Can. J. Math. Vol. 49 (6), 1997 pp. 1089ś1116.

SETS ON WHICH MEASURABLE FUNCTIONS ARE DETERMINED BY THEIR RANGE

MAXIM R. BURKE AND KRZYSZTOF CIESIELSKI

ABSTRACT. We study sets on which measurable real-valued functions on a measurable space with negligibles are determined by their range.

1. Introduction. In [BD, Theorem 8.5], it is shown that, under the Continuum Hypothesis (CH), in any separable Baire topological space X there is a set M such that for any two continuous real-valued functions f and g on X, if f and g are not constant on any nonvoid open set then f [M] „ g[M] implies f = g. In particular, if f [M] = g[M] then f = g. Sets having this last property with respect to entire (analytic) functions in the complex plane were studied in [DPR] where they were called sets of range uniqueness (SRU’s). We study the properties of such sets in measurable spaces with negligibles. (See below for the deőnition.) We prove a generalization of the aforementioned result [BD, Theorem 8.5] to such spaces (Theorem 4.3) and answer Question 1 from [BD] by showing that CH cannot be omitted from the hypothesis of their theorem (Example 5.17). We also study the descriptive nature of SRU’s for the nowhere constant continuous functions on Baire Tychonoff topological spaces.

When X = R, the result of [BD, Theorem 8.5] states that, under CH, there is a set M „ R such that for any two nowhere constant continuous functions f ñ g: R ! R, if f [M] „ g[M] then f = g. It is shown in [BD, Theorem 8.1] that there is (in ZFC) a set M „ R such that for any continuous functions f ñ g: R ! R, if f has countable level sets and g[M] „ f [M] then g is constant on the connected components of fx 2 R : f (x) 6= g(x)g. In the case where g is the identity function, these properties of M are similar to various properties that have been considered in the literature. Dushnik and Miller [DM] showed that, under CH, there is an uncountable set M „ R such that for any monotone (nonincreasing or nondecreasing) function f : R ! R, if fx 2 R : f (x) = xg is nowhere dense, then f [M]\M is countable. Building on this result from [DM], BÈuchi [BÈu] showed that, under CH, there is a set M „ R of cardinality ů such that for any X „ M and for any Borel function f : X ! M, f [fx 2 X : f (x) 6= xg] has cardinality less than ů. He calls such sets totally heterogeneous. He also observes that if instead of saying łfor any Borel

Received by the editors July 19, 1996; revised April 28, 1997.

Research of the őrst author supported by NSERC. This research was initiated while the author was visiting the Department of Mathematics at the University of Toronto. Work of the second author partially supported by the NATO Collaborative Research Grant CRG 950347; he also thanks Professor Dikran Dikranjan from the University of Udine, Italy, for his hospitality in June of 1995, while some of this research was carried out.

AMS subject classiőcation: Primary: 28A20, 28A05, 54C05; secondary: 26A30, 03E35, 03E50. Key words and phrases: measurable function, measurable space with negligibles, continuous image, set of range uniqueness (SRU).

cflCanadian Mathematical Society 1997.

1089 function f : X ! Mž we say łfor any Borel function belonging to collection Až for special classes A of Borel functions, the use of CH can be avoided. This is true, e.g., for the class of all Borel functions f : R ! R such that f [X] „ M and for each y 2 R, f^{`1}(fyg) is either countable or of positive Lebesgue measure (a class which contains monotone functions, for example). In the last section of the paper, we shall discuss the relationships between some of these properties and the SRU property for various classes of functions.

2. Preliminaries. Our set-theoretic terminology is standard: see [Ku1] or [Je]. In particular, R, Q and Z will stand for the sets of real numbers, rational numbers and integers, respectively. We will write Bor for the Borel Ż-algebra of R.

A triple hXñ Σñ N i is a measurable space with negligibles if Σ is a Ż-algebra of subsets of X and N is a proper Ż-ideal of subsets of X generated by Σ \ N . (See [F] for the basic properties of such spaces.) By analogy with the case where Σ and N are respectively the Ż-algebra of measurable sets and the Ż-ideal of null sets for a measure on X, we will call the elements of Σ measurable sets and refer to the elements of N as negligible sets. We will also call the members of Σ n N positive sets. (So, in particular, positive sets are measurable.) If Σ and N are clear from the context, we will write X in places where it would be more appropriate to write hXñ Σñ N i. In particular, when M „ X is not negligible, we shall identify M with the space hMñ Σ_Mñ N_M i where Σ_M = fE\M : E 2 Σg

and N_M = fN \ M : N 2 N g. We say that hXñ Σñ N i is @_1-saturated if every pairwise

disjoint family of positive sets is countable. An atom of hXñ Σñ N i is a positive set which does not have two disjoint positive subsets. hXñ Σñ N i is nonatomic if it has no atoms. The completion of hXñ Σñ N i is the space hXñ ÃΣñ N i where ÃΣ = fE 4 N : E 2 Σñ N 2 N g.

Now, let hXñ Σñ N i be a measurable space with negligibles. A function f : X ! R is Σ-measurable (or simply measurable if Σ is clear from the context) if f^{`1}(U) 2 Σ for each open set U „ R. The family of all measurable functions from X into R will be denoted by M_Σ(X). We will often write M (X) in place of M_Σ(X) when Σ is clear from the context. If E „ X, then f E denotes the restriction of f to E. For f ñ g 2 M (X) we write f ” g to mean that fx 2 X : f (x) 6= g(x)g is negligible. The level sets of f 2 M (X) are the sets f^{`1}( y) for y 2 range( f ). We say that f is nowhere constant if it is not constant on any positive set, or equivalently, if its level sets are negligible.

DEFINITION 2.1. Let hXñ Σñ N i be a measurable space with negligibles and let F „

M (X) be a family of measurable functions. A set M „ X is an SRU (a set of range

uniqueness) for F if whenever f ñ g 2 F are nowhere constant functions, f [M] = g[M] implies f ” g. A set M is a strong SRU for F if for any positive set E and any nowhere constant f ñ g 2 F , if f [M \ E] „ g[M] then f E ” g E. We will frequently have

F = M (X). It will be convenient, when M is an SRU (resp. a strong SRU) for M (X), to

call M an SRU (resp. a strong SRU) for hXñ Σñ N i or, when the structure is clear from the context, simply an SRU (resp. a strong SRU).

Note that if hXñ Σñ N i is a measurable space with negligibles and F „ M (X) then every strong SRU for F is an SRU for F , and if F „ G „ M (X) then any SRU (resp. strong SRU) for G is also an SRU (resp. a strong SRU) for F .

All topological spaces considered in this paper are assumed to be Tychonoff. A topological space is Baire if it satisőes the Baire Category Theorem, i.e., if every meager subset of X has empty interior. A Cantor set is a nonvoid zero-dimensional compact metrizable space with no isolated points, i.e., a homeomorphic copy of the Cantor middle third set. If X is a topological space, we write C(X) for the family of all continuous realvalued functions on X. An s_0-set (in X) is a set S „ X with the property that for every Cantor set P „ X, there is a Cantor set Q „ P such that Q \ S = ;. (See [Mi2] for the basic facts about s_0-sets.) We will say that S „ X is a strong s_0-set if f [S] is an s_0-set in R for every f 2 C(X).

To any Baire topological space X we can associate a natural measurable space with negligibles hXñ Σñ N i, where N is the Ż-ideal of meager subsets of X and Σ is the Żalgebra of Baire subsets of X, i.e., the Ż-algebra generated by the family f f^{`1} ı (añ 1) ȷ : a 2 R & f 2 C(X)g. When we consider a topological space as a measurable space with negligibles, it is this structure we have in mind, unless otherwise stated. Note that C(X) „ M (X). When X is Baire, the term łnowhere constantž applied to a continuous function f 2 C(X) considered as a member of M (X) coincides with the usual meaning of łnot constant on any nonvoid open set.ž On the few occasions where we consider spaces which are not Baire, we will clarify the meaning of łnowhere constant.ž (See also Remark 5.16.)

We record the following simple observation for future reference.

PROPOSITION 2.2. Let X be a Baire topological space. If M „ X is an SRU (strong SRU) for M (X) then M is an SRU (strong SRU) for C(X). Moreover, for any f ñ g 2 C(X) and any positive E 2 Σ, f E ” g E if and only if f E = g E.

Proposition 2.2 will be our main tool for producing SRU’s for Baire spaces. However, we shall also see (Example 5.20) that the converse to the őrst part of Proposition 2.2 can fail.

Finally, note that if in some measurable space with negligibles hXñ Σñ N i there are no nowhere constant measurable functions f : X ! R then every subset of X is (vacuously) a strong SRU. This happens, for example, if X has an atom. (See also Corollary 3.8.) Of course, this situation is of no interest and we shall be interested in spaces in which it does not happen.

DEFINITION 2.3. Let hXñ Σñ N i be a measurable space with negligibles. We shall say that X is ŕexible if there is a nowhere constant measurable function f : X ! R. If X is a Baire topological space then we say that X is locally ŕexible if for every open set U „ X there is a continuous function f : X ! R which is identically equal to zero outside U and nowhere constant in U.

Note that if hXñ Σñ N i is the natural measurable space with negligibles associated with some atomless countably additive nontrivial Ż-őnite measure on X then X is ŕexible.

The notion of local ŕexibility is better suited than the notion of ŕexibility to the study of SRU’s the class C(X). This will be more apparent in Section 5. Notice, however, that there are compact topological spaces that are ŕexible but not locally ŕexible. The space X = [0ñ 1] ^ (ą_1 + 1) with its natural topology is one example. Its ŕexibility is witnessed by the projection onto the őrst coordinate. The failure of local ŕexibility is witnessed by the open set U = [0ñ 1] ^ ą_1. (See [BS, examples 1 and 2].)

The next proposition is established as part of the proof of [BS, Theorem 1]. It shows, for example, that a space with no isolated points which is either separable or metrizable is locally ŕexible.

PROPOSITION 2.4. Let X be a space with no isolated points such that either (i) X is separable or (ii) X is normal and has a dense set which is a countable union of closed discrete sets. Then X is locally ŕexible.

3. Properties of SRU’s for M (X). In this section we establish some results concerning the nature of SRU’s.

PROPOSITION 3.1. Let hXñ Σñ N i be a measurable space with negligibles, and let M „ X.

(a) Let X be ŕexible. If M „ X is an SRU (a strong SRU), then M is not empty, and for every positive E, M \ E is an SRU (a strong SRU) for M (E). In particular, an SRU must meet every positive subset of X.

(b) If M is an SRU and f ñ g: X ! R are nowhere constant measurable functions such that f 6” g, then f [M]4g[M] is uncountable.

If M is a strong SRU, E is a positive set, and f E 6” g E, then f [M \ E] n g[M] is uncountable.

(c) If M is an SRU (for M (X)), N 2 N \ Σ, and C „ X is countable then (M n N) [ C is an SRU (for M (X)).

If M is a strong SRU (for M (X)), N 2 N , and C „ X is countable then (M nN)[C is a strong SRU (for M (X)).

PROOF. (a) Let f : X ! R be a nowhere constant function from the deőnition of ŕexibility of X and let g: X ! R be given by g(x) = f (x) + 1. Then g is a nowhere constant measurable function which does not agree with f anywhere. So clearly M cannot be empty.

Let E be a positive set. We will show that M\E is an SRU for M (X). The proof for the strong SRU case is similar. Let h_1ñ h_2: E ! R be nowhere constant measurable functions such that h_1[M \ E] = h_2[M \ E]. For i = 1ñ 2, extend h_i to X by letting h_i(x) = f (x) when x 2 X n E. Then h_1[M] = h_2[M] and hence h_1 ” h_2. In particular, h_1 E ” h_2 E.

