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Abstract

In this paper, we extendthe classicalresultby Huang,
Kintala, Kolettis and Fulton (1995),and in addition pro-
posea modifiedstochasticmodelto determinethesoftware
rejuvenationschedule. More precisely, the software reju-
venationmodelsare formulatedvia the semi-Markov pro-
cesses,and the optimal software rejuvenationschedules
which maximizethe systemavailabilities are derivedan-
alytically for respectivecases. Further, we develop non-
parametric statistical algorithms to estimatethe optimal
software rejuvenationschedules,provided that the statis-
tical complete(unsensored)sampledataof failure timesis
given.In numericalexamples,weexamineasymptoticprop-
ertiesfor thestatisticalestimationalgorithms.

1. Intr oduction

Demandsonsoftwarereliability andavailability havein-
creasedtremendouslydueto the natureof presentday ap-
plications.They imposestringentrequirementsin termsof
cumulativedowntimeandfailurefreeoperationof software,
sincein many cases,the consequencesof softwarefailure
can lead to huge economiclossesor risk to humanlife.
However, theserequirementsare very difficult to design
for and guarantee,particularly in applicationsof nontriv-
ial complexity. Whensoftware applicationexecutescon-
tinuouslyfor long periodsof time, it agesdueto the error
conditionsthataccruewith timeand/orload.�
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Softwareagingwill affect theperformanceof theappli-
cationandeventuallycauseit to fail. Huanget al. [1] re-
port this phenomenonin telecommunicationsbilling appli-
cationswhereover time theapplicationexperiencesacrash
or a hangfailure. Avritzer andWeyuker [2] discussaging
in telecommunicationswitchingsoftwarewherethe effect
manifestsas gradualperformancedegradation. Software
aginghasalsobeenobservedin widely-usedsoftwarelike
Netscapeandxrn. Perhapsthemostvivid exampleof aging
in safetycritical systemsis thePatriot’ssoftware[3], where
theaccumulatederrorsled to a failure that resultedin loss
of humanlife.

Resourceleakingandotherproblemscausingsoftware
to agearedueto thesoftwarefaultswhosefixing is not al-
wayspossiblebecause,for example,applicationdeveloper
maynot have the accessto the sourcecode. Furthermore,
it is almostimpossibleto fully testandverify if a pieceof
softwareis fault-free. Testingsoftwarebecomesharderif
it is complex, and further more if testingand debugging
cycle timesareoften reduceddue to smallerreleasetime
requirements.Commonexperiencesuggeststhatmostsoft-
warefailuresaretransientin nature[4]. Sincetransientfail-
ureswill disappearif theoperationis retriedlaterin slightly
differentcontext, it is difficult to characterizetheir rootori-
gin. Therefore,the residualfaultshave to be toleratedin
theoperationalphase.Usualstrategiesto dealwith failures
in operationalphasearereactive in nature;they consistof
actiontakenafterfailure.

Recently, a complementaryapproachto handletransient
software failures, called software rejuvenation, was pro-
posed[1]. Softwarerejuvenationis a preventiveandproac-
tive (asoppositeto beingreactive) solutionthat is particu-
larly usefulfor counteractingthephenomenonof software
aging. It involvesstoppingtherunningsoftwareoccasion-
ally, cleaningits internalstateandrestartingit. Cleaning
the internalstateof a softwaremight involve garbagecol-
lection, flushing operatingsystemkernel tables,reinitial-



izing internal datastructures,etc. An extreme,but well
known exampleof rejuvenationis ahardwarereboot.Apart
from beingusedin an ad-hocmannerby almostall com-
puterusers,rejuvenationhasbeenusedin high availability
andmissioncritical systems[1, 2, 5, 6]. Althoughthefault
in theprogramstill remains,performingrejuvenationocca-
sionallyor periodicallypreventsfailuresdueto thatfault.

Rejuvenation has the same motivation and advan-
tages/disadvantagesas preventive maintenancepolicies in
hardwaresystems.Any rejuvenationtypically involvesan
overhead,but it maypreventmoreseverefailuresfrom oc-
curring. Theapplicationwill of coursebeunavailabledur-
ing rejuvenation,but sincethis is ascheduleddowntimethe
cost is expectedto be muchlower thanthe costof an un-
scheduleddowntimedueto a failure. Hence,an important
issueis to determinetheoptimalscheduleto performsoft-
warerejuvenationin termsof availability andcost.

