Overview

Many interesting mathematical properties, especially those concerning real
analysis, are known to be true in the iterated perfect set (Sacks) model,
while they are false under the continuum hypothesis. However, the proofs
that these facts are indeed true in this model are usually very technical and
involve heavy forcing machinery. In this book we extract a combinatorial
principle, an axiom similar to Martin’s axiom, that is true in the model and
show that this axiom implies the above-mentioned properties in a simple
“mathematical” way. The proofs are essentially simpler than the original
arguments.

It is also important that our axiom, which we call the Covering Property
Axiom and denote by CPA, captures the essence of the Sacks model at least
if it concerns most cardinal characteristics of continuum. This follows from
a recent result of J. Zapletal [131], who proved that for a “nice” cardinal
invariant k, if ¥ < ¢ holds in any forcing extension, then x < ¢ follows
already from CPA. (In fact, k < ¢ follows already from its weaker form,
which we denote CPAZLIC )

To follow all but the last chapter of this book only a moderate knowledge
of set theory is required. No forcing knowledge is necessary.

The iterated perfect set model, also known as the iterated Sacks model, is
a model of the set theory ZFC in which the continuum ¢ = wy and many
of the consequences of the continuum hypothesis (CH) fail. In this book
we describe a combinatorial axiom of the form similar to Martin’s axiom,
which holds in the iterated perfect set model and represents a combinatorial
core of this model — it implies all the “general mathematical statements”
that are known (to us) to be true in this model.

It should be mentioned here that our axiom is more an axiom schema
with the perfect set forcing being a “built-in” parameter. Similar axioms
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also hold for several other forcings (like iterated Miller and iterated Laver
forcings; see, e.g., [131, sec. 5.1]). In this book, however, we concentrate
only on the axiom associated with the iterated perfect set model. This is
dictated by two reasons: The axiom has the simplest form in this particu-
lar model, and the iterated perfect set model is the most studied from the
class of forcing models we are interested in — we have a good supply of
statements against which we can test the power of our axiom. In partic-
ular, we use for this purpose the statements listed below as (A)—(H). The
citations in the parentheses refer to the proofs that a given property holds
in the iterated perfect set model. For the definitions see the end of the
next section.

(A) For every subset S of R of cardinality ¢ there exists a (uniformly) con-
tinuous function f:R — [0, 1] such that f[S] =[0,1]. (A. Miller [95])

(B) Every perfectly meager set S C R has cardinality less than c¢. (A. Miller
[95])

(C) Every universally null set S C R has cardinality less than ¢. (R. Laver
34)

(D) The cofinality of the ideal A/ of null (i.e., Lebesgue measure zero) sets
is less than c. (Folklore, see, e.g., [97] or [4, p. 339])

(E) There exist selective ultrafilters on w, and any such ultrafilter is gen-
erated by less than ¢ many sets. (J. Baumgartner and R. Laver [7])

(F) There is no Darboux Sierpinski-Zygmund function f:R — R; that is,
for every Darboux function f:R — R there is a subset Y of R of car-
dinality ¢ such that f [ Y is continuous. (M. Balcerzak, K. Ciesielski,
and T. Natkaniec [2])

(G) For every Darboux function g: R — R there is a continuous nowhere
constant function f:R — R such that f + g is Darboux. (J. Steprans
123])

(H) The plane R? can be covered by less than ¢ many sets, each of which
is a graph of a differentiable function (allowing infinite derivatives) of
either a horizontal or vertical axis. (J. Steprans [124])

The counterexamples under CH for (B) and (C) are Luzin and Sierpiniski
sets. They have been constructed in [87]! and [116], respectively. The
negation of (A) is witnessed by either a Luzin or a Sierpinski set, as noticed
in [116, 117]. The counterexamples under CH for (F) and (G) can be found
in [2] and [78], respectively. The fact that (D), (E), and (H) are false under
CH is obvious.

1 Constructed also a year earlier by Mahlo [88].
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The book is organized as follows. Since our main axiom, which we call
the Cowvering Property Aziom and denote by CPA, requires some extra
definitions that are unnecessary for most of the applications, we will in-
troduce the axiom in several approximations, from the easiest to state and
use to the most powerful but more complicated. All the versions of the
axiom will be formulated and discussed in the main body of the chapters.
The sections that follow contain only the consequences of the axioms. In
particular, most of the sections can be omitted in the first reading without
causing any difficulty in following the rest of the material.

Thus, we start in Chapter 1 with a formulation of the simplest form of
our axiom, CPA.upe, which is based on a natural notion of a cube in a
Polish space. In Section 1.1 we show that CPA.,pe implies properties (A)—
(C), while in Section 1.2 we present A. Nowik’s proof [107] that CPAcupe
implies that

(I) Every uniformly completely Ramsey null S C R has cardinality less
than c.

In Section 1.3 we prove that CPA.upe implies property (D), that is,
cof (M) = w1, and Section 1.4 is devoted to the proof that CPA e implies
the following fact, known as the total failure of Martin’s axiom:

(J) ¢ > wy and for every nontrivial forcing P satisfying the countable chain
condition (ccc), there exists w; many dense sets in P such that no filter
intersects all of them.

Recall that a forcing P is ccc provided it has no uncountable antichains,
where A C P is an antichain in P provided no distinct elements of A have
a common extension in P. The consistency of (J) was first proved by
J. Baumgartner [6] in a model obtained by adding Sacks reals side by side.

In Section 1.5 we show that CPA.,pe implies that every selective ultra-
filter is generated by wy sets (i.e., the second part of property (E)) and
that

(K) T =uwi,
where t is the reaping (or refinement) number, that is,
t=min{W|WC[w]*&VAcw]*IWeW (WCAo WcCw\A}

In Section 1.6 we prove that CPA_ype implies the following version of a
theorem of S. Mazurkiewicz [91]:
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(L) For each Polish space X and for every uniformly bounded sequence
(fn: X — R), <, of Borel measurable functions there are the sequences:
(Pe: € < wy) of compact subsets of X and (W, € [w]“:{ < wy) such
that X = (J._,, P and for every { < wi:

(fn 1 P§>nEW§ is a monotone uniformly convergent sequence of uni-
formly continuous functions.

We also show that CPA.upe+ “3d selective ultrafilter on w” implies the fol-
lowing variant of (L):

(L*) Let X be an arbitrary set and let f,: X — R be a sequence of func-
tions such that the set {f,(z):n < w} is bounded for every z € X.
Then there are the sequences: (Pe:§ < wi) of subsets of X and
(We € F:€ <wi) such that X = e, P and for every { < wi:

(fn I Pe)new, is monotone and uniformly convergent.

It should be noted here that a result essentially due to W. Sierpinski
(see Example 1.6.2) implies that (L*) is false under Martin’s axiom.

In Section 1.7 we present some consequences of cof(N) = w; that seem
to be related to the iterated perfect set model. In particular, we prove that
cof(N) = w; implies that

(M) ¢ > w; and there exists a Boolean algebra B of cardinality w; that is
not a union of a strictly increasing w-sequence of subalgebras of B.

The consistency of (M) was first proved by W. Just and P. Koszmider [72]
in a model obtained by adding Sacks reals side by side, while S. Koppel-
berg [79] showed that Martin’s axiom contradicts (M).

The last section of Chapter 1 consists of remarks on a form and consis-
tency of CPA upe. In particular, we note that CPA e is false in a model
obtained by adding Sacks reals side by side.

In Chapter 2 we revise slightly the notion of a cube and introduce a cube-
game GAME¢.,e — a covering game of length wy that is a foundation for
our next (stronger) variant of the axiom, CPASY". In Section 2.1, as its

cube *
application, we show that CPA% " implies that:

(N) ¢ > w; and for every Polish space there exists a partition of X into wy
disjoint closed nowhere dense measure zero sets.

In Section 2.2 we show that CPA%*"® implies that:

cube

(O) ¢ > w; and there exists a family F C [w]¥ of cardinality w; that is
simultaneously maximal almost disjoint (MAD) and reaping.
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Section 2.3 is devoted to the proof that, under CPA&*°

cube ’

(P) there exists an uncountable ~y-set.

Chapter 3 begins with a definition of a prism, which is a generalization
of a notion of cube in a Polish space. This notion, perhaps the most
important notion of this text, is then used in our next generation of the
axioms, CPAii{;‘; and CPA s, which are prism (stronger) counterparts
of axioms CPA® and CPAcupe. Since the notion of a prism is rather
unknown, in the first two sections of Chapter 3 we develop the tools that
will help us to deal with them (Section 3.1) and prove for them the main
duality property that distinguishes them from cubes (Section 3.2). In the
remaining sections of the chapter we discuss some applications of CPApigm.
In particular, we prove that CPApsm implies the following generalization

of property (A):

(A*) There exists a family G of uniformly continuous functions from R to
[0, 1] such that |G| = wy and for every S € [R] there exists a g € G
with g[S] = [0, 1].

We also show that CPAp,ism implies that:
(Q) add(sg), the additivity of the Marczewski’s ideal s, is equal to w1 < c.
In Section 3.4 we prove that:

(N*) If G € G, where G, is the family of the intersections of w; many
open subsets of a given Polish space X, and |G| = ¢, then G contains
a perfect set; however, there exists a G € G, that is not a union of
wy many closed subsets of X.

Thus, under CPAism, G, sets act to some extent as Polish spaces, but
they fall short of having property (N). The fact that the first part of (N*)
holds in the iterated perfect set model was originally proved by J. Brendle,
P. Larson, and S. Todorcevic [12, thm. 5.10]. The second part of (N*)
refutes their conjecture [12, conj. 5.11]. We finish Chapter 3 with several
remarks on CPAﬁ?ir;i. In particular, we prove that CPAE?E; implies axiom
CPAZLY (X)), in which the game is played simultaneously over w; Polish
spaces.

Chapters 4 and 5 deal with the applications of the axioms CPA,ism and
CPAZLY, respectively. Chapter 4 contains a deep discussion of a problem
of covering R? and Borel functions from R to R by continuous functions of
different smoothness levels. In particular, we show that CPApism implies

the following strengthening of property (H):
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(H*) There exists a family F of less than continuum many C' functions
from R to R (i.e., differentiable functions with continuous derivatives)
such that R? is covered by functions from F and their inverses.

We also show the following covering property for the Borel functions:

(R) For every Borel function f:R — R there exists a family F of less than
continuum many “C!” functions (i.e., differentiable functions with con-
tinuous derivatives, where the derivative can be infinite) whose graphs
cover the graph of f.

We also examine which functions can be covered by less than ¢ many C”
functions for n > 1 and give examples showing that all of the covering
theorems discussed are the best possible.

Chapter 5 concentrates on several specific applications of CPA
Thus, in Section 5.1 we show that CPAS%"° implies that:

prism

game
prism*

(S) There is a family H of w; pairwise disjoint perfect subsets of R such
that H = |JH is a Hamel basis, that is, a linear basis of R over Q.

We also show that the following two properties are the consequences of (S):

(T) There exists a nonmeasurable subset X of R without the Baire prop-
erty that is N'N M-rigid, that is, such that XA(r + X) € NN M for
every 7 € R.

(U) There exists a function f:R — R such that for every h € R the
difference function Ap(x) = f(x + h) — f(z) is Borel; however, for
every a < wj there is an h € R such that Ay is not of Borel class a.

The implication CPA%YE" == (T) answers a question related to the work
of J. Cichoni, A. Jasiniski, A. Kamburelis, and P. Szczepaniak [23]. The
implication CPA®EN" —(U) shows that a recent construction of such a
function from CH due to R. Filipéw and I. Rectaw [57] (and answering a
question of M. Laczkovich from [82]) can also be repeated with the help of

our axiom. In Section 5.2 we show that CPASI® implies that:

(V) There exists a discontinuous, almost continuous, and additive function
f:R — R whose graph is of measure zero.

The first construction of such a function, under Martin’s axiom, was given
by K. Ciesielski in [27]. It is unknown whether it can be constructed in
ZFC. We also prove there that, under CPA%%2°.

prism”

(W) There exists a Hamel basis H such that ET(H) has measure zero.
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Here ET(A) is a linear combination of A C R with nonnegative rational
coefficients. This relates to the work of P. Erdés [54], H. Miller [98], and
K. Muthuvel [100], who constructed such and similar Hamel bases under
different set theoretical assumptions. It is unknown whether (W) holds in
ZFC. In Section 5.3 we deduce from CPASIC that every selective ideal on
w can be extended to a maximal selective ideal. In particular, the first part
of condition (E) holds and u = v, = wy, where u is the smallest cardinality
of the base for a nonprincipal ultrafilter on w. In Section 5.4 we prove that
CPA&™™° implies that:

prism

(X) There exist many nonselective P-points as well as a family F C [w]¥
of cardinality w; that is simultaneously independent and splitting.

In particular, i = wy, where i is the smallest cardinality of an infinite
maximal independent family. We finish the chapter with the proof that
CPAS™™° implies that:

prism

(Y) There exists a nonprincipal ultrafilter on Q that is crowded.

In Chapter 6 we formulate the most general form of our axiom, CPA,
and show that it implies all the other versions of the axiom. In Section 6.1
we conclude from CPA that

(Z) cov(sg) =rc.

In Section 6.2 we show that CPA implies the following two generalizations
of property (F):

(F*) For an arbitrary function h from a subset S of a Polish space X onto
a Polish space Y there exists a uniformly continuous function f from
a subset of X into Y such that |f N Al =c.

(F’) For any function h from a subset S of R onto a perfect subset of R
there exists a function f € “Cgg,” such that [f Nh| = ¢, and f can
be extended to a function f € “C!(R)” such that either f € C! or f
is an autohomeomorphism of R with f~1 € C!.

In Section 6.3 we show that (A)&(F*)=—(G). In particular, (G) follows
from CPA.

Finally, in Chapter 7 we show that CPA holds in the iterated perfect set
model.






Preliminaries

Our set theoretic terminology is standard and follows that of [4], [25], and
[81]. The sets of real, rational, and integer numbers are denoted by R,
Q, and Z, respectively. If a,b € R and a < b, then (b,a) = (a,b) will
stand for the open interval {z € R:a < z < b}. Similarly, [b,a] = [a, D]
is an appropriate closed interval. The Cantor set 2¢ will be denoted by
the symbol €. In this text we use the term Polish space for a complete
separable metric space without isolated points. A subset of a Polish
space is perfect if it is closed and contains no isolated points. For a Polish
space X, the symbol Perf(X) will denote the collection of all subsets of X
homeomorphic to €; the closure of an A C X will be denoted by cl(A);
and, as usual, C(X) will stand for the family of all continuous functions
from X into R.

A function f:R — R is Darbouz if a conclusion of the intermediate value
theorem holds for f or, equivalently, when f maps every interval onto
an interval; f is a Sierpinski-Zygmund function if its restriction f [ Y is
discontinuous for every subset Y of R of cardinality ¢; and f is nowhere
constant if it is not constant on any nontrivial interval.

A set S C R is perfectly meager if SN P is meager in P for every perfect
set P C R, and S is universally null provided for every perfect set P C R
the set S N P has measure zero with respect to every countably additive
probability measure on P vanishing on singletons.

For an ideal Z on a set X, its cofinality is defined by

cof (Z) = min{|B|: B generates 7}
and its covering as
cov(Z) = min{|B|:B cr&|JB= X}.

The symbol N will stand for the ideal of Lebesgue measure zero subsets

Xix
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of R. For a fixed Polish space X. the ideal of its meager subsets will be
denoted by M, and we will use the symbol sy (or so(X)) to denote the
o-ideal of Marczewski’s sg-sets, that is,

so =1{S C X: (VP € Perf(X))(3Q € Perf(X)) Q C P\ S}.

For an ideal Z on a set X we use the symbol ZT to denote its coideal, that
is, It =P(X)\Z.

For an ideal Z on w containing all finite subsets of w we use the following
generalized selectivity terminology. We say (see I. Farah [55]) that an ideal
T is selective provided for every sequence Fy D F; D --- of sets from Z+
there exists an F, € ZT (called a diagonalization of this sequence) with
the property that F, \ {0,...,n} C F, for all n € F,. Notice that this
definition agrees with the definition of selectivity given by S. Grigorieff
in [65, p. 365]. (The ideals selective in the above sense Grigorieff calls
inductive, but he also proves [65, cor. 1.15] that the inductive ideals and
the ideals selective in his sense are the same notions.)

For A,B C w we write A C* B when |A\ B] < w. Aset D C It is
dense in T provided for every B € I there exists an A € D such that
A C* B, and the set D is open in ZT if B € D provided there is an A € D
such that B C* A. For D = (D,, C Z7:n < w) we say that Fl,, € I
is a diagonalization of D provided Fy, \ {0,...,n} € D, for every n < w.
Following I. Farah [55] we say that an ideal Z on w is semiselective provided
for every sequence D = (D,, C Z+:n < w) of dense and open subsets of Z+
the family of all diagonalizations of D is dense in Z7.

Following S. Grigorieff [65, p. 390] we say that Z is weakly selective
(or weak selective) provided for every A € ZT and f: A — w there exists
a B € I* such that f | B is either one to one or constant. (I. Farah,
in [55, sec. 2], terms such ideals as having the Q*-property. Note also that
J. Baumgartner and R. Laver, in [7], call such ideals selective, despite the
fact that they claim to use Grigorieft’s terminology from [65].)

We have the following implications between these notions (see I. Farah
[55, sec. 2]):

7 is selective = T is semiselective = 7 is weakly selective

All these notions represent different generalizations of the properties of the
ideal [w]<¥. In particular, it is easy to see that [w]<“ is selective.

We say that an ideal Z on a countable set X is selective (weakly selective)
provided it is such upon an identification of X with w via an arbitrary
bijection. A filter F on a countable set X is selective (semiselective, weakly
selective) provided the same property has its dual ideal Z = { X\ F: F' € F}.
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It is important to note that a maximal ideal (or an ultrafilter) is selective
if and only if it is weakly selective. This follows, for example, directly from
the definitions of these notions as in S. Grigorieff [65]. Recall also that the
existence of selective ultrafilters cannot be proved in ZFC. (K. Kunen [80]
proved that there are no selective ultrafilters in the random real model.
This also follows from the fact that every selective ultrafilter is a P-point,
while S. Shelah proved that there are models with no P-points; see, e.g., [4,
thm. 4.4.7].)
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Axiom CPA e and its consequences:
properties (A)—(E)

For a Polish space X we will consider Perf(X), the family of all subsets
of X homeomorphic to the Cantor set €, as ordered by inclusion. Thus, a
family £ C Perf(X) is dense in Perf(X) provided for every P € Perf(X)
there exists a @ € £ such that Q C P.

All different versions of our axiom will be more or less of the form:

If £ C Perf(X) is appropriately dense in Perf(X), then some portion & of
& covers almost all of X in a sense that | X \ U &l < c.

If the word “appropriately” in the above is ignored, then it implies the
following statement:

Naive-CPA: If £ is dense in Perf(X), then | X \|J&| < c.

It is a very good candidate for our axiom in the sense that it implies all
the properties we are interested in. It has, however, one major flaw — it is
false! This is the case since S C X \ | for some dense set £ in Perf(X)
provided:

For each P € Perf(X) there is a € Perf(X) such that Q@ C P\ S.

This means that the family G of all sets of the form X \ |J&, where £ is
dense in Perf(X), coincides with the o-ideal sy of Marczewski’s sets, since
G is clearly hereditary. Thus we have

50 = {X \ Uf: € is dense in Perf(X)}. (1.1)

However, it is well known (see, e.g., [96, thm. 5.10]) that there are sq-sets
of cardinality ¢. Thus, our Naive-CPA “axiom” cannot be consistent with
ZFC.

In order to formulate the real axiom CPA.,pe, we need the following
terminology and notation. A subset C of a product €7 of the Cantor set is

1



2 1 Aziom CPA e and its consequences: properties (A)—(E)

said to be a perfect cube if C =[], ., Cn, where C, € Perf(€) for each n.
For a fixed Polish space X let F.upe stand for the family of all continuous
injections from perfect cubes C' C €“ onto perfect subsets of X. Each such
injection f is called a cube in X and is considered as a coordinate system
imposed on P = range(f).! We will usually abuse this terminology and
refer to P itself as a cube (in X) and to f as a witness function for P. A
function g € Feupe is a subcube of f provided g C f. In the above spirit
we call Q = range(g) a subcube of a cube P. Thus, when we say that @ is
a subcube of a cube P € Perf(X) we mean that Q = f[C], where f is a
witness function for P and C' C dom(f) C €¥ is a perfect cube. Here and
in what follows, the symbol dom(f) stands for the domain of f.

We say that a family & C Perf(X) is Feube-dense (or cube-dense) in
Perf(X) provided every cube P € Perf(X) contains a subcube @ € €&.
More formally, £ C Perf(X) is Feupe-dense provided

Vf € Feube 39 € Feuve (g C f & range(g) € E). (1.2)

It is easy to see that the notion of F.upne-density is a generalization of the
notion of density as defined in the first paragraph of this chapter:

If € is Feupe-dense in Perf(X), then £ is dense in Perf(X). (1.3)

On the other hand, the converse implication is not true, as shown by the
following simple example.

Example 1.0.1 Let X = € x € and let £ be the family of all P € Perf(X)
such that either

o all vertical sections P, = {y € €: (x,y) € P} of P are countable, or
o all horizontal sections PY = {z € €: (x,y) € P} of P are countable.

Then € is dense in Perf(X), but it is not Feype-dense in Perf(X).

PRrROOF. To see that £ is dense in Perf(X), let R € Perf(X). We need to
find a P C R with P € &. If all vertical sections of R are countable, then
P = R € £. Otherwise, there exists an x such that R, is uncountable.
Then there exists a perfect subset P of {z} x R, C R and clearly P € £.
To see that & is not Feype-dense in Perf(X), it is enough to notice that
P = X = € x € considered as a cube, where the second coordinate is
identified with ¢“M%} has no subcube in €. More formally, let h be a
homeomorphism from € onto €“M let g: € x € — ¢¥ = ¢ x ¢“\M0} pe
given by g(x,y) = (z,h(y)), and let f = g~1:€¥ — € x € be the coordinate

1 In a language of forcing, a coordinate function f is simply a nice name for an element
from X.
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function making € x € = range(f) a cube. Then range(f) does not contain
a subcube from £. [

With these notions in hand we are ready to formulate our axiom CPA ¢ pe.
For a Polish space X let

CPAcube|X]: ¢ = wa, and for every Feype-dense family £ C Perf(X) there
is an & C &€ such that |&| < w;p and | X \ J&| < ws.

Then
CPAcube: CPA upbe[X] for every Polish space X.

We will show in Remark 1.8.3 that both these versions of the axiom are
equivalent, that is, that CPA upe[X] is equivalent to CPA upe[Y] for arbi-
trary Polish spaces X and Y.

The proof that CPA¢ype is consistent with ZFC (it holds in the iterated
perfect set model) will be presented in the next chapters. In the remainder
of this chapter we will take a closer look at CPA e and its consequences.

It is also worth noticing that, in order to check that £ is F.upe-dense,
it is enough to consider in condition (1.2) only functions f defined on the
entire space €, that is:

Fact 1.0.2 £ C Perf(X) is Feype-dense if and only if
Vi € Feube, dom(f) = €%, g € Feupe (g C f & range(g) € ).  (1.4)

PROOF. To see this, let ® be the family of all bijections h = (h,)p<w
between perfect subcubes [, ., D, and [],,c,, Cn of € such that each h,
is a homeomorphism between D,, and C,,. Then

foh € Feupe for every f € Feupe and h € ® with range(h) C dom(f).