(b) We prove the őrst statement; the second is proven similarly. By way of contradiction suppose that C = f [M]4g[M] is countable. By (a), M is not negligible, and hence f [M] and g[M] are uncountable. So, we can choose y 2 f [M] \ g[M]. Deőne Åf ñ Åg: X ! R as follows: Åf (x) = f (x) if x 62 f^{`1}(C), and Åf (x) = y if x 2 f^{`1}(C). Similarly, Åg(x) = g(x) if x 62 g^{`1}(C), and Åg(x) = y if x 2 g^{`1}(C). We have Åf ” f 6” g ” Åg. Thus, it is enough to show that Åf [M] = Åg[M], since this contradicts that M is SRU for M (X).

By symmetry, it is enough to prove that Åf [M] „ Åg[M]. So, let x 2 M. If x 2 f^{`1}(C) then Åf (x) = y 2 g[M]nC = Åg[M]. If x 62 f^{`1}(C) then Åf (x) = f (x) 2 f [M]nC = g[M]nC = Åg[M]. Thus, Åf [M] „ Åg[M].

(c) First we will prove this in the case when C = ;.

Let f ñ g: X ! R be nowhere constant measurable functions. Suppose M is an SRU, N is a measurable negligible set, and f [M n N] = g[M n N]. Let Åf ñ Åg: X ! R be the functions which agree on X n N with f ñ g respectively, and are identically equal to 0 on N. Then Åf ñ Åg 2 M (X) and Åf [M] = Åg[M]. Since M is an SRU, we have Åf ” Åg and hence f ” g. Thus M n N is an SRU for M (X).

Next suppose M is a strong SRU for M (X), N is negligible, E is a positive set and f [(MnN)\E] „ g[MnN]. Choose N^0 2 Σ\N such that N „ N^0. Then f [M\(EnN^0)] „ f [(M n N) \ E] „ g[M n N] „ g[M]. Since E n N^0 is positive and M is a strong SRU for

M (X), we have f [E n N^0] ” g [E n N^0] and hence f E ” g E. Thus M n N is a strong

SRU for M (X).

Now, to prove the general case we can assume by what we proved above that N = ;. But then, the desired result follows easily from (b).

Proposition 3.1(c) suggests that possibly M4N is an SRU (strong SRU) for X if

N 2 N \ Σ and M is an SRU (strong SRU) for X. However, this is false already for

X = R, since if K „ R is any Cantor set, then M [ K is not an SRU for C(R) for any strong SRU for M (R). (See Theorem 5.6(5).) However, we do not know the answer to the following question.

PROBLEM 3.2. If X is a Baire topological space, is Proposition 3.1(c) true with M (X) replaced by C(X)?

(It is consistent that there is a strong SRU for C(R) which is not an SRU for M (R), as we will show in Example 5.20.)

The next proposition gives special circumstances in which no SRU can exist. It will be useful later.

PROPOSITION 3.3. Let hXñ Σñ N i be a measurable space with negligibles. In any of the following circumstances, there is no SRU for M (X).

(a) Σ is the collection of all subsets of X, the cardinality of X is at most ů, and hXñ Σñ N i is nonatomic.

(b) X is ŕexible, ů is regular, N „ Σ, N contains all sets of cardinality less than ů, and X is covered by less than ů negligible sets.

(c) There are more than 2ů pairwise nonequivalent (modulo N ) nowhere constant measurable functions X ! R.

PROOF. If (a) holds, we argue as follows. Since X is nonatomic, singletons are negligible. Thus any one-to-one function f : X ! R is a nowhere constant measurable function. Clearly there are such functions since X has cardinality at most ů. Thus, X is ŕexible. Suppose M „ X were an SRU. By Proposition 3.1(a), M is not negligible. Fix any one-to-one function f : X ! R. Write M as the union of two disjoint sets A and B of equal cardinality and őnd a bijection h: X ! X such that h[A] = B and h[B] = A. Deőne g: X ! R by g = f ‹ h. Then f [M] = g[M] but f 6” g and hence M is not an SRU.

If (b) holds, suppose M „ X were an SRU. Since sets of cardinality less than ů are negligible, M has cardinality at least ů. Since X is covered by less than ů negligible sets and ů is regular, there is a negligible set N „ M of cardinality ů. Let h: N ! R be any surjection. Since X is ŕexible and N is measurable, there are many distinct nowhere constant measurable extensions of h to X. All of these extensions map M onto R, and hence M is not an SRU.

If (c) holds, then for any M „ X there are, by the pigeonhole principle, two nonequivalent nowhere constant measurable functions f ñ g: X ! R such that f [M] = g[M]. Hence M is not an SRU.

To state the next result we need the following deőnition.

DEFINITION 3.4. Let hXñ Σñ N i be a measurable space with negligibles. A set E 2 Σ is a measurable cover of M „ X if M „ E and every positive subset of E meets M.

LEMMA 3.5. Let M „ X and let f : M ! R be a measurable function. (a) The function f extends to a measurable function Åf : X ! R.

(b) Suppose M has a measurable cover. If f is nowhere constant in M, and X is ŕexible, then f extends to a nowhere constant measurable function Åf : X ! R.

PROOF. (a) Of course this is well-known. Here is a sketch of the proof. For each rational number q, let E_q 2 Σ be such that fx 2 M : f (x) ò qg = E_q \ M. For x 2 E = S fE_q : q 2 Qg, we let Åf (x) = inffq 2 Q : x 2 E_qg and for x 2 X n E we let Åf (x) = 0. It is straightforward to check that Åf is as desired.

(b) Fix a nowhere constant measurable function g: X ! R. First notice that every positive subset of E must have a nonnegligible intersection with M. If not, there would be a positive F „ E and N 2 Σ \ N with F \ M „ N and then F n N is a positive subset of E which does not meet M.

Extend f to E using (a). By the above remark the extension of f to E is necessarily nowhere constant. Now extend f to X by letting it agree with g outside of E.

We leave the straightforward proof of the following consequence of Lemma 3.5(b) to the reader.

COROLLARY 3.6. Let hXñ Σñ N i be a ŕexible measurable space with negligibles and suppose that every subset of X has a measurable cover. If M „ X is an SRU (a strong SRU) for M (X), then M is also an SRU (a strong SRU) for M (M).

The next proposition and its corollary show that in an @_1-saturated measurable spaces with negligibles, the assumption of ŕexibility is not very restrictive when we are considering SRU’s for M (X).

Recall that a Souslin algebra is a ccc nonatomic complete Boolean algebra in which the intersection of any countable collection of dense open sets is a dense open set (or equivalently, every countable collection of maximal antichains has a common reőnement). See [Je, pp. 220, 274] for the basic properties of these algebras.

PROPOSITION 3.7. Let hXñ Σñ N i be a nonatomic, @_1-saturated, measurable space with negligibles. Then X is ŕexible if and only if Σ_EóN_E is not a Souslin algebra for any positive E.

PROOF. Suppose Σ_EóN_E is a Souslin algebra for some positive E 2 Σ. Let f : E ! R be measurable. For each q 2 Q, let A_q be the collection of positive subsets A of E such that A „ f^{`1}(`1ñ q) or A „ f^{`1}(qñ 1). If we denote by A^›_q the image of A_q in Σ_EóN_E, then A^›_q is dense open in Σ_EóN_E. Since Σ_EóN_E is a Souslin algebra, there is an A 2 T_{q2Q} A_q

. Clearly f is constant on A, and thus E (and hence X as well) is not ŕexible. Suppose, conversely, that none of the algebras Σ_EóN_E is a Souslin algebra. Since

ΣóN is ccc, to show that X is ŕexible it sufőces to show that for each positive set E

there is a positive E^0 „ E which is ŕexible. So őx a positive set E, and let A_n „ Σ_E n N_E, n ò ą, be partitions of E which have no common reőnement. Give each A_n the discrete topology and let f : E ! Π_nA_n be given by f (x) = the unique sequence in Π_nA_n whose n-th term contains x for each n. Clearly f is measurable and its range is homeomorphic to a subspace of R. Let A = f f^{`1}( y) : y 2 Π_nA_n, f^{`1}( y) positiveg. A is an antichain which reőnes each A_n, and hence A is not maximal. Thus E^0 = E n

S A is positive and

is ŕexible since f E^0 is nowhere constant.

In particular, under the assumptions of Proposition 3.7, if Souslin’s Hypothesis is true or X is a Ż-őnite measure space then X is ŕexible. The following structural result follows easily from Proposition 3.7.

COROLLARY 3.8. If hXñ Σñ N i is an @_1-saturated measurable space with negligibles, then X admits an essentially unique decomposition into three pieces X = A[S[F, where A is a countable union of atoms, Σ_SóN_S is a Souslin algebra if S is not empty, and F is either empty or ŕexible.

4. Existence of SRU’s for M (X). The next lemma states that sufőciently generic generalized Lusin sets are strong SRU’s. Since the conditions given here will be used several times in the rest of the paper, we make the following deőnition.

DEFINITION 4.1. Let hXñ Σñ N i be a measurable space with negligibles and let Ť be an uncountable cardinal. A set L „ X is called a Ť-strong SRU (for X) if for each pair f ñ g 2 M_Σ(X) of nowhere constant functions there exists a subset C_{f ñg} of L satisfying the following properties. (i) Card ı L \ E n f^{`1}(g[C_{f ñg}]) ȷ – Ť for each positive set E, and Card(L \ N) ò Ť for each negligible set N.

(ii) Card(C_{f ñg}) ò Ť, and f (x) 6= g( y) for every distinct xñ y 2 L n C_{f ñg}.

Notice that if Ť is regular, then we can drop the łn f^{`1}(g[C_{f ñg}])ž in clause (i) of Deőnition 4.1, as it is taken care of by the other parts of clauses (i) and (ii). (The other parts of (i) and (ii) imply that L \ f^{`1}(g[C_{f ñg}]) = S fL \ f^{`1}( y) : y 2 g[C_{f ñg}]g is the union of less than Ť many sets of cardinality less than Ť.)

LEMMA 4.2. Let hXñ Σñ N i be a measurable space with negligibles and Ť be an uncountable cardinal. If L „ X is a Ť-strong SRU, then for any nowhere constant functions f ñ g 2 M_{ÃΣ}(X) and any positive set E such that f E 6” g E, f [L \ E] n g[L] has cardinality at least Ť. In particular L is a strong SRU for M_{ÃΣ}(X).

PROOF. For each pair uñ v 2 M_Σ(X) of nowhere constant functions őx a set C_{uñv} as given by Deőnition 4.1. Let f ñ gñ E be as in the hypothesis of the lemma. Let N be a negligible set on whose complement f and g agree with Σ-measurable functions Åf and Åg respectively. By shrinking E we can assume that E\N = ; and E „ fx 2 X : f (x) 6= g(x)g. But then E is the countable union of the measurable sets fx 2 E : f (x) ò q ò g(x)g and fx 2 E : g(x) ò q ò f (x)g, where q 2 Q. So, at least one of these sets is positive, and shrinking E even further we can assume that f [E] \ g[E] = ;.

Now, since L is a Ť-strong SRU, the set K = (L \ E) n ı Åf^{`1}(Åg[C_{Åf ñÅg}]) [ C_{Åf ñÅg} [ C_{Åf ñ Åf} ȷ has cardinality at least Ť. Since K „ L n CÅ_{f ñ} Å_f , Åf is one-to-one on K and hence Åf [K] has cardinality at least Ť. We have also ; = Åf [K] \ Åg[L] = f [K] \ Åg[L], since K ȷ E is disjoint from N [ Åf^{`1}(Åg[CÅ_{f ñÅg}]) [ CÅ_{f ñÅg}. Hence, f [K] \ g[L] „ g[L \ N] has cardinality less than Ť. So, f [L \ E] n g[L] ff f [K] n ( f [K] \ g[L]) has cardinality at least Ť.

THEOREM 4.3. Let hXñ Σñ N i be a measurable space with negligibles. Suppose that Σ has cardinality ů and no positive set can be covered by less than ů negligible sets. Then there is a ů-strong SRU for X. In particular, there is a strong SRU for hXñ ÃΣñ N i.

