ 1 1 L
— S K (2Tl (zd = 7 - =0,(L, —3),
nhlfC; 1 ( I ) (Z1; = ”)[62(Zic) UQ(ZiC)]| Op(Ly) + Op(n™2)

Combining them, we obtain

s nhl“i (B ) 028 = 280 sy = 1B g 0] = Ol + 03~
(C) Let By = zlc Z K, (Zh zlt) I(Z{, = Z4,) 217z, then we have
Lot (#uZKl (%)I(Zﬂ _Zﬂ)#ziﬂ -t _(fl(zlt)E(%|th>>l|
- letueré;llf;l((ZZlig(_QZJIZZIi)Bii?l = 0y(Ly) + Oy(n~3).

Given result in (B) above and assumption A2(2) and A6(1), we only need to show infG Baix1 > 0.
1:€G1

inf lelkl > ZlitIgGl[Bmkl — f1i(Zn)E (Ug(zt) | Z10)] + iIgGlfl(th)E(%|Z”) > 0, since

Z1t€
Zlnf [Ba1k1 — f1(Z1)E (Uz(zt | Z14)]
1t € l

< inf |Boiw — f1(Z10) Bz | Z10)] < sup [Bowkr — fi(Z1) Bz | Z1e)| = 0p(1)
Z1t€61 ¢ Z1:€G1 ¢

given result in (B) above. Thus we have the claimed result in (C).
With results in (A)-(C) above, we conclude

Boe = 0y(nH) + 3 oxirs (06(2e) — g2.0(Z00) [F1(Z1) Bl | 210

ZMZK( ZLZ) 124, = 28) sty (m(Zas) — mi(Zu,)

—1

n n z¢,— 75, Z)—go.1(Z1e
(d) B211k = %Z A21 . 11 tZlel ( hhl . ) I(Zldz = Zldt)gkjgl(z)lt)g;ék((zs :

< (Bl )] (m(21) — m(10))

We let Ba11x1 = > K (Zfi,zzft) I(Zf; = z¢,) 90 (Ze) =925 (Z1s) | [ Uz(zt) |Z1t) ] m(Zi¢).

hl1 =1 1 f1(Z1t)o2(Zy)
Since with assumption A2(2), (7), A4(1) and AG(1), |22~z 1) [ (5=t 21t )} m(Zy)| < C < o0,
1
2

we could apply Lemma 1 to have sup |B211k1 - E(B211k1|Z11')| = p((nl]:nlzc> )
Z1;€G1

With assumption A2 and A6(1) and (4), we have
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Z§,—h1tp, ZE Zon)—go k(25 —hath, ZE, c
E(Boi|Zu) = Y [ Ki(v) it St b i) m (25, — oy, Z1)
X( (#ZIC)|ZIC’L - hﬂ/’a Zﬂ')) 1fZ(Z1C'L - hl‘/’ lea Z2t)d1/’dZ§t
Z1i,ZLot)— Z1i
- > J B () [ 2 (203 (B gy | 710))

87 Z1i,Z2t)— Z1; — —hy)lilyd
ﬁ.zlaw (B et 20) (B gy 220) )

99 28,28 Zae)— VAT Ad c _
+ 3 oy (e Bpta s St 25 28) (Bt 51, 207

F==

J Z1i,Zot)— Zy4 _ _ 13143
_8(3 ) (gk( 102(2%)1 zgi;'i( - )m(Zli)(E(#zicﬂZu)) 1)]%]
f2(Z1:1,Z2¢) 8" f=(Z1i,Z2) (=h)"Iy!

f1(1Z112 + Z B(Z‘:t)l j’l(th-)z ll!

X[

ol jz(Z Q% z3d i Z t) ot jz(Z 7 t) ( h )\l\w .
+|1|2; [G(fo)l fl(lzml )2 T (Z%,) jl(lzh)2 | |dpdZs,

= [ Ei()dy B[22k B0i) (7, (B gy | 2100)) 7 Z00) + O(h )
= O(hi“) uniformly at Z1; € G, where we use the definition of g2 x(Z1;),
and Z§,, = AZ¢, 4+ (1 — M\)(Z§;, — hatp) for some A € (0,1).