Now take an arbitrary f:C' — X from Feype and choose an h € ® mapping
¢« onto C. Then f = foh € Feune maps € into X, and, using (1.4), we can
find a § € Feupe such that § C f and range(§) € €. Then g = f | h[dom(§)]
satisfies (1.2). [ |

Next, let us consider!
cube __ . . .
EX = {X \ UE. € is Foube-dense in Perf(X)} (1.5)
= {S C X:V cube P € Perf(X) 3 subcube Q C P\ S}.
I The second equation follows immediately from the fact that if £ is Feype-dense and
Y C X\UE, then Y = X \|J &’ for some Frype-dense E'. To see this, for every z € X

choose Ty, € Perf(X) such that T, C {z}U|J € and note that &’ = EU{Ty:z € X\Y}
is as desired.
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It can be easily shown, in ZFC, that sgube forms a o-ideal. However, we
will not use this fact in this text in that general form. This is the case,
since we will usually assume that CPA upe holds while CPA 1 implies the
following stronger fact.

Proposition 1.0.3 If CPApe holds, then s§™P¢ = [X]S«1.

PROOF. It is obvious that CPA.up. implies s§""¢ C [X]<¢. The other
inclusion is always true, and it follows from the following simple fact. N

Fact 1.0.4 [X]|<¢ C s§"P¢ C s¢ for every Polish space X.

PROOF. Choose S € [X]<°. In order to see that S € s{"*°, note that
the family £ = {P € Perf(X): PN S = 0} is Feupe-dense in Perf(X).
Indeed, if function f:€“ — X is from F.ype, then there is a perfect subset
Py of € that is disjoint with the projection 7o(f~1(S)) of f~1(S) into
the first coordinate. Then f[[],., Pi] NS = 0, where P, = € for all
0 < i < w. Therefore, f [[];., Pi] € €& Thus, X \ UE € s§™°. Since
clearly S C X \ J€&, we get S € sgube.
cube

The inclusion s§"°° C s follows immediately from (1.1), (1.5), and (1.3).
|

1.1 Perfectly meager sets, universally null sets, and continuous
images of sets of cardinality continuum
The results presented in this section come from K. Ciesielski and J. Paw-
cube

likowski [39]. An important quality of the ideal s§*°, and so the power of
the assumption s5'P¢ = [X]<¢, is well depicted by the following fact.

Proposition 1.1.1 If X is a Polish space and S C X does not belong to
séube then there exist a T € [S]¢ and a uniformly continuous function h
from T onto €.

ProoOF. Take an S as above and let f:€¥ — X be a continuous injection
such that f[C] NS # 0 for every perfect cube C. Let g:€ — € be a
continuous function such that g=!(y) is perfect for every y € €. Then
clearly hg = gomyo f~1: f[€¥] — € is uniformly continuous. Moreover, if
T = SN f[e¥], then ho[T] = € since

Tnhg'(y) =T flrg (g7 W] =SNflg™ (y) x Ex Cx -] £0

for every y € €. [ |



1.1 Perfectly meager and universally null sets; continuous images 5

Corollary 1.1.2 Assume s§™P° = [X]<* for a Polish space X. If S C X has
cardinality ¢, then there is a uniformly continuous function f: X — [0,1]
such that f[S] =[0,1]. In particular, CPA.ue implies property (A).

PROOF. If S is as above, then, by CPAcupe, S ¢ 55, Thus, by Proposi-
tion 1.1.1 there exists a uniformly continuous function / from a subset of
onto €. Consider € as a subset of [0,1] and let s: X — [0,1] be a uniformly
continuous extension of h. If g:[0,1] — [0,1] is continuous and such that
gl€] = [0,1], then f = go h is as desired. [ ]

For more on property (A) see also Corollary 3.3.5.

It is worth noticing here that the function f in Corollary 1.1.2 cannot be
required to be either monotone or in the class “D'” of all functions having
a finite or infinite derivative at every point. This follows immediately from
the following proposition, since each function that is either monotone or
“D' belongs to the Banach class

(Tz) = {f € CR):{y € R: [ (y)| > w} € N}
(See [58] or [114, p. 278].)

Proposition 1.1.3 There is, in ZFC, an S € [R]¢ such that [0,1] ¢ f[S5]
for every f € (Ty).

PROOF. Let {f¢: € < ¢} be an enumeration of all functions from (75) whose
range contains [0, 1]. Construct by induction a sequence ({s¢,ye):€& < ¢)
such that, for every & < ¢,

(i) we € [0, 1]\ fe[{sc: ¢ < &} and [ £ (ye)| < w.
(i) se € R\ ({sc:¢ < €1 UUgee £ (00)).

Then the set S = {s¢: & < ¢} is as required since ye € [0, 1]\ f¢[S] for every
&< [ |

Theorem 1.1.4 If S C R is either perfectly meager or universally null,
then S € s§b°. In particular,

CPAcubc — usgube — [R]<c77 — “(B) & (C).”

ProOOF. Take an S C R that is either perfectly meager or universally null
and let f:€“ — R be a continuous injection. Then S N f[€¥] is either
meager or null in f[€¥]. Thus G = €\ f~1(S) is either comeager or of full
measure in €“. Hence the theorem follows immediately from the following
claim, which will be used many times in the sequel. [ |
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Claim 1.1.5 Consider €“ with its usual topology and its usual product
measure. If G is a Borel subset of € that is either of the second category
i<w Pi'

In particular, if G is a countable cover of € formed by either measurable
sets or by sets with the Baire property, then there is a G € G that contains
a perfect cube.

or of positive measure, then G contains a perfect cube []

The measure version of the claim is a variant the following theorem:

(m) For every full measure subset H of [0, 1] x [0, 1] there are a perfect set
P C [0,1] and a positive inner measure subset H of [0,1] such that

PxHCH.

This was proved by H.G. Eggleston [52] and, independently, by M.L. Brod-
skii [13]. The category version of the claim is a consequence of the category
version of (m):

(c¢) For every Polish space X and every comeager subset G of X x X there
are a perfect set P C X and a comeager subset G of X such that
PxGcCQaG.

This well-known result can be found in [74, exercise 19.3]. (Its version
for R? is also proved, for example, in [45, condition (x), p. 416].) For
completeness, we will show here in detail how to deduce the claim from
(m) and (c).

We will start the argument with a simple fact, in which we will use the
following notations. If X is a Polish space endowed with a Borel measure,
then 1o(X) will stand for the sentence

1o(X): For every full measure subset H of X x X there are a perfect set
P C X and a positive inner measure subset H of X such that
PxHCH.

Thus 10([0,1]) is a restatement of (m). We will also use the following
seemingly stronger variants of 1o (X).

11(X): For every full measure subset H of X x X there are a perfect set
P C X and a subset H of X of full measure such that P x H C H.

2(X): For a subset H of X x X of positive inner measure there are a
perfect set P C X and a positive inner measure subset H of X
such that P x H C H.
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Fact 1.1.6 Let n=1,2,3,....

(i) If E is a subset of R™ of a positive Lebesgue measure, then the set
Q" + E =U,cqn(q+ E) has a full measure.
(ii) ¥x(X) holds for all k < 3 and X € {[0,1],(0,1),R, €}.

PRrOOF. (i) Let A be the Lebesgue measure on R”, and for ¢ > 0 and
x € R" let B(x,¢) be an open ball in R™ of radius ¢ centered at x. By way
of contradiction, assume that there exists a positive measure set A C R"
disjoint with Q™ + E. Let a € A and x € E be the Lebesgue density
points of A and X, respectively. Take an € > 0 such that A(AN B(a,¢)) >
(1 —47™)A\(B(a,e)) and AM(E N B(z,¢e)) > (1 — 4 ™)A(B(z,¢)). Now, if
g € Q" is such that ¢+ = € B(a,e/2), then AN (¢ + E) N B(a,e/2) # 0
since B(a,e/2) C B(a,e)NB(q+x,¢), and thus A(AN(¢+E)NB(a,e/2)) >
A B(a,e/2))—2-4""X(B(a,&)) > 0. Hence AN(Q"+E) # (), contradicting
the choice of A.

(ii) First note that ¥, (R) < ¥4((0,1)) < ¥i([0,1]) < ¥i(€) for every
k < 3. This is justified by the fact that, for the mappings f:(0,1) — R
given by f(x) = cot(zw), the identity mapping id: (0,1) — [0,1], and
a function d: € — [0,1] given by d(z) = >, ;f—l)l, the image and the
preimage of a measure zero (respectively, full measure) set is of measure
zero (respectively, of full measure).

Since, by (m), 1([0,1]) is true, we also have that ¢ (X) also holds for
X € {(0,1),R,€}. To finish the proof it is enough to show that 1)g(R)
implies ¢ (R) and 12 (R).

To prove 11 (R), let H be a full measure subset of R x R and let us define
Hy = (,c0((0,q) + H). Then Hy is still of full measure, so, by ¢p(R),
there are perfect set P C R and a positive inner measure subset Hy of R
such that P x Hy C Hy. Thus, P x (¢+ ﬁo) C (0,q) + Hy = Hy for every
q € Q. Let H =J,cq(q+ Ho). Then P x H C Hy C H, and, by (i), #
has full measure. So, 11 (R) is proved.

To prove ¥5(R), let H C R x R be of positive inner measure. Decreasing
H, if necessary, we can assume that H is compact. Let Hy = Q2>+ H. Then,
by (i), Hy is of full measure, and so, by 9o (R), there are a perfect set Py C R
and a positive inner measure subset H’o of R such that Py x fIO C Hgy. Once
again, decreasing P, and H, if necessary, we can assume that they are
homeomorphic to € and that no relatively open subset of Hy has measure
zero. Since Pyx Hy C Uyeqz(¢+H) is covered by countably many compact
sets (Pp x fIO) N(q+ H) with g € Q?, there is a ¢ = {qo, ¢1) € Q? such that
(Py x Hy) N (g + H) has a nonempty interior in Py x Hy. Let U and V be
nonempty clopen (i.e., simultaneously closed and open) subsets of Py and



8 1 Aziom CPA e and its consequences: properties (A)—(E)

Hy, respectively, such that UxV C (Pyx Ho)N(qg+H) C (g0, q1)+H. Then
U and V are perfect and V has positive measure. Let P = —qg + U and
H=—q+V. Then PxH = (—qo+U)x (—q1+V) = —(qo, 1) +(U X V) C

H, and so ¥5(R) holds. [ |

ProoF oF CrLAIM 1.1.5. Since the natural homeomorphism between €
and €“\M%} preserves product measure, we can identify ¢¥ = ¢ x ¢«\{0}
with € x € considered with its usual topology and its usual product mea-
sure. With this identification, the result follows easily, by induction on
coordinates, from the following fact:

(o) For every Borel subset H of € x € that is of the second category (of
positive measure) there are a perfect set P C € and a second category
(positive measure) subset H of € such that P x H C H.

The measure version of (e) is a restatement of ¥(€), which was proved
in Fact 1.1.6(ii). To see the category version of (e), let H be a Borel subset
of € x € of the second category. Then there are clopen subsets U and V' of
¢ such that Hy = HN (U x V) is comeager in U x V. Since U and V are
homeomorphic to €, we can apply (c) to Hp and U x V to find a perfect set
P C U and a comeager Borel subset H of V such that P x H ¢ Hy C H,
finishing the proof. [ |

We will finish this section with the following consequence of CPA e that
follows easily from Claim 1.1.5. In what follows we will use the following
notation: Yi will stand for the class of analytic sets, that is, continuous
images of Borel sets; II} will stand for the class of coanalytic sets, the
complements of analytic sets; and ¥} will stand for continuous images of
coanalytic sets, and I3 for the class of all complements of 3 sets. For the
argument that follows we also need to recall a theorem of W. Sierpinski
that every X4 set is the union of w; Borel sets. (See, e.g., [74, p. 324].)

Fact 1.1.7 If CPAcupbe holds, then for every ¥ subset B of a Polish space
X there exists a family P of wq many compact sets such that B = JP.

PROOF. Since every Z% set is a union of w; Borel sets, we can assume that
B is Borel. Let £ be the family of all P € Perf(X) such that either P C B
or PN B = (. We claim that £ is F.upe-dense. Indeed, if f:€¥ — X is
a continuous injection, then f~!(B) is Borel in €. Thus, there exists a
basic open set U in €%, which is homeomorphic to €“, such that either
UnN f~YB) or U\ f~Y(B) is comeager in U. Apply Claim 1.1.5 to this
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comeager set to find a perfect cube P contained in it. Then f[P] € £ is a
subcube of range(f). So, £ is Feune-dense.

By CPA ube, there is an & C & such that || < wy and | X\ JE| < wy.
Let Py ={P € &:P C B} and P=PyU{{z}:x € B\ U&}. Then P is
as desired. [ ]

1.2 Uniformly completely Ramsey null sets

Uniformly completely Ramsey null sets are small subsets of [w]“ that are
related to the Ramsey property. The notion has been formally defined by
U. Darji [47], though it was already studied by F. Galvin and K. Prikry
in [63]. Instead of using the original definition for this class, we will use
its characterization due to A. Nowik [107], in which we consider P(w) as a
Polish space by identifying it with 2* via the characteristic functions.

Proposition 1.2.1 (A. Nowik [107]) A subset X of [w]* is uniformly
completely Ramsey null if and only if for every continuous function
G:P(w) — P(w) there exists an A € [w]¥ such that |G[P(A)]NX| <w.

Recently A. Nowik [108] proved that under CPA yp. every uniformly
completely Ramsey null set has cardinality less than continuum. This
answered a question of U. Darji, who asked whether there is a ZFC example
of a uniformly completely Ramsey null set of cardinality continuum. Since
Nowik’s argument is typical for the use of CPA e, we reproduce it here,
with the author’s approval.

Theorem 1.2.2 (A. Nowik [108]) If X € [w]“ is uniformly completely
Ramsey null, then X € sgube.

PRrROOF. Let f:€¥ — P(w) be a continuous injection. We need to find a
perfect cube C' C €“ such that f[C]NX = 0.

Let (-, -): wxw — w be a bijection and define a function F: P(w) — €“ by
F(A)(n) = X{ay ny:k<w}s Where {ag,a1,...} is an increasing enumeration of
A. Tt is easy to see that I is a continuous injection. Therefore, the function
G = fo F:P(w) — P(w) is continuous and so, by Proposition 1.2.1, there
exists an A € [w]* such that |(f o F)[P(A)|NX]| <w.

Let A = {ap,a1,as2,...} be an increasing enumeration of elements of A
and define a function Z: €¥ — P(A) by

E(z) = {ag@,ny: x(n)(k) = 0} U{agpny+1: 2(n)(k) = 1}.
We claim that:
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(x) F[E[e¥]] is a perfect cube in €.
To see this, for every k,n < w, let By, = {as(k,n), @2(k,n)+1} and put
D, ={z € €27 (1) C Upew B & (Vk € w) |Epn Na™ (1) = 1}.
It is easy to see that each D, is perfect in €. We will show that
FE[e”]] = [T,e., Dn-

So, let » € €. To see that F(Z(x)) € [],c., Dn, first notice that, if
{bo, b1, ...} is an increasing enumeration of =(z), then b; € {aq;, as;+1} for
every i < w. Therefore by ny € Ek, for every k,n < w. In particular,
F(E(x)(n)~1(1) = {bk,ny: k <w} € D, for every n < w.

To see the other inclusion, take (z,:n < w) € [[,c, Dn and define
B = Uy<o(@n)™(1). Then F(B) = (zp:n < w) and [BN Byl = 1
for every k,n < w. Let z € €¥ be such that x(n)(k) = 0 if and only if
aa(kny € B. Then E(x) = B and so (zp:n < w) = F(E(z)) € [[,c0, Dns
finishing the proof of (x).

Now, D = F[E[¢¥]] C €¥ is a perfect cube and |f[D] N X| < w, since
#1D) = FIFIE[e]]) € FIFIP(A)]) = (f o F)[P(A)]. Since D can be par-
titioned into continuum many disjoint perfect cubes, for some member of
the partition, say C, we will have f[C]NX = {. [ ]

Corollary 1.2.3 (A. Nowik [108]) CPA ybe implies that every uniformly
completely Ramsey null set has cardinality less than continuum.

To discuss another application of CPAype, let us consider the following
covering number connected to a theorem of H. Blumberg (see Section 1.7)
and studied by F. Jordan in [70]. Here B; stands for the class of all Baire
class 1 functions f:R — R.

o cov(By, Perf(R)) is the smallest cardinality of F' C B; such that for each
P € Perf(R) there is an f € F with f [ P not continuous.

Jordan also proves [70, thm. 7(a)] that cov(B;, Perf(R)) is equal to the
covering number of the space Perf(R) (considered with the Hausdorff met-
ric) by the elements of some o-ideal Z, and notices [70, thm. 17(a)] that
every compact set C' € Perf(R) contains a dense G5 subset that belongs to
Zp. So, by Claim 1.1.5, the elements of Perf(R) N Z, are Fcype-dense in
Perf(R). Thus

Corollary 1.2.4 CPA.,p. implies that cov(By,Perf(R)) = cov(Z,) = w1.
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1.3 cof(N) = wy
Next, following the argument of K. Ciesielski and J. Pawlikowski from [39],
we show that CPA e implies that cof (N) = wy. So, under CPA pe, all
cardinals from Cichon’s diagram (see, e.g., [4]) are equal to w;.
Let Cyr be the family of all subsets [, _, T}, of w* such that T}, € [w]<"*!
for all n < w. We will use the following characterization.

Proposition 1.3.1 (T. Bartoszynski [4, thm. 2.3.9])

cof (N) :min{|f|:.7:CCH & U}':w“’}.

Lemma 1.3.2 The family C}; = {X C w*: X C T for some T € Cy} is
Feube-dense in Perf(w®).

PROOF. Let f:€¥ — w® be a continuous function. By (1.4) it is enough
to find a perfect cube C' in €“ such that f[C] € C;.

Construct, by induction on n < w, the families {E%: s € 2" & i < w} of
nonempty clopen subsets of € such that, for every n < w and s,t € 2™,

(i) B! = E} for every n <i < w;
(ii) B!, and E'.| are disjoint subsets of E? for every i < n + 1;
(iii) for every (s; € 2™:4 < w)

f(zo) P2 tD)? = f(z1) 2D for every  wo, 21 € H Es,.
i<w
For each i < w the fusion of {E%: s € 2<%} will give us the i-th coordinate
set of the desired perfect cube C.

Condition (iii) can be ensured by the uniform continuity of f. Indeed, let
§ > 0 be such that f(z) | 2"tD* = f(21) | 20+D° for every zg, 1 € €
of distance less than §. Then it is enough to choose {E:s € 2" & i < w}
such that (i) and (ii) are satisfied and every set [],__ Es, from (iii) has
diameter less than §. This finishes the construction.

Next, for every i,n < w, let E}, = [J{EL:s € 2"} and E,, = [],_ Ep..
Then C = ,co, Bn = [lico (Npew Bi) is a perfect cube in €¥, since
Np<w By € Perf(€) for every i < w. Thus, to finish the proof it is enough
to show that f[C] € Cj;.

So, for every k < w, let n < w be such that on’ <k+1< 2(”“)2, put

i<w

T, ={f(z)(k):z € En}:{f(x)(k);v € H E,, for some (s; € 2™:i < w)},

i<w

and notice that T has at most 27" < k + 1 elements. Indeed, by (iii), the
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set {f(z)(k):x € [];,, Es; } is a singleton for every (s; € 2":i < w) while
(i) implies that {IT,.., Es,:(s; € 2":i <w)} has 2"° clements. Therefore
Hk<w T, € Cy.

To finish the proof it is enough to notice that f[C] C [], ., Tk- [ |

Corollary 1.3.3 If CPAcype holds, then cof (N) = w;.

PROOF. By CPA_ up. and Lemma 1.3.2, there exists an F € [Cgx]<“* such
that |w* \ JF| < wi. This and Proposition 1.3.1 imply cof(N) =w;. R

1.4 Total failure of Martin’s axiom

In this section we prove that CPA .. implies the total failure of Martin’s
axiom, that is, the property that:

For every nontrivial ccc forcing P there exists w; many dense sets in P such
that no filter intersects all of them.

The consistency of this fact with ¢ > w; was first proved by J. Baum-
gartner [6] in a model obtained by adding Sacks reals side by side. The
topological and Boolean algebraic formulations of the theorem follow im-
mediately from the following proposition. The proof presented below comes
from K. Ciesielski and J. Pawlikowski [39].

Proposition 1.4.1 The following conditions are equivalent.

(a) For every nontrivial ccc forcing P there exists w; many dense sets in P
such that no filter intersects all of them.

(b) Every compact ccc topological space without isolated points is a union
of w1 nowhere dense sets.

(c) For every atomless ccc complete Boolean algebra B there exist w; many
dense sets in B such that no filter intersects all of them.

(d) For every atomless ccc complete Boolean algebra B there exist w; many
maximal antichains in B such that no filter intersects all of them.

(e) For every countably generated atomless ccc complete Boolean algebra
B there exists wy many maximal antichains in B such that no filter
intersects all of them.

PRrROOF. The equivalence of conditions (a), (b), (¢), and (d) is well known.
In particular, equivalences (a)—(c) are explicitly given in [6, thm. 0.1].
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Clearly (d) implies (e). The remaining implication, (e)=(d), is a ver-
sion of the theorem from [89, p. 158]. However, it is expressed there in
slightly different language, so we include its proof here.

Let (B,V,A,0,1) be an atomless ccc complete Boolean algebra. For
every o € 2<“1 define, by induction on the length dom(o) of a sequence o,
a b, € B such that the following conditions are satisfied:

by = 1.

by is a disjoint union of by~ and by-1.

If b, > 0, then b,~g > 0 and b,~; > 0.

If A = dom(o) is a limit ordinal, then b, = A, boje.

Let T = {s € 2<“1:b; > 0}. Then T is a subtree of 2<¢; its levels
determine antichains in B, so they are countable.

First assume that 7" has a countable height. Then T itself is countable.
Let By be the smallest complete subalgebra of B containing {b,:0 € T}
and notice that By is atomless. Indeed, if there were an atom a in By,
then S = {o € T:a < b,} would be a branch in T so that § = |JS
would belong to 2<¥1. Since bs > a > 0, we would also have 6 € T. But
then a < bs = bs~g V bs~1, so that either §°0 or §°1 belongs to .S, which is
impossible.

Thus, By is a complete, countably generated, atomless subalgebra of B.
So, by (e), there exists a family A4 of w; many maximal antichains in By
with no filter in By intersecting all of them. But then each A € A is also a
maximal antichain in B and no filter in B would intersect all of them. So,
we have (d).

Next, assume that T has height w; and for every a < w; let

T, ={o € T:dom(o) = a}

be the a-th level of T. Also let b, = \/UGTQ b,. Notice that b, = bat1
for every a < w;. On the other hand, it may happen that by > A, _, ba
for some limit A < wy; however, this may happen only countably many
times, since B is ccc. Thus, there is an a < wy such that bz = b, for every
a<f<wi.

Now, let By be the smallest complete subalgebra of B below 1\ b,
containing {b, \ ba:0 € T}. Then By is countably generated and, as
before, it can be shown that By is atomless. Thus, there exists a family A
of w1 many maximal antichains in By with no filter in By intersecting all of
them. Then no filter in B containing 1 \ b, intersects every A € Ag. But
for every a < 3 < w; the set A% = {b,:0 € T3} is a maximal antichain
in B below b,. Therefore, A; = {A”:a < 3 < w;} is an uncountable
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family of maximal antichains in B below b, with no filter in B containing
b intersecting every A € A;. Then it is easy to see that the family
A ={AgUA1:a0 € Ay & A1 € A} is a family of w; many maximal
antichains in B with no filter in B intersecting all of them. This proves
condition (d). ]

Theorem 1.4.2 CPA_.. implies the total failure of Martin’s axiom.