PROOF. Let h f_Ń : Ń ò ůi be a list of all nowhere constant functions from M_Σ(X), let hE_Ń : Ń ò ůi be a list of all positive sets in which each set is listed ů times and let hN_Ń : Ń ò ůi be a list of N \ Σ.

Inductively choose points x_Ń 2 X as follows. Let S_Ń = fx_Ň : Ň ò Ńg. Since the level sets of f_Ń are negligible, and E_Ń cannot be covered by less than ů negligible sets, there is a point x_Ń 2 E_Ń which does not belong to any sets of the form N_Ň or f^{`1}_Ň ı f_Ŋ(x_Ő) ȷ with Ňñ Ŋ » Ń and Ő ò Ń.

We shall show that L = fx_Ń : Ń ò ůg is a ů-strong SRU with witnessing sets given by C_{f ñg} = S_Ń for any Ń ò ů such that f ñ g 2 f f_Ň : Ň » Ńg. First notice that x_Ń 6= x_Ň for every Ň ò Ń ò ů, since x_Ń 62 f^{`1}_Ń ı f_Ń(x_Ň) ȷ . To see clause (ii) of Deőnition 4.1, suppose that x and y are distinct elements of LnS_Ń.

Thus x = x_Ň, y = x_Ŋ for some distinct Ňñ Ŋ ô Ń, say Ň ò Ŋ. Then x_Ŋ 62 g^{`1} ı f (x_Ň) ȷ and hence f (x) = f (x_Ň) 6= g(x_Ŋ) = g( y).

Clause (i) of Deőnition 4.1 now follows easily.

COROLLARY 4.4. Consider the measurable space with negligibles hRñ Borñ N i. If either

(i) N is the Ż-ideal of null sets in R and the union of less than ů many null sets does not

cover R; or (ii) N is the Ż-ideal of meager sets in R and the union of less than ů many meager sets does not cover R, then there exists a strong SRU for the completion of hRñ Borñ N i.

Note that the conclusion of Corollary 4.4 cannot be proved in ZFC for either of the ideals. This follows from Proposition 3.3(b), since in the Cohen model every subset of

R of cardinality ò ů is null and R is the union of less then ů many null sets, while in the random real model every subset of R of cardinality ò ů is meager and R is the union of less then ů many meager sets. (See, e.g., [Mi1].) But what about the existence of a strong SRU, or an SRU, just for hRñ Borñ N i, with N as in the corollary?

To answer this question we will need the following theorem of P. Corazza [C].

PROPOSITION 4.5. [C] It is consistent with ZFC that ů = ą_2, every subset of R of cardinality less than ů has strong (so Lebesgue) measure zero, and for every subset M of R cardinality ů there is a uniformly continuous function f : R ! [0ñ 1] such that f [M] = [0ñ 1].

From this we can easily deduce the following.

COROLLARY 4.6. It is consistent with ZFC that there is no SRU for hRñ Borñ N i, where N is the Ż-ideal of null sets in R.

PROOF. This happens in the model from Proposition 4.5. First recall, that in this model the real line is covered by less than ů sets of measure zero, i.e., R =

S_{Ÿòą} 1 N_Ÿ for some null sets N_Ÿ. (See, e.g., [C] or [Mi3].) Now, if M were an SRU then, by Proposition 3.1(a), M cannot be null. So, it has cardinality ů. Hence, there is Ÿ ò ą_1 such that M^0 = M \ N_Ÿ 2 N has cardinality ů. Let h: R ! [0ñ 1] be a uniformly continuous map such that h[M^0] = [0ñ 1]. There are many pairwise nonequivalent extensions of h M^0 to nowhere constant Borel functions from R into [0ñ 1]. Since these extensions all have the same image of M, M is not an SRU, contradiction.

We do not know whether there is a model of ZFC in which there is no SRU for

hRñ Borñ N i, where N is the Ż-ideal of meager sets. (See Problem 5.18.) However,

in models where every set of reals of cardinality ů maps uniformly continuously onto [0ñ 1], there is no SRU for hRñ Borñ N i of cardinality ů. (See Theorem 5.6(5) and the comments before Lemma 5.5.) On the other hand, the following observations, that arose in conversations with S. Todorcevic, show that there is an @_1-strong SRU for hRñ Borñ N i in the models from [C] and [Mi3].

For any set L, let L^{(2)} = fhañ bi 2 L^2 : a 6= bg.

DEFINITION 4.7. [To, Section 6] Let N be the ideal of subsets of R consisting either of the meager sets or of the sets of Lebesgue measure zero. Let N_2 be the corresponding ideal of subsets of R^2. A set L „ R is called 2-Lusin for N if L is uncountable, but for every N 2 N_2, the set N \ L^{(2)} does not contain an uncountable disjoint set, where two ordered pairs hañ bi and hcñ di are disjoint if fañ bg \ fcñ dg = ;.

PROPOSITION 4.8. Consider the measurable space with negligibles hRñ Borñ N i where N is either the ideal of meager sets or the ideal of sets of Lebesgue measure zero. If L is a 2-Lusin set for N which has uncountable intersection with every positive set, then L is an @_1-strong SRU for hRñ Borñ N i.

PROOF. Let L be a 2-Lusin set and let f ñ g: R ! R be nowhere constant Borel functions. We claim there is a countable set C_{f ñg} such that f (x) 6= g( y) for any distinct xñ y 2 L n C.

(Then the rest of Deőnition 4.1 is easily checked.) By way of contradiction assume that this is not the case. Inductively choose distinct points x_Ńñ y_Ń 2 L n

S_{ŇòŃ}

fx_Ňñ y_Ňg such that f (x_Ń) = g( y_Ń). The set F = fhxñ yi 2 R^2 : f (x) = g( y)g is Borel and contains all the points hx_Ńñ y_Ńi. Since L is 2-Lusin, it follows that F is not negligible. By Fubini’s theorem (by which we mean [Ox, Theorem 15.4] if N is the meager ideal), there is an x 2 R such that F_x = fy 2 R : hxñ yi 2 Fg is not negligible. But g^{`1} ı f (x) ȷ = F_x, contradicting the fact that g is nowhere constant.

Under CH there is a 2-Lusin set having uncountable intersection with every positive set (by a minor modiőcation of the proof of [To, Proposition 6.0]). It now follows from Proposition 4.8 that there is an @_1-strong SRU for hRñ Borñ N i in the iterated perfect set model for N equal to either the meager or the null ideal, and in the model of [C] for N equal to the meager ideal. The point is that in all of these situations, (i) the ground model coded negligible Borel subsets of the plane are coőnal in the ideal of negligible subsets of the plane in the extension and (ii) every positive Borel subset in the extension contains a ground model coded positive Borel set, and hence a ground model set which is 2-Lusin and has uncountable intersection with every positive set retains these properties in the extension. (Preservation of the 2-Lusin property can be seen by noticing that for L „ R and N a negligible subset of the plane, saying that N does not contain an uncountable sequence of disjoint pairs from L is equivalent to saying that there is a countable subset C of L such that for any distinct xñ y 2 L n C, hxñ yi 62 N.)

We now give a version of Theorem 4.3 for several measurable spaces with negligibles simultaneously.

THEOREM 4.9. Let hXñ Σñ N_ii, i 2 N, be @_1-saturated measurable spaces with negligibles. Suppose that Σ has cardinality ů and, for each i 2 N, no set in Σ n N_i can be covered by less than ů members of N_i. Then there is a set M „ X which is a strong SRU for all the spaces hXñ Σñ N_i i simultaneously.

PROOF. Let D hi_Ńñ f_Ńñ g_Ńñ E_Ńi : Ń ò ů E be a list of all quadruples hiñ f ñ gñ Ei where i 2 N, f ñ g: X ! R are nowhere constant measurable functions with respect to hXñ Σñ N_i i, E 2 Σ n N_i, and f [E] \ g[E] = ;.

Inductively choose points x_Ń 2 X so that g^{`1}_Ń ı f_Ń(x_Ń) ȷ 2 T_{i2N} N_i , as follows. The set C_{gŃ} = fy 2 R : g^{`1}_Ń ( y) 62

T_{i2N} N_i g is countable since each hXñ Σñ N_ii is @_1-saturated.

Hence f^{`1}_Ń (C_{gŃ} ) 2 N_{iŃ} . The sets g^{`1}_Ň ı f_Ň(x_Ň) ȷ , for Ň ò Ń are in

T_{i2N} N_i by the induction hypothesis. The sets f^{`1}_Ń ı g_Ń(x_Ň) ȷ , for Ň ò Ń, are in N_{iŃ} since f_Ń is nowhere constant.

Thus we may choose a point x_Ń 2 E_Ń which avoids all these less that ů members of N_{iŃ} . We have g^{`1}_Ń ı f_Ń(x_Ń) ȷ 2 T_{i2N} N_i , since x_Ń 62 f^{`1}_Ń (C_{gŃ} ).

Now let i ò N and, with respect to hXñ Σñ N_i i, let f ñ g: X ! R be nowhere constant measurable functions and E „ X a positive set such that f E 6” g E. By shrinking E we may assume that f [E] \ g[E] = ;. Now, let Ń ò ů be such that i_Ń = i, E_Ń = E, f_Ń = f and g_Ń = g. It is straightforward to verify that f (x_Ń) 62 g[M].

REMARK 4.10. Consider the spaces hXñ Σñ N i where X = R, Σ = Bor, and N is either the ideal of meager sets or the ideal of sets of Lebesgue measure zero.

(a) It follows from Theorem 4.9 that if R can be covered neither by less than ů meager sets, nor by less than ů sets of measure zero then there is a set M „ X which is a strong SRU simultaneously for both spaces under consideration.

(b) Another way to get a set which is a strong SRU for both spaces simultaneously, is to force with an @_1-stage őnite support iteration hP_Ńñ Q_Ń : Ń ò ą_1i where Q_Ń is a P_Ń-name for Cohen forcing if Ń is even and for random forcing if Ń is odd. The generic set of reals M = fr_Ń : Ń ò ą_1g is a strong SRU for both spaces simultaneously. Since there are Lusin and SierpiÂnski sets in this model, the covering assumption of Theorem 4.9 fails for both ideals if ů ô @_1. The proof that M is a strong SRU is left as an exercise for the reader.

(c) A set which is a strong SRU for both spaces simultaneously satisőes the following stronger property. Let f ñ g: R ! R be Borel functions. If f [M]4g[M] is countable, then there is a Borel set E such that f [R n E] and g[R n E] are countable and f (x) = g(x) for all x 2 E except for x belonging to a meager set of measure zero. (Compare this with Theorem 4.13.)

(d) No set M „ R can be an SRU for the completion of both spaces simultaneously. The reason is that there is a set H „ R of measure zero and whose complement is meager. One of M \ H, M \ (R n H) would have the same cardinality as M, say the former. Then given any two nonequivalent Lebesgue measurable functions f ñ g: R ! R, we can easily modify f (M \ H) and g (M \ H) to arrange f [M] = g[M].

The next example shows that an SRU need not be a strong SRU. (The assumptions on the ideal N are satisőed by the ideal of countable sets. They are also consistently satisőed by the meager and null ideals.)

EXAMPLE 4.11. Consider a measurable space with negligibles hXñ Σñ N i in which X = R, Σ is the Borel Ż-algebra of R and f`x : x 2 Ng 2 N for every N 2 N . Assume that singletons are negligible and no positive set can be covered by less than ů negligible sets. Then there is a set M „ R which is an SRU for hXñ ÃΣñ N i and such that fjxj : x 2 Mg „ M. In particular, M is not a strong SRU for the piecewise linear functions.

PROOF. Clearly, such a set M is not a strong SRU, for if we let f (x) = jxj and g(x) = x for every x 2 R, we have that f and g are nowhere constant (since N contains singletons), f [M] „ g[M], and f 6” g.