In this paper, we extend the classicalresult by Huang
etal. [1], andin additionproposemodifiedstochasticmod-
elstodeterminetheoptimalsoftwarerejuvenationschedule.
More precisely, the software rejuvenationmodelsare for-
mulatedvia thesemi-Markov process,andtheoptimalsoft-
ware rejuvenationscheduleswhich maximize the system
availabilities are derived analytically for respective cases.
Further, wedevelopnon-parametricstatisticalalgorithmsto
estimatetheoptimal softwarerejuvenationschedules,pro-
videdthatthestatisticalcomplete(unsensored)sampledata
of failure timesis given. Thesecanbeusefulin determin-
ing theoptimalrejuvenationschedulein theearlypartof the
operationalphase,sincethefailuretimedistributioncannot
beeasilyestimatedfrom a few datasamples.In numerical
examples,weexamineasymptoticpropertiesof thestatisti-
calestimationalgorithms.

2. Previouswork

In recentyears,considerableattentionhasbeendevoted
to thephenomenonof softwareaging.For anextensivesur-
vey, thereaderis referredto [7]. First,Huangetal. [1] used
a continuoustime Markov chainto modelsoftwarerejuve-
nation. They consideredthe two-stepfailuremodelwhere
theapplicationgoesfrom the initial robust (clean)stateto
a failureprobable(degraded)statefrom which two actions
arepossible:rejuvenationor transitionto failurestate.Both
rejuvenationandrecovery from failure returnthe software
systemto the robust state. Garg et al. [8] introducedthe
ideaof periodicrejuvenationinto themodel. To dealwith
deterministicinterval betweensuccessive rejuvenationsthe
systembehavior wasrepresentedthrougha Markov regen-
erativestochasticPetrinetmodel.

The subsequentwork [9] involvesarrival andqueueing
of jobsin thesystemandcomputesloadandtimedependent
rejuvenationpolicy. Theabove modelsconsidertheeffect

of agingascrash/hangfailure, referredto ashardfailures,
whichresultin unavailability of thesoftware.However, due
to the aging the softwaresystemcanexhibit soft failures,
that is, performancedegradation.In [10] the performance
degradationis modeledby thegradualdecreaseof theser-
vice rate. Both effects of aging, hard failuresthat result
in an unavailability and soft failuresthat result in perfor-
mancedegradation,areconsideredin themodelof transac-
tion basedsoftwaresystempresentedin [11]. This model
was recentlygeneralizedin [12] by consideringmultiple
servers.

The modelsconsideredin this paperhave similar but
somewhat generalizedmathematicalstructure to that in
Huanget al. [1]. However, the approachestaken to esti-
matetheoptimalsoftwarerejuvenationschedulesarequite
different. Notethat in theabove literature,the failuretime
distribution needsto be specifiedto derive the optimal re-
juvenationscheduleandto calculatesomereliability mea-
sures.This seemsto be restrictive for useof rejuvenation
in practice,sincethedeterminationof thetheoreticaldistri-
bution from the real datais rathertroublesome,andneeds
both the goodness-of-fittestandthe parameterestimation
basedonseveralcandidatedistributionfunctions.Although
in the existing modeling-basedapproach,the failure time
distribution is fixed, for instance,the Weibull distribution,
this hasnot yet beenvalidatedfor softwareaging.By con-
trast,our approachdoesnot dependon the kind of distri-
bution functionandcanprovide non-parametricestimators
of theoptimalsoftwarerejuvenationscheduleswhichmax-
imize systemavailabilities. Thus,we provide a very pow-
erful methodfor the applicationof rejuvenationto a real
systemoperation.

3. Model description

3.1. Basicmodel

First, we introduce the basic software rejuvenation
modelproposedby Huanget. al [1]. Although they for-
mulatedit asa simplecontinuous-timeMarkov chain,we
extendtheir resultin themoregeneralmathematicalframe-
work. In particular, we regard the software rejuvenation
modelsascontinuous-timesemi-Markov processes.Define
thefollowing four states:

State0: highly robuststate(normaloperationstate)

State1: failureprobablestate

State2: failurestate

State3: softwarerejuvenationstate.