PrROOF. Let A be a countably generated, atomless, ccc complete Boolean
algebra and let {A,:n < w} generate A. By Proposition 1.4.1 it is enough
to show that A contains w; many maximal antichains such that no filter
in A intersects all of them.

Next let B be the o-algebra of Borel subsets of a space € = 2*. Re-
call that it is a free countably generated o-algebra, with the free genera-
tors B; = {s € €:5(i) = 0}. Define ho: {Bp:n < w} — {A,:n < w} by
ho(By) = A, for all n < w. Then hy can be uniquely extended to a o-
homomorphism h: B — A between o-algebras B and A. (See, e.g., [121,
34.1 p. 117].) Let T = {B € B:h[B] = 0}. Then 7 is a o-ideal in B and
the quotient algebra B/Z is isomorphic to A. (Compare also Loomis and
Sikorski’s theorem in [121, p. 117] or [86].) In particular, Z contains all
singletons and is ccc, since A is atomless and ccc.

It follows that we need only to consider complete Boolean algebras of
the form B/Z, where Z is some ccc o-ideal of Borel sets containing all
singletons. To prove that such an algebra has w; maximal antichains as
desired, it is enough to prove that:

() €is a union of wy perfect sets {INg: € < wy} that belong to Z.

Indeed, assume that (x) holds and for every £ < wy let Dz‘ be a family of all
B € B\ T with closures cl(B) disjoint from N¢. Then D¢ = {B/I: B € D;}
is dense in B/Z, since € \ N¢ is o-compact and B/Z is a o-algebra. Let
Ai C Df be such that Ac = {B/Z: B € A;} is a maximal antichain in
B/Z. It is enough to show that no filter intersects all A¢’s. But if there
were a filter F in B/Z intersecting all A¢’s, then for every £ < w; there
would exist a Be € A with Be/T € F N Ae. Thus, the set (., cl(Be)
would be nonempty, despite the fact that it is disjoint from UE cw, Ve =¢C.

To finish the proof it is enough to show that (x) follows from CPA_ype.
But this follows immediately from the fact that any cube P in € contains
a subcube @ € 7 as any cube P can be partitioned into ¢ many disjoint
subcubes, and, by the ccc property of Z, only countably many of them can
be outside Z. |
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1.5 Selective ultrafilters and the reaping numbers t and t,

In this section, which is based in part on a paper by K. Ciesielski and
J. Pawlikowski [37], we will show that CPA ,p. implies that every selective
ultrafilter is generated by wq sets and that the reaping number t is equal to
w1. The actual construction of a selective ultrafilter will require a stronger
version of the axiom and will be done in Theorem 5.3.3.

We will use here the terminology introduced in the Preliminaries chapter.
In particular, recall that the ideal [w]<% of finite subsets of w is semiselec-
tive.

The most important combinatorial fact for us concerning semiselective
ideals is the following property. (See Theorem 2.1 and Remark 4.1 in [55].)
This is a generalization of a theorem of R. Laver [85], who proved this fact
for the ideal Z = [w]<¥.

Proposition 1.5.1 (I. Farah [55]) Let Z be a semiselective ideal on w.
For every analytic set S C € x [w]* and every A € IT there exist a
B € It NP(A) and a perfect cube C in €¥ such that C x [B]“ is either
contained in or disjoint with S.

With this fact in hand we can prove the following theorem.

Theorem 1.5.2 Assume that CPA upe holds. If T is a semiselective ideal,
then there is a family W C I, |W| < w1, such that for every analytic set
A C [w]® there is a W € W for which either [W]* C A or [W]* N A= (.

PROOF. Let S C € x [w]* be a universal analytic set, that is, such that
the family {S,:z € €} (where S, = {y € [w]*:(z,y) € S}) contains all
analytic subsets of [w]“. (See, e.g., [69, lem. 39.4].) In fact, we will take S

such that, for any analytic set A in [w]“,

H{zee:S, =AY = (1.6)

(It U C € x [w]“ is a universal analytic set, then S =€ x U C € x € x [w]¥
satisfies (1.6), where we identify € x € with €.) For this particular set S
consider the family € of all @ € Perf(€) for which there exists a Wy € I+
such that

Q x [Wg]“ is either contained in or disjoint from S. (1.7)

Note that, by Proposition 1.5.1, the family £ is Feupe-dense in Perf(€). So,
by CPAcupe, there exists an & C &, |Ey| < wr, such that |€\J&| < ¢. Let

W= {WQ:Q €&}
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It is enough to see that this W is as required.

Clearly |W| < w;. Also, by (1.6), for an analytic set A C [w]“ there exist
a@ €& and an z € Q such that A = S,. So, by (1.7), {z} x [Wg]“ is
either contained in or disjoint from {z} x S, = {z} x A. [ |

Recall (see, e.g., [4] or [128]) that a family W C [w]¥ is a reaping family
provided

VA [w* IWeW (WCA or WcCw\A).

The reaping (or refinement) number t is defined as the minimum cardinality
of a reaping family. Also, a number t, is defined as the smallest cardinality
of a family W C [w]* such that for every sequence (A,, € [w]*:n < w) there
exists a W € W such that for every n < w either W C* A,, or W C* w\ A,.
(See [18] or [128].) Clearly t < t,.

Corollary 1.5.3 If CPA. .y, holds, then for every semiselective ideal T
there exists a family W C I7, |W| < wi, such that for every A € [w]¥
there is a W € W for which either W C* A or W C* w\ A. In particular,
CPA ube implies that v = wq < ¢.

ProOOF. The family W from Theorem 1.5.2 works: since [A]“ is analytic in
[w]¥, there exists a W € W such that either [W]“ C [A] or [W]“N[A4]* = 0.
[ |

Note also that CPA upe implies the second part of property (E).

Corollary 1.5.4 If CPA e holds, then every selective ultrafilter F on w
is generated by a family of size wy < c.

PROOF. If F is a selective ultrafilter on w, then Z = P(w)\ F is a selective
ideal and T+ = F. Let W C Z7 = F be as in Corollary 1.5.3. Then W
generates F.

Indeed, if A € F, then there exists a W € W such that either W C A
or W C w\ A. But it is impossible that W C w \ A, since then we would
have ) = ANW € F. [ |

As mentioned above, in Theorem 5.3.3 we will prove that some version of
our axiom implies that there exists a selective ultrafilter on w. In particular,
the assumptions of the next corollary are implied by such a version of our
axiom.

Corollary 1.5.5 If CPA e holds and there exists a selective ultrafilter
F on w, then v, = w; < .
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PROOF. Let W € [F]<“! be a generating family for F. We will show that
it justifies t, = wy. Indeed, take a sequence (A, € [w]*:n < w). For every
n < w, let A% belong to FN{A,,w\ A4,}. Since F is selective, there exists
an A € F such that A C* A¥ for every n < w. Let W € W be such that
W C A. Then for every n < w either W C* A, or W C* w \ A,. [ |

We are particularly interested in the number t, since it is related to
different variants of sets of uniqueness coming from harmonic analysis, as
described in the survey paper [18]. In particular, from [18, thm. 12.6] it
follows that an appropriate version of our axiom implies that all covering
numbers described in the paper are equal to w;.

1.6 On the convergence of subsequences of real-valued functions

This section can be viewed as an extension of the discussion of Egorov’s
theorem presented in [77, chapter 9]. In 1932, S. Mazurkiewicz [91] proved
the following variant of Egorov’s theorem, where a sequence (fy)n<w of
real-valued functions is uniformly bounded provided there exists an r € R
such that range(f,) C [—r,7] for every n.

Mazurkiewicz’ Theorem For every uniformly bounded sequence {fn)n<w
of real-valued continuous functions defined on a Polish space X there exists
a subsequence that is uniformly convergent on some perfect set P.

The proof of the next theorem comes from the paper [39] of K. Ciesielski
and J. Pawlikowski .

Theorem 1.6.1 If CPA .y holds, then for every Polish space X and
every uniformly bounded sequence (f,: X — R), ., of Borel measurable
functions there are two sequences, (P::€ < wiy) of compact subsets of X
and (W € [w]*:§ < wi), such that X = J._,, P and for every { < wy:

(fn | Pe)new, is a monotone uniformly convergent sequence of uniformly
continuous functions.

PRrOOF. We first note that the family € of all P € Perf(X) for which there
exists a W € [w]“ such that

the sequence (f,, | P)new is monotone and uniformly convergent

is Feube-dense in Perf(X).

Indeed, let g € Feupe, g: € — X and consider the functions h,, = f, og.
Since h = (hy:n < w): €Y — R¥ is Borel measurable, there is a dense G
subset G of €“ such that h [ G is continuous. So, we can find a perfect
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cube C' C G C €%, and for this C' the function h [ C is continuous. Thus,
identifying the coordinate spaces of C' with €, without loss of generality
we can assume that C' = €%, that is, that each function h,:€¥ — R is
continuous. Now, by [126, thm. 6.9], there is a perfect cube C in €“ and a
W € [w]“ such that the sequence (h,, | C)pew is monotone and uniformly
convergent.! So P = g[C] is in €.

Now, by CPAype, there exists an & € [£]=“* such that | X \ J&| < wy.
Then {Pr:§ < wi} =& U {{zh:ze X\ U&} is as desired: If P € &,
then the existence of an appropriate W follows from the definition of £. If
P is a singleton, then the existence of W, follows from the fact that every
sequence of reals has a monotone subsequence. [ |

Of course neither Theorem 1.6.1 nor Mazurkiewicz’ theorem can be
proved if we do not assume some regularity of the functions f,, even if
X = R. But is it at least true that

() for every uniformly bounded sequence (f,:R — R),,~., the conclusion
of Mazurkiewicz’ theorem holds for some P C R of cardinality ¢?

The consistency of the negative result follows from the next example, which
is essentially due to W. Sierpinski [118].2 (See [77, pp. 193-194], where it
is proved under the assumption of the existence of an wi-Luzin set. The
same proof also works for our more general statement.)

Example 1.6.2 Assume that there exists a k-Luzin set.> Then for every
X of cardinality k there exists a sequence (f,: X — {0,1}),<, with the
property that for every W € [w]“ the subsequence (f,)new converges
pointwise for less than k many points € X.

In particular, under Martin’s axiom, the above sequence exists for every
Polish space X and k = c.

Note also that under Martin’s axiom the above example can hold only for
Kk = ¢, since Martin’s axiom implies that:

For every set S of cardinality less than ¢, every uniformly bounded sequence
(fn: S — R), <, has a pointwise convergent subsequence.

L Actually, [126, thm. 6.9] is stated for functions defined on [0, 1]*. However, the proof
presented there also works for functions defined on €.

Sierpinski constructed this example under the assumption of the continuum hypoth-
esis.

A set L C R is a k-Luzin set if |[L| = k but |L N N| < k for every nowhere dense
subset N of R. Recall that Martin’s axiom implies the existence of a ¢-Luzin set.

2
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(See [77, p. 195].) Sharper results concerning the above two facts were
recently obtained by S. Fuchino and Sz. Plewik [59], in which they relate
them to the splitting number s. (For the definition of s see, e.g., [4]. For
what follows it is only important that w; < s <9 < cof(N); therefore our
axiom implies that s = wy.) More precisely, the authors show there that:
For any X € [R]<%, any sequence {f,: X — [—00,00|)n<y has a subse-
quence convergent pointwise on X ; however, for any X € [R]® there exists
a sequence (fn: X — [0,1])n<w with no pointwise convergent subsequence.
Our main result of this section is the proof that (x) is consistent with
(and so, by the example, also independent from) the usual axioms of set
theory ZFC. This follows from Corollaries 1.3.3, 1.5.5, and 1.6.4 and the
fact that the existence of a selective ultrafilter on w follows from a stronger
version of our axiom. (See Theorem 5.3.3.) The proof presented below
follows the argument given by K. Ciesielski and J. Pawlikowski in [36].

Theorem 1.6.3 Assume that cof (N) = wy and that there exists a selective
w1 -generated ultrafilter on w.

Let X be an arbitrary set and {f,: X — R), <, be a sequence of functions
such that the set {f,(z):n < w} is bounded for every x € X. Then there
are sequences (Pe:§ < w) of subsets of X and (We € F:£ < wq) such that
X = U<y, Pe and for every § < wi:

the sequence (fy, [ Pe)new, is monotone and uniformly convergent.

The conclusion of Theorem 1.6.3 is obvious for sets X with cardinality
< wy, since sets P: can be chosen just as singletons. Thus, we will be
interested in the theorem only for the sets X of cardinality greater than
wp. In particular, we get the following corollary, which, under the addi-
tional set-theoretical assumptions, generalizes Mazurkiewicz’ theorem and
implies ().

Corollary 1.6.4 Assume that cof(N) = wy < ¢ and that there exists a
selective w1-generated ultrafilter on w. Then for every Polish space X and
every uniformly bounded sequence (f,: X — R), <, there exist sequences
(Pe:& < wy) of subsets of X and (We € [w]“:{ < wi) such that X =
Ue<w, Pe and for every € < wi:

the sequence (fy, [ Pe)new, is monotone and uniformly convergent.

In particular, there exists a { < wy such that |P| = c.
Moreover, if the functions f, are continuous, then we can additionally
require all sets Pz be compact.
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PROOF. The main part follows immediately from the discussion above and
the Pigeon Hole Principle. To see the additional part it is enough to note
that for continuous functions sets P¢ can be replaced by their closures, since
for any sequence (f,: P — R),«, of continuous functions, if (f,, | D)n<w
is monotone and uniformly convergent for some dense subset D of P, then

50 18 (fn)n<w- n

It is worthwhile to notice here that a stronger version of our axiom
implies that the last part of Corollary 1.6.4 also holds for Borel measurable
functions f,,. This follows immediately from Theorem 4.1.1(a).

Recall that a nonprincipal filter F on w is said to be Ramsey provided
for every B € F and h:[B]? — {0,1} there exist i < 2 and A € F such
that A C B and h [[A]?] = {i}. It is well known that an ultrafilter on w is
Ramsey if and only if it is selective. (See, e.g., [55] or [65].)

PRrROOF OF THEOREM 1.6.3. Let F be a selective ultrafilter on w for which
there exists a family W € [F]“! generating it. For every z € X define
hy: [w]? — {0,1} by putting for every n < m < w

hy(n,m) =1 if and only if f,(z) < fi(x).

Since F is Ramsey and W generates F, we can find a W, € W and an
iy < 2 such that h,[[W,]?] = {i.}. Thus, the sequence S, = (f(7))new,
is monotone. It is increasing when i, = 1 and it is decreasing for i, = 0.

For W € Wand i <2, let P, = {z € X:W, =W & i, = i}. Then
{P{,:W € W & i < 2} is a partition of X and for every W € W and i < 2
the sequence (f,, | P@)new is monotone and pointwise convergent to some
function f: Py, — R.

To get uniform convergence note that for every = € P{}V there exists an
Sz € wY such that

(Vk <w) (Vn € W\ sz(k)) | fal) = f(z)| < 27",

Since cof(N) = wy implies that the dominating number 9 is equal to wy
(see, e.g., [4]), there exists a T € [w*]“* dominating w*. In particular, for
every x € P}, there exists a t, € T and an n, < w such that s,(n) < t,(n)
forall ng <n<w. Fort €T and n < w, let

Pl (t,n) = {x € Pty =t & ny, =n}.

Then the sets {Py (t,n):i < 2, W € W, t € T,n < w} form a desired
covering {Pe:¢ < wi} of X, since every sequence (fx | Piy (t,n))kew is
monotone and uniformly convergent. [ |
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1.7 Some consequences of cof (A) = w;: Blumberg’s theorem,
strong measure zero sets, magic sets, and the cofinality of
Boolean algebras

In this section we will show some consequences of cof (N) = w; (so also of
CPA_ ube) that are related to the Sacks model.

In 1922, H. Blumberg [10] proved that for every f:R — R there exists a
dense subset D of R such that f | D is continuous. This theorem sparked
much of discussion and generalizations; see, e.g., [26, pp. 147-150]. In
particular, S. Shelah [115] showed that there is a model of ZFC in which
for every f:R — R there is a nowhere meager subset D of R such that
f I D is continuous. The dual measure result, that is, the consistency of
a statement for every f:R — R there is a subset D of R of positive outer
Lebesque measure such that f [ D is continuous, also has been recently
established by A. Rostanowski and S. Shelah [112]. Below we note that
each of these properties contradicts CPA¢ype. (See also K. Ciesielski and
J. Pawlikowski [36].)

Theorem 1.7.1 Let T € {N, M}. If cof(Z) = wq, then there exists an
f:R — R such that f [ D is discontinuous for every D € P(R) \ Z.

PRoOOF. We will assume that Z = N, the proof for Z = M being essentially
identical.

Let {N C R%:£ < wq} be a family cofinal in the ideal of null subsets of
R? and for each ¢ < w; let

N = {z € R: (Ne), ¢ N},

where (Ng), = {y € R:(z,y) € N¢}. Notice that every z € R belongs
to some N¢, since there is a § < w; for which {z} x R C N¢. By Fu-
bini’s theorem, each N is null. (In the case of Z = M, we use here the
Kuratowski-Ulam theorem and conclude that N is meager.) Thus, for
eich § <wiand z € N\ Ueoe NZ the set (¢ (Ne)o is null, so we can
choose

f(z) € RN [ (Ne)a

¢<g

Then function f is as desired.

Indeed, if f | D is continuous for some D C R, then f | D is null in R2.
In particular, there exists a { < wy such that f [ D C N¢. But this means
that D C g N |
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Note that essentially the same proof works if we assume only that cof(7)
is equal to the additivity number add(Z) of Z.

Corollary 1.7.2 Assume CPAcupe. Then there exists an f:R — R such
that if f | D is continuous, then D € N' N M.

PRrROOF. By CPA upe we have cof (N) = cof (M) = w;. Let far and faq be
from Theorem 1.7.1, constructed for the ideals V" and M, respectively. Let
G C R be a dense G of measure zero and put f = [fm [ GIU[fa [ (R\G)].
Then this f is as desired. [ ]

Although CPA upe implies that all cardinals from Cichon’s diagram are
as small as possible, this does not extend to all possible cardinal invariants.
For example, we note that CPA.,p. refutes the Borel conjecture.

Corollary 1.7.3 If CPA ype holds, then there exists an uncountable strong
measure zero set.

ProOOF. This follows from the fact (see, e.g., [4, thm. 8.2.8]) that cof (N) =
w1 implies the existence of an uncountable strong measure zero set. [ ]

Recall that a set M C R is a magic set (or set of range uniqueness) if
fIM] # g[M] for every different nowhere constant functions f,g € C(R).
It has been proved by A. Berarducci and D. Dikranjan [8, thm. 8.5] that a
magic set exists under the continuum hypothesis, while K. Ciesielski and
S. Shelah [44] constructed a model with no magic set. It is relatively easy
to see that if M is magic, then M is not meager and f[M] # [0,1] for
every f € C(R). (See [20, cor. 5.15 and thm. 5.6(5)].) So CPA ype implies
there is no magic set of cardinality ¢. On the other hand, it was noticed
by S. Todorcevic (see [20, p. 1097]) that in the iterated perfect set model
there is a magic set (clearly of cardinality w;). We note here that the same
is implied by CPAcupe. (See also K. Ciesielski and J. Pawlikowski [36].)

Proposition 1.7.4 If the cofinality cof (M) of the ideal M of meager sets
is equal w1, then there exists a magic set. In particular, CPA ype implies
that there exists a magic set.

PROOF. An uncountable set L C R is a 2-Luzin set provided for every
disjoint subsets {z¢: € < w1} and {ye: £ < wi} of L, where the enumerations
are one to one, the set of pairs {(z¢, ye): & < wi} is not a meager subset of
R2. In [20, prop. 4.8] it was noticed that every w;-dense 2-Luzin set is a
magic set. It is also a standard and easy diagonal argument that cof(M) =
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wy implies the existence of a wi-dense 2-Luzin set. (The proof presented
in [125, prop. 6.0] also works under the assumption cof(M) = wy.) So,

CPAcube = cof(N) = wy = cof (M) = w; = “there is a magic set.” W

Recall also that the existence of a magic set for the class “D'” can
be proved in ZFC. This follows from [21, thm. 3.1}, since every function
from “D!” belongs to the Banach class (T3). (Compare also [21, cor. 3.3
and 3.4].)

For an infinite Boolean algebra B, its cofinality cof(B) is defined as
the least infinite cardinal number x such that B is a union of strictly
increasing sequence of type x of subalgebras of B. S. Koppelberg [79]
proved that Martin’s axiom implies that cof(B) = w for every Boolean
algebra B with |B| < ¢ while W. Just and P. Koszmider [72] proved that
in the model obtained by adding at least wy Sacks reals side by side there
exists a Boolean algebra B of cardinality w; such that cof(B) = wy < .
(See also [51].)

We would like to point out here that this also follows from CPA upe,
since we have:

Theorem 1.7.5 cof(N) = w; implies that there exists a Boolean algebra
B of cardinality wy such that cof(B) = w;.

The proof of Theorem 1.7.5 presented below follows the argument given
by K. Ciesielski and J. Pawlikowski in [35]. It will be based on the following
lemma.

Lemma 1.7.6 If cof(N) = wy, then for every infinite countable Boolean
algebra A there exists a family {a5 € A:in < w & & < w;} with the
following properties.

(i) a& Aad, =0 for every n < m < w and £ < w;.

(ii) For every increasing sequence (A,:n < w) of proper subalgebras of A
with A = |, __ A» there exists a £ < wy such that a$, ¢ A, for all
n <w.

n<w

PROOF. In the argument that follows, every sequence A = (A,:n < w) as
in (ii) will be identified with a function f; = f € w? for which we have
f71(n) = An\U,<,, Ai- We will denote the set of all such functions by X.
Also, let {b,:n < w} be an enumeration of A, and for each n < w let B,
be a finite algebra generated by {b;:4 < n}. Thus, A=, Bi.
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Since cof (N) = wy, the dominating number
d=min{|K[: K Cw* & (Vf € w’)(Fg € K)(Vn <w) f(n) < g(n)}

is equal to wy. (See, e.g., [4].) So, there exists a dominating family  C w*
of cardinality w;. We can also assume that the sequences in K are strictly
increasing and that for every g € K the function g defined by g(n) =
Y i<n 9(i) also belongs to K.

Next notice that for every f € X there exist d = (dy:k < w) € K and
7= (rp: k < w) € K such that, for every k < w,

(a) f(b) < rg for all b € By, and
(b) there are disjoint by, ..., box € By, with rq,_, < f(bg) < -+ < f(bar).

Indeed, the existence of 7 satisfying (a) follows directly from the definition
of a dominating family. Moreover, since all algebras A, = f~1({0,...,n})
are proper, for every number d < w there exist disjoint by,...,boq € A
such that ry < f(bo) < -+ < f(baq). Let h € w* be such that by, ..., by €
Bgin(a) for every d < w and let g € K be a function dominating h. Then
d = g is as required.

The above implies, in particular, that for every f € X there are d,7 € K
such that f satisfies (b) and the sequence f™ = (f | (Ba, \ Bay_,): k < w)
belongs to

X(d,7) = [ (ra,) P Ptes.
k<w

Now, since cof (N') = wi, by Proposition 1.3.1 (applied to [, _, wBa\Bay

in place of w*) we can find an w;-covering of X (d,7) by sets T of the form
<k+1

[1;<o Tk, where T}, € [dek\B“kfl} for all k < w. Since the total

number of these sets T (for different d,7 € K) is equal to w;, to finish
the proof it is enough to show that for any such T there is one sequence
{an:m < w) satisfying (i) and such that (ii) holds for every A = (A,:n < w)
for which f7 belongs to T and f 4 satisfies (b).

