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Abstract

The class D of generalized continuous functions on R known under the common name of
Darboux-like functions is usually described as consisting of eight families of maps: Darboux,
connectivity, almost continuous, extendable, peripherally continuous, those having perfect
road, and having either the Cantor Intermediate Value Property (CIVP) or the Strong Cantor
Intermediate Value Property (SCIVP). The goal of this paper is to show that all Darboux-like
subclasses of (PC\ D) U (AC \ Ext) in the algebra generated by ID are 2¢-lineable, that is,
have maximal lineability.
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1 Background and the summary of presented results

Over the last two decades, a lot of mathematicians have been interested in finding the largest
possible vector spaces that are contained in various families of real functions, see e.g. survey
[8], monograph [6], and the literature cited there. (More recent work in this direction include
[5,11,21].) Specifically, given a (finite or infinite) cardinal number «, a subset M of a vector
space X is said to be «-lineable (in X) provided there exists a linear space ¥ C M U {0}
of dimension k. This notion was first studied by Vladimir Gurarii [29], even though he did
not use the term lineability. He showed that the set of continuous nowhere differentiable
functions on [0,1], together with the constant 0 function, contains an infinite dimensional
vector space, that is, it is w-lineable.

In what follows we consider only real-valued functions and no distinction is made between
a function and its graph. Standard set-theoretic notation and terminology is used throughout
the paper. The reader can check [12] for basic definitions.

Also, we will denote the collection of Darboux-like classes of maps by the symbol DD, that
is, we put D := {Ext, AC, Conn, D, SCIVP, CIVP, PR, PC}. For the sake of completeness,
we provide below the full definitions of these classes.

D Of all Darboux functions f € RR that is, such that fIC] is connected (i.e., an
interval) for every connected C C R. (Equivalently, f € D provided it has the
intermediate value property.) This class was first systematically investigated by Jean-
Gaston Darboux (1842-1917) in his 1875 paper [23].

PC Of all peripherally continuous functions f € RE, that is, such that for every number
x € R there exist two sequences s, /' x and #, N\, x with nl;rr;o fsp) = f(x) =

lim f(t,). This class was introduced in a 1907 paper [40] of John Wesley Young
n—oo

(1879-1932). The name comes from the papers [30,31,39]. Note that any function
with a graph dense in R? is PC.

PR Of all functions f € RR with perfect road, that is, such that for every x € R there
exists a perfect P C R having x as a bilateral limit point (i.e., with x being a limit
point of (—oo, x) N P and of (x, c0) N P) such that f | P is continuous at x. This
class was introduced in a 1936 paper [33] of Isaie Maximoff, where he proved that
D NB; = PR NBj, where By is the class of Baire class 1 functions.

Conn Of all connectivity functions f € RE, that is, such that the graph of f restricted to
any connected C C R is a connected subset of R2. This notion can be traced to a
1956 problem [34] stated by John Forbes Nash (1928-2015). We also refer to [31,38].
Connectivity maps on R? are defined in a similar fashion.

AC Of all almost continuous functions f € RR (in the sense of Stallings), that is, such
that every open subset of R? containing the graph of f contains also the graph of
a continuous function from R to R. This class was first seriously studied in a 1959
paper [38] of John Robert Stallings (1935-2008); however, it appeared already in a
1957 paper [31] by Olan H. Hamilton (1899-1976).

Ext Of all extendable functions f € RE, that is, such that there exists a connectivity
function g: R x [0, 1] — R with f(x) = g(x,0) for all x € R. The notion of
extendable functions (without the name) first appeared in a 1959 paper [38] of J.
Stallings, where he asks a question whether every connectivity function defined on
[0, 1] is extendable.

CIVP Of all functions f € R® with Cantor Intermediate Value Property, that is, such that
for all distinct p,q € R with f(p) # f(q) and for every perfect set K between
f(p) and f(q), there exists a perfect set P between p and ¢ such that f[P] C K.
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Fig.1 All inclusions, indicated AC — Conn —— D

by arrows, among the

Darboux-like classes . The only

inclusions among the Ext PC
intersections of these classes are

those that follow trivially from

this schema. (See [17,26].) SCIVP CIVP s PR

This class was first introduced in a 1982 paper [27] of Richard G. Gibson and Fred
William Roush.