Supposethatall thestatesmentionedaboveareregener-
ation points. More specifically, let � be the randomtime
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Figure 1. Semi-Mark ovian diagram of Model 1

interval when the highly robust statechangesto the fail-
ureprobablestate,having thecommondistributionfunction687:9 �<;>=�?A@CBEDGF.=IH with finite meanJKDLF�MONPH . Justafter
thestatebecomesthefailureprobablestate,asystemfailure
mayoccurwith a positive probability. Without lossof gen-
erality, weassumethattherandomvariable� is observable
duringthesystemoperation[1, 8]. The transitiondiagram
for Model1 is depictedin Fig. 1.

Definethe failure time Q (from State1) andthe repair
time R , having the distribution functions

687,9 QS;T=�?U@BWVXF&=IH and
6Y7:9 RZ;[=�?\@]B_^`F&=IH with finite meansabVAF�McNPH

and Jd^eFIMfNPH , respectively. If the systemfailure occurs
beforetriggeringa softwarerejuvenation,thentherepairis
startedimmediatelyat that time andis completedafter the
randomtime R elapses.Otherwise,thesoftwarerejuvena-
tion is started.Note that in the basicmodelreferredto as
Model 1 thesoftwarerejuvenationcycle is measuredfrom
the time instant just after the systementersState1 from
State0. Denotethedistribution functionof the time to in-
voke the software rejuvenationandthe distribution of the
time to completesoftwarerejuvenationby BEgPF&=IH and B_h�F.=IH
(with mean Jdh\F�MZNGH ), respectively. After completingthe
repairor therejuvenation,thesoftwaresystembecomesas
good as new, and the software age is initiated at the be-
ginning of the next highly robust state. Consequently, we
definethe time interval from the beginning of the system
operationto the next one as one cycle, and the samecy-
cle is repeatedagainandagain. If we considerthe time to
softwarerejuvenationtime asa constant= D , thenit follows
that

BWgiF.=IHY@kjAF.=_lm=2D0H8@<npo q�r =�st= DN u"v#wyx 7
z q'{ x"| (1)

We call =2D}FIs~NPH as the software rejuvenativeschedulein
thispaperand jAF���H is theunit stepfunction.Hence,theun-
derlyingstochasticprocessis a semi-Markov processwith
four regenerationstates. Note that underthe assumption
that the sojourn times in all statesare exponentiallydis-
tributed,Model1 is reducedto theonein Huangetal. [1].
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Figure 2. Semi-Mark ovian diagram of Model 2

3.2. Modified model

The next model is a modificationof the basicmodel.
When the repair is completedafter the systemfailure, is
thesoftwaresystemreally renewed? Probably, theanswer
is “NO” in many cases.If onedistinguishessoftwarere-
pair andthesoftwarerejuvenation,anadditionalrejuvena-
tion might be neededafter the softwarerepair. For exam-
ple, restartingthe systemafter repairmight requiresome
cleanupandresumingthe processexecutionat the check-
pointedstate. Suchan additionalrejuvenationpolicy has
not beenconsideredin the literaturein spite of the prac-
tical need. Figure 2 is the transitiondiagramfor Model
2. In this model, the software rejuvenationis performed
just after the completionof repair as well as at the con-
stanttime = D after thefailureprobablestateis entered,i.e.,� q1� 9 �U�UQZ�tR���� �U= D ? .

4. Availability analysis

In this section,we formulate the systemavailabilities
for respective models.Applying thestandardtechniqueof
semi-Markov processes,thesystemavailability for Model1
becomes¡£¢ F.=2D5H¤@ 687,9 { u r v z¦¥"7 x {I§¨{ v#x � q�{ ui©bx 7�¥ v q1ª xq1� v#w«x { v
x ¥P¬ § l { v ¥ v
x"?@ J D �®­_¯&°D B±VXF&=IHI²i=J D �UJd^0BWVXF&= D Hd�UJ h B\VbF&= D Hd�®­W¯&°D B±VyF.=IH�²P=@ ³ ¢ F.= D H
´0µ ¢ F.= D H:| (2)