So, let T be as above and let T be the set of all functions f 7 satisfying
(b) for which fZ— € T'. By induction on k < w we will construct a sequence
(cr € Bg, \ Ba,_,:k < w) such that:

(%) f(ck) > ra, >k for every k <w and f € T*.
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So fix a k < w and let {f;:¢ < k} be such that

{fi dek \Bdk,lzi < k’} = {f [Bdk \Bdk,l:f S T*} C Ty.
We show inductively that for every m < k
there is a ¢ € By, such that f;(c) > rq, for all j <m. (1.8)

So, fix an m < k and let a € Bg, such that f;(a®) = f;(a) > rq, for all
j<m. If fr,(a) > rq,, then ¢ = a satisfies property (1.8). Thus, assume
that f,(a®) = fm(a) < rg,. By (b) we can find b, ..., bap € By, such that
Td_y < fm(bo) < -+ < fim(bax). By the Pigeon Hole Principle we can find
an I € [{0,...,2k}]**! and a b € {a,a®} such that f,,(bAb;) = fy(b;) for
all i € I. Without loss of generality we can assume that I = {0,...,k}
and bAb; = b; for all i < k. Then

fm(DSV b;) > rq, forall i <k.
Moreover, for every j < m there is at most one i; < k for which
fj(bc v bi]) < Tdys

since for different 7,4 < k we have f;((b°V b;) A (b°V b)) = f;(b°) > 14,
Thus, by the Pigeon Hole Principle, there is an ¢ < k such that ¢ = b°V b;
satisfies (1.8). This finishes the proof of (x).
Clearly the sequence (¢ € By, \ Bq,_,:k < w) satisfies (ii) for every A
with f 7 € T*. Thus, we need only to modify it to also get condition (i).
To do this, use the fact that

ra, < f(ck) <rq,,, for every k <w and f € T*

to construct the sequences w = Iy D I; D --- of infinite subsets of w,
increasing (k; € I;:j < w), and (¢}, € {cx;,cf }:j < w) such that for
every j < w

o f(ar; Necy) >rq, for every f € T* and [ > k; with [ € I},

where ax; = ¢ A---Acj . Then the sequence (ay,:j < w) is a strictly
decreasing sequence satisfying (ii) and it is now easy to see that by putting
a;j = ak; Nay . we obtain the desired sequence. [ |
PrROOF OF THEOREM 1.7.5. The algebra B we construct will be a sub-
algebra of the algebra P(w) of all subsets of w. First, let £ C w* be a
dominating family with || = w; and fix a partition {Dy: k < w} of w into
infinite subsets.
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For every sequence @ = (a,:n < w) of pairwise disjoint subsets of w and
k < w put af = J{an:n € Di}. In addition, for every h € K we put

ah = U{anh(k): k< w},
where ny, (k) = min{n € Dy:n > max{h(k),k}}. We also put
F(a) = {a}:k <w}U{a":h e K} € [P(w)]=*".

Next, we will construct an increasing sequence (Bg € [P(w)]“':§ < wy)
of subalgebras of P(w) aiming for B = B,,. Thus, we choose By as an
arbitrary subalgebra of P(w) with |Bg| = w1, and for limit ordinal numbers
A < wy we put By = [Jg Be. The algebra Beyy is formed from Be in the
following way.

Let {b,:n < w1} be an enumeration of B, and for 1 < w let A% be a
subalgebra of Be generated by {b:: ( < n}. For each such algebra we apply
Lemma 1.7.6 to find the sequences @7 = {(a):n < w), v < wy, satisfying (i)
and (ii), and let

GA) = | F@).

y<wi

Be1 is defined as the algebra generated by BeUU, ., G(AS). This finishes
the construction of B.

Clearly, |B] = wi. To prove that cof(B) = wy, it is enough to show
that B is not a union of an increasing sequence B = (Bp:n < w) of proper
subalgebras. So, by way of contradiction, assume that such a sequence B
exists. For every n < w choose b, € B\ B, and find £, < w; such that
{bn:n < w} C A5. Then the algebras A, = B, N A$ form an increasing
sequence of proper subalgebras of A = .Af]. Thus, one of the sequences a”
satisfies (ii) for A. So, if we put @” = @ = (a,,:n < w), we conclude that
{aj:k <w}u{a"h € K} C B. Let f(k) = min{n < w:a} € B,} and let
h € K be such that f(k) < h(k) for all k£ < w.

The final contradiction is obtained by noticing that a” cannot belong to
any By. Indeed, if a" € By, for some k, then a N aj = a,, 1) belongs to
Bmax{f(k),k}a since ay, € Bf(k) But max{f(k), k} <max{h(k),k} < nn(k),
so we get ay, (k) € Bn,(x), contradicting the fact that a,, ) belongs to
A\ Ay, k), which is disjoint with B,,, (). [

In the context of CPA ype, recently T. Natkaniec [106] also proved that
cof (N) = w1+“2%t = wy” implies that the density topology is extra-
resolvable.
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1.8 Remarks on a form and consistency of the axiom CPA .

In what follows we consider Feyupe as ordered by inclusion. Thus, F C Feube
is dense in Feype provided for every f € Feupe there exists a g € F with

gcf.

Proposition 1.8.1 CPA_ .. is equivalent to the following.

CPA% , : ¢ = ws, and for every Polish space X and dense subfamily F of

cube*

Feube there is an Fy € [F|=“1 such that [ X\U, ez, range(g)| < wi.
Proor. First notice that
o £ C Perf(X) is Feube-dense if and only if Feype(€) is dense in Feype,

where Feube(E) = {g € Feuve: range(g) € E}.
Now, to see that CPA? .  implies CPAupe, take an Foupe-dense family

cube

& C Perf(X). Then, using CPA? . with F = Foupe(€), we can find an
appropriate Fy € [F|S“1. Clearly & = {range(g):g € Fy} satisfies the
conclusion of CPA  pe.

To see the other implication, take a dense subfamily F of Feupe and
let & = {range(g):g € F}. Then, by e, £ is Frupe-dense in Perf(X),
since F C Feube(£). By CPAcupe we can find an & € [£]5“1 such that
X \U&| < c. For each E € & take an fr € F such that range(fg) = E.

Then Fy = {fr: E € &} satisfies the conclusion of CPA? ]

cube-*

Condition CPASube has a form that is closer to our main axiom CPA

than CPA upe. Also, CPASube does not require a new notion of Feype-
density. So why bother with CPA.upe at all? The reason is that the
consequences presented in this chapter follow more naturally from CPA upe
than from CPASube.
axiom describes, in fact, a property of perfect subsets of X, rather than of
some coordinate functions.

Note that if F,y stands for the family of all injections from perfect subsets
of €“ into X, then we can use schema (1.2) to define a notion of F-density

of & C Perf(X) for any family F C Fan: € C Perf(X) is F-dense provided

Moreover, from CPAcupe it is also clearer that the

VfeF3IgeF (g C f & range(g) € &). (1.9)

In particular, it is easy to see that a family £ C Perf(X) is dense in Perf(X)
if and only if &€ is Fuy-dense in Perf(X).

Next notice that the equation ¢ = ws is, in some sense, a consequence of
the second part of the axiom CPA pe.



28 1 Aziom CPA e and its consequences: properties (A)—(E)

Remark 1.8.2 The following statements are equivalent.

CPAcube: ¢ = wo, and for every Polish space X and every Fiupo-dense
family £ C Perf(X) there is an & C & such that |&| < w; and

‘X \ U 50| S w1.
(i) ¢ > wo, and for every Polish space X and Feype-dense family £ C
Perf(X) there is an & C & such that |&y| < wy and | X\ & < ws.
(ii) ¢ < wo, and for every Polish space X and F.ype-dense family £ C

Perf(X) there is an & C & such that |&| < ¢ and | X \ U &l < c.
PRrROOF. Clearly (ii) implies that either CPAype or CH hold. But (ii)

implies, as in Proposition 1.0.3, that s§"*® = [X]<*; so, by Corollary 1.1.2,
property (A) holds, which contradicts CH. So, (ii) implies CPAcype. It is
also obvious that CPA.ype implies (i). To see that (i) = (ii) it is enough
to notice that (i) implies that ¢ < wy. This follows from Proposition 1.1.1
and the fact that the conclusion of Proposition 1.0.3 already follows from
(i). (These two facts imply that every subset of X of cardinality greater

than w; can be mapped onto €, so ¢ < wsy.) [ |

Recall that CPA ybe[X] stands for CPA e for a fixed Polish space X.

Remark 1.8.3 For any Polish space X, axiom CPA_ype[X] implies the full
axiom CPA.upe.

PRrROOF. Let X be a Polish space. First notice the following two facts.
(F1) If Y is a Polish subspace of X, then CPA upe[X] implies CPA upe[Y].

Indeed, let £ be an Feype-dense subset of Perf(Y'), and for every cube Q
in Y let p(Q) € € be a subcube of Q). Next, for each cube P in X let
Qp be its subcube such that either Qp NY = 0 or Qp C Y. Such a
subcube can be found by Claim 1.1.5, since Y is a G5 subset of X. If
Qp C Y, put ¥(P) = p(Qp) € &; otherwise, we put ¢)(P) = Qp. Now
€ = {¢(P): P is a cube in X} is Feupe-dense subset of Perf(X). So, by
CPA cube[X], there exists an & € [£]S1 such that | X \ |J&| < wi. Then
Eo=ENE& € €] and |Y \ U&| < wi. So (F1) is proved.

(F2) If a Polish space Y is a one to one continuous image of X, then
CPA ube[X] implies CPAcybe[Y]-

Indeed, let f be a continuous bijection from X onto Y and let £ be an
Feuve-dense subset of Perf(Y). Put £ = {f~!(P): P € £} and notice that
€ is an Foype-dense subset of Perf(X). (If g € Feupe maps € onto R C X,
then f[R]is a cube in Y witnessed by fog € Feupe. Now, if S = fog[C] € &€
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is a subcube of f[R], then g[C] = f~1(S) € £ is a subcube of R.) So, by
CPAube[X], there is an & € [£]5%t such that | X \ J&| < wi. Then
E ={flQ:Q € &} € [E]5** and |Y \ U &| = | F[X \ &]| < wi. So (F2) is
proved.

To finish the proof, take a Polish space X for which CPA.,pc[X] holds
and recall that the Baire space w* is homeomorphic to a subspace of X
(since X contains a copy of € and € contains a copy of w*). Thus, by (F1),
CPA ube[Z] holds for an arbitrary Polish subspace Z of w”. Now, if Y is
an arbitrary Polish space, then there exists a closed subset F' of w* such
that Y is a one to one continuous image of F. (See, e.g., [74, thm. 7.9].)
So, by (F2), CPA ube[Y] holds as well. (]

Remark 1.8.4 s§""¢ # [X]=*! in a model obtained by adding Sacks num-
bers side by side. In particular, CPA.,pe and all other versions of the CPA
axiom considered in this book are false in this model.

PrROOF. This follows from the fact that s5'P¢ = [X]<“t implies property
(A) (see Corollary 1.1.2) while it is false in the model mentioned above, as
noticed by A. Miller in [95, p. 581]. (In this model, the set X of all Sacks
generic numbers cannot be mapped continuously onto [0, 1].) [ |

One might wonder whether, in the formulation of the notion of cube den-
sity, it is necessary to consider the coordinate functions from the countable
product € of €. Wouldn’t it be enough to consider the coordinate func-
tions from the finite product of €7 To make this question more precise, let
us introduce the following terminology, which comes from a paper [30] by
K. Ciesielski and A. Millan.

For a Polish space X and 0 < n < w we say F C Perf(X) is n-cube
dense provided that for every injection f:&" — X there is a perfect cube
C = [l;<,, Pi C €" such that f[C] € F. Clearly, w-cube density is a cube
density we use in the CPA.upe and 1-cube density is just the standard
perfect set density. Thus, (1.3) says that every w-cube dense family is also
1-cube dense. More generally, we have the the following implications.

Fact 1.8.5 If 0 < m < n < w, then every n-cube dense family is also
m-cube dense.

PROOF. Let m = k + 1, g:¢"\¥ — ¢ be a homeomorphism, and define
h: €™ — €™ by h(x)(i) = x(i) for every i < k and h(z)(k) = g(z [ n\ k).
It is easy to see that h is a homeomorphism and that if P C €™ is a perfect
cube, then h[P] is a perfect cube.
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Now, let F C Perf(X) be n-cube dense in X. To see that F is m-cube
dense, take a continuous injection f:€" — X. Then foh:€" — X is also
a continuous injection. Since F is n-cube dense, there exists a P C €"
such that P is a perfect cube and f[h[P]] = (f o h)[P] € F. But h[P] is a
perfect cube, so F is m-cube dense. [ |

Example 1.0.1 shows that 1-cube density does not imply 2-cube density.
In general, none of the implications from Fact 1.8.5 can be reversed, as we
will show in Theorem 3.5.1. Moreover, we will see in Theorem 3.5.2 that
in CPA ube we cannot replace cube density with “n-cube density for every
0 < n < w,” since the resulting statement is false in ZFC.



2

game

Games and axiom CPAcube

Before we get to the formulation of our next version of the axiom, it would
be good to note that in many applications we would prefer to have a full
covering of a Polish space X rather that the almost covering as claimed by
CPA_ube. To get better access to the missing singletons! we will extend the
notion of a cube by also allowing the “constant cubes:” A family Ceype(X)
of constant cubes is defined as the family of all constant functions from a
perfect cube C' C € into X. We also define F* , (X) as

cube
:ube = Feube U Ccube~ (21)

Thus, F7,,. is the family of all continuous functions from a perfect cube
C C €¢¥ into X that are either one to one or constant. Now the range
of every f € FZ,. belongs to the family Perf*(X) of all sets P such that
either P € Perf(X) or P is a singleton. The terms “P € Perf*(X) is
a cube” and “Q is a subcube of a cube P € Perf"(X)” are defined in a
natural way.

Consider also the following game GAME (X)) of length wy. The game
has two players, Player I and Player II. At each stage £ < w; of the game
Player I can play an arbitrary cube P; € Perf”(X) and Player II must
respond with a subcube Q¢ of Pr. The game ((Pr, Q¢): & < wq) is won by

Player I provided
U Qe=x;
E<wr

otherwise, the game is won by Player II.
By a strategy for Player II we will consider any function S such that
S(((Py, Qy):n < &), P) is a subcube of P, where ((P,,Qy):n < ) is any

1 The logic for accessing the singletons in such a strange is justified by the versions of
the axiom that will be presented in Chapter 6.

31
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cube

partial game. (We abuse here slightly the notation, since the function S

also depends on the implicitly given coordinate functions f,:€“ — P,,

making each P, a cube.) A game ((P¢,Q¢):§ < wi) is played according

to a strategy S for Player II provided Q¢ = S(((P,,Qn):n < &), P¢) for

every £ < wy. A strategy S for Player II is a winning strategy for Player 11

provided Player II wins any game played according to the strategy S.
Here is our new version of the axiom.

CPAZ: ¢ = ws, and for any Polish space X Player II has no winning

strategy in the game GAME . pe(X).

Notice that

Proposition 2.0.1 Axiom CPAS"¢ implies CPAybe.

cube

PROOF. Let £ C Perf(X) be an Feype-dense family. Thus, for every cube
P € Perf(X) there exists a subcube s(P) € £ of P. Now, for a singleton
P € Perf*(X), put s(P) = P and consider the following strategy (in fact,
it is a tactic) S for Player IIL:

S(((Pyy Qu)in < &), Pe) = s(Fe).

By CPAE it is not a winning strategy for Player II. So there exists a
game ((Pg, Q¢): § < wi) in which Q¢ = s(Pg) for every £ < wy and Player IT
loses, that is, X = U, Q¢ Now, let & = {Q¢:§ <wi & Q¢ € Perf(X)}.

Then | X \ J&| < wi, s0 CPAupe is justified. [ |

2.1 CPA®® and disjoint coverings

The results presented in this section come from a paper [39] of K. Ciesielski
and J. Pawlikowski.

Theorem 2.1.1 Assume that CPAE" holds and let X be a Polish space.

If D C Perf(X) is Feupe-dense and it is closed under perfect subsets, then
there exists a partition of X into wy disjoint sets from DU {{z}:z € X}.

In the proof we will use the following easy lemma.

Lemma 2.1.2 Let P = {P;:i < w} C Perf*(X), where X is a Polish space.
For every cube P € Perf(X) there exists a subcube @ of P such that either
QNU;cp, Pi=0orQ C P; for somei < w.
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ube

PROOF. Let f € Feune be such that f[€v] = P.

If PN, ., Pi is meager in P, then, by Claim 1.1.5, we can find a subcube
Q of P such that Q@ C P\ |, P;

It PO,
P N P; has a nonempty interior in P. Thus, there exists a basic clopen set
C in €¥, which is a perfect cube, such that f[C] C P;. So, Q = f[C] is a
desired subcube of P. [

P; is not meager in P, then there exists an ¢ < w such that

PROOF OF THEOREM 2.1.1. For a cube P € Perf(X) and a countable
family P C Perf*(X), let D(P) € D be a subcube of P and Q(P,P) € D
be as in Lemma 2.1.2 used with D(P) in place of P. For a singleton
P € Perf*(X) we just put Q(P, P) = P.

Consider the following strategy S for Player II:

S(((Py, Qn):in < &), Pe) = Q{Qn:m < &}, P).
By CPA®*™° strategy S is not a winning strategy for Player II. So there

cube ?
exists a game ((Pe, Q¢): & < wy) played according to S in which Player II
looses, that is, X = U£<w1 Qe.
Notice that for every { < wi either Q¢ N, Qy = 0 or there is an

n < wy such that Q¢ C @Q,. Let

F = C2§Z£ < w1 & 625 n L‘J an = @

n<§

Then F is as desired. [ |
Since a family of all measure zero perfect subsets of R™ is Fcupe-dense,
we get the following corollary.

Corollary 2.1.3 CPA®"® implies that there exists a partition of R™ into

cube
w1 many disjoint closed nowhere dense measure zero sets.

Note that the conclusion of Corollary 2.1.3 does not follow from the
fact that R™ can be covered by w; perfect measure zero subsets. (See
A. Miller [94, thm. 6].)

The next corollary is a generalization of Fact 1.1.7.

Corollary 2.1.4 CPA%*™° implies that for every Borel subset B of a Polish

cube
space X there exists a family P of w; many disjoint compact sets such that

B=UP.

ProoF. This follows immediately from Theorem 2.1.1 and the fact that
the family & = {P € Perf(X): P C B or PN B = 0} is Feupe-dense. [
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cube

2.2 MAD families and the numbers a and t

Recall that a family A C [w]® is almost disjoint provided |AN B| < w and
it is maximal almost disjoint, MAD, provided it is not a proper subfamily
of any other almost disjoint family. The cardinal number a is defined as
follows:

a = min{|A|: A is infinite and MAD}.

The fact that a = w; holds in the iterated perfect set model was apparently
first noticed by Otmar Spinas (see A. Blass [9, sec. 11.5]), though it seems
that the proof of this result was never provided. The argument presented
below comes from K. Ciesielski and J. Pawlikowski [37].

Theorem 2.2.1 CPA®*"° implies that a = w;.

cube

Our proof of Theorem 2.2.1 is based on the following lemma.
Lemma 2.2.2 For every countable infinite family W C [w]“ of almost
disjoint sets and a cube P € Perf([w]¥) there exist a W € [w]¥ and a
subcube Q of P such that WU {W} is almost disjoint but W U {W,x} is
not almost disjoint for every x € Q.

PrOOF. Let W = {W;:i < w}. For every ¢ < w choose sets V; C W;
such that the V;’s are pairwise disjoint and each W; \ V; is finite, but V,, =
w\U;<,, Vi is infinite. (For example, for every i < w, put V;* = Wi\Uj<i W;
and V; = V* \ {min V;*}.) Let

B={zeP:(Vi<w) zNV;| <w}

and notice that B = ;< Uyepvsy<w {2 € PrzNV; = a} is a Borel subset
of P, since each set {x € P:a NV, = a} is closed. Since either B or P\ B
must be of the second category in P, by Claim 1.1.5 there is a subcube P*
of P such that either P* C B or P*N B = ().

If PNB =0, then W =V, and Q = P* satisfy the conclusion of
the lemma. So, suppose that P* € B. Let h:€¥ — P*, h € Feupbe, be
a coordinate function making P* a cube, let A be the standard product
probability measure on €%, and define a Borel measure p on P* by a
formula pu(B) = A(h=(B)).

For i,n < w let

P'={zxeP:axnV;,Cn}.

Then all the sets P* = J,.,{z € P*:2NV; = a} are Borel (since each
of the sets {z € P*:2NV; = a} is closed) and P* = |, __, P for every

n<w =t
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i < w. Thus for each i < w there exists an n(i) < w such that
W (Pi"(i)) >1-27"
P hasa p-measure 1 so, by Claim 1.1.5,

Then theset T' = {J; _, N <i<0 &
there is a subcube @ of P* that is a subset of T'. Let

W= J Vi nn(i)].
i<w
We claim that W and @ satisfy the lemma.
It is obvious that W is almost disjoint with each W;. So, fix an = € Q.
To finish the proof it is enough to show that

x C*W.

But z € Q C Uj<“’ N <ico Pin(i), Thus, there exists a j < w such that
v e PO S0

zn |J Vi= J @nv)c |J Vinn@) cw

j<i<w j<i<w j<i<w

and the set x\ W C zN (Vw UUi<; Vi> = (xN V) UU;<,;(xNV;) is finite,
asr €QQ C P*CB. |

PrROOF OF THEOREM 2.2.1. For a countably infinite almost disjoint family
W C [w]* and a cube P € Perf([w]*), let W(W, P) € [w]“ and a subcube
QW, P) of P be as in Lemma 2.2.2. For P = {z} € Perf*([w]*), we put
Q(W, P) = P and define W(W, P) as some arbitrary W almost disjoint
with each set from W and such that ANz is infinite for some A € WU{W}.
(If |lr NV]| < w for every V € W, we put W = z; otherwise, W is chosen
as an arbitrary set almost disjoint with each set from W.)

Let Ag C [w]“ be an arbitrary infinite almost disjoint family and consider
the following strategy S for Player II:

S{(Py, Qn):n < &), Pe) = Q(Ao U{Wy:n < &}, Fe),

where the W,,’s are defined inductively by W,, = W(Ao U{W¢:{ < n}, Py).
In other words, Player II remembers (recovers) the sets W, associated
with the sets P, played so far, and he uses them (and Lemma 2.2.2) to get
the next answer, Q¢ = Q(Ao U {W,:n < &}, P¢), while remembering (or
recovering each time) the set We = W (Ag U {W,:n < &}, Pe).

By CPAS strategy S is not a winning strategy for Player II. So there

exists a game ((Pg, Q¢):& < wq) played according to S in which Player II
loses, that is, [w]* = ¢, Q¢
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cube

Now, notice that the family A = AqU{W¢: & < wq} is a MAD family. It
is clear that A is almost disjoint, since every set W, was chosen as almost
disjoint with every set from Ay U {W;:{ < £}. To see that A is maximal
it is enough to note that every = € [w]“ belongs to a Q¢ for some & < wy,
and so there is an A € Ag U {W,:n < £} such that ANz is infinite. ]

By Theorem 2.2.1 we see that CPA® ' implies the existence of a MAD
family of size wy. Next we will show that such a family can be simul-
taneously a reaping family. This result is similar in flavor to that from

Theorem 5.4.9.

Theorem 2.2.3 CPA%%"® implies that there exists a family F C [w]* of

cube
cardinality wy that is simultaneously MAD and reaping.

PROOF. The proof is just a slight modification of that for Theorem 2.2.1.