Note that since N is a proper ideal, R is not negligible. Thus, from the symmetry assumption on N , neither (`1ñ 0) nor (0ñ 1) is negligible. Let h: R ! R be given by h(x) = `x for all x 2 R. To construct M, let F be the family of all triples h f ñ gñ Ei such that f and g are nowhere constant Borel functions, E is a positive Borel set, f [E]\g[E] = ; and either (i) E „ (0ñ 1), or (ii) E „ (`1ñ 0) and f [E] \ g[`E] = ;, where `E = f`x : x 2 Eg. Let D h f_Ńñ g_Ńñ E_Ńi : Ń ò ů E list all elements of F with each triple appearing ů many times and let hN_Ń : Ń ò ůi be a list of all negligible Borel sets.

By induction on Ń ò ů deőne a sequence hx_Ń : Ń ò ůi of real numbers such that

x_Ń 2 E_Ń n [ ŇòŃ ˇ N_Ň [ f^{`1}_Ń ı f_Ń(x_Ň) ȷ [ f^{`1}_Ń ı g_Ń(˚x_Ň) ȷ [˚ h f^{`1}_Ň ı g_Ň(x_Ň) ȷi˘ ð Such a choice can be made, since each set N_Ň [ f^{`1}_Ń ı f_Ń(x_Ň) ȷ [ f^{`1}_Ń ı g_Ń(˚x_Ň) ȷ [ ˚ h f^{`1}_Ň ı g_Ň(x_Ň) ȷi is negligible and no positive set is the union of less than ů many negligible sets.

Let M = fx_Ń : Ń ò ůg [ fjx_Ńj : Ń ò ůg. Clearly fjxj : x 2 Mg „ M. To see that M is an SRU for hXñ ÃΣñ N i let f ñ g 2 M_{ÃΣ}(R) be nonequivalent nowhere constant. Let N be a negligible Borel set on whose complement f and g agree with Σmeasurable functions Åf and Åg respectively. In particular, Åf and Åg are N -nowhere constant and not equivalent. Note that

there is a positive Borel set E „ X n N such that either h Åf ñ Ågñ Ei 2 F or hÅgñ Åf ñ Ei 2 F .

This is clear if Åf (0ñ 1) 6” Åg (0ñ 1) since then h Åf ñ Ågñ Ei 2 F for any positive Borel set E „ (0ñ 1) n N such that Åf [E] \ Åg[E] = ;. So, assume that Åf (0ñ 1) ” Åg (0ñ 1). Then Åf (`1ñ 0) 6” Åg (`1ñ 0). Choose a positive Borel set E „ (`1ñ 0) n N such that Åf [E]\Åg[E] = ;. By shrinking E, if necessary, we can also assume that ( Åf‹h) E = (Åg‹h) E, since Åf (0ñ 1) ” Åg (0ñ 1). Now either Åf E 6” ( Åf ‹ h) E or Åg E 6” (Åg ‹ h) E, since otherwise we would have Åf E ” ( Åf ‹ h) E = (Åg ‹ h) E ” Åg E. Assume the former case, the other being similar. Then we can shrink E further to arrange Åf [E] \ ( Åf ‹ h)[E] = ;. But ( Åf ‹ h)[E] = (Åg ‹ h)[E] = Åg[`E]. So, f [E] \ g[`E] = ; and h Åf ñ Ågñ Ei 2 F .

By symmetry we can assume that h Åf ñ Ågñ Ei 2 F . Now, let Ń ò ů be such that h Åf ñ Ågñ Ei = h f_Ńñ g_Ńñ E_Ńi. Then, Åf (x_Ń) = f_Ń(x_Ń) 62 g_Ń[M] = Åg[M], because of the following. ś f_Ń(x_Ń) 6= g_Ń(˚x_Ň) for Ň ò Ń since x_Ń 62 f^{`1}_Ń ı g_Ń(˚x_Ň) ȷ . ś f_Ń(x_Ń) 6= g_Ń(x_Ń) since x_Ń 2 E_Ń and f_Ń[E_Ń] \ g_Ń[E_Ń] = ;.

ś f_Ń(x_Ń) 6= g_Ń(jx_Ńj). This follows from the previous line if x_Ń ô 0. If x_Ń ò 0 then E_Ń „ (`1ñ 0) and f_Ń[E_Ń] \ g_Ń[`E_Ń] = ;. So and f_Ń(x_Ń) 6= g_Ń(`x_Ń) = g_Ń(jx_Ńj), since x_Ń 2 E_Ń.

ś f_Ń(x_Ń) 6= g_Ń(˚x_Ň) for Ň ô Ń since then x_Ň 62˚ h g^{`1}_Ń ı f_Ń(x_Ń) ȷi . Since each f_Ń(x_Ń) 6= f_Ń(x_Ň) for every Ň ò Ń ò ů and each element of F is listed in our enumeration ů many times, we conclude that Åf [M] n Åg[M] has cardinality continuum. But M \ N has cardinality less than continuum since N = N_Ń for some Ń ò ů. Hence, f [M]4 Åf [M] and g[M]4Åg[M] have cardinality less than ů and so, f [M] n g[M] is nonempty.

When hXñ Σñ N i is @_1-saturated, we can give a version of Theorem 4.3 which shows that any measurable function is essentially determined by its range on a strong SRU. First we prove the following lemma.

LEMMA 4.12. Let hXñ Σñ N i be a ŕexible @_1-saturated measurable space with negligibles and let Ť be a cardinal such that the union of any collection of less than Ť many negligible sets is negligible. If M „ X is a strong SRU then M has the following properties.

(a) If f ñ g 2 M (X) are such that f [M] n g[M] has cardinality less than Ť then E = X n ı f^{`1}(C_f ) [ fx 2 X : f (x) = g(x)g ȷ is negligible, where C_f = fy 2 R :

f^{`1}( y) is positiveg.

(b) If f ñ g 2 M (X) are such that f [M]4g[M] has cardinality less than Ť, then there is a measurable set U such that f [X n U] and g[X n U] are countable, and f U ” g U.

PROOF. (a) Let C = f [M] n g[M]. Note that C_f , C_g are countable and C has cardinality less than Ť. By way of contradiction suppose that E is positive. Then f E is nowhere constant. Let E_1 „ E be a positive set on which the ranges of f and g are separated by some rational number q, say f (x) ò q ò g(x) for all x 2 E_1. Since the set E_1 \ f^{`1}( y) is negligible for every y 2 R and C [ C_g has cardinality less than Ť we can őnd a positive subset K of E_1 n f^{`1}(C [ C_g). Let A = g^{`1}(C_g). Deőne a measurable function h: X ! R so that h (K [ A) is any nowhere constant measurable function such that h[K] \ f [K] = ;, and h agrees with g on X n (K [ A). Since M is a strong SRU, there must be a point x 2 M \ K such that f (x) 62 h[M]. From the deőnition of K, f (x) 62 C_g = g[A]. So, f (x) 62 g[A] [ g[K] [ h[M n (K [ A)] = g[A [ K] [ g[M n (K [ A)] « g[M]. Thus f (x) 2 f [M] n g[M] = C, contradicting x 2 K.

(b) Take U = X n ı f^{`1}(C_f ) \ g^{`1}(C_g) ȷ . By (a) applied as stated, and also with f and g interchanged, U n fx 2 X : f (x) = g(x)g = ` X n ı f^{`1}(C_f ) [ fx 2 X : f (x) =

g(x)g ȷ´ [ ` X n ı g^{`1}(C_g) [ fx 2 X : f (x) = g(x)g ȷ´ is negligible.

THEOREM 4.13. Let hXñ Σñ N i be an @_1-saturated measurable space with negligibles. Suppose ů is regular, Σ has cardinality ů and the union of less than ů negligible sets is negligible. Then there is a set L „ X such that for any two ÃΣ-measurable functions f ñ g: X ! R, f [L]4g[L] has cardinality less than ů if and only if there is a measurable set E such that f [R n E] and g[R n E] are both countable and f E ” g E.

PROOF. First note that by Corollary 3.8, we may assume that X is ŕexible, since f and g have essentially countable range on the atomic and Souslin parts of the space. Let L be a ů-strong SRU (Theorem 4.3). Then L has the desired properties by Lemma 4.12 and the assumption that the union of less than ů negligible sets is negligible.

REMARK 4.14. The saturation assumption in Theorem 4.13 cannot be deleted. Consider X = R^2, Σ the Borel Ż-algebra of R^2, N = the ideal of countable subsets of X. By Theorem 4.3, X has a strong SRU M. By Proposition 3.1(a), M \ B 6= ; for every uncountable Borel set B. Let Ź_1, Ź_2 be the projection maps R^2 ! R onto the őrst and second coordinates, respectively. Then Ź_1[M] = Ź_2[M] = R. However, Ź_1(x) 6= Ź_2(x) except when x is on the main diagonal, and Ź_1 and Ź_2 are not both constant on any set with more than one point.

The existence theorems we have given for SRU’s in measurable spaces with negligibles deal with structures in which there are only ů equivalence classes of measurable functions. As was pointed out in Proposition 3.3(c), there can be no SRU for a measurable space with negligibles which has more than 2ů pairwise nonequivalent measurable functions. This leaves the question of what happens when there are Ť equivalence classes of measurable functions and ů^+ » Ť » 2ů. The next theorem and the remark which follows it partially address this question.

THEOREM 4.15. Assume GCH. Let X = 2^{ą2} , let Σ be the Ż-algebra of Baire sets for the usual topology on X, and let N be such that hXñ Σñ N i is a measurable space with negligibles (i.e., N is a proper Ż-ideal and Σ \ N is coőnal in N ). There is a countably closed @_2-cc forcing notion P which preserves GCH and such that in the extension V^P there exists an @_1-strong SRU for X.

In particular, it is consistent that there exists a strong SRU for a ŕexible measurable space with negligibles in which there are 2ů equivalence classes of measurable functions.

PROOF. The last statement follows from the rest of the theorem by taking N to be the Ż-ideal of meager sets in 2^{ą2} , since any two projections onto subproducts of the form 2^{[ŃñŃ+ą)} š 2^ą, Ń ò ą_1 a limit ordinal, are nonequivalent nowhere constant members of

M (X). (We identify here 2^ą with the Cantor middle third set C „ R.) The space 2^ą is

ŕexible by Proposition 2.4, since it is separable.

We can assume that X is ŕexible since otherwise the theorem is trivial. We start with few remarks on the structure of Baire sets and Baire functions in X.

First recall that for each Baire set B „ X, there exists a countable set A „ ą_2 on which B łlivesž in the sense that

p 2 B iff q 2 B for every pñ q 2 X with p A = q Að (1) (See [Ku2] for example.) Similarly, since every Baire function f 2 M (X) is fully described by the sets f^{`1} ı (añ 1) ȷ (a 2 Q) we can őnd a countable set A „ ą_2 on which f łlivesž in the sense that

f ( p) = f (q) for every pñ q 2 X with p A = q Að (2) Note also that if f and A satisfy (2) then the function f_A: 2^A ! R, f_A( p A) = f ( p) for p 2 X, is well deőned and it codes f .