So we have sup |B211k1| = Op(Lln)
Z1;€G1

Similarly, define B Zitie) [(z4, = z,) 2By g2 ) L (2,
Yy, deline H5211k2 = lchK I(Z7; = Z1) F1(Z10)02(Zy) E(gz(zt)|th) m(Z1;).

We have sup |B211k2|: (Lln) Thus
Z1:€G1

Bonig= =% [Uz(lz ) Uz(lzi)][B211k2 — Borip1] + 230 %[Bzuw — Ba11x1]
i=1 i=1

= [ P(Ln) (ni%)] * Op(Lln) + %Z %[B211k2 _ B211k1]

1=1
n 78, 7¢, Zo)— Zun
;Kl (hhill) Iz = th)%
i)

—m(Z1t))

_1
= Op(n 2)+%Z 02(1Z-) nhlllc
1=1
—1

1
< [ Bty | 21| (m(Z
= 0y(n"%) + Bory1k
So in all, we have Ba1) = op(n*%) + Boi11k.

(e) Following arguments in (b) and (c) above, we have )
Boaor = %Zn: gz(lzt)(gk(zt> - 92.1(Z11)) [ i ZK (Zh Z“) 1(Zf; = Zflt)#zic)]
_anKl (Z ;;th) 1(zf; = th)Wzg)ei
= o0 )+ 155 s (20 — 02(Z10) [ (i) Bl 210)]
)i K (Z2) (2, = 7)) st

= op(n~ 2) + Ba21k.
With result in (d) above, we write

u u 78,75, Zo)—g2.u(Z1s -1
Bao1x = %Z:l &2(1Zic)ei nhllllc t;Kl (71’,1 L ) VAEAN (gkjg(z)lt)g;’zk((zs ) [E(Uz(lzt) |th)}
L B B
= %;[az(lzic) - gz(zc)]el mflzlﬁz 5 Z 02(zc 3 €itm( 21
- -1
7, Zt _ Zo)—gon(Z1s
= op(n )+ 1 z S S zm ( L) 1(78, = 24) Bt O [ B( 1 20)]
= op(n” ) + B2211k,

where the second to the last inequality we use the fact that 1 Z le;| = Op(1), result in (d) above, and
1_1
result (1)(i)(a).
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(f) We revisit the term Bjix in (a). Using results (1)(a), (2)(a), (2)(d) in Theorem 1, we obtain
E* (m(Z11)| Z1e) = m(Ze)

= i (h—zu) H(Zf, = 7)) srigy )
zchK( S )I(Zu Zflt)%(m(zu)—m(zu))
- o, (Lm (h(Za)E (et Z10) 1
ZK (Zs2ie) 128 = 24
= %(nﬁ) (N (Z1)E (g1 210) ' = z V(B 128, = 28) oty (m(Zu) = m(Z00)
(€t|th)
= [ llc ZKl (Zh th) I(Zldl - Zldt)%] lnthZKl (%) I(Zldl = Zldt)%el
= [Op(L1n) + (1(Z1)E (gz(zt)|th)) ]ﬁ;fﬁ (ZI%IZ“) I(Z¢, = Z{it)%ei

_ n ze. —z¢
= 0,0 ) + (M(Z) Bty | 200) " e o K (B2 ) (21, = 1) oty

77 (m(Z1i) — m(Z11))

1=1
Buk = 43 orlglon(Ze) - 924 (Za))[B (m(Z00) ) = miZue) + B (e Z1)
= op(n72) + %élgz(lzt)[gk(zt) = 920(Z10)](f1(Z10) B (o5 | Z10)) !
xS0 (B2 ) 121, = 24) ety (m(210) = mi(Z0)
L3 o 0(20) = 02,2001 (210) B gy 210)
)b SRy (B2) 124, = Z8,) sty

= op(n~ %) + Bor11k + Bagiik
So in all, we have By = Biy — Bog = op(n*%), which concludes the proof.

(2) The result follows from (1) and Theorem 1.

Theorem 3: Proof. It follows from proof of Theorem 1 (1) and Theorem 2(1)(i).
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