For a countable infinite almost disjoint family W C [w]* and a cube
P € Perf(jw]¥), let Wy € [w]* and a subcube Qg of P be as in Lemma 2.2.2.
Let A € [w] be almost disjoint with every set from WU {W;}. By Laver’s
theorem [85] we can also find a subcube @1 of @y and a W7 € [A]* such
that

e either Wy Nz = () for every z € Qq,
e or else Wy C z for every = € Q.

Let QOW,P) = Q1 and WOW, P) = {Wy,W1}. If P € Perf*([w]¥) is a
singleton, then we put Q(W, P) = P and we can easily find Wy and Wy
satisfying the above conditions.

Let Ag C [w]® be an arbitrary infinite almost disjoint family and consider
the following strategy S for Player II:

SU(Py @u)in <€) Fe) = Q (Ao U JDWyin < €. Pe) .

where the W, ’s are defined as W,, = W(Ao U U{Wy:n < &}, Py).

By CPAEY®, strategy S is not a winning strategy for Player II. So
there exists a game ((Pe,Q¢):& < wi) played according to the strategy
S in which Player II loses, that is, [w]* = [, Q¢. Then the family

F =AU U{We: £ < w1} is MAD and reaping. [

2.3 Uncountable y-sets and strongly meager sets

In this section we will prove that CPA%" implies the existence of an

uncountable vy-set. We will also show that such a set can be, but need
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not be, strongly meager. The results presented here were proved in [31] by
K. Ciesielski, A. Millan, and J. Pawlikowski.

Recall that a subset T" of a Polish space X is a y-set provided for ev-
ery open w-cover U of T there is a sequence (U, € U:n < w) such that
T C Upew Nisn Ui, where U is an w-cover of T' if for every finite set
A C T there a U € U with A C U. ~-sets were introduced by J. Gerlits
and Zs. Nagy [64]. They were studied by F. Galvin and A. Miller [62],
I. Rectaw [110], T. Bartoszyiiski and I. Rectaw [5], and others. It is known
that under Martin’s axiom there are y-sets of cardinality continuum [62].
On the other hand, every v-set is strong measure zero [64], so it is con-
sistent with ZFC (in a model for Borel conjecture) that every ~y-set is
countable. Moreover, CPAS%"® implies that every y-set has cardinality at
most w1 < ¢, since every strong measure zero is universally null, and so, by
Theorem 1.1.4, under CPA e every ~y-set has cardinality at most w;.

In the proofs of the next two theorems we will use the characterization
of ~-sets due to I. Rectaw [110]. To formulate it we need to fix some
terminology. Thus, we will consider P(w) as a Polish space by identifying
it with 2¢ via characteristic functions. We say that a family A C P(w) is
centered provided () Ap is infinite for every finite 4y C A, and A has a
pseudointersection provided there exists a B € [w]“ such that B C* A for
every A € A. In addition, for the rest of this section, I will stand for the
family of all continuous functions from P(w) to P(w) and for A € P(w) we
put A* = {B € P(w): B C* A}.

Proposition 2.3.1 (I. Rectaw [110]) For T C P(w), the following con-
ditions are equivalent:

(i) T is a y-set.
(ii) Forevery f € K, if f[T] is centered, then f[T] has a pseudointersection.

game

In the proof that follows we will apply axiom CPA_Z " to the cubes from
the space K. The fact that the subcubes given by the axiom cover K will
allow us to use the above characterization to conclude that the constructed
set is indeed a y-set. It is also possible to construct an uncountable v-set by
applying axiom CPAS: to the space Y of all w-covers of P(w),! similarly
as in the proof of Theorem 2.3.10. However, we believe that greater diver-
sification of spaces to which we apply CPA®""* makes the the presentation

cube
more interesting.

1 More precisely, if Bp is a countable base for P(w) and B is the collection of all finite
unions of elements from Bp, then we can define )) as B“ considered with the product
topology, where B is taken with discrete topology.
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In what follows we will need the following two lemmas.

Lemma 2.3.2 For every countable set Y C P(w) the set
Ky = {f € K: f[Y] is centered}
is Borel in K.

PRrROOF. Let Y = {y;:9 < w} and note that

Ky= () U N{fekime f)}.

n,k<wm>ki<n

So, Ky is a G set, since each set {f € K:m € f(y;)} is open in K. [ |

Lemma 2.3.3 Let Y C P(w) be countable and such that [w]<* C Y. For
every W € [w]¥ and a compact set Q C Ky there exist V € [W]* and a
continuous function ¢: Q — [w]¥ such that ¢(f) is a pseudointersection of
fIYTU f[V*] for every f € Q.

Moreover, if J is an infinite family of nonempty pairwise disjoint finite
subsets of W, then we can choose V' such that it contains infinitely many
J’s from J.

PrOOF. First notice that there exists a continuous : Q) — [w]* such that
¥(f) is a pseudointersection of f[Y] for every f € Q.

Indeed, let Y = {y;: i < w} and for every f € Q let ¥(f) = {nfz < w},
where n{; = min f(yo) and n{H = min {n €Nj<i flys)in> n{} The set

in the definition of a number nfc 41 is nonempty, since f[Y] is centered, as
f € Q C Ky. Tt is easy to see that v is continuous and that ¥ (f) is as
desired.

We will define a sequence (J; € J:i < w) such that max J; < min J;11
for every i < w. We are aiming for V' = J,_,, Ji.

A set Jy € J is chosen arbitrarily. Now, if J; is already defined for some
i < w, we define J; 11 as follows. Let w; = 1 + maxJ;. Thus J; C w;. For
every f € @ define

mf = min ((f) () FP(w)]) -

The set ¢ (f) N f[P(w;)] is infinite, since ¥(f) is a pseudointersection of
f1Y] while P(w;) C Y. Let k! = min K/, where

K2

K = {kai:m{ € f(a) for allanwithaﬂkai}.



2.8 Uncountable y-sets and strongly meager sets 39

The fact that Kif # () follows from the continuity of f since mf—c € f(a)
for all @ C w;. Notice that, by the continuity of ¢ and the assignment of
klf, for every p < w the set U, = {f € Q: klf < p} is open in Q. Since the
sets {Up:p < w} form an increasing cover of @), compactness of () implies
the existence of p; < w such that @ C U,,. Thus, w; < klf < p; for every
f € Q. We define J;;1 as an arbitrary element of J disjoint with p; and
notice that

m{ € f(a) for every f € Q and a C w with a Nmin J;41 C w;.

This finishes the inductive construction.

Let V = ;. Ji C W and ¢(f) = {mf:i < w}. It is easy to see that
© is continuous (though we will not use this fact). To finish the proof it is
enough to show that ¢(f) is a pseudointersection of f[Y]U f[V*] for every
feaq.

So, fix an f € Q. Clearly ¢(f) C ¥(f) is a pseudointersection of f[Y]
since so was ¥(f). To see that ¢(f) is a pseudointersection of f[V*], take
an a C* V. Then, for almost all i < w we have a N min J;;41 C w;, so that
m{ € f(a). Thus ¢(f) C* f(a). n

Theorem 2.3.4 CPA®° implies that there is an uncountable y-set in

cube
P(w).

PROOF. For a < wy and an C*-decreasing sequence V = {V; € [w]¥:¢ <
a}, let W(V) € [w]¥ be such that W (V) C* Ve for all £ < o. Moreover, if
P € Perf*(K) is a cube, then we define a subcube Q@ = Q(V, P) of P and an
infinite subset V =V (V, P) of W = W(V) as follows. Let Y = V U [w]<¥
and choose a subcube @ of P such that either QN Ky = 0 or Q C Ky.
This can be done by Claim 1.1.5 since Ky is Borel. If Q N Ky = (), we put
V = W, otherwise, we apply Lemma 2.3.3 to find V.
Consider the following strategy S for Player II:

S({{Py, Qn):n < &), Fe) = QU{Vy:n < £}, Fe),

where sets V;, are defined inductively by V,, = V({V::{ < n}, P,). In other
words, Player II remembers (recovers) sets V,, associated with the cubes P,
played so far, and he uses them (and Lemma 2.3.3) to get the next answer,
Qe = Q{Vy:n < &}, Pe), while remembering (or recovering each time) the
set Ve = V({Vyin < €}, F).

By CPAS. strategy S is not a winning strategy for Player II. So

there exists a game ((Pe,Q¢):§{ < wi) played according to S in which
Player II loses, that is, K = (J,_,,, Q¢. Let V = {Ve:§ <wi} be a sequence
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associated with this game, which is strictly C*-decreasing, and let T' =
VU [w]<¥. We claim that T is a ~-set.

In the proof we use Lemma 2.3.2. So, let f € K be such that f[T]
is centered. Then there exists an o < w; such that f € @,. Since
FH{Ve: € < a} U w]<¥] C f[T] we must have applied Lemma 2.3.3 in the
choice of Q, and V,,. Therefore, the family f{Ve:§ < a} U [w]<¥ U V]
has a pseudointersection. So, f[T] has a pseudointersection too, since
T C{Ve:{ <a}U[w<YUVL. |

Since P(w) embeds into any Polish space, we conclude that, under the
axiom CPA%"® any Polish space contains an uncountable y-set. In par-
ticular, there exists an uncountable y-set T C R.

Recall (see, e.g., [4, p. 437]) that a subset X of R is strongly meager
provided X + G # R for every measure zero subset G of R. This is a
notion that is dual to a strong measure zero subset of R, since X C R is
strong measure zero if and only if X + M # R for every meager subset M
of R.

Now, although every -set is strong measure zero, T. Bartoszynski and
I. Rectaw [5] constructed, under Martin’s axiom, a y-set 7' in R that is not
strongly meager. Next we will show that the existence of such a set follows
also from CPA®"®. The construction is a generalization of that used in
the proof of Theorem 2.3.4.

In the proof we will use the following notation. For A, B € P(w) we
define A + B as the symmetric difference between A and B. Upon iden-
tification of a set A € P(w) with its characteristic function X4 € 2¢, this
definition is motivated by the fact that X4y p(n) = Xa(n) +2 Xp(n), where
4 is the addition modulo 2. Also, let J = {J,, € [w]*":n < w} be a fam-
ily of pairwise disjoint sets and let G be the family of all W C w that are
disjoint with infinitely many J € 7. Notice that G has measure zero with
respect to the standard measure on P(w) induced by the product measure
on 2%.

Lemma 2.3.5 If 7 € [J]|* and P is a cube in P(w), then there is a subcube
Q of P and a set V C |JJ containing infinitely many J € J such that
V+Qcd.

PRrROOF. Let D = |JJ and

H = {{UW)eP(D)xPw):(U+W)NnJ =90 forwmany J € J}
C {(UW)ePD)xPw):U+WeG}
Notice that H is a Gs subset of the product P(D) x P(w) since
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Hy = {{UW):(U+W)nJ = 0} is open for every J € J. Moreover,
the horizontal sections of H are dense in P(D). So, H = HN (P(D) x P)
is a dense Gy subset of P(D) x P, as all its horizontal sections are dense.
Thus, by the Kuratowski-Ulam theorem, there is a dense G5 subset ICy of
P(D) such that for every U € Ky the vertical section Hy of H is dense in
P. Now, since

K1 ={U € P(D):J CU for infinitely many J € J}

is a dense Gy, there exists a V € Ky N ;. In particular, V' contains
infinitely many J € J and Hy is a dense G subset of P. Thus, by
Claim 1.1.5, there exists a subcube @ of P contained in Hy . Therefore,
QCHyCc{WeP:V+WeG},andsoV+QcCQG. [ ]

Theorem 2.3.6 CPASY implies that there exists a y-set T' C P(w) such
that T+ G = P(w).

PrOOF. We will use CPA%" for the space X = KU P(w), a direct sum
of £ and P(w).

For a < wy and an C*-decreasing sequence V = {V; € [w]¥: £ < a} such
that each V¢ contains infinitely many J € J, let W (V) € [w]“ be such that
J={J € J:JC W(V)} is infinite and W (V) C* V; for all £ < . For a
cube P € Perf”(K) we define a subcube Q = Q(V, P) of P and an infinite
subset V.=V (V, P) of W = W(V) as follows. By Claim 1.1.5 we can find
subcube P’ of P such that either P’ C K or P’ C P(w).

If P C K, we proceed as in the proof of Theorem 2.3.4. We define
Y = VU [w]<* and use Claim 1.1.5 to find a subcube @ of P’ such that
either QNKy =0 or Q C Ky. If QN Ky =0, we put V = W; otherwise,
we apply Lemma 2.3.3 to find V. If P/ C P(w), we use Lemma 2.3.5 to
find @ and V.

Consider the following strategy S for Player II:

S(((Pys Qu):n < &), Pe) = QU{Viy:n < &}, Pe),

where sets V,, are defined inductively by V,, = V({V::¢( < n},P,;). By
CPAZ, strategy S is not a winning strategy for Player II. So there exists
a game ((Pr, Q¢): € < wi) played according to S in which Player IT loses,
that is, X = [, Q¢. Let V = {Ve:§ < w1} be a sequence associated
with this game, which is strictly C*-decreasing, and let T = VU [w]<*. We
claim that T is as desired.

The argument that 7' is a «-set is the same as in the proof of Theo-

rem 2.3.4. To see that P(w) C T+ G, notice that for every A € P(w) there



42 2 Games and axiom CPAS*™C

cube

isan o < wy such that A € ). But then at step a we used Lemma, 2.3.5 to
find Q, and V,,. In particular, Vo,+ Q. C G. So, A € Q. C Vo,+G C T+G.
|

Corollary 2.3.7 CPAS" implies that there exists a y-set X C R that is
not strongly meager.

ProOF. This is the argument from [5]. Let T be as in Theorem 2.3.6 and
let f:P(w) — [0,1], f(A) = 3,27 VX 4(i). Then f is continuous, so
X = f[T] is a y-set. Let H = (,,., Upnsm f[Jn]. Then H has measure
zero and it is easy to see that [0,1] = f[P(w)] C f[T|+ H = X + H. Then
G = H + Q has measure zero and X + G = R. [ |

game

In the remainder of this section we will show that CPAZ '/

the existence of a y-set X C R that is strongly meager.

Let X be a Polish space with topology 7. We say that U C 7 is a cover
of Z C [X]<¥ provided for every A € Z there is a U € U with A C U.
Following [62], we say that a subset S of X is a strong y-set provided there
exists an increasing sequence (k, < w:n < w) such that for every sequence
(J,, C T:n < w), where each J,, is a cover of [X]*», there exists a sequence
(D € Jnin < w) with X C U<, Npsn Dm- It is proved in [62] that
every strong y-set X C R is strongly meager. The goal of this section is
to construct, under CPA® ™ " an uncountable strong v-set in P(w). So,
after identifying P(w) with its homeomorphic copy in R, this will become
an uncountable y-set in R that is strongly meager. Under Martin’s axiom,
a strong y-set in P(w) of cardinality continuum exists; see [62].

Let By be a countable basis for the topology of P(w) and let B be the
collection of all finite unions of elements from Bjy. Since every open cover
of [P(w)]*, k < w, contains a refinement from B, in the definition of strong
~-set it is enough to consider only sequences (J,:n < w) with J,, C B.

Now, consider B with the discrete topology. Since B is countable, the
space B¥, considered with the product topology, is a Polish space and so
is X = (B¥)“. For J € X we will write J,, in place of J(n). It is easy to
see that a sub-basis for the topology of & is given for the clopen sets

also implies

{J € X: J,(m) = BY,

where n,m < w and B € B.

For the remainder of this section we will fix a strictly increasing sequence
(kn < w:n < w) such that k, > n 2™ +n for every n < w. Then we have
the following lemma.
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Lemma 2.3.8 Let X € [w]* and let F' be a countable subset of P(w)
such that [w]<* C F. Assume that P is a compact subset of X such that
for every J € P and n < w the family J,[w] = {J.(m):m < w} covers
[F]¥n. Then there exists a set Y € [X]|“ and for each J € P a sequence

J . * J
(D;, € Jpin <w) such that FUY™ C U, ., Nimsn Din-

PrOOF. Let {F,:n < w} be an enumeration of [w]<¥ such that F,, C n
for all n < w and let F = {f,:n < w}. We will construct inductively the
sequences (s, € X:n < w) and ({D; € J,[w]:J € P}:n < w) such that
for every n < w, J € P, and A C w we have

(i) {fizi <n} C D] and s,, < sp11;
(ii) if i < j <n+1and (ANsp1) \ {s0,...,5n} = Fi, then A € D/.

We chose so € X and {D; € J,[w]: J € P} arbitrarily. Then conditions
(i) and (ii) are trivially satisfied. Next, assume that the sequence {s;:i < n}
is already constructed. We will construct s,41 and sets D;_; as follows.

Let

Q={q€w~¥:q\{s0,---,8,} = F; for some i <n}.
Then |Q] < (n+1) 2" and |Q U {fo,..., fa}l < kni1-
Fix J € P. Since J,,+1[w] covers [F]SFn+1 there exists a Dl 1 € Jy41[w]

containing Q U {fo,..., fn}. Since DTJL+1 is open and covers a finite set @,
there is an s;,; > s, in X such that for every ¢ € Q

J J AJ
{zCcwzns, 1 =qNs; 1} CD;yy.
Notice that:
(*) For every A C w and 5,41 > s;,; condition (ii) holds.

Indeed, assume that (AN3,4+1)\{s0,...,8n} = F; for some i < j < n+1.
If j <n, then n > 1 and since F; C ¢ C s,_1 we have

(AmSn)\{So,...,Sn_l} = (Am§n+1)\{80,...,8n} ZFl

Therefore, by the inductive assumption, A € D]J . Now, if j = n+1,
then ¢ = AN3pp1 € Q. Thus A € {r Cw:x N1 =q¢N&pp1}t C
{xcwaznsl,, =qns) 1} C D, finishing the proof of (x).

For each J € P let m’ < w be such that J,11(m’) = D;,, and define
Uy ={K € X:K,y1(m”) = D] ,}. Then U, is an open neighborhood of
J. In particular, {U;: J € P} is an open cover of a compact set P, so there
exists a finite Py C P such that P C |J{Uj;:J € Py}. Choose s,+1 € X
such that s,41 > max{s,{ﬂs J € Py}. Moreover, for every J € P choose
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J € Py such that J € Uj and define D;{H DnJrl It is easy to see that,
by (x), conditions (i) and (ii) are preserved. This completes the inductive
construction.

PutY = {s,:n < w}. To see that it satisfies the lemma, pick an arbitrary
J € P. We will show that FUY™ C U, .., Nyon Dih-

Clearly F C U<, Nyon Dih since, by (i), f,, € D;, for every m > n.
So, fix an A € Y*. Then A\ Y = F; for some i < w. Let n < w be such
that i < n and s,, > max F;. Then for every m > n we have i < m < m+1
and (AN smi1)\ {so, .- sm} = F;. So, by (ii), we have A € D/, for every
m >n. Thus, A € N [ |

n1>>n

Lemma 2.3.9 If F C P(w) is countable, then the set
Xp = {J € X:J,[w] covers [F]*" for every n < w}
is Borel in X.

ProoOF. This follows from the fact that

= (1 U U {Jex:s.(m) =B}

n<w A¢[F]kn m<w ACBERB

since each set {J € X: J,(m) = B} is clopen in X. Thus, X is a Gs-set.
]

Theorem 2.3.10 CPAZ%)" implies that there exists an uncountable strong
~-set in P(w).

PROOF. For o < wy and an C*-decreasing sequence V = {V¢ € [w]*: £ < a}
let W(V) € [w]“ be such that W (V) C* Vg for all £ < a. Moreover, if
P € Perf*(X) is a cube, then we define a subcube Q@ = Q(V, P) of P and
an infinite subset Y = V(V, P) of X = W (V) as follows. Let F = VU[w]<¥
and choose a subcube @Q of P such that either Q N Xr = 0 or Q C Xr.
This can be done by Claim 1.1.5 since Xr is Borel. If Q N Xr = 0, we put
Y = X; otherwise, we apply Lemma 2.3.8 to find Y.
Consider the following strategy S for Player II:

S({(Py, Qu)in < &), Pe) = Q{Vyin < &}, ),

where sets V,, are defined inductively by V,, = V({V::( < n},P,;). By
CPAS® strategy S is not a winning strategy for Player II. So there exists

a game ((Pe, Q¢): ¢ < wi) played according to S in which Player II loses,
that is, X' = U, Q¢. Let V = {Ve:{ < w1} be a sequence associated
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with this game, which is strictly C*-decreasing, and let T = VU [w]<¥. We
claim that T is a strong ~y-set.

Indeed, let (U, C B:n < w) be such that U, covers [T}k for every
n < w. Then there is a J € X such that J,[w] = U, for every n < w.
Let a < wy be such that J € Q4. Then J € Xy, .p<ajujw)<w, SO we
must have used Lemma 2.3.8 to get Q. In particular, there is a sequence
(D] € Jp[w] = Up:n < w) such that

(W< U{Vyin < a}) U(Va)" C U ﬂ D!

n<wm>n
S0, T C Upcw Nimsn Dihas {Vyra < <wi} C (Vo)™ [ |

Since every homeomorphic image of a strong ~y-set is evidently a strong
~-set, we immediately obtain the following conclusion.

Corollary 2.3.11 CPA®""° implies that there exists an uncountable y-set

cube
in R that is strongly meager.

It is worth mentioning that a construction of an uncountable strong -
set in P(w) under CPAEY™ can also be obtained in a formalism similar
to that used in the proofs of Theorems 2.3.4 and 2.3.6. In order to do
this, we need the following definitions and facts. For a fixed sequence
k= (k, <w:n < w) we say that A C (P(w))* is k-centered provided for
every n < w any k, many sets from {A(n): A € A} have a common point
and B € w* is a quasi-intersection of A C (P(w))* provided for every
A € A for all but finitely many n < w we have B(n) € A(n). Now, if
K* is a family of all continuous functions from P(w) to (P(w))%, then the
following is true:

A set X C P(w) is a strong y-set if and only if there exists an increasing
sequence k = (k, < w:n < w) such that for every f € K*, if f[X] is
k-centered, then f[X] has a quasi-intersection.

With this characterization in hand we can construct an uncountable strong
v-set in P(w) by applying CPA%*" to the space K*.

cube

2.4 Nowhere meager set A x A C R? intersecting continuous
functions on a small set

The goal of this section is to prove the following theorem, in which id stands
for the identity function.
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Theorem 2.4.1 (K. Ciesielski and T. Natkaniec [33]) Assume that
CPA®"® holds. Then there exists a nowhere meager set A C R of cardi-

nality less than ¢ such that for every f € C(R) there exists a countable set
Z C A such that

fN(AxA) c(Ax2Z)uid.
In particular, for every nowhere constant continuous function f:R — R

o the set {c e Riw[(f+¢)N (A x A)] ¢ M} is countable, and
o the set {c € R:(f +¢)N(Ax A) =0} is a complement of a set of
cardinality wy < ¢, so it contains a Bernstein set.

The study of the subsets Ax A of the plain with similar properties (for the
linear functions f(x) = ax+b) was initiated by J. Ceder and D.K. Ganguly
in [22]. Similar examples have been also given by R.O. Davies [48] and
T. Natkaniec [103, 104]. It is also known [33, thm. 4] that such a set
cannot be constructed in ZFC even if we allow it to have cardinality ¢ and
restrict our attention to functions f that are homeomorphisms.

We will apply the axiom to space C = C(R) considered with the sup
norm. Notice that for every @ C C the set [JQ C R? is a union of the
graphs of all functions belonging to @, since functions are identified with
their graphs. For A € [R]=¥, let £(A) be the family of all Q € Perf(C)
such that

e |JQ is nowhere dense in R?, and
o for every x € A the vertical section [|J Q]. of |J @ is nowhere dense in R.