SCIVP Of all functions f € RR with Strong Cantor Intermediate Value Property, that is,
such that for all p, g € R with p # ¢ and f(p) # f(g) and for every perfect set
K between f(p) and f(q), there exists a perfect set P between p and ¢ such that
fIP] C K and f [ P is continuous. This notion was introduced in a 1992 paper
[37] of Harvey Rosen, R. Gibson, and F. Roush to help distinguish extendable and
connectivity functions on R.

The diagram in Fig. 1 shows the relations between the classes in D. The arrows denote strict
inclusions.

The inclusions Conn € D C PC, PR c PC, and SCIVP C CIVP are obvious from the
previous definitions. On the other hand, the remaining inclusions are less obvious. Among
them the inclusions Ext C AC C Conn were proved by Stallings [38], while CIVP C PR
was stated without proof in [28] (although its proof can be found in [26, theorem 3.8]). The
inclusion Ext C SCIVP comes from [37].

The inclusions indicated in Fig. 1 are the only inclusions among these classes even when
we add to the considerations the intersections of the classes from the top and bottom rows of
Fig. 1. This is well described in the expository papers [13,17,26]. Specifically, AC \ CIVP #
and CIVP\ AC # () was shown in a 1982 paper [27]. The fact that Conn \ AC # § is the
trickiest to prove and is related to late 1960s papers: [36] of John Henderson Roberts, [22] of
James L. Cornette, [32] of F. Burton Jones and Edward S. Thomas Jr., and [9] of J. Brown.
The result D \ Conn # ¢ can be traced to 1965 paper [10] of Andrew M. Bruckner and Jack
Gary Ceder (see also [9]), while examples for PC\ D # ¢, PR \ CIVP # #J,and PC\ PR # ¢
to a 2000 paper [17] of Ciesielski and Jan Jastrzebski.

The inclusions indicated in Fig.1 suggest a natural split of D into two subclasses:
U := {Ext, AC, Conn, D, PC} and L := {Ext, SCIVP, CIVP, PR, PC}, each consisting of
the families that are mutually comparable by inclusion. In particular, the algebra A(U) of
subsets of PC generated by the classes in U has 5 atoms:

{PC\ D, D\ Conn, Conn \ AC, AC \ Ext, Ext}.
Similarly, A(IL) generated by the classes in L has also 5 atoms:
{PC\ PR, PR\ CIVP, CIVP \ SCIVP, SCIVP \ Ext, Ext}.

This means that the algebra A(ID) has theoretically 25 atoms, the intersections L N U, where
L € A(L) and U € A(U). However, if Ext € {U, L},then LNU = Y unless L = U = Ext.
Thus, A(D) = A(U U LL) has actually 17 atoms: Ext and the 16 atoms presented in Table 1,
where for F ¢ R® we use the symbol —F to denote the complement of F with respect to
RE, that is, =F := RE\F.

The goal of this paper is to show that all classes presented in rows 1 and 4 of Table 1 are
2¢-lineable, see Table 2 below. This work is a part of the general study of lineability of all
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Table 2 The values of lineability for all the classes in Table 1 and references to these results

N PC\ PR PR\ CIVP CIVP \ SCIVP SCIVP \ Ext
2¢ 2¢ 2¢ 2¢
PC\D 2¢ 2¢ 2¢ 2¢
2¢ Theorem 2.5 Theorem 2.10 Theorem 2.15 Theorem 2.18
D\ Conn 2¢ 2¢ 2¢ ¢ when c is regular, [4]
2¢, [14, Thm 2.1] [2] [2] [2] ¢in ZFC, [1]¢
Conn \ AC c [3 c c
¢ [1] [1] [1] [1] (11
AC \ Ext 2t 2t 2°¢ 2t
2¢ Theorem 2.8 Theorem 2.11 Theorem 2.16 Theorem 2.20

4The authors just proved, in ZFC, that this number is 2°, to appear in [2]

classes presented in Table 1, which is spread over the papers [1-4,14] and is expected to lead
to a Ph.D. dissertation of the first author, written under the supervision of the second author.