Also, thesystemavailability for Model2 is¡·¶ F.= D H¸@ J D � ­ ¯ °D B±VXF&=IHI²i=J D �UJ h �UJd^0BWVbF&= D Hd� ­ ¯ °D B±VyF.=IH�²P=@ ³ ¶ F.= D H
´0µ ¶ F.= D H:| (3)



Theproblemis to derive theoptimalsoftwarerejuvenation
schedule=#¹D which maximizesthesystemavailability in the
steady-state

¡»º F&=2D�H�F&¼_@ o ��½iH .
We makethefollowing assumption:

(A-1) Jd^±M®J h .
The assumption(A-1) meansthat the meantime to repair
is strictly larger thanthe meantime to completethe soft-
warerejuvenation.Thisassumptionis quitereasonableand
intuitive.

The following resultsgive the optimal softwarerejuve-
nationschedulefor Model ¼¾F&¼�@ o �
½iH . Theresultsaregiven
withoutproof for brevity.

Theorem1: For Model 1, (1) supposethatthefailuretime
distributionis strictly IFR (increasingfailurerate)underthe
assumption(A-1). Define the following non-linearfunc-
tion:¿ ¢ F&= D H8@Àµ ¢ F&= D H_lÂÁWF.Jd^·lmJ h H2Ã0VbF&= D HE� o¨Ä ³ ¢ F.= D H:� (4)

whereÃ V F.=IH8@OF�²PB V F&=IH
´�²P=IH#´ B V F&=IH is thefailurerate.

(i) If

¿ ¢ F.NPHÅMÆN and

¿ ¢ F�Ç®HLÈCN , thenthereexistsa finite
anduniqueoptimalsoftwarerejuvenationschedule=#¹DF.N È<=#¹D È~ÇtH satisfying

¿ ¢ F&=#¹D HÅ@ÉN , andthe maxi-
mumsystemavailability is¡ ¢ F&= ¹D H8@ oF&J ^ lÊJdh
H�Ã V F&= ¹D Hd� o | (5)

(ii) If

¿ ¢ F�NPHË;ÌN , then the optimal software rejuvena-
tion scheduleis =#¹D @¸N , i.e. it is optimal to start
the rejuvenationjust after enteringthe failure prob-
able state, and the maximum systemavailability is
¡Í¢ F.NPH8@ÀJKD0´«F&JKD��UJdh�H .

(iii) If

¿ ¢ F�Ç®HmsÎN , then the optimal rejuvenationsched-
ule is =#¹DeÏ Ç , i.e. it is optimal not to carry out the
rejuvenation,andthemaximumsystemavailability is
¡Í¢ F�Ç®HY@ÐF.JKD��ta V H#´«F&JKD��UJ ^ �®a V H .

(2) Supposethat the failure time distribution is DFR (de-
creasingfailurerate)undertheassumption(A-1). Then,the
systemavailability

¡ ¢ F&= D H is a convex function of = D , and
theoptimalrejuvenationscheduleis = ¹D @kN or = ¹D Ï Ç .

It is easyto checkthattheresultaboveimpliestheresult
in Huanget. al [1], althoughthey usedthesystemdowntime
andits associatedcostascriteriaof optimality. As is clear
from Theorem1, whenthefailuretime obeys theexponen-
tial distribution,theoptimalsoftwarerejuvenationschedule
becomes=#¹D @cN or =#¹D Ï Ç . It meansthattherejuvenation
shouldbeperformedassoonasthesoftwareentersthefail-
ureprobablestate F.= D @ZN ) or shouldnot be performedat

all F&= D Ï ÇtH . Therefore,thedeterminationof theoptimal
rejuvenationschedulebasedon the the systemavailability
is never motivatedin sucha situation.Sincefor a software
systemwhich agesit is morerealistic to assumethat fail-
ure time distribution is strictly IFR, our generalsettingis
plausibleandtheresultsatisfiesour intuition.

Similarly, considerModel2. In thiscase,theassumption
(A-1) is notnecessarilyneeded.