Lemma 2.4.2 Family £(A) is cube-dense for every A € [R]S%.

Proor. Without loss of generality we can assume that A is dense in
R. Let P € Perf(C) and let u be a countably additive Borel probability
measure p on P. By Claim 1.1.5 it is enough to show that there exists a
Q € Perf(P) N E(A) such that p(Q) > 0. To see this, fix a countable base
B for R and let ({a,, J,):n < w) be an enumeration of A x B. Notice that
for every n < w there exists a nonempty open set U,, C J,, such that

uw({f € P: f(a,) € U,}) < 27 (n+2), (2.2)

Indeed, if U, is an infinite family of nonempty pairwise disjoint open subsets
of J,, then for each U € U,, the set {f € P: f(a,) € U} is open in P (so
p-measurable) and so condition (2.2) must hold for some U € U,,. Let W
be equal to |J, ., {f € C: f(an) € Uy}. It is clear that W is open and
dense in C. So, Q@ = P\W = P\, . {f € P: f(a,) € Uy} is nowhere
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dense (and therefore |JQ is nowhere dense in R?), and, by (2.2), it has
p-measure at least 1 — 3 _ 2-(n+2) = 271 > (. Tt is also clear that for
every x € A the set |J{U,:a, = x} is dense open in R and disjoint with

[UQJ.. Thus Q € E(A). .

Proposition 2.4.3 Assume that CPA® "' holds, let X be a Polish space,
and let S be a mapping associating to every P € |J, ., (Perf*(X))* a cube-
dense family E(P) C Perf*(X). Then there is a sequence {(Pg, Q¢): € < w1)

such that for every & < wy we have Q¢ € Perf™(P¢) N E((Pe:¢ < &)) and
X = U§<w1 Qg

Proor. This follows immediately from CPA%*"¢. More precisely, it is

cube
enough to apply the axiom CPAZ'® to the strategy S* such that
S*(((Py, Qn):m < &), Pe) is a subcube of P¢ from S((P,:n < §)). [ |

PROOF OF THEOREM 2.4.1. First recall that, under CPA ype (so also
under CPASY ) " we have cof(N) = wy. Let By be a countable base for R
and let {(Mg, Je): &€ < wy} be an enumeration of Mg x By. By simultaneous
induction on £ < wq, using Lemma 2.4.2, we will define the functions S, @,

and k on (Perf*(C))¢ such that:

(i) SUP:¢ < &) =E{ac:¢ < &}), where a¢c = k((P:n < () € R, and

Qe = Q((FPe:¢ <§)) € E({ac: ¢ < &}).
(i) k((Pe:¢ < ¢&)) belongs to Je and the comeager set

ﬂ {zeR: (UQ¢)? and (|JQc). are nowhere dense in R}.
¢<¢

(iil) k((Pc:¢ < &)) does not belong to the meager set

MU (UQnac:¢ < FU{UQy™:n < ¢ < &)

n<€

The set as in (ii) is comeager by the Kuratowski-Ulam theorem, since each
set |J Q¢ is nowhere dense, as Q¢ belongs to some £(A). In (iii), for every
n < ¢ < € the set (UQy)ae U (LUQy)* is nowhere dense by the choice
of ac = k((Py:n < ¢)) as in (ii). Finally, for ¢ < 7, the set ((JQy)a, is
nowhere dense since, by (i), @, belongs to S((P: ¢ <)) = E({a¢: ¢ < n}).
Now, by the axiom CPAZ%)"" and Proposition 2.4.3, there exists a sequence
((Pe, Q¢,ag): € < wi) such that C = |J,_,,, Q¢ and conditions (i)-(iil) are
satisfied. We claim that A = {a¢: { < w} satisfies Theorem 2.4.1. Clearly,
A is nowhere meager since for every nonempty open set U C R and every
meager set M there exists a { < w; such that J¢ C U and M C M,.



48 2 Games and axiom CPAS*™C

cube

But then a¢ € (ANJe)\ Me C (ANU)\ M, s0 ANU # M. To see
the main part of Theorem 2.4.1, take an f € C. Then, there exists a
n < wy such that f € @,. We claim that for Z = {ag: 3 < n} we have
fN(AxA) C(Ax Z)UJid. Indeed, let n < < wy and ¢ < wy be such
that ¢ # &. We need to show that (ac,a¢) ¢ f. But if ¢ <&, then, by (iii),
ag does not belong to [|JQyla, > fla¢), so (a¢,ae) ¢ f. Similarly, if £ <,
then, again by (iii), ac does not belong to [J@Q,]*¢ D f~!(a¢) and once
more (ac,ae) ¢ f. [ ]

2.5 Remark on a form of CPA%*™¢

cube

Notice also that, if CPA2%"°[X] stands for CPA%%"® for a fixed Polish space

cube cube
X, then, similarly as in Remark 1.8.3 we can also prove

Remark 2.5.1 For any Polish space X, axiom CPA%%"°[X] implies the

cube
. game
full axiom CPAZ .

Note also that if we remove from CPA22"® the assumption that ¢ = wa,

then the resulting statement becomes trivial:

Remark 2.5.2 If CH holds, then for any Polish space X Player I has a
winning strategy in the game GAME¢pe(X).

To win Player I simply needs to play consecutively all constant cubes.
On the other hand, by Remark 1.8.2; the assumption that ¢ > wy is all
we really need to put in the axiom:

Remark 2.5.3 CPAE " follows from:
weak-CPAS""®: ¢ > w,, and for any Polish space X Player II has no

cube

winning strategy in the game GAME¢upo(X).
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. . game .
Prisms and axioms CPAprism and CPAriem

The axioms CPAET and CPAcupe deal with the notion of Feype-density,
where F.ype is the family of all injections f: C' — X with C being a perfect
cube in €“. In the applications of these axioms we were using the facts
that different subfamilies of Perf(X) are F.upe-dense. Unfortunately, in
many cases, the notion of Fype-density is too weak to do the job — in the
applications that follow, the families £ C Perf(X) will not be Feype-dense,
but they will be dense in a weaker sense defined below. Luckily, this weaker
notion of density still leads to consistent axioms.

To define this weaker notion of density, let us first take another look
at the notion of “cube.” Let A be a nonempty countable set of ordinal
numbers. The notion of a perfect cube in ¢4 can be defined the same
way as it was done for €¥. However, it will be more convenient for us to
define it as follows. Let @cype(A) be the family of all continuous injections
f:@4 — ¢4 such that

f(z)(a) = f(y)(a) for all @ € A and x,y € €4 with z(a) = y(a).

In other words, ®cube(A) is the family of all functions of the form f =
(fa)aca, where each f, is an injection from € into €. Then the family of
all perfect cubes in €4 for an appropriate A is equal to

CUBE(A) = {range(f): f € Pcune(4)},

while the family F.une defined in the first chapter consists of all continuous
injections f:C' — X with C € CUBE(w).

In the definitions that follow, the notion of a “cube” will be replaced
by that of a “prism.” So, let ®pism(A) be the family of all continuous
injections f: @4 — ¢4 with the property that

f@)la=fy)la & zla=yla forallac Aandz,ycct (3.1)

49
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or, equivalently, such that, for every o € A,

Frra¥ @ oyl a)lzy) e f}

is a one to one function from €47 into €47 For example, if A =
{0,1,2}, then function f belongs to ®puism(A) provided there exist con-
tinuous functions fy:¢ — €, f1:€2 — €, and f5:¢3 — € such that
f($0,$1,1'2) = <f0(170), f1($0,$1),f2(130,581,l‘2)> for all Xo,T1,T2 € ¢ and
maps fo, (fo, f1), and f are one to one. Functions f from ®pism(A) were
first introduced, in a more general setting, in [73], where they are called
projection-keeping homeomorphisms. Note that

®pism (A) is closed under compositions (3.2)
and tha,t for every ordinal number o > 0,
if f € Qprism(A), then f [T a € Pprism(4A N a). (3.3)
Let
Pa = {range(f): f € Pprism(A)}-
We will write ®prism for Uy, Pprism(a) and define

P, def U0<a<w1 P, = {range(f): f € Pprism }-
Following [73], we will refer to elements of P, as iterated perfect sets.
(In [131], the elements of P, are called I-perfect, where I is the ideal of
countable sets.)

Let Fprism(X) (or just Fprigm, if X is clear from the context) be the
family of all continuous injections f: £ — X, where £ € P,,, and X is a
fixed Polish space. We adopt the shortcuts similar to those for cubes. Thus,
we say that P € Perf(X) is a prism if we consider it with an (implicitly
given) witness function f € Fpyism onto P. Then @ is a subprism of a prism
P provided Q = f[E], where E € P, and E C dom(f). Also, singletons {z}
in X will be identified with constant functions from E € P,,, to {z}, and

*

prismo Similarly

these functions will be considered as elements of Cprism C
as in (2.1).
Following the schema presented in (1.9), we say that a family & C

Perf(X) is Fprism-dense provided
Vf € Fprism 39 € Fprism (9 C f & range(g) € €).

Similarly as in Fact 1.0.2, using (3.2) we can also prove that:
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Fact 3.0.1 £ C Perf(X) is Fprism-dense if and only if
Va < wy Vf € Fprism, dom(f) = €% 3g € Fprism (g C f & range(g) € &).

Notice also that ®cype(A) C Pprism(A), so every cube is also a prism.
From this and Fact 3.0.1 (see also Fact 1.8.5) it is also easy to see that

if £ C Perf(X) is Feupe-dense, then & is also Fyism-dense. (3.4)

The converse of (3.4), however, is false. (See Remark 3.2.6.)
Now we are ready to state the next version of our axiom, in which the
game GAMEism (X)) is an obvious generalization of GAMEqupe(X).

CPASIIn: ¢ = wa, and for any Polish space X Player II has no winning

strategy in the game GAMEism (X).

Remark 3.0.2 In order to apply CPAZTC | we will always construct some
strategy S for Player II and then use the axiom to conclude that, since S
is not winning, there exists a game ((Pg, Q¢): € < wi) played according to

S in which Player I wins. But in any such game, for every £ < w;, we have

QEZS(<<PU,Q,7>I77<§>7P£). (35)

Thus, in order to construct a meaningful Player II strategy S, for each se-
quence (P € Perf*(X): £ < wy) we will be defining by induction a sequence
(Qe: €& < wi) such that each Q¢ is a subprism of P¢ and the definition of
Q¢ may depend only on (P,:n < §), that is, it cannot depend on any P,
with £ < 1 < wy. If such a sequence (Q¢:& < wy) is defined, then each
Q¢ can be expressed as in (3.5), where S is the function representing our
inductive construction.

If we proceed as described above, then we say that the strategy S is
associated with our inductive construction. (Such an S is not defined yet
on all required sequences, but it is defined on all sequences relevant for us.
So, we will be assuming that, on the other sequences, it is defined in some
fixed, trivial way.)

Notice that if a prism P € Perf(X) is considered with a witness func-
tion f € Fprism from €% onto P, then P is also a cube and any subcube
of P is also a subprism of P. Thus, any Player II strategy in a game
GAMEpe(X) can be translated to a strategy in a game GAME,jsm (X).
(You need to identify appropriately €* with €¥: First you identify €* with
the product €« x ¢\ which is important for a finite «, and then this

second space is identified with € coordinatewise.) In particular, CPAZEC



52 3 Prisms and azioms CPA%"" and CPA pyism

prism

implies CPA2°7?. In addition, essentially the same argument as was used

for Proposition 2.0.1 also gives the following.

Proposition 3.0.3 Axiom CPAi?g‘; implies the following prism version
of the axiom CPA upe:

CPA, ism: ¢ = wy, and for every Polish space X and every Fpyism-dense
family £ C Perf(X) there is an & C & such that |Ey| < wy and
X\ U&| <wr.

By (3.4) it is also obvious that CPA,,ism implies CPAcype. All these im-
plications can be summarized by a graph.

CPAgame

cube

prism

CPAgame < > CPAcube

CPAprism

We will prove the consistency of CPASYIC in Chapter 7. For the re-
mainder of this chapter we will concentrate on some basic consequences of
CPApism. Most of the applications of the axioms CPApism and CPAifglrfl
will be presented in the following two chapters. We finish this section with
few simple but important general remarks.

Although we will not use this, it is illuminating to note that every iter-
ated perfect set E € P, comes with a canonical projection-keeping homeo-
morphism f € ®prism (@) for which range(f) = E. To see it, first note that
for every T' € Perf(€) there is a canonical homeomorphism At from 7" onto
€ defined by hr(t)(i) = t(mk), where mi. is the i-th forking place of ¢ in
T, that is,

mi =min{k <wk>mi' & (3se€T) s k=t]k&s(k) #tk)}.
Then for x € E, 8 < «, and i < w we define

FH@)B)(0) = hiypyver & cip=yisy(@(B))(0).

In other wards, we obtain the value of f~!(x) by removing from each 0-
1 sequence z(3) its subsequences, where x(3) does not branch. It is not
difficult to see that such a defined f indeed belongs to ®prism (@) and that
range(f) = E.
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Note also that for every 0 < a < wq
if f € ®prism(a) and P € Py, then f[P] € P,. (3.6)

Indeed, if P = g[€?] for some g € Pprism (), then, by condition (3.2), we
have fIP] = f[g[€?]] = (f © 9)[€?] € Pa.

In what follows, for a fixed 0 < a < w; and 0 < 3 < «, the symbol 7g
will stand for the projection from €2 onto €2, that is, €* > z /% 2 | 3 € ¢5.
We will always consider € with the following metric p: Fix an enumeration
{{Br,ni): k <w} of @ X w and for distinct x,y € €* define

pz,y) =2~ min{k<w:x(Bk)(nr)#y(Br) (nr)} (3.7)
The open ball in €% with a center at z € € and radius ¢ > 0 will be
denoted by B,(z,£). Notice that in this metric any two open balls are

either disjoint or one is a subset of the other. Also, for every v < « and
e>0

7y [Ba(z,€)] = By[(z | v,¢)] for every x € €*. (3.8)

Tt is also easy to see that any B,(z,¢) is a clopen set, and, in fact, it is a
perfect cube in €%, so it belongs to P,. In fact, more can be said:

It B, < {B C €%: B is clopen in €*}, then B, C P,. (3.9)

This is the case, since any clopen E in €% is a finite union of disjoint open
balls, each of which belongs to P, and it is easy to see that P, is closed
under finite unions of open balls.

From this we conclude immediately that

a clopen subset of E € P, belongs to P, (3.10)

and

a clopen subset of a prism is its subprism, (3.11)
while (3.3) implies
7w3[E] € Pg for every 0 < 8 < o < wy and E € P,. (3.12)
Notice also that if P € P, and 0 < § < «, then
PN wlgl(P’) e P, forevery P’ € Pg with P' C mg[P]. (3.13)

Indeed, let f € ®priem(B8) and g € Pprism () be such that fle€8] = P’ and
gle*] = P. Let @ = (g I1 B)"'[P'] = (g I B)~" o f[¢°]. Then, Q € Py
since, by (3.3), (g I1 B) "o f € ®prism(3). Thus ﬂgl(Q) belongs to P, and
Pnmg'(P) = glrs ' (Q)] € P
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3.1 Fusion for prisms

One of the main technical tools used to prove that a family of perfect sets
is dense is the so-called fusion lemma. It says that, for an appropriately
chosen decreasing sequence {P,:n < w} of perfect sets, its intersection
P =, <., Pn, called the fusion, is still a perfect set. The simple structure
of perfect cubes makes it quite easy to formulate a “cube fusion lemma” in
which the fusion set P is also a perfect cube. However, so far we have not
had any need for such a lemma (at least in an explicit form), since its use
was always hidden in the proofs of the results we quoted, like Claim 1.1.5
or Proposition 1.5.1. On the other hand, the new and more complicated
structure of prisms does not leave us the option of avoiding fusion argu-
ments any longer — we have to face it up front.

For a fixed 0 < o < wy, let {(Bk, ni): k < w} be the enumeration of o x w
used in the definition (3.7) of the metric p and let

A = {(Bi,ni)i <k} for every k < w. (3.14)

Lemma 3.1.1 (Fusion Sequence) Let 0 < o < wy, and for k < w let
&, = {ES: s € 2Ak} be a family of closed subsets of €*. Assume that for
every k < w, s,t € 2% and 3 < a we have:

(i
(ii

The diameter of E4 goes to 0 as the length of s goes to co.
Ifi <k, then E; C Eqpa,.

(ag) (agreement) If s | (8 x w) =1t [ (8 X w), then w3[Ey] = wg[E].
(sp) (split) If s | (B xw)#t ] (8 %xw), then mg[Es] N wa[E:] = 0.
Then Q = (., U & belongs to P,,.

N o

PRrROOF. For z € €%, let T € 2**¢ be defined by z(5,n) = z(8)(n).

First note that, by conditions (i) and (sp), for every k < w the sets
in & are pairwise disjoint. Thus, taking into account (ii), the function
h: € — €% defined by

hz)=r <= {r}= ﬂ Ez 4,
k<w

is well defined and is one to one. It is also easy to see that h is continuous
and that @Q = h[€%]. Thus, we need to prove only that h is projection-
keeping.

To show this, fix 8 < «, put S =
(ag), for every xz € €* we have

i< 24, and notice that, by (i) and
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{h@) 18} = 5 |[(WEsranih <w}
= [({mslBzia):k <w}
= ({mslE):s€ S & sca}
= ({mslBd):s €S & s (Bxw)Ca}.
Now, if 2 [ B =1y | 3, then for every s € S
sl(Bxw)Cz & sl (Bxw)Cy,

so h(x) | B = h(y) | B.

On the other hand, if z [ 8 # y [ B, then there is a k < w large enough
such that for s =Z | Ay and t =g | Ay we have s [ (B X w) #t | (8 X w).
But then {h(z) [ 8} and {h(y) | B} are subsets of mg[E;] and 7g[E],
respectively, which, by (sp), are disjoint. So, h(x) [ 8 # h(y) | S. [ ]

In most of our applications the task of constructing sequences (E: k < w)
satisfying the specific conditions (ag) and (sp) can be reduced to checking
some simple density properties listed in our next lemma. In its statement
we consider P, as ordered by inclusion and use the standard terminology
from the theory of partially ordered sets: D C P, is dense provided for
every E € P, there is an F' € D with E' C E; it is open provided for
every E € Dif E' € P, and E' C E, then E' € D. Moreover, for a family
& of pairwise disjoint subsets of P, we say that £ C P, is a refinement of
& provided &' = {Pg: E € £}, where P C E for all E € €.

Lemma 3.1.2 Let 0 < a < w; and k < w. If &, = {ES eP,:s€e 2A’f}
satisfies (ag) and (sp), then:

(A) There exists an Epq = {Eg € Pois € 24%11} of sets of diameter less
than 2= +Y such that (ii), (ag), and (sp) hold for all s,t € 2%+ and
r € 24x,

Moreover, if D C [P,|<% is a family of pairwise disjoint sets such that

() € D, D is closed under refinements, and

(t) for every € € D and E € P, which is disjoint with | J € there exists an
E' € P, NP(E) such that {E'}UE € D,

then

(B) there exists a refinement &, € D of & satisfying (ag) and (sp);

(C) there exists an 11 as in (A) such that Ex4q € D.
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PROOF. For s € 2% and j < 2, let s"j stand for sU{({B, nx),j)} € 24%+1.

Let {s;:1 < 2¥*1} be an enumeration of 24%+1. By induction on i < 2F+1,
we will construct a sequence (xs, € €“:i < 281} such that for every
i< 2M1

(a) zs; € Eg;1a,,
(b) for every m < i, if B = max{B:s; | (B X w) = sm | (B x w)}, then

zs, [ B =15, | B and z,, () # s, (5)-

The point x4, is chosen arbitrarily from F, ;4,. To make an induc-
tive step, if for some 0 < i < 2%+l points {x, :m < i} are already
constructed, choose an m < ¢ for which § as in (b) is maximal. No-
tice that by the inductive assumption and the condition (ag) we have
Zs, | B € m3[Es 14, = m3[Es;14,]. So we can choose an z,, € Eg1a,
extending xs, | and such that z,,(8) # zs,, (B) for all m < i. It is easy
to see that such an z, satisfies (a) and condition (b) for m = m. For other
m < i, condition (b) follows from the maximality of § and the assumption
that & satisfies (ag) and (sp).

Conditions (a) and (b) imply that &, = {{z}:s € 24+1} satisfy
condition (A) except for being a subset of P,. Let e € (0,27(+1)) be
small enough that for every m < i < 2F*! and 3 as in (b) we have
75+1[Ba(s,,€)] N ma11][Bal(zs,,,€)] = 0. For s € 2% and j < 2, define

ESAJ‘ = ES n Ba(l‘sAj,é‘).

Then 41 = {Ey:s € 241} is a subset of P, by (3.10). Condition (ii) is
clear from the construction, while (ag) for x4+1 follows from (b) and (3.8).
Property (sp) holds by (b) and the choice of ¢, since (sp) was true for & ;.
We have completed the proof of (A).

To prove condition (B), fix an enumeration {s;:4 < 2*} of 24* and define
v =max{f,..., B} < a. Also, for i,m < 2%, put E;l = F,, and

B =max{f < 7y:si [ (B xw)=sm [ (6xw)}

By induction we will construct the sequences ({ET* € Po:i < 28}:m < 2F)
and (P, € P,:m < 2¥) such that, for every j,m < 2%,
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So, assume that for some m < 2* the sequence (P;:i < m) and the family

Em~1 satisfying (ag) are already constructed. Notice that, by (b), sets in

Em~1 are pairwise disjoint, since this was the case for £~ = &,. Thus, by

condition (t) applied to the family &€ = {P;:4 < m}, we can choose a P, €

P, NP(ET') such that {Py,} U{P;:i < m} € D. This guarantees (d).
Next, for i < 2¥ define

ET=FE"! “W&}z(ﬂﬁr [Pn]) ={x € El' x| B € mpm [P}

and notice that mgm[Py] C mgm[E'"'] = mam[ED7']. So, by (3.13),
E7' € P,. Also, the definition ensures (b) since 3" <.
Note that, by the inductive assumption (a), for all i < 2* we have

7Tﬁ7m [E:;L] = Wﬁ{n [E:;_l} N Wﬁlm [Pm} = 7Tﬁ;m [E;an_l} n 7Tﬁ'im [Pm} = 7Tﬁ1m [Pm]

Since B = ~, this implies (¢). To prove (a), pick 8 < « and different
i,j < 2F such that s; | (Bxw) =s; | (Bxw). If 3 < B, then also 8 < B
and mg[EY!] = ms[Pn] = mELY]. So, assume that 3 > 8" and 3 > 57"
Then g" = ;" and
Bl = {mp(x):iz € Bl & x| B € mgm[Pnl}

= {775(33):33 € E:fl & x| By €mpm [Pm]}

= WQ[EZJL]
So £™ satisfies (a). This finishes the construction.

Notice that by the maximality of v and properties (a) and (c), the family
& = {Pn:m < 2k} satisfies (ag). Since it is a refinement of &, it also
satisfies (sp). So (B) is proved.

To find £, 11 as in (C), first take an & satisfying (A) and then use (B)
to find its refinement &1 € D satisfying (ag) and (sp). [ ]

One of the most important consequences of Lemma 3.1.2 is the following.

Corollary 3.1.3 Let 0 < o < wy and let {Dy:k < w} be a collection of
dense open subsets of P,,. If for every k < w

D; = {U D:D € [Dy]<“ and the sets in D are pairwise disjoint},
then D = (<. D} is open and dense in P, .