Now, for A „ ą_2 and f : 2^A ! R let Ãf : X ! R be deőned by Ãf ( p) = f ( p A). Moreover, for D „ ą_2 let F (D) be the family of all f : 2^A ! R such that A 2 [D]^ą and Ãf is a Σmeasurable N -nowhere constant. When s: C ^ D ! f0ñ 1g and Ŋ 2 C we will write s_Ŋ for the function from D into f0ñ 1g given by s_Ŋ(Ő) = s(Ŋñ Ő) for every Ő 2 D. Deőne P = n hCñ Dñ sñ Fi : C 2 [ą_1]^{»ą} & D 2 [ą_2]^{»ą} & s: C ^ D ! f0ñ 1g & F 2 h F (D)

i_{»ą}o

and deőne a partial order on P by hCñ Dñ sñ Fi » hC^0ñ D^0ñ s^0ñ F^0i provided C^0 „ C, D^0 „ D, s^0 „ s, F^0 „ F, and for every Ŋ 2 C n C^0 and Ń 2 C n fŊg ı 8A 2 [D^0]^ą ȷ (8f ñ g 2 F^0) h dom( f ) = dom(g) = 2^A `! f (s_Ŋ A) 6= g(s_Ń A) i ð (3)

It is easy to see that P is countably closed. P is @_2-cc since, by standard 4-system arguments, for any sequence of conditions D hC^Ÿñ D^Ÿñ s^Ÿñ F^Ÿi : Ÿ ò ą_2 E we can őnd Ÿ ò Ř ò ą_2 such that C^Ÿ = C^Ř and s^Ÿ [ s^Ř is a function. (See [Ku1, Ch. VII, Section 6].) Then hC^Ÿñ D^Ÿ [ D^Ř ñ s^Ÿ [ s^Ř ñ F^Ÿ [ F^Ř i 2 P extends both hC^Ÿñ D^Ÿñ s^Ÿñ F^Ÿi and hC^Ř ñ D^Ř ñ s^Ř ñ F^Ř i since condition (3) is viciously satisőed. Thus, P preserves cardinals and does not add any new countable sequences of ground model elements. In particular, V^P contains neither any new real numbers nor any new code f_A of any Baire functions f .

Let G „ P be V-generic and let x = [n s : hCñ Dñ sñ Fi 2 G o ð Clearly x is a function from a subset of ą_1 ^ ą_2 into 2. To see that dom(x) = ą_1 ^ ą_2 it is enough to notice that for every Ŋ ò ą_1 and Ő ò ą_2 the sets fhCñ Dñ sñ Fi 2 P : Ŋ 2 Cg and fhCñ Dñ sñ Fi 2 P : Ő 2 Dg are dense in P. For the latter this is trivial. To see it for the former case, let hCñ Dñ sñ Fi 2 P and Ŋ 2 ą_1. Pick

p 2 X n [nÃ f^{`1} ı g(s_Ń A) ȷ : Ń 2 C & f ñ g 2 F & dom(g) = 2^A o ð Then hC [ fŊgñ Dñ tñ Fi 2 P with t C ^ D = s and t_Ŋ = p D extends hCñ Dñ sñ Fi 2 P.

Let L = fx_Ŋ : Ŋ ò ą_1g and notice that genericity easily implies that the x_Ŋ’s are distinct. The proof is completed by verifying that for each pair f ñ g 2 M_Σ(X) of nowhere constant functions, there is a countable set C_{f ñg} of L such that assumptions (i) and (ii) of Deőnition 4.1 are satisőed with Ť = @_1. Let f ñ g 2 M_Σ(X) be nowhere constant functions, let E be a positive Baire set, and let N be a negligible Baire set. Let A „ ą_2 be countable and such that h f ñ Ai and hgñ Ai satisfy (2) and choose a condition hCñ Dñ sñ Fi 2 G such that f_Añ g_A 2 F. (Such conditions are trivially dense.) Deőne C_{f ñg} = fx_Ŋ : Ŋ 2 Cg. It is clear from the deőnition of the order on P that Deőnition 4.1(ii) is satisőed. Since Ť is regular, Deőnition 4.1(i) is equivalent to: L \ E is uncountable for each positive Baire set E and that L \ N is countable for each negligible Baire set N. To verify this, let E be a positive Baire set, let N be a negligible Baire set and let Ń ò ą_1. Choose a countable set A „ ą_2 such that hBñ Ai and hNñ Ai satisfy (1). The desired properties follow easily from the density of the conditions hCñ Dñ sñ Fi such that A „ D and s_Ŋ 2 fp D : p 2 Eg for some Ŋ 2 C n Ń, and the density of the conditions hCñ Dñ sñ Fi such that 0 2 C and that there are f ñ g 2 F with dom( f ) = dom(g) = 2^A and N = Ãf^{`1} ı g(s_0 A) ȷ . (Such an Ãf exists since X is ŕexible.)

REMARK 4.16. The measurable space with negligibles hůñ P(ů)ñ N i, where N is the ideal of countable subsets of ů, has no SRU by Proposition 3.3(a). Thus, in Theorem 4.3, the cardinality restriction on Σ cannot be relaxed to 2ů. If Ť is an atomlessly measurable cardinal and N is the null ideal of a witnessing measure, then hŤñ P(Ť)ñ N i is an @_1- saturated measurable space with negligibles which illustrates the same point.

5. SRU’s for continuous functions. In this section we will examine properties of SRU’s for C(X), for X a Baire topological space considered with its natural structure as a measurable space with negligibles. (See Section 2). Many of the results do not rely on X being Baire, however. (See Remark 5.16.) Recall, that by Proposition 2.2 we can replace the relation ” in the deőnition of (strong) SRU with equality. Proposition 2.2 and Theorem 4.3 ensure that, under suitable hypotheses, strong SRU’s exist in many Baire spaces. We will need to assume, for most of our results, that our spaces are locally ŕexible. Proposition 2.4 provides us with a healthy supply of such spaces.

We begin with several easy lemmas.

LEMMA 5.1. Let X be a Baire topological space considered with its natural measurable structure and let M „ X be an SRU for C(X). If f 2 C(X) is nowhere constant, K = f [M] and h: R ! R is a homeomorphism such that h[K] = K then h( y) = y for every y 2 f [X].

PROOF. Let f , h and K be as above and by way of contradiction assume that h( y) 6= y for some y 2 f [X]. Then g = h ‹ f 6= f while g 2 C(X) is nowhere constant and g[M] = h h f [M] i = h[K] = K = f [M], contradicting the deőnition of an SRU for C(X).

LEMMA 5.2. Let a ò b and K „ (añ b) be a Cantor set. Then, every continuous function g: K ! (añ b) has an extension G: R ! R such that G[(añ b)] = (añ b), G(x) = x for all x 2 R n (añ b) and G is countable-to-one on R n K.

PROOF. Let c and d be the maximum and the minimum of K, respectively. Extend g to a continuous function g_1: [cñ d] ! (añ b) by deőning it linearly on any component of [cñ d] n K. Let U = Sn int ı g^{`1}_1 ( y) ȷ : y 2 [cñ d] o . If f : [cñ d] ! R is the distance function from [cñ d]nU then it is easy to őnd a constant k ô 0 such that G = (g_1+kf ): [cñ d] ! (añ b). It is also not difőcult to check that G is continuous and countable-to-one on [cñ d] n K. By extending it to the identity function on R n (añ b) and linearly on each of the intervals (añ c) and (dñ b) we obtain the desired function.

LEMMA 5.3. Let X be a Baire topological space. Let f 2 C(X) and g 2 C(R) be nowhere constant. If either X is locally connected or g is countable-to-one, then g ‹ f 2 C(X) is also nowhere constant.

PROOF. If g is countable-to-one, then (g ‹ f )^{`1}( y) = S f f^{`1}(z): z 2 g^{`1}( y)g is meager, as it is a countable union of nowhere dense sets.

If X locally connected and (g ‹ f )^{`1}( y) has nonempty interior, then there exists a nonvoid open connected U „ (g ‹ f )^{`1}( y) = f^{`1} ı g^{`1}( y) ȷ . So, f [U] „ g^{`1}( y). But f [U] „ R is connected, as an image of a connected set. So, either f [U] is a singleton, contradicting that f is nowhere constant, or f [U] contains a nonvoid open interval, contradicting the fact that g^{`1}( y) is nowhere dense.

REMARK 5.4. Notice also that Lemma 5.3 may fail if we require only that g is nowhere constant. To see this, let K „ R be a Cantor set and let X = K ^ K. Moreover, let c: K ! f0g be the constant map and let G be the extension of c given by Lemma 5.2.

Then the conclusion of Lemma 5.3 fails for g = G and f = the projection of X onto the őrst coordinate.

Recall from Section 2 that S „ X is an s_0-set if for every Cantor set P „ X, there is a Cantor set Q „ P such that Q \ S = ;. Also, S is a strong s_0-set if f [S] is an s_0-set in R for every f 2 C(R). Note that every set of cardinality less than ů is a strong s_0-set. There are s_0-sets of cardinality ů in R [Mi2], but it is consistent that there are no strong s_0-sets of cardinality ů [Mi3].

LEMMA 5.5. If S „ X is a strong s_0-set, then S is an s_0-set and S is zero-dimensional.

PROOF. The zero-dimensionality of S follows easily from the fact that X is completely regular and the image of S by a member of C(X) cannot contain an interval. To see that S is an s_0-set, let K „ X be a Cantor set, and let g: K ! R be a homeomorphism onto its range. Since K is compact, g extends to a function G 2 C(R) [En, Exercise 3.2.J]. Since G[S] is an s_0-set, there is a Cantor set L „ G[K] such that L \ G[S] = ;. Then S \ ı G^{`1}(L) \ K ȷ = ;.

THEOREM 5.6. Let X be a locally ŕexible Baire topological space considered with its natural measurable structure. If M „ X is an SRU for C(X) then M has the following properties.

(1) M is dense in X.

(2) Let U „ X be nonvoid open and let f 2 C(X) be nowhere constant. Then f [M \ U] is uncountable provided at least one of the following conditions hold. (a) U = f^{`1}(W) for some open W „ R; (b) M is a strong SRU.

(3) M \ U is uncountable for every nonempty open set U „ X.

(4) For every f 2 C(X) there is a nowhere constant Åf 2 C(X) such that f [M] „ Åf [M]. (5) M is a strong s_0-set. In particular, M is a zero-dimensional s_0-set. (6) If X is a nonvoid analytic metric space then M is not analytic.

PROOF. (1) By way of contradiction, assume that there is a nonvoid open set U „ X disjoint from M. Let V = X n cl(U) and let h_U and h_V be functions from the deőnition of local ŕexibility for U and V respectively. Deőne f = h_V + h_U and g = h_V ` h_U. Then f and g are continuous, nowhere constant. Moreover, f [M] = h_V[M] = g[M], while f 6= g, since h_U is nowhere constant on U.

(2) By way of contradiction, assume that f [M \ U] is countable for some nonvoid open U and nowhere constant f 2 C(X). Let Y = f [M \ U].

First notice that Y has no isolated points. To see this, assume by way of contradiction that Y has an isolated point y and let I „ R be open such that I \ Y = fyg. Then V = U \ f^{`1}(I) is nonempty and, by (1), f [V] „ f [cl(M \ V)] „ cl( f [M \ V]) = fyg contradicting the fact that f is nowhere constant.

Next notice that (æ) there exists a ò b and a countable-to-one continuous function h: R ! R such that h[Y] = Y, h( y_0) 6= y_0 for some y_0 2 Y, and h(x) = x for x 2 R n (añ b); moreover, (añ b) „ W if we are in the case (a).

Note that this will őnish the proof. Indeed, put g = h ‹ f 2 C(X) and notice that f 6= g on U, since U \ f^{`1}( y_0) 6= ;. Moreover, by Lemma 5.3, g is nowhere constant and g[M \ U] = h h f [M \ U] i = h[Y] = Y = f [M \ U] „ f [M]. This gives a contradiction with M being strong SRU, taking care of (b).

If U = f^{`1}(W) then g[M n U] = h h f [M n U] i = f [M n U] „ f [M], since h(x) = x for all x 2 f [M n U] „ R n (añ b). So, g[M] = f [M] giving us a contradiction with (a) as well.

To prove (æ) consider two cases.

Case 1. cl(Y) is somewhere dense. Let (añ b) „ cl(Y) be a nonvoid open interval and assume that (añ b) „ W if U = f^{`1}(W). Then, there is a nontrivial homeomorphism h: R ! R such that h[Y] = Y and h(x) = x for every x 2 R n (añ b). Clearly h( y) 6= y for some y 2 Y.

Case 2. cl(Y) is nowhere dense. Let a ò b be such that K = cl(Y) \ (añ b) is a Cantor set and that (añ b) „ W if U = f^{`1}(W). Let g: K ! K „ (añ b) be a homeomorphism such that g[K \ Y] = K \ Y and g( y) 6= y for some y 2 K \ Y. (See [En, Exercise 4.3.H(3)] for such a homeomorphism.) Let G be an extension of g as in Lemma 5.2. Then h = G satisőes (æ).