Theorem 2: For Model 2, (1) supposethatthefailuretime
distribution is strictly IFR. Definethe following non-linear
function:¿ ¶ F&= D H¸@ µ ¶ F&= D HWl Á Jd^5Ã0VbF&= D HE� o Ä ³ ¶ F.= D H�| (6)

(i) If

¿ ¶ F.NGHÑMÒN and

¿ ¶ F ÇtHÅÈCN , thenthereexistsa finite
anduniqueoptimalsoftwarerejuvenationschedule=#¹DF.NUÈË=#¹D ÈÉÇ®H satisfying

¿ ¶ F.=#¹D HÅ@ÓN , andthe maxi-
mumsystemavailability is¡·¶ F.= ¹D H8@ oJd^5Ã5VbF.= ¹D Hd� o | (7)

(ii) If

¿ ¶ F�NPH�;TN , then the optimal software rejuvenation
scheduleis =#¹D @ÔN , and the maximumsystemavail-
ability is

¡ ¶ F.NPH�@[JKD"´¨F&JKD��UJdh�H .
(iii) If

¿ ¶ F�Ç®H\s>N , thentheoptimalsoftwarerejuvenation
scheduleis =#¹D Ï Ç , andthemaximumsystemavail-
ability is

¡»¶ F�Ç®HY@OF.J D �®aXVGH#´«F&J D �UJd^Õ� J h �tabV`H .
(2) Supposethatthefailuretimedistribution is DFR.Then,
the systemavailability

¡»¶ F.= D H is a convex function of = D ,
andtheoptimalsoftwarerejuvenationscheduleis =#¹D @ÀN or=#¹DÍÏ Ç .

In this section,we derivedtheoptimal softwarerejuve-
nationschedulesthatmaximizethesystemavailabilities in
the steady-state.It shouldbe noted,however, that the op-
timal softwarerejuvenationschedulehasto bedetermined
from modelparameters;J D , J h , Jd^ andthefailuretimedis-
tribution B_VyF.=IH . In other words, it is not easyin general
to specify the failure time distribution in the softwareop-
erationalphase.In the following section,we develop sta-
tistical non-parametricalgorithmsto estimatethe optimal
softwarerejuvenationschedules,provided that the statisti-
cal complete(unsensored)sampledataof failure times is
given.

5. Statistical estimationalgorithms

Before developing the statisticalestimationalgorithms
for the optimal softwarerejuvenationschedules,we trans-
latetheunderlyingproblems� ¥�Ö D,× ¯ °�ØKÙ

¡ º F.= D H�F&¼�@ o ��½iH
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Figure 3. Estimation of the optimal soft-
ware rejuvenation schedule on the two-
dimensional graph (Model 1): àÅ@ÂN«| á , â�@Àãy| N ,J D @À½¨| N , Jd^\@ÀN«| N"ã , J h @ÀNy| NPä

to graphicalones.Following Barlow andCampo[13], de-
finethescaledtotal timeontest(TTT) transformof thefail-
uretimedistribution:å F�æbHY@ÆF o ´"a V Hyç®è_éGêë]ì�í,îD B V F&=IHI²i=�� (8)

whereBLï ¢
V F�æbH8@ q1�«r 9 = Dið B_VXF.= D H¦smæ¾?G�ñF�NL;mæò; o H:| (9)

It is well known [13] that B V F.=IH is IFR (DFR) if andonly
if

å F*æóH is concave(convex) on æ�ôöõ Ny� o:÷ . After a few alge-
braicmanipulations,wehavethefollowing result.

Theorem 3: For Model ¼AF&¼U@ o �
½iH , obtaining the op-
timal software rejuvenationschedule= D ¹ maximizing the
systemavailability

¡ º F.= D H is equivalent to obtaining æK¹F.NL;mæK¹Í; o H suchas� ¥�ÖD,× í × ¢ å F�æbHE�tø º
æÅ� â º � (10)

whereø ¢ @ÀabV·�UJ D , ø ¶ @ÀJ D ´iaXV , â ¢ @ÂJ h F.Jd^»lÊJ h H andâ ¶ @ÀJ h ´�Jd^ .

From Theorem3 it is to seethat the optimal software
rejuvenationschedule= D0¹ @ÀBLï ¢

V F*æK¹,H is determinedby cal-
culating the optimal point æK¹"F�NO;ñæó¹À; o H maximizing
thetangentslopefrom thepoint F�lÕâ º �,lùø º HÍôÂFIl·ÇÂ�
NPHÕúF�l·ÇÀ�#NPH to thecurve F*æE� å F*æóHIHùôÊõ N«� o:÷ ú(õ Ny� o:÷ .