The lineabilities of the classes in D (including some of their differences) have been pre-
viously studied in 2005 paper [7] and 2010 papers [24,25]. (See also 2014 survey [8].) The
fact that all classes in ID are 2¢-lineable was established in a 2014 article [16]. The systematic
study of the atoms of A(D) has been initiated in a 2021 paper [18], but did not directly
concern their lineabilities.

Table 2 summarizes the results presented in this paper and in [1,2,4,14].

2 The results

For an f € RR its support is defined as supp(f) = {x € R: f(x) # 0}. The following
definition will constitute the main tool used in this paper.

Definition 2.1 For a family Z C R® of functions with pairwise disjoint supports we define
the canonical linear space W over R, a subspace of RR as

Wr = U {Zdi%‘i a; € R & ¢; € Vrforeveryi < n},

neN * i<n

where Ve = {3 sz h(f)f: h € {0, 1}7}. That is, W is spanned by V.

Notice that each element in V£ is well defined, since maps in F have pairwise disjoint
supports. Also, if |F| = ¢, then |V£| = 2°. So, the following remark is obvious.

Remark 2.2 1f | F| = ¢, then W has dimension 2°¢.

Notice W is strictly contained in the vector space Lr = {Zfe}.s(f) - f:seR”F
naturally associated with the family F and earlier considered in the literature. (See [1] and
the literature cited therein.)

In what follows we will repeatedly use the following simple fact that we will leave without
a proof.

@ Springer



24  Page6o0f13 G.M. Albkwre, K.C. Ciesielski

Remark2.3 If 7 c RR is a family of functions with pairwise disjoint supports and
g € Lz is non-zero, then there is an f € F and a non-zero ¢ € R such that

g I'supp(f) =c f [ supp(f).

2.1 Lineability of PC \ (D U PR)

Here and in what follows {B;: r € R & § < ¢} is a fixed partition of R into Bernstein sets.
For a dense subset D of R and & < ¢ define

(@) af =Y 4epd X g

where X g denotes the characteristic function of B C R. Clearly the supports of maps in
the family F(a?) := {a? : & < ¢} are pairwise disjoint. Moreover, we have the following
simple fact that we will leave without a proof.

Fact2.4 If D C Risdense, f € F(aP), c € R\{0}, and g € R® is such that g | supp(f) =
c f | supp(f), then g | P is dense in P x R for every perfect P C R. In particular, g has
a dense graph and belongs to PC \ PR.

Theorem 2.5 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € PC\(DUPR) for every non-zero g € Wx. In particular,
PC\(DUPR) is 2¢-lineable.

Proof The family F := F (@Q) is as needed. Indeed, if g € Wy is non-zero, then, by
Remark 2.3, there is an f € F(a®) and ¢ € R\{0} with g | supp(f) = ¢ f | supp(f).
Thus, by Fact 2.4, g has a dense graph and belongs to PC \ PR.

Also, if g =), _, aipi, witha; € R and ¢; € Vi, then g[RR] is contained in aj¢;[R] +
@ [R]+ -+ an9u[R] C a1Q 4+ axQ + - - - 4+ a,Q, a countable set. So g[R] C R which,
together with the density of the graph of g, implies that g € = D.

Of course, by Remark 2.2, W has dimension 2°. O

2.2 Lineability of AC\ PR

A set B C R? is a blocking set provided it is closed, meets the graph of every continuous
function, and is disjoint with some (arbitrary) function € R¥. In what follows, the family
of all blocking sets will be denoted by B. It is well known and easy to see that an f € R¥ is
in AC if, and only if, f N K # ¢ for every K € B. Recall that the x-axis projection of every
blocking set contains a non-trivial interval, see e.g. [35]. (Compare also [18, lemma 5.1] and
related history.)

As above, let {Bg :r € R& & < ¢} be a partition of R into Bernstein sets.

Fact2.6 Foranymeagerset M C Rand& < cthere exists amap ,Béu e RR with supp(ﬂé”) -
U, er B{\M such that

(B1) (ﬁg” I (Bg\M)) N K # O for every K € B; and
(B2) ﬁé”[supp(ﬁé”) N P] is unbounded for every perfect P contained in R\M.