(3) By way of contradiction, assume that M \U is countable for some open nonempty U „ X. For an open set W „ X let f_W stand for the absolute value of the function from the deőnition of local ŕexibility for W. Put f = f_U ` f_{int(XnU)}. Then f is continuous and nowhere constant, and U ff f^{`1} ı (0ñ 1) ȷ 6= ;. An application of (2) case (a) gives a contradiction.

(4) Let f 2 C(X) and let C_f = n y 2 R : int ı f^{`1}( y) ȷ 6= ; o . By (1) for each y 2 C_f we can choose x_y 2 int ı f^{`1}( y) ȷ \ M. Note that the set H = h X n Sn int ı f^{`1}( y) ȷ : y 2 C_f oi [ fx_y : y 2 C_f g is closed in X. Let g 2 C(X) be as in the deőnition of local ŕexibility of X for the set X n H and let Åf = f + g 2 C(X). Then Åf is nowhere constant and f [M] = f [M \ H] = Åf [M \ H] „ Åf [M].

(5) The claims made in the second statement follow from Lemma 5.5. For the proof of the őrst statement, let us őrst verify that if f 2 C(R), we cannot have a Cantor set contained in f [M]. By way of contradiction, assume that there is a Cantor set K „ f [M]. By (4) we can assume that f is nowhere constant. Let g be a continuous two-to-one function from K onto [0ñ 1] and let G be an extension of g as in Lemma 5.2. Then, G 2 C(R) is countable-to-one and, by Lemma 5.3, F = G ‹ f is nowhere constant. But then, F[M] = G h f [M] i ff G[K] ff [0ñ 1], which contradicts Lemma 5.1, since there are many nontrivial homeomorphisms h of R with h(x) = x for all x 2 R n (0ñ 1).

Now suppose that f [M]\L 6= ; for every Cantor set L „ K. Since K is homeomorphic to its square, and the level sets of the projection of the square onto one of the coordinates are all Cantor sets, there is a continuous map g: K ! K all of whose level sets are Cantor sets. Extend this function g to a member G of C(R) and note that (G ‹ f )[M] « K, contradicting the result established in the previous paragraph.

(6) This follows immediately from (3) and (5).

PROBLEM 5.7. Are the assumptions (a) and (b) essential in (2) of Theorem 5.6?

We will now consider some speciőc properties of SRU’s for C(X) where X is a separable metric space. We begin with the following lemma.

LEMMA 5.8. Let hXñ di be a separable metric space, and let M „ X a strong s_0-set. If F is a closed subset of X and ć ô 0 then there exists a continuous function g: X ! [0ñ ć] such that g^{`1}(f0g) = F and g[M] is countable.

PROOF. Let h: X ! [0ñ ć] be given by the formula h(x) = minfćñ d(xñ F)g for x 2 X and for n ò ą let I_n = [ćó2^{n+1}ñ ćó2^n]. Since M is a strong s_0-set, for every n ò ą there exists a Cantor set C_n „ I_n such that C_n \ h[M] = ;. Let f_n: I_n ! I_n be a non decreasing Cantor function such that f_n[C_n] = I_n and let f : [0ñ ć] ! [0ñ ć] be an extension of all these functions. It is easy to see that h = f ‹ g: X ! [0ñ ć] has the desired properties.

LEMMA 5.9. Let hXñ di be a separable Baire metric space without isolated points. Let U „ X be open and let M „ U be a meager strong s_0-set. Then there is a function g 2 C(X) such that g(x) = 0 for all x 2 X n U, g(x) – 0 for all x 2 X, g U is nowhere constant, and g[M] is countable.

PROOF. Let K_n be closed nowhere dense sets in X such that M „

S_{nòą} K_n. Since X is Baire, there is a set fd_n : n ò ąg „ U n

S_{nòą}

K_n which is dense in U. We will construct, by induction on n ò ą, a sequence g_n: X ! [0ñ ć_n) of continuous functions such that for every n ò ą (i) g_n[M] is countable (ii) g^{`1}_n (f0g) = (X n U) [

S_{iòn} (K_i [ fd_ig) (iii) ć_n 2 (0ñ 2^{`n}) (iv) (

P_{iòn}

g_i)(d_j) 62 ı ( P_{iòn} g_i)(d_n)ñ (

P_{iòn} g_i)(d_n) + ć_n i for n ô 0 and j ò n.

The construction is easily carried out. It is simply a matter of choosing ć_n satisfying (iii) and (iv), and then deőning g_n to be the function g from Lemma 5.8 applied with F = (X n U) [

S_{iòn}

(K_i [ fd_ig) and ć = ć_n. Let g =

P_{iòą}

g_i. Then, by condition (iii), g is continuous. Also, condition (ii) implies that for every n ò ą g[M \ K_n] = `X i»n g_i ´ [M \ K_n]

which is countable by (i). So, g[M] is countable. Moreover, by (ii) and (iv),

g(d_j) = `X iòn g_i ´ (d_j) 62 `X iòn g_i ´ (d_n)ñ `X iòn g_i ´ (d_n) + ć_n # 3 `X i»n g_i ´ (d_n) = g(d_n)

for every j ò n ò ą. So g is nowhere constant in U.

THEOREM 5.10. Let hXñ di be a separable Baire metric space without isolated points. If M „ X is an SRU for C(X) and U „ X is a nonvoid open set, then M \ U is not meager.

PROOF. Let M be an SRU for C(X). By Theorem 5.6(5), M is a strong s_0-set. If M \ U is meager, then Lemma 5.9 gives a nonnegative function g_1 2 C(X) which is identically equal to zero outside U, nowhere constant on U, and has a countable image of M \ U.

Let g_2 2 C(X) be a nonpositive function which is identically equal to zero on U and nowhere constant in the exterior of U. (For example, apply Lemma 5.9 with U replaced by the exterior of U and M replaced by the empty set.) Let g = g_1 + g_2. Then g 2 C(X) is nowhere constant. Let W = g^{`1} ı (0ñ 1) ȷ . We have g W = g_1 W and hence W „ U.

Also, g[M \ W] „ g_1[M \ U] is countable, contradicting Theorem 5.6(2)(a).

COROLLARY 5.11. A SierpiÂnski subset of R^n is not an SRU for C(R^n).

PROOF. SierpiÂnski sets are meager.

REMARK 5.12. Theorems 5.10 and 5.6(5) show that an SRU for C(R) cannot be meager, but also cannot be too big. However, little can be said about the measure of an SRU for C(R). Under CH, there is a strong SRU for C(R) which is a Lusin set and hence has strong measure zero and there is another one of full outer measure. (For the full outer measure example, apply Theorem 4.9 to hRñ Borñ N_ii, i = 1ñ 2, where N_1 and N_2 are the meager and null ideals.)

REMARK 5.13. It is not difőcult to see that one can prove Theorems 5.10 for any Baire space without isolated points in which any dense G_Ő set contains a countable dense subset. The proof requires only minor changes. This could be used for example to show that any SRU for [0ñ 1]ů must be nowhere meager, a fact which also follows from the next proposition.

PROPOSITION 5.14. Let X be a ccc topological space such that X^ą is Baire. If every SRU for C(X^ą) is nowhere meager then so is every SRU for C(X^Ť) for every inőnite cardinal Ť.

PROOF. By way of contradiction assume that for some inőnite cardinal number Ť there is M „ X^Ť which is an SRU for C(X^Ť) and such that U \ M is meager for some nonvoid open set U „ X^Ť. Decreasing U, if necessary, we can assume that U is a basic open set supported by a őnite set T of coordinates. Since X^Ť is ccc we can őnd an F_Ż meager set F supported by a countable inőnite set S of coordinates and such that U \ M „ F. We can also assume that T „ S. Let Ź be the projection map of X^Ť onto X^S. Thus, Ź[M \ U] „ Ź[F] is meager in Ź[U]. So, by our assumption, Ź[M] is not an SRU for X^S, i.e., there are two different nowhere constant functions f ñ g 2 C(X^S) with f h Ź[M] i = g h Ź[M] i . But f ‹ Ź, g ‹ Ź 2 C(X^Ť) are different and nowhere constant too, contradicting the assumption that M was an SRU for X^Ť.

COROLLARY 5.15. For any cardinal Ť every SRU for [0ñ 1]^Ť is nowhere meager in [0ñ 1]^Ť.

REMARK 5.16. As we pointed out in Section 2, if X is a Baire topological space, the usual notion of łnowhere constantž for a function f 2 C(X) (i.e., łnot constant on any nonvoid open setž) coincides with the meaning łnot constant on any nonmeager Baire setž we gave in Section 2. Most of the results in Section 5 go through even for spaces that are not Baire, if the usual notion of łnowhere constantž is used in the deőnitions of SRU and of locally ŕexible. Lemma 5.3 for the case where g is countable-to-one holds by a different argument: the level sets of g are scattered and it is easy to verify by induction on the Cantor-Bendixson height of a scattered set that its preimage under a nowhere constant function is nowhere dense. The proof of Lemma 5.1 goes through with no changes, as does the proof of Theorem 5.6. As for Theorem 5.10, note that if X is any nonvoid separable metric space with no isolated points and for some open set U „ X, M \ U is meager, then by Theorem 5.10 applied to the completion Y of X, there are two distinct nowhere constant functions f ñ g 2 C(Y) such that f [M] = g[M]. But then the restrictions of f and g to X witness that M is not an SRU. In particular, if X itself has a nonvoid meager open set (i.e., is not Baire), then there is no SRU for C(X).

The next example shows that the assumption of CH cannot be removed from [BD, Theorem 8.5].

EXAMPLE 5.17. Suppose that (i) there is a nonmeager subset of R of cardinality @_1; and, (ii) any two nowhere meager subsets of R of cardinality @_1 are order isomorphic. (See [Sh] for a proof that this is consistent.) If X „ R is a nowhere meager subset of R of cardinality @_1 then there is no SRU for C(X).

PROOF. Suppose M „ X were an SRU for C(X). By Theorem 5.10 M is nowhere meager. But then, using (ii), it is easy to construct many distinct order isomorphisms of M with itself. Each of these will extend to a homeomorphism of R, and hence M is not an SRU.

The models we are aware of for assumptions (i) and (ii) of Example 5.17 are obtained by Ť-stage őnite support iterations of ccc forcing notions, where Ť is regular. As a result, Cohen reals are added coőnally in the construction and the covering assumption of Theorem 4.3 is satisőed for X = R, Σ = the Borel Ż-algebra, and N = the meager ideal. Thus, there is a strong SRU for C(R) in these models.

The following remains an intriguing problem.

PROBLEM 5.18. Is the existence of an SRU for C(R) provable in ZFC?

[Note added April 13, 1997. The answer is no: see [CS]. See also [BC] where it is shown in ZFC that there is a meager SRU for the differentiable functions.]

We now give the example promised in Section 2 to show that the converse to the őrst statement of Proposition 2.2 is false. First we prove the following lemma.

LEMMA 5.19. Let X be the space of irrational numbers (with the usual topology). There is a countable dense set A „ X and a homeomorphism h: X n A ! X n A such that for any m 2 Z n f0g and any nowhere constant function g 2 C(X), g ‹ h^m: X n A ! R does not extend to a continuous function on any nonempty open subset of X.