PROOF. It is clear that D is open. To see its density, notice that the
families

Dy, = {D € [Dy]=* and sets in D are pairwise disjoint }
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satisfy condition (). Let E € P,, choose an Ey € Dy C D§ below E,
and put & = {Ep}. Applying (C) from Lemma 3.1.2 by induction we can
define families & € Dy, k < w, such that conditions (i), (ii), (ag), and (sp)
from Lemma 3.1.1 are satisfied. But then Q@ = (,_,U& C E belongs
to D. [ ]

3.2 On F-independent prisms

The following variant of the Kuratowski-Ulam theorem will be useful in
what follows.

Lemma 3.2.1 Let X be a Polish space and consider XT with the product
topology, where T' # () is an arbitrary set. Fix at most countable family
K of sets K C T. Then for every comeager set H C X7 there exists a
comeager set G C H such that for every x € G and K € K the set

Garx = {y e XT\E. (4 | K)Uy € G}
is comeager in XT\K .

PRrROOF. Let {K;:i < w} be an enumeration of I with infinite repetitions.
We construct, by induction on ¢ < w, a decreasing sequence (G;:1 < w) of
comeager subsets of H such that for every i < w:

(i) The set (G;). 1k, is comeager in XT\Ki for every x € G;.

Put G_1; = H and assume that for some ¢ < w the comeager set G;_1 is
already constructed. To define G; identify X7 with X% x XT\Ki_ Then,
by the Kuratowski-Ulam theorem, the set

A={ye XX (G;_1)y, is comeager in XT\Ki}
is comeager in X%i. Put G; = G;_1 N (A x XT\Ki).

Clearly G; C G;_; is comeager in XT. If z € Gy, then z | K; € A
and so (Gi)zix: = (Gi—1)x1k, is comeager in XT\Ki. So, (i) holds. This
completes the definition of the sequence (G;:i < w).

Let G = (,.,Gi. Clearly G C H is comeager in XT. To see the

additional part, take a K € K. Since G = ({G;:i < w & K; = K}, for
every = € GG the set

Garx = m{(Gi)eri:i <w& K; =K}

is comeager in XT\K. [ ]
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Applying Lemma 3.2.1 to X = &, T = «a, and £ = a we immediately
obtain the following corollary.

Corollary 3.2.2 Let 0 < a < wy. For every comeager set H C €% there
exists a comeager set G C H such that for every x € G and 8 < « the set

Garg={ye eV (@1 Buye Gl
is comeager in €*\7,

Let X be a Polish space, 0 < n < w, and F' C X" be an n-ary relation.
We say that a set S C X is F-independent provided F(z(0),...,z(n —1))
does not hold for any one to one z:n — S. For a family F of finitary
relations on X (i.e., relations F C X™, where 0 < n < w) we say that
S C X is F-independent provided S is F-independent for every F € F.
We will use the term unary relation for any 1-ary relation.

Proposition 3.2.3 Let 0 < a < wy and F be a countable family of closed
finitary relations on €“. Assume that every unary relation in F is nowhere
dense in €% and that for every F' € F there exists a comeager subset G p
of €* such that:

(ex) For every F-independent finite set S C Gg, x € S, and 3 < « the set
{z e e\’ SuU {zUz | B} C GF is F—independent}

is dense in €2\5,

Then there is an E € P, that is F-independent.

Note that, without the assumption that the unary relations in F are
nowhere dense the proposition is false: The unary relation F' = € satisfies
the condition (ex) (with G = €%) and no nonempty set is F-independent.
On the other hand, for any n-ary relation F' € F with n > 1, condition
(ex) implies that F' is nowhere dense in (€%)". However, not every nowhere
dense binary relation satisfies (ex). For example, F' = {(z,y): z(0) = y(0)}
is nowhere dense and it does not satisfy (ex) if a > 1.

PRrROOF. First notice that, applying Corollary 3.2.2; if necessary, we can
assume that for every F' € F, x € Gp, and 8 < « the set (Gp)ys is
comeager in €\, But this implies that each set from the condition (ex)
is comeager in €*\? since it is an intersection of (Gg);;5 and an open
set {z € €\ SU{zUz | 3} is F-independent}. In particular, if we put
G = Nper Gr, then G is comeager in € and it is easy to see that it
satisfies the following condition.
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(EX) For every F-independent finite set S C G, x € S, and § < « the set
{z eV Su{zUz B} CGis f—independent}
is dense in €\5.

Let {Fj: k < w} be an enumeration of F with infinite repetitions. Also,
for k < w, let A = {(B;,n:):7 < k} be as in condition (3.14). By induction
on k < w we will construct two sequences: (e > 0: k < w) converging to 0
and <{x5 €eG:se 2Ak} k< w> of F-independent sets such that for every
B<a,k<w, and s,t € 24%:

(a) zs [B=a; [ Pifandonlyif s [ Bxw=1t] 0 X w.

(b) If Ey = By (zs,e1) and & = {E,:s € 2%}, then the &,’s satisfy (ii),
(ag), and (sp) from Lemma 3.1.1.

(¢) If Fy is an n-ary relation, then Fy(zo,. .., 2,—1) does not hold provided
each z; is chosen from a different ball from &.

Before we construct such sequences, let us first note that £ = (), _, | &
is as desired. Indeed, £ € P, by Lemma 3.1.1. To see that F is
F-independent, pick an n-ary relation F € F, {zo,...,2n—1} € [E]", and
find a k < w with F}, = F that is big enough so that ¢j, is smaller than the
distance between z; and z; for all i < j < n. Then the z;’s must belong to
distinct elements of &; so, by (c), F(zo,...,2n—1) does not hold.

For k = 0 we pick an arbitrary F-independent xy € G by choosing an
arbitrary element of G that does not belong to any nowhere dense unary
relation from F. Also, we choose an g¢ € (0, 1] ensuring (c), which can be
done since Fy is closed. (This is a nontrivial requirement only when Fj is
a unary relation.) Clearly (a)—(c) are satisfied.

Assume that for some k& < w the construction is done up to the level
k. For s € 24 and j < 2, let 85 = s U {{((Br,nx),5)} € 24+ and
define x50 = x5. Let {si:i < 2’“} be an enumeration of 24% and put
S = {xs~0: s € 2Ak}. Points zs,~1 € G N E;, will be chosen by induction
on i < 2F such that the set S; = S U {xsjq:j < z} is F-independent and
condition (a) is satisfied for the elements of S;. Clearly, by the inductive
assumption, (a) is satisfied for the elements of Sy = S. So, assume that
for some i < 2 the set S; is already constructed. We need to find an
appropriate x,,~1 € G N E,,. Let 8 < a be maximal such that there is an
s € {SAO:S € 2A’€} U{s;"l:j <i} withs | B xw=(s"1) | B X w and let
x = x4 | f. We will choose z,~1 extending = and such that z4,~1(8) # x+(5)
for all z; € S;. Notice that this will ensure that condition (a) is satisfied
for the elements of S; ;. Surprisingly, a more difficult condition to ensure
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will be that z4,~1 € Es; = Ba(s,70,€k), since at the first glance it is not
even obvious that

B (xs,~0,€k) contains an extension of x. (3.15)

To argue for this, first notice that maximality of 3 ensures that 8 > G,
since $;,°0 € S; and (8;°0) | Bp X w = (8;"1) | Bk X w. If B = B, we have
x = xg,~ | 0 and (3.15) is obvious. So, assume that § > ;. Then there
is a j < 7 such that s = 5;"1. We also have s; [ B x w =s; [ 8 X w; so, by
the inductive assumption, z, [ 8 =z, [ 8.

Now, let n < w be the smallest such that 27" < ;. Then, by the
definition of the metric on €%, the fact that z; = x,,-1 € E,; = Ba(s;,€r)
means that x,(y)(m) = zs,(v)(m) for every (y,m) € A,. Therefore, we
have z(7)(m) = zs(y)(m) = x5, (7)(m) = x5, (7)(m) for every (y,m) € Ay,
with v < (. Thus, we can extend x to an element y € €% for which
y(v)(m) = x4, (7)(m) for every (v, m) € A,,. But this y witnesses (3.15).

To finish the construction of x,,~1, notice that by (3.15) we can find
an open ball B in €2\ such that {z} x B C By(%s,~0,¢r). Decreasing
B, if necessary, we can also insure that y(8) # x:(8) for every t € S;
and y € {z} x B. By condition (EX) we can find a z € B such that
S; U{z Uz} C G is F-independent. We put xs,~1 =z U z.

Thus, we constructed an F-independent set {zs-;:5 € 24% & j <2} C G
satisfying (a) and such that x4,z € Es for every s € 24%. To finish the
construction insuring (a)—(c) we need to choose an eg; < 2~*+1) small
enough to guarantee the following properties.

o By j = Bo(xs0,6x,) C Es for every s € 24k and j < 2. This will ensure
condition (ii).

e Condition (sp) holds. This can be done, since (a) is satisfied.

e Condition (c) is satisfied. This can be done since {xszs € 2A’°+1} is
F-independent and Fj,; is a closed relation.

Note that (ag) is guaranteed by (a) and our definition of the Ey’s. This
finishes the proof of Proposition 3.2.3. [ ]

It worth mentioning that Proposition 3.2.3 can be viewed as a general-
ization of J. Mycielski’s theorem [101]. (Compare also [102].) Also, in the
case when F consists of one binary relation R, a slight modification of the
argument for Proposition 3.2.3 gives us the following.
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Proposition 3.2.4 Let 0 < o < wy and let R be a closed binary relation
on €. Assume that there exists a comeager subset G of €“ such that:

(bin) For every x € G, ¢ >0, and 8 < « there is ay € GN By(z,¢) \ {z}
such that y | 8 =z | 8 and {z,y} is R-independent.

Then there is an FE € P, that is R-independent.

ProOF. Let F = {R}. We will just indicate the modifications needed
in the proof of Proposition 3.2.3 to obtain the current result. Thus, we
construct the sequences (e > 0:k < w) and <{xs €eG:sc 2‘4"‘} k< w>
subject to the same requirements. As before, this will give us the desired
EcP,.

First notice that, by Corollary 3.2.2, decreasing G if necessary, we can
assume that

Gz = {yE@“\ﬂ:(z [ﬁ)UyGG}

is comeager for every x € G and [ < a.

The choice of zy is trivial, since any point from G together with any
€o satisfy the requirements. To make an inductive step assume that for
some k < w the construction is done up to the level k. As before, for
s € 24 we put x4¢ = T, fix an enumeration {si:i < 2k} of 24 and put
S = {IS‘OI s € 24k } Before we choose points x4,-; we need to make some
preparations.

Let 3 = max{f;:i < k} < a and notice that, by (bin), for every i < 2"
we can find a y; € G N Ey, \ {zs,} such that y; | B =z, | B and {z,,y:}
is R-independent. Note that this, together with condition (c) for the step
k, implies that the set T = SU {ylz < 2’“} is R-independent. Now, by the
closure assumption about R, we can find an ¢ € (0,ex] such that the balls
{Bu(t,e):t € T} are pairwise disjoint and any selector from this family
is R-independent. Note also that B, (zs,,e) U Bo(yi,e) C Es, for every
i < 2% as e < &, Since we will choose z5,-1 € Bq(yi,€) N G, the resulting
set {xs: s € 2‘4’“*1} C G will be R-independent. We just need to insure
that it satisfies (a).

Points x4,~; will be chosen by induction on i < 2¥ such that the elements
of the set S; = S U {xs,~1:j < i} satisfy condition (a). For this, we
proceed precisely as in the proof of Proposition 3.2.3. We take a maximal
B < « for which there exists an s € {s°0:s € 24} U {s;"1:j < i} with
s Bxw=1(s;1) ] fxwandlet x =ax5 [ f. We will choose z;,~;
extending x and such that xg,~1(8) # x(8) for all z; € S;, ensuring that
condition (a) is satisfied for the elements of S;;1. For this we need to notice
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that, similarly as for (3.15), we can prove that
B, (yi,€) contains an extension of x.

The same argument works here, since we have shown there that
z(y)(m) = x4(y)(m) = x,,(y)(m) = x4, (y)(m) for all appropriate pairs

{(y,m) € A, with v < 3, while we have 3 < fand y; | 3 = x,, | §. In
other words, z(v)(m) = x,(v)(m) for all appropriate pairs (y,m) € A,
with v < 3, which gives us the above condition.

Now, since G, = G5 is comeager in €*\?, there exists an

Zs;~1 € Ba(yie) N ({z} x {z € Gy 2(B) # () for all 2 € S;}).

It is easy to see that such an z,,~ satisfies all the requirements.
The choice of an appropriate €41 is done as in Proposition 3.2.3. [ |

In what follows we will also need the following fact, which is one of the
most important properties of prisms (or, more precisely, iterated perfect
sets) and distinguishes them from cubes. (Compare also [73, thm. 20].)

Lemma 3.2.5 For every 0 < o < wy, E € Py, a Polish space X, and a
continuous function f: E — X there exists a P € P, such that P C E and
either f is constant on P or else there exists a 0 < § < « such that fo 7Tﬁ_1
is a one to one function on wg[P] € Pg.

Notice that the property that “f o 7TB_1 is a function on mg[P]” means
simply that the value of f [ P at z € P depends only on x [ 3, the first
B coordinates of x. Also, we could eliminate from the lemma the case
“f is constant on P” if we allow 8 = 0, but then we could not claim that
ng[P] = {0} belongs to Pz because Py is not defined.

PRrROOF. Since E € P,, there is a g € ®prigm(a) mapping € onto E.
Notice that it is enough to prove the lemma for f = fog and E = €*: If P
satisfies the lemma for this pair, then P = g[P] satisfies it for the original
pair. Thus, without loss of generality we can assume that £ = €.

If there is a P € P, on which f is constant, then we are done. So, assume

that this is not the case, that is, that
there is no P € P, such that f is constant on P. (3.16)

First we prove that under the additional assumption that

(o) fom;!is a function on 75[E] for no v < a and E € P,
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we can find a P € P, on which f is one to one.
To see this, for every 0 < 7 < « consider the closed set

F, = {z € €7: f is constant on {z} x Qia\'y}

and notice that it must be nowhere dense: If it had contained a nonempty
open ball B, then P = B x €*\7 € P, would have contradicted (»). Thus,
the set F' = U0<7<a F, x ¢\7 is meager, and so, by Corollary 3.2.2, we
can find a comeager set G C €*\ F such that for every x € G and v < «
the set G}, is comeager in ¢2\7. But this implies that

f is not constant on {z [ v} X G4} for any v < awand = € G,

since otherwise f would be constant on the closure of {z | v} X G4, which
is equal to {z | v} X ¢\, and x would belong to F, contradicting = € G.
So the relation R = {(zo,z1): f(z0) = f(z1)} and G satisfy the condition
(bin) from Proposition 3.2.4. Therefore, there exists an R-independent
P € P, and it is easy to see that f is one to one on such a P. Thus (e)
implies what we promised.

To prove the lemma in a general case, let 3 < a be the smallest ordinal
such that f = fo ﬂgl is a function on m3[E] € P for some E € P,. Note
that, by (3.16), 8 > 0. Using the argument from the first paragraph of
the proof we can assume that E = e, (Recall that the function g is in
this argument is projection-keeping.) Then, the minimality of § implies
that f satisfies (o). Thus, from what we have already proved, we can
conclude that there is a P € Pg such that f is one to one on P. Then
P =P x¢\P cP, and j3 are as desired. [ |

Remark 3.2.6 Notice that Lemma 3.2.5 is false if we replace P, with
CUBE(«). Indeed, this is obviously the case if we take f: €2 — € given by

f(xo, 1) = 1.

The result presented in the reminder of this section will be used only
in Section 5.1. We say that an n-ary relation F' on a Polish space X is
symmetric provided for any sequence (x; € X:i < n) and any permutation
mofn

F (xo,...,2p—1) holds if and only if F' (:E,r(o), . ,ffn(n—n) holds.
For such an F and A C X we put

F+xA=AU{zre X:(Ja1,...,an—1 € A) F(x,a1,...,an-1)}.
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If F' is unary relation, we interpret the above as Fx A = AUF. If
F is a family of symmetric finitary relations on X, then we put F x A =
Upecr F*A. Also, an F-closure of A, denoted by clz(A), is the least B C X
containing A such that 7+ B = B. Note that clx(4) = U, F"* A, where
FOx A= Aand Frtlx A = Fx(F"xA). Thus, if F is a countable family of
closed symmetric finitary relations, then clz(A) is F,, in X for a o-compact
A C X since F x K is closed for every F' € F and compact K C X.

We are most interested in these notions when we are concerned with
either linear independence (over Q) or algebraic independence in R. In the
first case, F is defined as the family of all relations F,, of all (zg,...,2n_1)
for which

W(Zr(0), -+ Tr(n—1)) = 0 for some permutation 7 of n,

where w is a nonzero linear function with rational coefficients. In this
case F-independence stands for linear independence (over Q) and clz(A)
is the linear span of A. When F is the family of all relations F,,, where
w spans over all nonzero polynomials with rational coefficients, then
F-independence stands for algebraic independence while clz(A) is the al-
gebraic closure of Q(A).

We will also need one more notion. For a family F of closed symmetric
finitary relations on X and an M C X we define F; as the collection of
all possible projections of the relations from F along M. In other words,
Fr is the collection of all (symmetric) relations

{<.130, s ,l’k_1>: (Ha/ka s Qp-1 € M) F(x07 sy Th—1,0k,y - - - a/n—l)}a
where F' € F is an n-ary relation and 0 < k < n. Note that if M is

compact, then each relation in Fj, is still closed and for every A C X we
have

clrp(M UA) =clg,, (A). (3.17)

Also, if M is F-independent, then
AU M is F-independent provided A is Fjs-independent. (3.18)
The following lemma will be the crucial for our applications presented

in Section 5.1. We will also present there, in Remark 5.1.6, an example
showing that in the lemma we cannot require R = Q.
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Lemma 3.2.7 Let F be an arbitrary family of closed symmetric finitary
relations in a Polish space X. Then for every prism P in X there exists
a subprism ) of P and a compact F-independent set R C P such that
Q C Cl]:(R)

PROOF. For 0 < a < wy, let I, be the statement:
I,: The lemma holds for any prism P with witness function f:€* — P.

We will prove I, by induction on a.
First notice that I, implies the following;:

I%: For every k < w and continuous functions go, ..., gr: € — X, there
exist an E € P, and a compact F-independent set R C |J;<;, 9:[€°]
such that ;). gi[E] C clz(R).

To see that I} holds true for k¥ = 0, for every n-ary relation F' € F
define FO = {(zg,...,2n_1) € (€*)": F(go(z0),---,90(xn-1))}. By I,
applied to Fy = {F°: F € F} we can find an Fy-independent set Ry C €%
and an E € P, such that F C clg,(R). But then R = go[Rp] is compact
F-independent and go[E] C clz(go[Ro]) = clz(R).

To make an inductive step assume that I holds for some k£ < w and take
continuous functions go, ..., gk+1: €¢ — X. By the inductive assumption
we can find an Ey € P, and a compact F-independent set Ry C |J, <, 9:[€°]
such that ;- gi[Eo] C clz(Ro). Let h € ®prism () be a mapping from €%
onto Ejy. USTing the case k = 0 to the function giy; o b and the fam-
ily Fr, we can find an E; € P, and a compact Fpr,-independent set
R1 C (gk+10h)[€%] such that (gx+10h)[E1] C clgy, (R1). Then, by (3.18),
we conclude that R = Ry U Ry is F-independent. Put E = h[E4] € P,.
Then, by (3.17), we have gi11[E] C clg, (R1) = clx(Ro U R1) = clx(R),
while clearly ;< i[E] C U;<x 9i[Eo] C clz(Ro) C clz(R). Thus, E and
R satisfy I*. -

Now we are ready to prove I,. So, fix 0 < @ < w; and assume that I,
is true for all 0 < v < a. Let P be a prism in X with witness function
f:€* — P. We need to find an appropriate @ and R.

Let W be the set of all 3 < a for which there exists an FF € P, and an
F € F such that for every z € mg[E] there is a finite set R, C P for which

flz e E:zCx} C FxR,. (3.19)

Notice that W is nonempty since a € W. So 8 = min W is well defined.
Let E € P, be such that (3.19) holds for 8. As usual, replacing f with its
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composition with an appropriate function from ®pism (@), if necessary, we
can assume that ' = €.

If 3 =0, then f[€%] C clz(Ryp) for some finite set Ry C P, and we can
find an F-independent finite R C Ry with f[€*] C clz(R). (Note that if T
is F-independent and = € X \ cl#(T), then TU{x} is also F-independent.)
Thus, Q = f[€*] and R satisfy I,. So, for the rest of the proof we will
assume that g > 0.

Next, assume that 0 < 8 < a. Let Bs be a countable basis of €*\/
consisting of nonempty clopen sets and assume that F' satisfying (3.19) is
(n+ 1)-ary. For every B € Bg consider the set

Kp={z¢ ¢?: (3(x1,...,2n) € P") (Vy € B) F(f(zUy),21,...,20)}.
It is easy to see that each set Kp is closed. Notice also that

= |J Kz (3.20)
BeBg

To see this, fix a z € €5. By (3.19), there exists a finite set S, C ¢ such
that ¢*\F = Usr,anerrs. v € e\ F(f(2Uy),1,...,2,)}. Since each
set {y € €\ F(f(2Uy),x1,...,2,)} is closed, one of them must contain
a B € Bg, and so z € Kp.

Thus, by (3.20), there exists a B € Bg such that Kp has a nonempty
interior. In particular, there is a nonempty clopen set U C Kp. But
then for every z € U there is a g(z) = (g1(2),...,gn(2)) € P™ such that
F(f(zUy),91(2),-..,9n(2)) holds for every y € B. Now

T ={(z,p) €U x P":(Vy € B) F(f(2Uy),p)}

is a compact subset of U x P™ and g constitutes a selector of 7. Thus,
we can choose g to be Borel. In particular, there is a dense Gy subset
W of U such that g [ W is continuous. So, by Claim 1.1.5, we can find
a perfect cube C ¢ W C ¢%. Now, identifying C' with ¢”, we conclude
that the functions g1, ..., gn: ¢® — P are continuous and that the relation
F(f(zU%),91(2),...,gn(2)) holds for every z € €% and y € B.

Since, by the inductive hypothesis, I is true, condition I holds as well.
Thus, there exist an 2 € Pg and a compact F-independent set R C P such
that U, ¢;[E] C clz(R). Since Q = f[E x B] is a subprism of P, we just
need to show that @ C clz(R). To see this just note that for every z € E
we have f[{z} x B] C F x{g1(2),...,9n(2)} C clr (U, g%[E]) C clr(R).
This finishes the proof of the case 0 < 8 < «.
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For the reminder of the proof we will assume that 8 = «. This means
that there is no F € P, such that for some F' € F and 8 < «

(Vz € m3lE]) (3R, € [P]<¥) f{z € E:zCa}] C FxR.. (3.21)

For every n-ary F € F, let F* = {{xo,...,Zn—1): F(f(20),..., f(xn-1))}
and let F* = {F*: F € F}. We will apply Proposition 3.2.3 to find an
F*-independent E € P,. Then Q = f[E] is an F-independent subprism of
P and together with R = @ they satisfy the lemma.

To see that the assumptions of Proposition 3.2.3 are satisfied, first notice
that unary relations in F* are nowhere dense. Indeed, otherwise there is a
unary relation F* € F* and a nonempty clopen set £ C F*. But then F
contradicts (3.21), as f[E] C F (). Thus, we just need to show that the
condition (ex) is satisfied.

So, fix an F' € F. For 0 < 8 < o and B € Bg let

K(B)={z€ " (3R, € [P]**) f[{z} x B|C FxR.}.