Proof Take a function ¢ from an E C Bg \M into R such that ¢ N K # ¢ for every K € B.
Such a map can be constructed by an easy transfinite induction, see e.g. [35]. Let ®¢ € RE
be an extension of ¢ such that ®¢(x) = 0 forevery x € R\ E. Then ,Bé"’ = Ps + océQ Xr\M
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is as needed since ®¢ and a? have disjoint supports, ¢ ensures (81), and, by Fact 2.4,

a? - Xr\m ensures (82). m]

Clearly the supports of maps in the family F (M) := {ﬂg” : & < c} are pairwise disjoint.
Moreover, we have the following simple fact that we will leave without a proof.

Fact2.7 If M C R is meager, f € F(BM), ¢ € R\{0}, and g € RR is such that
g [ supp(f) = ¢ f | supp(f), then g has a dense graph, belongs to AC, and g[P] is
unbounded for every perfect P contained in R\ M.

Theorem 2.8 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € AC \ PR for every non-zero g € Wx. In particular, AC \ PR
is 2¢-lineable.

Proof The family F := F (8?) is as needed. This follows from Fact 2.7 and Remarks 2.2
and 2.3. Specifically, a non-zero g € Wr is not in PR since, by Fact 2.7, g[ P] is unbounded
for every perfect P C R and so, g | P is discontinuous at every x € P. O

2.3 Lineability of PR \ (D U CIVP)

Here and in what follows the symbol 5 denotes the standard countable basis
{(p.¢):p <qg&p,ge QofRand (Pl c I:1 € Blisa family of pairwise dis-
joint nowhere dense perfect sets. For every I € B, let {Pg : & < c} be an enumeration of
some partition of P/ into perfect sets. For the use in the later part of this paper it is convenient
to put Pl = {(h[{x} x 29]: x € 2%}, where h; is a homeomorphism from 2“ x 2“ onto
P’ Notice that the sets

are pairwise disjoint and that
M= P =M 1)

is meager.
For every & < ¢, let

) ¥e ==Y 1en VEI’ where ySI: R — Q has support contained in PEI and (ysl)*l(q)
contains non-empty perfect set for every g € Q.

Clearly the supports of maps in the family F(y) := {ys: § < c} are pairwise disjoint.
Moreover, we have the following simple fact.

Fact2.9 If f € F(y) and g € RF is such that g | supp(f) = ¢ f | supp(f) for some
¢ € R\{0}, then g has a dense graph and belongs to PR.

Proof Clearly (y) implies that f | supp(f) is dense in R?, so g has a dense graph. To see
that g € PR choose an x € R and a sequence (g, : n < w) of non-zero rational numbers
such that ¢ - g, = p—co g(x).

Choose a sequence ((ay, by) € B: n < w) such that lim,_,a, = x and ap < by <

ap <by<---<x<---<a3 <by <ay <b;.By(y),forevery n < w there exists a
perfect set P, C (an, b,) such that f[Ps, U Pay41]1 = {gn}. Then P := {x} U, ., Prisa
perfect set having x as a bilateral limit point and g | P is continuous at x. O
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Theorem 2.10 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € PR\ (D U CIVP) for every non-zero g € Wx. In particular,
PR\ (D UCIVP) is 2¢-lineable.

Proof The family F := F(y) is as needed. Indeed, if g € Wy is non-zero, then, by
Remark 2.3 and Fact 2.9, g has a dense graph and belongs to PR. Also, similarly as in
the proof of Theorem 2.5 we see that g[R] is countable. This and the density of its graph
imply that g € —=D.

Finally, to see that g € — CIVP, using density of the graph of g, choose p < ¢ so that
g(p) < g(q). Since g[R] is countable, there is perfect K C (g(p), g(¢))\g[R]. Then there
is no nonempty P C (p, q) with g[P] C K, that is, indeed g € — CIVP. ]

2.4 Lineability of ACN PR\ CIVP

Using the notation as above, for every £ < ¢ define
(8) 8 = ye + B

Notice that the supports of y: and ,3;” are disjoint, the first contained in M, the second in
R\M. It is also easy to see that the supports of maps in the family F(8) := {d¢: § < ¢} are
pairwise disjoint.