Next, supposethat the optimal software rejuvenation
schedulehasto beestimatedfrom anorderedcompleteob-
servation NÊ@ÓûXDÊ;Ëû ¢ ;Zû ¶ ;ü�,���¦;ZûXý of the failure
timesfrom anabsolutelycontinuousdistribution B_V , which
is unknown. Thenthe scaledTTT statisticsbasedon this
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Figure 4. Estimation of the optimal soft-
ware rejuvenation schedule on the two-
dimensional graph (Model 2): àÑ@ÀNy| á , â�@Àãy| N ,J D @À½«| N , Jd^Í@kN«| N"ã , J h @kN«| Niä

samplearedefinedby
å ý��·@��	�0´
�_ý , where

�	�»@ ��
��


¢ F���l��y� o H:F.û � lÕû � ï ¢ H��ÂF��L@ o �
½«�,�,���:��� ð �_D·@ÀNGH�|
(11)

Sincetheempiricaldistributionfunction B ý F.ûbH correspond-
ing to thesampledataû � F��L@ÀN«� o �
½«�,�,�������dH isBWýKF&ûóHY@Ën �¨´�� for û � ;tûeÈöû ��� ¢ �o for û ý ;®ûE� (12)

the resulting polygon by plotting the points F��¨´
��� å ý�� H
(�ò@<Ny� o �
½¨���,������� ) andconnectingthemby line segments
is called the scaledTTT plot. In other words, the scaled
TTT plot canberegardedasanumericalcounterpartof the
scaledTTT transform.

The following resultgivesnon-parametricstatisticales-
timation algorithmsfor the optimal software rejuvenation
schedules.

Theorem4: (i) Supposethattheoptimalsoftwarerejuvena-
tion schedulehasto beestimatedfrom � orderedcomplete
sampleNÂ@ û D ;Îû ¢ ;Tû ¶ ; ���,�£;Tû ý of the failure
timesfrom anabsolutelycontinuousdistribution B_V , which
is unknown. Then,a non-parametricestimatorof the op-
timal software rejuvenationschedule�=#¹D which maximizes
¡»º F&=2D0HYF.¼_@ o �
½PH is givenby û���� , where

� ¹ @ n ��� � ¥�ÖD,× �:×bý å ý����tø º
�¨´
�A�Uâ º !

(13)

and a V in Eq. (10) is replacedby " ý ��
 ¢ û � ´
� .
(ii) Theestimatorgivenin (i) is stronglyconsistent,i.e. û�� �
convergesto theoptimalsolution =2D ¹ uniformly with prob-
ability oneas � Ï Ç , if a uniqueoptimalsoftwarerejuve-
nationscheduleexists.



It is straightforwardto provetheaboveresultin (i) from
Theorem3. The uniform convergenceproperty in (ii) is
dueto theGlivenko-Cantellilemma(e.g. see[13]) andthe
stronglaw of largenumbers.Thegraphicalprocedurepro-
posedherehasaneducationalvaluefor betterunderstand-
ing of theoptimizationproblemandit is convenientfor per-
forming sensitivity analysisof the optimal software reju-
venationpolicy when different valuesare assignedto the
modelparameters.Of specialinterestis, of course,to es-
timatethe optimal schedulewithout specifyingthe failure
time distribution. Althoughsometypical theoreticaldistri-
bution functionssuchas the Weibull distribution and the
gammadistributionareoftenassumedin thereliability anal-
ysis,our non-parametricestimationalgorithmcangenerate
the optimal software rejuvenationscheduleusing the on-
line knowledgeabouttheobservedfailuretimes.

Figures 3 and 4 show the estimation results of the
optimal software rejuvenationschedulefor Model 1 and
Model 2, respectively, wherethe failure time datais gen-
eratedby the Weibull distribution with shapeparameterâñ@ ãy| N and scaleparameterà>@ Ny| á . For 100 failure
datapoints,theestimatesof theoptimalrejuvenationsched-
ule andthemaximumsystemavailability are �=#¹D @cN«|�#%$&#"áP½
and

¡ ¢ F��=#¹D H£@ËN«| á('&)%' o ä , respectively, in Model 1. On the
otherhand,in Model 2, oneestimates�=#¹D @ZNy| ä*)()+)�äiá and
¡»¶ F �=#¹D H8@ÀNy| á+'&)�NG½+) .