PROOF. Fix any countable dense set A „ R. We deőne open subintervals I_s = (a_sñ b_s) of R for s 2 Z^{òą} as follows. Let I_; = R and given I_s, deőne open subintervals I_sSS_n, n 2 Z, of I_s so that I_s n

S_{n2Z} I_sSS_n „ A, and b_sSS_n = a_sSS_{(n+1)}. (For s 2 Z^{òą} and n 2 Z the symbol s^{SS}n denotes the extension of s by n, i.e., s^{SS}n = s [ fhkñ nig, where k = dom(s).) Also ensure that if we let U_n = S fI_s : s 2 Z^ng, then

T_{n2ą} U_n = R n A. Identify Z^ą with R n A via the map which sends u 2 Z^ą to the unique member of T fI_{u n} : n 2 ąg. Let h: R n A ! R n A be the homeomorphism which corresponds via this identiőcation to the homeomorphism of Z^ą such that for u 2 Z^ą and k 2 Z we have h(u)(k) = u(k) if u(k) is odd, and h(u)(k) = u(k) ` 2 if u(k) is even. Let B „ R n A be a countable dense set such that h[B] = B. We may assume X = R n B since this set is homeomorphic to the set of irrational numbers. Note that A „ X and that h induces a homeomorphism of X n A. We will show that X, h and A satisfy the conclusion of the lemma.

Let g 2 C(X) and m 2 Z n f0g be such that g ‹ h^m extends to a continuous function on a nonvoid open subset I „ X. By shrinking I, we may assume that I = I_{s0} \ X for some s_0 2 Z^{òą}. Let t_0 2 Z^{òą} be such that h^m[I_{s0} ] = I_{t0} . We will show that g is constant on I_{t0} . First, we claim that for every t 2 Z^{òą} such that t_0 „ t,

g is constant on the set S_t = fa_tSS_{(2mà)} : à 2 Zg.

So, let à 2 Z, x = a_tSS_{(2mà)} and y = a_tSS_{(2m(à+1))}. We will show that g(x) = g( y). Let s 2 Z^{òą} be such that h^m[I_s] = I_t. Note that s_0 „ s, so g ‹ h^m extends to a continuous function on I_s „ I_{s0} . For z 2 I_sSS_{(2m(à+1))} \ (X n A), as z ! a_sSS_{(2m(à+1))}, h^m(z) ! a_tSS_{(2mà)} and hence g ı h^m(z) ȷ ! g(a_tSS_{(2mà)}) = g(x). For z 2 I_sSS_{(2m(à+1)`1)} \ (X n A), as z ! a_sSS_{(2m(à+1))} = b_sSS_{(2m(à+1)`1)}, h^m(z) ! b_tSS_{(2m(à+1)`1)} = a_tSS_{(2m(à+1))} and hence g ı h^m(z) ȷ ! g(a_tSS_{(2m(à+1))}) = g( y). Thus, we must have g(x) = g( y), as desired.

Note that for each t « t_0 and each n 2 Z, the constant values of g on S_tSS_n and S_tSS_{(n+1)} must be the same since these two sets share a cluster point. Let c be the constant value taken by g on T_1 where for each m 2 ı dom(t)ñ ą ȷ we let T_m = S fS_t : t « t_0ñ t 2 Z^mg.

By similar considerations to the case m = 1, it follows by induction on m, using the fact that T_{m+1} has cluster points in T_m, that g has the constant value c on each T_m. Since Sn T_m : m 2 ı dom(t)ñ ą ȷo is dense in I_{t0} , g is constant on I_{t0} .

EXAMPLE 5.20. If R cannot be covered by less than ů meager sets, then in any nonvoid perfect Polish space X, there is a set M „ X and a Borel isomorphism h: X ! X such that h[M] = M, fx 2 R: h(x) = xg is meager, and if f ñ g 2 C(X) are nowhere constant and E „ X is a nonvoid open set such that f E 6= g E, then f [M \ E] n g[M] has cardinality ů. In particular, there is a strong SRU for C(X) which is not an SRU for the Borel isomorphisms.

PROOF. Since every nonvoid perfect Polish space contains a residual copy of the irrationals, we may assume that X is the space of irrational numbers. Let D h f_Ńñ g_Ńñ E_Ńi :

Ń ò ů E be a list of all triples h f ñ gñ Ei where f ñ g 2 C(X) are nowhere constant maps, E is a nonempty open set, and f [E] \ g[E] = ;; let each such triple appear ů times in the list. Let A and h be given by Lemma 5.19. Inductively choose points x_Ń 2 E_Ń n A such that x_Ń does not belong to any set of the form f^{`1}_Ń ` g_Ń ı h^m(x_Ň) ȷ´ (m 2 Z, Ň ò Ń) or f^{`1}_Ń ı f_Ň(x_Ň) ȷ ( Ň ò Ń) or h^{`m} `h g^{`1}_Ň ı f_Ň(x_Ň) ȷi n A ´ (m 2 Z, Ň ò ů) or n x 2 X n A : f_Ń(x) = g_Ń ı h^m(x) ȷo

(m 2 Z n f0g). Note that sets of the latter form are nowhere dense by Lemma 5.19, and the remaining sets are nowhere dense because f_Ń and g_Ň ( Ň ò Ń) are nowhere constant. Let M = fh^m(x_Ń) : m 2 Zñ Ń ò ůg.

To see that this works, let f ñ g 2 C(X) be nowhere constant and let E „ X be a nonvoid open set such that f E 6= g E. By shrinking E we may assume that f [E] \ g[E] = ;. For each Ń such that h f_Ńñ g_Ńñ E_Ńi = h f ñ gñ Ei, we chose x_Ń 2 E. We have that f_Ń(x_Ń) 62 g_Ń[M], i.e., for each Ň ò ů and each m 2 Z, f_Ń(x_Ń) 6= g_Ń ı h^m(x_Ň) ȷ . (This is clear from the choice of x_Ń. Consider separately the cases Ň ò Ń, Ň = Ń, Ň ô Ń.) The rest of the properties of the example now follow easily.

6. Variations on the theme. As mentioned in the introduction, properties similar to the SRU property have been considered by various authors. We examine some of them in this section.

Let us begin with the results from [DM] and [BÈu] mentioned in the introduction. Dushnik and Miller [DM] showed that, under CH, there is an uncountable set M „ R such that for any monotone (nonincreasing or nondecreasing) function f : R ! R, if fx 2 R : f (x) = xg is nowhere dense, then f [M] \ M is countable. In a model of set theory where ů = @_2, R is covered by @_1 meager sets and sets of cardinality @_1 are meager (e.g., in the random real model), there is no such set. To see this, note that in any such model, for every uncountable set M „ R, there is a set M^0 „ M of the same cardinality as M such that M^0 is nowhere dense in R. Then there is a monotone function f : R ! R such that fx 2 R : f (x) = xg is equal to the closure of M^0, and hence f [M] \ M has the same cardinality as M since it contains M^0.

Consider now the result from [BÈu] that, under CH, there is a totally heterogeneous set. (See the introduction for the deőnition.) A classical diagonalization argument shows that there is (in ZFC) a set M „ R of cardinality ů such that for any Borel function f : M ! M, f [fx 2 M : f (x) 6= xg] is countable. It is not possible, however, to produce a totally heterogeneous set in ZFC. To see this, consider a model in which every set M „ R of cardinality ů can be mapped continuously onto [0ñ 1] (e.g., the iterated perfect set model [Mi2]). It is easily seen that a totally heterogeneous set of reals cannot contain a Cantor set, and hence its complement must have cardinality ů. In the model under consideration, if M „ [0ñ 1] is any set such that both M and [0ñ 1] n M have cardinality ů, then let f : M ! [0ñ 1] be a continuous surjection. Choose M^0 „ M such that f [M^0] = M. Then f [fx 2 M^0 : f (x) 6= xg] contains M n M^0 and hence has cardinality ů. In particular, M is not totally heterogeneous.

For the remainder of this section we will examine two generalizations of the notion of an SRU for C(R) for pairs of families F ñ G „ C(R). We are interested particularly in the following subfamilies of C(R) which we will abbreviate as follows: › C = C(R);

› Const, the class of all constant functions f 2 C(R); › C_n, the class of all nowhere constant functions f 2 C(R); › C_c, the class of all countable-to-one functions f 2 C(R).

DEFINITION 6.1. A function g 2 C is said to be a truncation of f 2 C if g is constant on every connected component of fx 2 R : f (x) 6= g(x)g.

The following proposition is [BD, Theorem 8.1].

PROPOSITION 6.2. There exists a set M „ R such that for every f 2 C_c and g 2 C if g[M] „ f [M] then g is a truncation of f .

Notice that a strong SRU M for hRñ Borñ N i, N = the meager ideal, has a similar property. If f 2 C and g 2 C and g[M] „ f [M], then by Lemma 4.12 (with Ť = @_1), the open intervals in fx 2 R : f (x) 6= g(x)g on which g is constant are dense in fx 2 R : f (x) 6= g(x)g. We do not need to assume that f 2 C_c, however we cannot conclude that g is a truncation of f , even if f 2 C_c. (For example, we could have f (x) = x for all x, and g(x) = x for x 62 [0ñ 1], g [0ñ 1] = the Cantor ternary function.) Proposition 6.2 also has the advantage of being a ZFC theorem.

DEFINITION 6.3. For the families F ñ G „ C we say that M „ R is an hF ñ Gitruncation SRU if for every f 2 F and g 2 G, if g[M] „ f [M] then g is a truncation of f . A set M „ R is an hF ñ Gi-SRU if for every f 2 F and g 2 G, if g[M] „ f [M] then g = f .

We have the following general fact.

PROPOSITION 6.4. For every F ñ G „ C (1) If M „ R is an hF ñ Gi-SRU then it is hF ñ Gi-truncation SRU; (2) If G „ C_n then every hF ñ Gi-truncation SRU is an hF ñ Gi-SRU.

PROOF. This is obvious since every function is its own truncation and this is the only truncation that could be nowhere constant.

Proposition 6.4 shows in particular that for G „ C_n, M „ R is an hF ñ Gi-SRU if and only if it is an hF ñ Gi-truncation SRU. Thus, for G „ C_n we will examine only

hF ñ Gi-SRU’s.

In the next theorem we seek, for various choices of G, the largest family F for which there exists an hF ñ Gi-SRU (hF ñ Gi-truncation SRU). The examples in (A^0) - (C^0) indicate that the families found in (A) - (C) are to some extent the best possible.

THEOREM 6.5.

(A) M = R is a hConstñ Ci-SRU.

(A^0) There is no hf f gñ Gi-SRU if f 2 C n Const and Const „ G. (B) There exists a hC_cñ Ci-truncation SRU.

(B^0) There is no hC_nñ Ci-truncation SRU. More precisely, there is no hf f gñ Ci-truncation SRU for every f 2 C_n with the property that f^{`1}( y) is perfect for every y 2 R.

(C) If R is not the union less than ů many meager sets then there exists a hCñ Gitruncation SRU for any G „ C of cardinality less than ů.

(C^0) There exist f ñ gñ h 2 C such that there is no hfhg, f f ñ ggi-SRU. (D) Any strong SRU for C(R) is a hCñ C_ni-SRU. (E) There exists an hf f g, C_ni-SRU for every f 2 C.

PROOF OF (A). Obvious.

PROOF OF (A^0). Let f 2 C n Const and M „ R. If M = ; take an arbitrary g 2 Const „ G. If M 6= ; and x_0 2 M let g 2 G be a constant function equal to f (x_0). Then g 6= f but g[M] „ f [M].

PROOF OF (B). This is Proposition 6.2.

PROOF OF (B^0). Let f 2 C_n be such that f^{`1}( y) is perfect for every y 2 R. For example, if F = ( f_0 ñ f_1): [0ñ 1] ! [0ñ 1]^2 is a classical Peano curve (see e.g., [CLO, Example 4.3.8]) then we can deőne f by f (n + r) = n + f_0(r) for every integer n and r 2 [0ñ 1).

Let M „ R. To see that it is not an hf f gñ Ci-truncation SRU we will őnd g 2 C with g[M] „ f [M] which is not a truncation of f . We have two cases to consider.

Case 1. f [M] is not dense in R.

Take c ò d such that (cñ d) \ f [M] = ;. Since f [R] = R there exist a ò b such that (añ b) „ f^{`1} ı (cñ d) ȷ . So, (añ b) \ M = ;. Choose a_0 ò b_0 such that a ò a_0 ò b_0 ò b and deőne g on [a_0ñ b_0] to be nonconstant and such that g(x) 6= f (x) for every x 2 [a_0ñ b_0]. Put g(x) = f (x) for every x 2 R n (añ b) and extend it to a continuous function on R. Then g is not a truncation of f , while g[M] = f [M].