Theorem 2.11 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € ACNPR \ CIVP for every non-zero g € Wx. In particular,
ACNPR\ CIVP is 2¢-lineable.

Proof The family F := F(§) is as needed. Indeed, if ¢ € Wz is non-zero,
then, by Remark 2.3, there exist an f = 8¢ € F(8) and a number ¢ € R\{0} with
g | supp(d¢) = c 8 | supp(dg). Since supp(yz) C supp(dg), this implies that
g I supp(ys) = c 8¢ | supp(ye) = ¢ ye | supp(ye) so by Fact 2.9, g has a dense graph
and belongs to PR. Similarly supp(,Bé”) C  supp(d¢), which implies that
g [ supp(B') = ¢ 8 | supp(BY') = ¢ B | supp(B}') so, by Fact 2.7, g € AC.

Finally, to see that g € — CIVP, notice that g[M] = g[R] for some & € Wr(,) so, as
in the proof of Theorem 2.10, g[M] = g[R] is countable. Since g has a dense graph, we
can choose p < ¢ so that g(p) < g(g). Also, choose a nonempty perfect K C R\g[M].
Take a nonempty perfect P C (p, g). It is enough to prove that g[P] ¢ K. So, by way of
contradiction, assume that there is a prefect P C R with g[P] C K. Then, reducing P if
necessary, we can assume that P is either contained in or disjoint with M.

But P C R\M is impossible, since in such case Fact 2.6 implies that the set g[P] D
g[supp(ﬂé"’) NPl =c ﬂé"’[supp(ﬂé"’) N P] is unbounded, so it cannot be contained in
bounded K.

Similarly, P C M implies that g[P] C g[M], which is disjoint with K, contradicting
g[P] C K. Thus g € =CIVP as needed. O

2.5 Lineability of CIVP \ (D U SCIVP)

Here the families P!, used earlier to construct functions ye, will need to be chosen more
carefully with the help of the following lemma.
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Lemma 2.12 For every I € B there is a subfamily Pg of P! with |P(§| = ¢ such that if
Po = U ep Pl then for every perfect P C R,

o if |P N Q| < wforevery Q € Py, then |P\U790| =rc

Proof Let B be a Bernstein subset of 2%, that is, such that BN Q # ¥} # Q\B for every
perfect O C 2“. Clearly |B| = ¢. Forevery I € B, let h; be a homeomorphism from 2 x 2¢
onto P! and let P} := {h;[{b} x 2°]: b € B}.

To see that this choice ensures e, choose a perfect P C R so that |P \U 730| < ¢c. We
needtofindab € B and an I € B so that |P N h[{b} x 2°]| > w.

Since |P\U;ep P'| < |P\UPo| < cthereis an I € B and a perfect Q C P N P
Let ry: 2% x 29 — 2 be the projection onto the first coordinate. If the compact set
Qo = nl[hl_l(Q)] is uncountable, then the set Q¢\ B has cardinality ¢ and so has the set
h[[n]_1 (Qo\B)] C P\ | Py, contradicting our assumption that |P\ U ’P0| < ¢. So, we can
assume that Qg is countable. Then, for some b € Qy, the set h,[nl_] D)] = hy[{b} x2%] C
Q C P has cardinality c¢. By the assumption ‘P\ UPO‘ < ¢ we must have b € B, since
otherwise hI[JTfl(b)] c P\ Po. So, hl[nfl(b)] C P N hy[{b} x 2“] is uncountable, as
needed. O

To ensure CIVP the range of our modified functions y¢ needs to intersect every perfect
set while no generated function can be surjective. This will be achieved with the following
lemma.

Lemma 2.13 There exists a linear space V. C R over Q which intersects every non-empty
perfect set P C R and such that

e a|V+---+a,V#R foreveryay,...,a, e R

Proof Let T be a transcendental basis that is also a Bernstein set—it can be constructed
by an easy transfinite induction. (See e.g. [14]. Compare also [12, theorem 7.3.4], where
an analogous construction of a Hamel basis that is a Bernstein set is described.) Choose
countable infinite subset 7Ty of 7' and let V be a vector space over Q generated by 7'\ Tp.
Notice that it is as needed.