In this section,we transformedtheunderlyingalgebraic
problemto ageometricaloneto seekthemaximumtangent
slope. This graphicalidea was usedto develop a statis-
tical estimationalgorithmto find the optimal rejuvenation
schedule.In the following section,we carryout thesensi-
tivity analysisof modelparametersandexamineasymptotic
propertiesfor thestatisticalestimationalgorithmsusingthe
simulationdata.

6. Numerical illustrations

6.1. Availability comparison

In this section,we comparetwo availability modelsand
carryout thesensitivity analysison themodelparameters.
Figures5 and6 show thebehavior of thesystemavailabili-
tiesfor Model1 andModel2, respectively. Thefailuretime
distribution is theWeibull distribution:BWVXF&=IHY@ o l-, ï ì ¯/.�0 î�1 (14)

with meantime to failure (MTTF) givenby a V @<à(2YF o �o ´0âWH , where2YFI� H denotesthestandardgammafunction.As
theMTTF becomeslarger for a fixedshapeparameter, the
optimal software rejuvenationschedulewhich maximizes
the systemavailability takes a larger value for eachcase.
Also, dependencesof MTTF on theoptimalsoftwarereju-
venationtimeandits associatedavailability areinvestigated

in Figs. 7 and8, respectively. As the MTTF getslarger,
both the rejuvenationscheduleand its associatedsystem
availability becomemonotonicallylarger. In particular, it
is foundthatboththerejuvenationtimeandtheavailability
for Model 1 arealwayslarger thanfor Model 2. Hence,if
restartingthesystemafterrepairrequiressomecleanupand
resumingthe processexecutionat the checkpointedstate,
the rejuvenationscheduleshouldbe setat a smallervalue
thanin thecasewithout rejuvenationaftertherepair.
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Figure 5. Behavior of the system availability
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Figure 6. Behavior of the system availability
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Table1 presentsthe dependenceof ratio Jd^"´0J h on the

rejuvenationschedule. As the ratio Jd^i´0J h increases,the
rejuvenationtime monotonicallydecreases,and the max-
imum availability also decreasesfor both models. Thus,
higherthemeanrepairtimerelativeto themeantimeto per-
form rejuvenation,we shouldrejuvenatethe systemmore
frequently. This monotonetendency canalsobe observed
for otherparameters.In Table2, we examinethe depen-
denceof ratio a V ´0JKD on the rejuvenationschedule.If the
MTTF becomeslarger for a fixed time JKD , i.e. the system
tendsto bemorereliable,theresultingoptimalrejuvenation
schedulecantake ratherlargevalue,that is, theoptimistic
preventive maintenanceshouldbe carriedout by perform-
ing rejuvenationlessandlessfrequently.
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Table 1. Dependence of Jd^"´�J h on the optimal
rejuvenation schedule: J h @fNy| ä , J D @ ½�ãGN ,a V @k½ o $iN , â�@c½

Model1 Model2J ^ ´0Jdh = ¹D ¡Í¢ F&= ¹D H = ¹D ¡ ¶ F&= ¹D H½ ½"ä+$"ãX| N 0.99976 o #iä('«|�# 0.99969ä o #iä('y| # 0.99969 o ½iN&)`| ã 0.99963ã o ½iN&)¨| ã 0.99963 o N o ä«| $ 0.99959# o N o äy| $ 0.99959 '+'+#¨| ä 0.99955$ '+'+#¨| ä 0.99955 )%'('«|H) 0.99952) )%'('«|H) 0.99952 ) o #¨| ' 0.99949' ) o #¨| ' 0.99949 $&#+)`| ã 0.99947á $&#+)`| ã 0.99947 $PNiá«| $ 0.99945o N $PNiá«| $ 0.99945 #($iá«| N 0.99943oPo #($iá«| N 0.99943 #iä+#¨| o 0.99941