Case 2. f [M] is dense in R.

If f [M] = R it is enough to take as g an arbitrary continuous function which is not a truncation of f . So, without loss of generality we can assume that f [M] 6= R.

Choose y_0 2 R n f [M] and let P = f^{`1}( y_0). So, P is perfect, nowhere dense and P \ M = ;. Choose a countable dense subset D of f [M] and notice the following fact. (æ) For every d_0ñ d_1 2 D, d_0 ò d_1, there exists a continuous function g from R onto [d_0ñ d_1] such that g[R n P] „ D „ f [M] and g is not constant on any open interval intersecting P.

To see it, let h: [0ñ 1] ! [0ñ 1] be a classical Cantor function, i.e., h is nondecreasing, constant on any component of [0ñ 1]nC and such that h[C] = [0ñ 1], where C is a classical Cantor ternary set. (See [Ro, p. 50].) Extend h to R by putting h(x) = 0 for x ò 0 and h(x) = 1 for x ô 1 and notice that h[R n C] „ Q. Let h_0: R ! R be a homeomorphism such that h_0[P] = C and h_1: R ! R be an order isomorphism such that h_1[Q] = D, h_1(0) = d_0 and h_1(1) = d_1. Then g = h_1 ‹ h ‹ h_0 satisőes (æ).

To őnish the proof notice that for any function g satisfying (æ) we have g[M] „ g[R n P] „ D „ f [M]. Now, if g: R ! [d_0ñ d_1] and g^0: R ! [d^0ñ d^0_1] are as in (æ) and such that [d_0ñ d_1] \ [d^0ñ d^0_1] = ; then for every x 2 P we have g(x) 6= g^0(x). In particular, either g or g^0 is not a truncation of f .

PROOF OF (C). Choose G „ C of cardinality less than ů. Since any constant function is a truncation of any other function we can assume without loss of generality that

G \ Const = ;.

For g 2 C let Const(g) denotes the set of these points at which g is locally constant, i.e.,

Const(g) = æ x 2 R : (9añ b 2 R) h a ò x ò b & g is constant on (añ b) iœ ð

Then for every g 2 G the set P_g = R n Const(g) is nonempty and perfect. In particular, it is not a union of less than continuum many its nowhere dense subsets.

Let fh f_Ńñ g_Ńi : Ń ò ůg = fh f ñ gi 2 C ^ G : g is not a truncation of f g. We will construct, by induction on Ń ò ů, a set M = fm_Ń : Ń ò ůg such that g_Ń(m_Ń) 62 f_Ń[M] for every Ń ò ů. This will őnish the proof.

To have g_Ń(m_Ń) 62 f_Ń[M] we will choose m_Ń such that the following inductive conditions are satisőed.

g_Ń(m_Ń) 62 f f_Ń(m_Ń)g, i.e., such that (I_Ń) m_Ń 2 U_Ń, where U_Ń = fx 2 R : f_Ń(x) 6= g_Ń(x)g. g_Ń(m_Ń) 62 f f_Ń(m_Ŋ) : Ŋ ò Ńg, i.e., such that (II_Ń) m_Ń 62

S_{ŊòŃ} g^{`1}_Ń ı f_Ń(m_Ŋ) ȷ . g_Ń(m_Ń) 62 f f_Ń(m_Ŋ) : Ŋ ô Ńg, i.e., such that f_Ń(m_Ŋ) 6= g_Ń(m_Ń) for every Ń ò Ŋ. By interchanging Ń and Ŋ in the last condition we obtain f_Ŋ(m_Ń) 6= g_Ŋ(m_Ŋ) for every Ŋ ò Ń. So, it is enough to choose (III_Ń) m_Ń 62

S_{ŊòŃ} f^{`1}_Ŋ ı g_Ŋ(m_Ŋ) ȷ . To make such a choice possible, we will also require that (æ_Ń) f^{`1}_Ń ı g_Ń(m_Ń) ȷ is nowhere dense in P_g for every g 2 G.

We will achieve this by making sure that g_Ń(m_Ń) 62 S^g_Ń for every g 2 G, where

S^g_Ń = n y 2 R : f^{`1}_Ń ( y) \ P_g is not nowhere dense in P_g o ð Notice that each S^g_Ń is at most countable. So, we will guarantee (æ_Ń) by choosing (IV_Ń) m_Ń 62

S_{g2}

G g^{`1}_Ń (S^g_Ń).

Clearly it is enough to show that the choice of such m_Ń is possible. So, assume that for some Ń ò ů the construction is done till step Ń. We will choose m_Ń. Let V_Ń = [ ŊòŃ ˇ g^{`1}_Ń ı f_Ń(m_Ŋ) ȷ [ f^{`1}_Ŋ ı g_Ŋ(m_Ŋ) ȷ˘ [ [ g2G [ y2S^g_Ń

g^{`1}_Ń ( y)

and put T_Ń = U_Ń n V_Ń. It is enough to show that T_Ń \ P_{gŃ} 6= ;. But g_Ń is not a truncation of f_Ń. So, jg_Ń[U_Ń]j = ů and the set U_Ń \ P_{gŃ} is nonempty and open in P_{gŃ} . Since V_Ń is a union of less than continuum many sets, it is enough to argue that each of these sets is nowhere dense in P_{gŃ} .

But sets f^{`1}_Ŋ ı g_Ŋ(m_Ŋ) ȷ are nowhere dense in P_{gŃ} by (æ_Ŋ), i.e., the inductive assumption (IV_Ŋ). To őnish the proof it is enough to notice that g^{`1}_Ń ( y) is nowhere dense in P_{gŃ} for every y 2 R, which follows immediately from the deőnition of P_{gŃ} .

PROOF OF (C^0). Let h(x) = minf0ñ x^2 ` 1g, g(x) = 0, and f (x) = maxfh(x)ñ x ` 2g for every x 2 R. Clearly f 6= h 6= g. It is enough to show that for every M „ R either f [M] „ h[M] or g[M] „ h[M]. But if M n (`1ñ 1) 6= ; then g[M] = f0g „ h[M]. Otherwise M „ (`1ñ 1) and f [M] = h[M].

PROOF OF (D). Apply Lemma 4.12 with Ť = @_1, g 2 C and f 2 C_n.

PROOF OF (E). Let f 2 C. If there are a ò b such that f is constant on [añ b] it is enough to take M = [añ b].

So, assume that f 2 C_n and let fg_Ń : Ń ò ůg = C_c. As in the proof of (C) it is enough to őnd M = fm_Ń : Ń ò ůg such that (I_Ń) m_Ń 2 U_Ń = fx 2 R : f (x) 6= g_Ń(x)g; (II_Ń) m_Ń 62

S_{ŊòŃ}

g^{`1}_Ń ı f (m_Ŋ) ȷ ; (III_Ń) m_Ń 62

S_{ŊòŃ}

f^{`1} ı g_Ŋ(m_Ŋ) ȷ . But j f [U_Ń]j = ů, since U_Ń 6= ; and f 2 C_n. Also fi fi S_{ŊòŃ}

g^{`1}_Ń ı f (m_Ŋ) ȷfi fi ò ů since jg^{`1}_Ń ı f (m_Ŋ) ȷ j » @_0. Thus, fi fi fi f ˇ [ ŊòŃ g^{`1}_Ń ı f (m_Ŋ) ȷ˘fi fi ò ůð

Moreover, f ˇ [ ŊòŃ f^{`1} ı g_Ŋ(m_Ŋ) ȷ˘ = [ ŊòŃ f ˇ f^{`1} ı g_Ŋ(m_Ŋ) ȷ˘ „ n g_Ŋ(m_Ŋ) : Ŋ ò Ń o

has cardinality ò ů. So, the set

U_Ń n ˇ [ ŊòŃ h g^{`1}_Ń ı f (m_Ŋ) ȷ [ f^{`1} ı g_Ŋ(m_Ŋ) ȷi˘

is nonempty. This őnishes the proof of Theorem 6.5.

REMARK 6.6. There is no set M „ R such that for every f ñ g 2 C(R) (not necessarily nowhere constant), if f [M] = g[M] then f = g.

PROOF. Such a set M would be an SRU for C(R), so, by Theorem 5.6, M is dense and is disjoint from a Cantor set K. But then we can build distinct Cantor-like functions f and g with f [R n K] = g[R n K] (a countable set).

REFERENCES

[BS] A. Bella, S. Simon, Function spaces with a dense set of nowhere constant functions. Boll. Un. Mat. Ital.

(4A) 7(1990), 121ś124.

[BD] A. Berarducci, D. Dikranjan, Uniformly approachable functions and UA spaces. Rend. Istit. Mat. Univ.

Trieste 25(1993), 23ś56.

[BÈu] J. R. BÈuchi, On the existence of totally heterogeneous spaces. Fund. Math. 41(1954), 97ś102. [BC] M. R. Burke and K. Ciesielski, Sets of range uniqueness for classes of continuous functions. Submitted. [CLO] K. Ciesielski, L. Larson, K. Ostaszewski, I-density Continuous Functions. Mem. Amer. Math. Soc.

(515) 107(1994).

[CS] K. Ciesielski, S. Shelah, Model with no magic set. Preprint.

[C] P. Corazza, The generalized Borel conjecture and strongly proper orders. Trans. Amer. Math. Soc.

316(1989), 115ś140.

[DPR] H. G. Diamond, C. Pomerance, L. Rubel, Sets on which an entire function is determined by its range.

Math Z. 176(1981), 383ś398.

[DM] B. Dushnik, E. W. Miller, Partially ordered sets. Amer. J. Math. 63(1941), 600ś610. [En] R. Engelking, General Topology, Revised and Completed Edition. Sigma Ser. Pure Math. 6, Heldermann Verlag, Berlin, 1989.

[F] D. H. Fremlin, Measure-additive coverings and measurable selectors. Dissertationes Math. 260(1987). [Je] T. Jech, Set Theory. Academic Press, New York, 1978.

1116 MAXIM R. BURKE AND KRZYSZTOF CIESIELSKI

[Ju] W. Just, A modiőcation of Shelah’s oracle-cc with applications. Trans. Amer. Math. Soc. 329(1992), 325ś356.

[Ku1] K. Kunen, Set Theory. North-Holland Publishing Co., New York, 1983.

[Ku2] , Random and Cohen reals. In: Handbook of Set-Theoretic Topology (Eds. K. Kunen and J. E. Vaughan), North-Holland Publishing Co., New York, 1984, 887ś911.

[Mi1] A. W. Miller, Some properties of measure and category. Trans. Amer. Math. Soc. 266(1981), 93ś114. [Mi2] , Special Subsets of the Real Line. In: Handbook of Set-Theoretic Topology (Eds. K. Kunen and J. E. Vaughan), North-Holland Publishing Co., New York, 1984, 201ś233.

[Mi3] , Mapping a set of reals onto the reals. J. Symbolic Logic 48(1983), 575ś584. [Ox] J. C. Oxtoby, Measure and Category. Graduate Texts in Math., 2nd edn, Springer-Verlag, New York, 1980.

[Ro] H. L. Royden, Real Analysis. Prentice Hall, 1988. [Ru] W. Rudin, Real and Complex Analysis. McGraw-Hill, 1987. [Sh] S. Shelah, Independence results. J. Symbolic Logic 45(1980), 563ś573. [Ta] F. D. Tall, The density topology. Paciőc Math. J. (1) 62(1976), 275ś284.

[To] S. Todorcevic, Partition problems in topology. Contemp. Math. 84, Amer. Math. Soc., Providence, RI, 1989.

Department of Mathematics and Computer Science University of Prince Edward Island Charlottetown, PEI C1A 4P3

Department of Mathematics West Virginia University Morgantown, WV 26506-6310 USA