To see o, let F = Q(T\Tp) be a subfield of R generated by T\Ty. In particular Ty is
linearly independent over F, implying that the dimension of R over F is infinite. Therefore,
ifaj,as,-- ,a, e Rythena;V+---+a,VCaF+---+a,F CR.Clearly V D T\Ty
intersects every non-empty perfect set P C R. O

Let P be the family of all perfect subsets of R and [Pgl’c cPl:ieg<c&Ce 73} be an

enumeration of 73({ . Forevery £ < clet

1,C 1
(k) kg = Z(l,@eBxP"g , Where Ke

K; ’C[PSI ’C] cCnYV,and KSI *C is discontinuous on any perfect subset of P; €1

C.R — V has support contained in PS”C,

Clearly the supports of the maps in the family F (k) := {xs : § < c} are pairwise disjoint.
Moreover, we have the following simple fact.

Fact2.14 If f € F(x) and g € R® is such that g | supp(f) = ¢ f [ supp(f) for some
¢ € R\{0}, then g has a dense graph and belongs to CIVP.

1 1Le [ PEI g just a Sierpiriski-Zygmund function from PEI Cinto Ccn V, which can be easily constructed

by a transfinite induction, see e.g. [20].
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Proof This easily follows from our definition (k). O

Theorem 2.15 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € CIVP \(D U SCIVP) for every non-zero g € Wx. In partic-
ular, CIVP \(D U SCIVP) is 2°-lineable.

Proof The family F := F(k) is as needed. Indeed, if g € Wy is non-zero, then, by
Remark 2.3 and Fact 2.14, g has a dense graph and belongs to CIVP.

Also, if g =), _, aipi, witha; € R and ¢; € Vi, then g[R] is contained in a¢;[R] +
ar2[R] + -+ + anen[R] C a1V + a2V + - -- + a, V which, by Lemma 2.13, is strictly
contained in R. So g[R] C R which, together with the density of the graph of g, implies that
g € —-D.

Finally, to see that g € — SCIVP, using density of the graph of g, choose p < ¢ with
g(p) < g(gq) and a nonempty perfect K C (g(p), g(¢))\{0}. It is enough to show that for
every perfect set P C (p, g) with g[P] C K the restriction g [ P is discontinuous. Indeed,
g[P] € K # 0 implies that P C Ué<c supp(ke) C |JPo. So, by Lemma 2.12, there is a

PSI’C € |JPo with [P N P;’C| > w. In particular, there exists a perfect set Q C P N PEI’C.
Notice that g | supp(kg) = ¢ k¢ | supp(xg) and ¢ # 0, since otherwise g[Q] = {0} £ K.

Since kg | O = KEI"C | Q is discontinuous, as ensured in («), g | Q is discontinuous. ]

2.6 Lineability of ACN CIVP \ SCIVP

Using the notation as above, for every & < ¢ define
(M) Agi=ke + ,3;”.

Notice that the supports of k¢ and ,85” are disjoint, the first contained in M, the second in
R\M. It is also easy to see that the supports of the maps in the family F(A) := {Ag: § < ¢}
are pairwise disjoint.

Theorem 2.16 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € ACNCIVP \ SCIVP for every non-zero g € Wx. In partic-
ular, ACNCIVP\ SCIVP is 2¢-lineable.

Proof The family F := F () is as needed.

Indeed, if g € W is non-zero, then, by Remark 2.3, there is an f = A¢ € F(A)
and ¢ € R\{0} with g | supp(Ae) = ¢ A¢ | supp(Arg). Since supp(ke) C supp(Ag), this
implies that g | supp(ks) = ¢ Ag | supp(ke) = c k¢ | supp(kg) so by Fact 2.14, g has
a dense graph and belongs to CIVP. Similarly supp(ﬁé"’ ) C supp(Ag), which implies that
gl supp(,Bé”) =cie | supp(ﬂé”) =c ,85” i supp(ﬂé"’) so, by Fact 2.7, g € AC.