6.2. Asymptotic behavior

Next, we examinethe asymptoticpropertiesof the es-
timatorsdevelopedin Section5. Oneof the most impor-
tant problemin practicalapplicationsis the speedof con-
vergenceof the estimatesfor the optimal softwarerejuve-
nation schedules.In other words, since large numberof
samplefailuretime datapointsarenot availablein theear-

Table 2. Dependence of abV`´�J D on the optimal
rejuvenation schedule: Jd^c@ N«| $ , J h @ N«| ä ,âm@k½ , J D @À½"ãPN

Model1 Model2abV`´0JJI =#¹D ¡ ¢ F.= D � H =#¹D ¡»¶ F&=#¹D H½ ä+#"áy|�) 0.99927 ½ o ä«| o 0.99913ä $P½"áy| ' 0.99943 ä+'&)`| N 0.99930ã oPo 'iNy| ½ 0.99961 #&) o |�# 0.99942# o ã+'"ãX|�) 0.99966 )%$ o | o 0.99950$ o )
'iNy|�) 0.99971 á&#"ä«| ' 0.99957) ½iN+#"äy| ä 0.99974 oio ã+'y| ' 0.99962' ½iä($"ãX| o 0.99976 o äiã&#«| N 0.99967á ½($"ãPäy| ' 0.99978 o #iä('y| # 0.99969o N ½iá($($y|�) 0.99980 o )�ãG½«| # 0.99972oio ä o áiäy|�) 0.99982 o áPä&)¨| $ 0.99974
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Figure 9. Asymptotic behavior of the maxi-
mum system availability for Model 1: àL@]N«| á ,âm@ÂãX| N , JKD·@k½«| N , J ^ @kN«| N"ã , Jdh�@ÂNy| NPä

lier partof theoperationalphase,it is importantto investi-
gatethenumberof datapointsatwhichonecanestimatethe
optimal softwarerejuvenationscheduleaccuratelywithout
specifyingthe failure time distribution. Figures9 and10
illustrate the asymptoticbehavior of the estimatesfor the
systemavailabilities. The failure time dataaregenerated
by the Weibull distribution with shapeparameterâc@ZãX| N
andscaleparameterà @ñN«| á . In the figures,the horizon-
tal linesdenotetherealmaximumsystemavailabilitiesfor
respectivemodels.

In these figures, the miximum availabilities

¡ º F��=#¹D HF&¼�@ o �
½iH are calculatedin accordancewith the estima-
tion algorithmin Theorem4, wherethesamplemean �aXVL@" ý ��
 ¢ û � ´�� changesas the failure time datais observed.
From Figs. 9 and 10, it is seenthat the estimateof the
optimal rejuvenationschedulefluctuatesuntil the number
of observationsis about20. This resultenablesus to use
thenon-parametricalgorithmproposedheretoestimatepre-
ciselytheoptimalsoftwarerejuvenationscheduleunderthe
incompleteknowledgeof thefailuretimedistribution.
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Figure 10. Asymptotic behavior of the maxi-
mum system availability for Model 2: àA@]N«| á ,âm@Âãy| N , J D @k½¨| N , Jd^£@kN«| N"ã , J h @ÀNy| NPä

7. Conclusion

In this paper, we have analyzedtwo generalizedsoft-
warerejuvenationmodelsanddevelopeda statisticalnon-
parametricalgorithmto estimatetheoptimalsoftwarereju-
venationscheduleswhich maximizethe systemavailabili-
ties.Theresultingestimatorsfor theoptimalsoftwarereju-
venationscheduleshave quitenice convergenceproperties
andareuseful in applying to a real software in operation
without specifyingtheunderlyingfailuretime distribution.
In fact, the measurement-basedapproachin the literature
[7] to performthe effective softwarerejuvenationrequires
mucheffort to measurethe physicalcharacteristicsof the
system.Also, themodeling-basedapproachesstudiedin the
literaturecannot explain the softwareagingphenomenon
completely, sincetheunderlyingfailuretimedistribution is
unknown in many cases.Thestatisticalapproachdeveloped
in this paperis simple,andcanguaranteethe real optimal
softwarerejuvenationscheduleif thenumberof failuretime
databecomeslarge. Suchan on-line estimationalgorithm
shouldbeappliedto complex softwaresystems,suchasthe
transaction-basedsoftwaresystems.
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