Lastly, to see g € — SCIVP, using density of the graph of g, choose p < g with g(p) <
g(q) and a nonempty perfect K C (g(p), g(g))\{0}. It is enough to show that for every
perfectset P C (p, g) with g[P] C K the restriction g [ P is discontinuous. As in the proof
of Theorem2.11, we canassume P C M.So, P C Ug<c supp(kg)C JPoasg[P]C K 0.
A similar argument as in Theorem 2.15 shows g | P is discontinuous, as needed. O

2.7 Lineability of SCIVP \ D

To ensure SCIVP the definition of KEI ‘€ needs to be slightly changed whereas no generated
function can be surjective. For § < cleté < ¢
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(W) Mg = 311 CyeBxP ,ué’c, where ,ué’cz R — C NV is defined as Mé’c = aXP;,c
forsomea e CNV.

Notice that the support of ug’c is contained in PSI €. So, the supports of maps in the family
F(n) := {ue: & < c} are pairwise disjoint. Moreover, we have the following simple fact.

Fact2.17 If f € F(u) and g € RE is such that g | supp(f) = ¢ f | supp(f) for some
¢ € R\{0}, then g has a dense graph and belongs to SCIVP.

Proof Tt is straightforward from our definition (u). O

Theorem 2.18 There exists a family F C RR of c-many functions with nonempty pairwise
disjoint supports such that g € SCIVP\D for every non-zero g € Wg. In particular,
SCIVP\ D is 2¢-lineable.

Proof The family F := F(u) is as needed.

Indeed, if g € W is non-zero, then, by Remark 2.3 and Fact 2.17, g has a dense graph
and belongs to SCIVP.

For g € =D, the proof is an identical to that presented in Theorem 2.15. O

2.8 Lineability of ACN SCIVP \ Ext

The hardest aspect of this argument will be ensuring that the functions in W are not extend-
able. For this, we recall the following useful result that was proved in [19].

Theorem 2.19 If f: R — R is an extendable function with a dense graph, then for every
a,b € R, a < b, and for each perfect set K between f(a) and f(b) there is a perfect set
C between a and b such that f[C] C K and the restriction f | C is continuous strictly
increasing.
By using the notation as above, for every £ < ¢
V) vei=pg + ,3;”.

Notice that the supports of s and ﬂé"’ are disjoint, the first contained in M, the second in
R\M. It is also easy to see that the supports of maps in the family F(v) := {vg: § < c} are
pairwise disjoint.

Theorem 2.20 There exists a family F C RR of c-many functions with nonempty pairwise

disjoint supports such that g € AC N SCIVP \ Ext for every non-zero g € Wr. In particular,
ACNSCIVP \ Ext is 2¢-lineable.

Proof The family F := F(v) is as needed.

Indeed, if g € W is non-zero, then, by Remark 2.3, there is an f = vz € F(v) and
c € R\{0} with g | supp(vs) = c v [ supp(vg). Since supp(ig) C supp(vg), this implies
that g | supp(ue) = c¢ ve [ supp(ug) = ¢ pe | supp(ug) so by Fact 2.17, g has a
dense graph and belongs to SCIVP. Similarly supp(ﬁév] ) C supp(vg), which implies that
gl supp(ﬂé"’) =cuvg | supp(ﬂg’]) =c ﬁéw i supp(ﬁéw) so, by Fact 2.7, g € AC.

Finally, to see g € — Ext, using density of the graph of g, choose p < g with g(p) < g(¢)
and a nonempty perfect K C (g(p), g(¢))\{0}. By Theorem 2.19, it is enough to show that
for no perfect set P C (p, g) with g[P] C K the restriction g | P is strictly increasing.
As in the proof of Theorem 2.11, we can assume P C M. Since g[P] C K # 0, which
implies P C (J;_ supp(ug)C |JPo. So, by Lemma 2.12, there is a PEI’C e |J Py with

[P N PSI’CI > w. Notice that P N PEI’C C PEI’C C supp(ig) C supp(vg). So, g [ P is not
strictly increasing and the same is true for v [ P and g [ P. Thus, g € —EXt, as needed. O
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