Clearly K(B) is F,. Notice also that it is meager, since otherwise there
would exist a nonempty clopen U C K(B) and E = U x B would contradict
(3.21). Thus, each set Kg = [Upcp, K(B) is meager. Also, for every
z € €9\ K and for every finite R C P theset {y € €*\2: f(zUy) ¢ F x R}
is dense and open. In particular, if R is a finite F-independent subset of
P, then

Wgr = {y e ¢V RU{f(zUy)} is F—independent} (3.22)
is dense and open. Let

H= (] ((€7\Ky) x eV
0< <

and notice that H is comeager since each Kz is meager in @8, By Corol-
lary 3.2.2 we can find a comeager set G C H such that

Gz = {yEQﬁa\B:(x [B)UyGG}

is comeager for every z € G and 8 < a. To finish the proof it is enough
to show that G satisfies (ex) for F*. So, take an F**-independent finite set
SCG,anz e S, and a 8 < a.

First let us assume that 8 > 0. Then x € S C G C H implies that
z=ux| [ €&’ \ Kg. In particular, the set Wyis) from (3.22) is comeager,
and so is Wy(s)NGaps. To get (ex) it is enough to notice that W) NGy
is a subset of {y € €\ SU{yUz} C G is F*-independent}.
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Finally, assume that 8 = 0. We need to show that the set
{y € G: SU{y} is F*-independent}

is dense. But this set must be comeager, since otherwise its complement
would contain a nonempty clopen set F, which wold contradict (3.21) with
6=0. [ ]

3.3 CPA,ism, additivity of sy, and more on (A)
The results presented in this section come from K. Ciesielski and J. Paw-
likowski [43].
We will start with noticing that the axiom CPAism leads in a natural
way to the following generalization of the ideal s§U¢:

sprism { X\|Jé&: € is Forism-dense in Perf(X )}-

Similarly as for Proposition 1.0.3, it can be shown that

Proposition 3.3.1 If CPA iq, holds, then sB"™*™ = [X]<«1.

It can be also shown, refining the argument for Fact 1.0.4, that

Fact 3.3.2 For a Polish space X we have [X]<¢ C s§™° C sb"™™ C 5.
However, we will not use these facts in the rest of this text.

The next lemma and its corollaries represent a very useful application of
Lemma 3.2.5. For a fixed Polish space X and 0 < a < w1, let F* denote
the family of all continuous injections from €“ into X. Note that if we
consider F* with the topology of uniform convergence, then

F< is a Polish space. (3.23)

To prove (3.23) it is enough to show that F“ is a Gs subset of the space
C = C(€*, X) of all continuous functions from €% into X. But F¢ is the
intersection of the open sets GG,,, n < w, where the sets G,, are constructed
as follows. Fix a finite partition P, of €% into clopen sets each of the
diameter less than 27", and let H,, be the family of all mappings h from P,
into the topology of X such that h(P) N Ah(P’') = ( for distinct P, P' € P,,.
We put

Gn= |J {feC: (VP eP,) (V& € P) f(z) € h(P)}.
heH,
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This completes the argument for (3.23).

Lemma 3.3.3 Let X be a Polish space and 0 < « < wi. Then every
function f:€P — F from Fopism(F) has a restriction f* € Fprism(F)
with the property that there exists an f € Fprism(X) defined on a subset
of €8+ such that

(a) f(s,t) = f*(s)(t) for all (s,t) € (¢ x €*) N dom(f), and
(b) for each s € dom(f*) function f(s,-):{t € €*:(s,t) € dom(f)} — X
is a restriction of f*(s) and belongs to Fprigm(X).

PROOF. Let f:¢° — Fo, f e Forism (F), and define a function g from a
set €8 x € = P+ into X by g(s,t) = f(s)(t) for (s,t) € € x €2, It is
easy to see that g is continuous.

Apply Lemma 3.2.5 to E = €°+® € P3, and to the function g to find
ay < 3+ aand a subset P € Pgy, of E such that gon; ! is a function
on m,[P] € P, that is either one to one or constant. Let f* = f | mg[P].
We will show that it is as desired.

First note that
v = [+ « and g is one to one on P.

Indeed, if z € range(f*) N Fprism (X) and z = f*(s), then for every different
to,t1 € €* with (s,tg), (s,t1) € P we have g(s,t0) = f(s)(to) = 2(to) #
z(t1) = g(s,t1). So, g cannot be constant and if v < 8 + «, then we can
find ¢y and t; such that m((s,t0)) = m,((s,t1)), contradicting the above
calculation.

It is easy to see that f =g | P is as desired. [ |

Lemma 3.3.3 implies the following useful fact.

Proposition 3.3.4 CPA,.ism implies that for every Polish space X there
exists a family H of continuous functions from compact subsets of X onto
¢ x € such that |H| < wy and

e for every prism P in X there are h € H and ¢ € € such that
h=t({c} x €) and h=*({c,d)) are subprisms of P for every d € €.

In particular, F = {h™'({c} x €):h € H & ¢ € €} is Fyrism-dense in X.

PROOF. Let 0 < o < wy. We will use the notation as in Lemma 3.3.3.
Since the family of all sets range(f*) is Fprism-dense in F* by CPApvigm,
we can find a G, = {f{:{ <wi} such that Ry = F*\ U, range(f{) has
cardinality less than or equal to w;.
If f* € G,, then f maps injectively a P = Py € Pgi, onto Q = Q¢ C X.
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Moreover, for every z € F* \ R, there are f* € G, and s € dom(f*) such
that z = f*(s) and f(s7 -) € Fprism(X) is a restriction of z.

Now, let Hf € ®pism(8 + @) be from ¢fte onto P and consider the
composition fon: ¢f+te — Q. Then the functions (fon)*l: Qf — ¢fte
are our desired functions modulo some projections. More precisely, let
ko: €% — € be a homeomorphism and choose a mapping k;: € — € be such
that k; ' (c) € Perf(€) for every ¢ € €. Define h$:Qf — € x € by

h§ () = (ko o ) ((f o Hy) 7M@), ka([(F o Hp)7H()](5)).

Then the family Hy = {h;’: a<wy & f* € Gy} works for all functions not
in R = U0<a<w1 R,. Also, for every function g € R it is easy to find a
continuous function A, from range(g) onto € x € such that h; ' ({c} x €) and
hg'({c,d)) are subprisms of range(g) for every ¢,d € €. Then the family
H =HoU{hy:g € R} is as desired. [

Proposition 3.3.4 implies the following stronger version of property (A).
This can be considered as a version of a remark due to A. Miller [95, p. 581],
who noticed that in the iterated perfect set model functions coded in the
ground model can be taken as a family G.

Corollary 3.3.5 Assume that CPApism holds. Then:

(A*) There exists a family G of uniformly continuous functions from R to
[0,1] such that |G| = wy and for every S € [R] there exists a g € G
with g[S] = [0, 1].

PROOF. Let H be as in Proposition 3.3.4 for X = R, k:€ — [0,1] be
continuous surjection, and for every h = (hg,h1) € H let g,:R — [0,1]
be a continuous extension of a function h*:dom(h) — [0, 1] defined by
h*(xz) = k(hi(x)). We claim that G = {gn: h € H} is as desired.

Since, by Proposition 3.3.1, s5™™ = [R]S“!, there exists a prism P in
R such that S intersects every subprism of P. Let h € H and ¢ € € be
such that h=1({c} x €) and h=1({c,d)) are subprisms of P for every d € €.
Then S intersects each h=!((c,d)) and so h[S] contains {c} x €. Thus

gn[S] =10,1]. [ ]

Next we will show that CPAsm implies' that the additivity of the
ideal sq

add(so) = min {|F|: F € s0 & | JF ¢ 50},

I In fact, this also follows from CPA upe.
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is equal to wi. This stays in contrast with Proposition 6.1.1, in which we
will show that CPA implies cov(sg) = wa.

Notice that the numbers add(sg), cov(sg), non(sg), and cof(sg) have
been intensively studied. (See, e.g., [71].) It is known that cof(sg) > ¢ (see
[71, thm. 1.3]) and that non(sg) = ¢ since there are sp-sets of cardinality
¢. There are models of ZFC+MA with ¢ = wy and cov(sg) = w1, while the
proper forcing axiom, PFA, implies that add(sp) = ¢.

In what follows we need the following useful fact, which is essentially [71,
lem. 1.1]. (Compare also [111, thm 2.4(1)].)

Fact 3.3.6 For any open dense subset D of Perf(€) (considered as ordered
by inclusion) there exists a maximal antichain A C D consisting of pair-
wise disjoint sets such that every P € Perf(|J.A) is covered by less than
continuum many sets from A.

PRrROOF. Let Perf(€) = {P,: a0 < ¢}. We will build inductively a sequence
({(Aa,zq) € D x C:a < ¢) aiming for A = {Ay:a < ¢}. At step a < ¢,
given already ((Ag,z5): 5 < a), we look at P,.

Choice of z,: If P, C Uﬁ<a Ap, we take z, as an arbitrary element of ¢;
otherwise we pick x4 € Po \ Uj,, Ap-

Choice of A,: If there is a § < a such that P, N Ag is uncountable, we let
A, = Ag; otherwise pick A, € D below P, and notice that we can refine
it, if necessary, to be disjoint with U5<a AgU{zg: 0 < a}.

It is easy to see that A = {Ay: a0 < ¢} is as required. [ ]

Corollary 3.3.7 CPA,,ism implies that add(sg) = w;.

PROOF. Let H = {h¢: € < w1} be as in Proposition 3.3.4 with X = €. For
every £ < wy put Ag = {hf_l({c} x €):c € €}. Then each Ag is a family of
pairwise disjoint sets and A° = Ue<wr Ag is dense in Perf(¢).

For each § < wy let A7 be a maximal antichain extending Ag, define
D¢ = {P € Perf(€): P C A for some A € A}, and let A¢ C D¢ be as in
Fact 3.3.6. Then A = J,_,,, A¢ is still dense in Perf(Z).

For each § < wy let {Pf:a < ¢} be an enumeration of A¢. (Note that
each A¢ has cardinality ¢, since this was the case for the sets Ag.) Pick z¢
from each P¢ and put A¢ = {zf:a < c¢}. Then A¢ € 5o for every § < wy.
However, A = J;_,, A¢ ¢ so since it intersects every element of a dense
set A. |

It can be also shown that CPA,ism, with the help of Proposition 3.3.4,
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implies that the Sacks forcing P = (Perf(€), C) collapses ¢ to w;. However,
this also follows immediately from a theorem of P. Simon [122], that P
collapses ¢ to b while CPA ,pe already implies that b < cof (M) = w;.

Note also that although the family F from Proposition 3.3.4 is Fprism-
dense, we certainly cannot repeat the proof of Corollary 3.3.7 to show
that, under CPApyigm, add(sgrism) = wy — this clearly contradicts Proposi-
tion 3.3.1. The place where the proof breaks is Fact 3.3.6, which cannot
be proved for a simple density being replaced by an Fpyism-density.

3.4 Intersections of w; many open sets

The results presented in this section come from K. Ciesielski and J. Paw-
likowski [41].

For a Polish space X let G, be the collection of the intersections of w;
many open subsets of X. Next we are going to prove the following theorem.

Theorem 3.4.1 CPA,,ism implies that the following property holds for
every Polish space X.

(N*) If G is a G, subset of X and |G| = ¢, then G contains a perfect set.

Theorem 3.4.1 provides an affirmative answer to a question of J. Brendle,
who asked us, in [11], whether (N*) can be deduced from our axiom CPA.
The fact that (N*) holds in the iterated perfect set model is proved by
J. Brendle, P. Larson, and S. Todorcevic [12]. The argument presented
below is considerably simpler.

Before we prove Theorem 3.4.1, we would like to note that in prop-
erty (N*) we can replace the class of open sets with a considerably larger
class II3.

Corollary 3.4.2 Assume that CPAp.sm holds and X is a Polish space.

e If G is an intersection of w; many 11} sets from X and |G| = ¢, then
G contains a perfect set.

PROOF. Let G = (., T¢, where each ¢ C X is a 113 set. Then we
have X \ G = Ug,, (X \ T¢) and each set X \ T¢ is in the class i so,
by Fact 1.1.7, it is a union of w; many compact sets. Thus, each T¢ is an
intersection of w; open sets. [ |

Theorem 3.4.1 follows easily from the following combinatorial fact con-
cerning iterated perfect sets.
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Proposition 3.4.3 Let 0 < o < wy < ¢ and H = €\ U, Fe, where
each set Iy is compact. Then either H contains a perfect set P, or else
there exists an F € P, disjoint with H.

PROOF OF THEOREM 3.4.1. Let G = X \ U, T¢, where each set T is
closed in X, and assume that G does not contain a perfect set.

Let £ = {P € Perf(X): PN G = 0}. We will show that & is Fprism-
dense. This will finish the proof since then, by CPApigm, X \UE D G has
cardinality < w; < .

So, let f:€* — X be a continuous injection. We need to find an E € P,
for which f[E] € &, that is, f[E]NG = 0. Let Fr = f~1(T¢) for £ < wy.
Then H = €%\ U, F¢ is equal to f~'(G). If H contains a perfect
set P, then so does G D f[P], contradicting our assumption. Thus, by
Proposition 3.4.3, there exists an E € P, disjoint with H = f~(G). So,
fIF] is disjoint with G. [ |

To prove Proposition 3.4.3 we need some auxiliary terminology. For a
proper ideal I of subsets of € and an ordinal 0 < o < w; we say that a tree
T C €= (ordered by inclusion) is a co-I tree, T € T, provided:

e Forevery 8 < aand t € TNE” we have ¢\succr(t) € I, where sucer(t) =
{s(8):t C s € T NPT} is the set of all immediate successors of ¢ in T'.

e For every limit ordinal A < a the A-th level T' N ¢ of T consists all the
branches of TN &<, that is, t € TN if and only if t [ v € T for every
v <A

Also let K ={T'N€*:T € T/} and let I* = Ug e P(E*\K). It is casy
to see that I is an ideal on €. We will call I* the a-th Fubini power of
the ideal I. This notion, with a slightly different emphasis, also appears in
J. Zapletal [131].

We will be interested in these notions only for I of the form I,, = [¢]=",
where K < ¢ is equal to either w or wy. It is easy to see that the families
7/ and Kf are closed under the intersection of £ many of their elements.
So (I;)® is a kT-additive ideal on €.

A big part of the difficulty behind our proof of Theorem 3.4.1 lies in
the following lemma generalizing the Cantor-Bendixon theorem, that is,
that an uncountable closed set contains a perfect set. In fact, this result is
true not only for closed sets, but also for analytic sets. This version of the
lemma, which can be viewed as a generalization of the Suslin theorem that
an uncountable analytic set contains a perfect set, can be found in [131,
lem. 4.1.29(2)]. (See also [131, lem. 3.3.1].)
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Lemma 3.4.4 Let 0 < o < wy. If F is a closed subset of €* and F ¢ (I,,)%,
then F' contains an iterated perfect set, that is, there exists an E € P, such
that £ C F.

PROOF OF PROPOSITION 3.4.3. If there is a £ < w; such that F¢ ¢ (1,,)?,
then, by Lemma 3.4.4, there is an E € P, such that £ C Fg¢. Clearly this
E is disjoint with H = €%\ ¢, Fe. So, assume that F¢ € (I,)* for
every & < w. We will show that H contains a perfect set.

For every § < wy, since F¢ € (1), there is a Tz € 7" disjoint with Fg.
But then T'=,_,, Tt € 7p s disjoint with Ug<w, Fe, so T' is a subset
of H. Thus, it is enough to show that 7" contains a perfect set. But this
follows immediately from the assumption that w; < c.

If « is a successor ordinal, say o = 8 + 1, then take ¢ € m3[T] and a
perfect set C' C succr(t). Then P = {t} x C is a perfect subset of T

If o is a limit ordinal, take an increasing sequence (o, < a:n < w)
cofinal with a. Choose a sequence (t, € 7o, [T]:n < w & o € 2™), by
induction on n < w, such that t,-g and t,~; are distinct extensions of ¢,.
Then

P={tee%t]a,c{t,:oe2"} for every n < w}
is a perfect subset of T. [ |

J. Brendle, P. Larson, and S. Todorcevic conjectured in [12, conj. 5.11]
that, in the iterated perfect set model, the complement of the G, set is
also G, , that is, that any G, set is a union of w; many closed sets. Below
we will show that the conjecture is false, by proving that the existence of
a counterexample follows from CPApsm. More precisely, this follows from
the following theorem, which is interesting on its own.

Let & be the family of all continuous functions f from an uncountable
(s subset of € into €.

Theorem 3.4.5 Assume that CPAism holds. Then there is a sequence
(go € X:x < wy) such that for every g € X there exists an o < wy such
that |g N ga| = c.

Before we prove the theorem we notice that it easily implies the following
corollary, which refutes [12, conj. 5.11]. It also gives a negative answer to
[12, question 5.13]. Note that in the proof of the corollary we use from
Theorem 3.4.5 only the fact that g N g, # 0.
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Corollary 3.4.6 If w; < ¢ and G = €2\ Ua<w, 9as where the g,’s are
from Theorem 3.4.5, then G is not a union of wy many closed sets.

In particular, CPA,ism implies that G is G,, but €2\ G is not.
PrOOF. To see that G is not a union of w; many closed sets, notice that
if P C G is compact, then 7y[P] is countable. (3.24)

To see this, take a compact subset P of €2 for which 7[P] is uncount-
able. We need to show that PN U(Kw1 Jgo # 0. So, take a Borel selection
g:mo[P] — € for P. (For example, put g(z) = min{y € ¢:(x,y) € P}.)
Then, there exists a dense G5 subset D of mo[P] such that g [ D is continu-
ous. Thus, g [ D € X and (g | D) Nga # O for some a < wy. In particular,
PN Uu<u, 90 D (91 D) N ga # 0.

Next, let P = {P¢: £ < w1} be a family of compact subsets of G. We need
to show that G # (JP. But, by (3.24), there exists an @ € €\, mo(F%)-
Let p € ({7} x €)\ Uycw, ga- Then p e G\ JP.

To see the additional part, first note that €2\ G is not G,,, by the above
argument. To see that G is G, it is enough to show that its complement
Ua <w; Ja is a union of w; many compact sets. But every g, is a G5 subset
of €2, so it is a Polish space. Thus g, is a union of w; compact sets —
this follows directly from the formulation of CPApsm (as well as from
CPAcube)- ]

The proof of Theorem 3.4.5 is based on the following simple observation.
Note also that if we want to prove the theorem only with the conclusion
that g N go # 0 (i-e., a version needed to prove Corollary 3.4.6), then in
Lemma 3.4.7 we need only require that FF N f # () for every continuous
f:€ — €. The argument for this version is a bit simpler, and in this form
Lemma 3.4.7 is more likely to be known.

Lemma 3.4.7 There exists a continuous function F' from a Gs subset T
of € into € such that |F N f| = ¢ for every continuous f: € — €.

PrOOF. Let C be the family of all continuous functions f:& — €&, consid-
ered with the sup norm. Then C is homeomorphic to the Baire space w®,
and so is C x €. (To see this use, for example, [74, thm. 7.7].) Let T be a
G5 subset of € homeomorphic to w* and let h = (hy,he): T — C x € be a
homeomorphism. Define F:T — € by

F(t) = [m(@®)]().

Clearly F' is continuous. To see the other part, take an f € C and
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notice that P = (hy)~!(f) is uncountable. It is enough to show that
FIP=f]P.
Indeed, if t € P, then hq(t) = f and F(¢) = [h1(t)](t) = f(1). [ |

We will also need the following version of Proposition 3.3.4.

Proposition 3.4.8 Assume that CPApism holds. Then there exists a
family {f,:« < w1} of continuous injections from €2 into € such that
{fal{z} x €]:2 € € & a < w1} is dense in Perf(C).

PrROOF. We will use the notation as in the proof of Proposition 3.3.4,
where we put X = €. For 0 < a <wi let Go = {f{:€ < w1} be such that
Ro = F*\ Ugoy, range(f¢) has cardinality less than or equal to wy.

Fix an f* € G,. Then f maps injectively a P = Py € Pgy, onto
Q = Q¢ C € and for every z € F*\ R, there are f* € G, and s € dom(f*)
such that z = f*(s) and f(s,-) € Fprism(X) is a restriction of z. Let
H; € @prism(B + @) be from €77 onto P. Then fo H; is an injection
from ¢/+® = ¢ x €~ onto Q. Let k, be a homeomorphism from ¢ onto
@7 and let f:¢2 — € be defined by

Fla,y) = (f o Hy)(ks(2), ka(y))-
Then the family F = {f: f € Uocacw, 9ot is almost as desired: Every
P € Perf(€) \ {range(z): 2 € Uycqew, Ra} contains a set f[{z} x €] for
some x € € and f € F. Since we are missing at most w; sets, we can easily
extend F to be as required. ]

PROOF OF THEOREM 3.4.5. Let {f,: @ < wi} be as in Proposition 3.4.8
and let F:T — € be as in Lemma 3.4.7. For a < wy let K, = f,[€ x T1.
Define go: Ko — € by

go(fa(z,t)) = F(t) for every (z,t) € € x T.

Clearly, functions g, are continuous and defined on Gj sets.

Fix a g € X. We need to find an o < wy such that |[g N gs| = ¢. Since
the domain of g is uncountable, it contains a perfect set P. So, there are
a < wy and g € € such that fo[{zo} x € C P. Let f € C be defined by
f(y) = g(fa(zo,y)). Then, by Lemma 3.4.7, there is a @ € Perf(T") such
that FF | Q = f | Q. Thus, for every t € Q C T we have

ga(fa(zo, 1)) = F(t) = f(t) = g(fa(z0,1)).
Thus, go [ fal{zo} x Q] =g | fal{zo} x Q] n
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3.5 a-prisms and separately nowhere constant functions

The results presented in this section come from a paper [30] by K. Ciesielski
and A. Milldn. Similar to the notion of an n-cube density defined in Sec-
tion 1.8, we can consider a-prism density for every 0 < o < wy: A family
F C Perf(X) is a-prism dense provided that for every injection f: €% — X
there is an iterated perfect set C' C €* such that f[C] € F. Essentially the
same proof as for Fact 1.8.5 shows that for arbitrary 1 < g+ 1< a <w;

every a-prism dense family is also (8 4 1)-prism dense. (3.25)

We do not know if for a limit ordinal A < w; the (A + 1)-prism density
implies A-prism density.

The main goal of this section is to prove the following two theorems.
The first of them shows that essentially all notions of a-prism and n-cube
densities are different. The second theorem shows that any strengthening
of the axiom CPAp.sm obtained by replacing the prism density with a
proper subclass of these densities leads to a statement that is false in ZFC.

Theorem 3.5.1 For a Polish space X, a family F C Perf(X), and an
ordinal 1 < « < wy consider the following sentences:

Cq: family F is B-cube dense for every 0 < 3 < «;
Py: family F is 3-prism dense for every 0 < 3 < «.

Then, for2 <m <n <wand w+1 < a <y < wiy, they are related by the
following implications.

C; «— C, =— C, «— C, — Cy11 -=— C, -— C,

I T

P, «— P, «— P, «— P, «— P, -— P, -— P,
Moreover, none of these implications can be reversed.

For o < wy we say that a family F C Perf(X) is a-prism* dense provided
F is (-prism dense for every 0 < 8 < « and it is n-cube dense for every
0<n<w.

Theorem 3.5.2 For every a < wi and for every Polish space X there is
an a-prism* dense family F C Perf(X) for which | X \ JF| =c.

A big part of the proof of Theorem 3.5.1 will be to distinguish between
different n-cube densities. For this we will need a notion of separately
nowhere constant function. For a topological space X, a function f: X — Y
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is mowhere constant if f is not constant on any nonempty open subset of
X. For a subset G of a product space X =[],
f:G — Y is separately nowhere constant if for every t € G and k € I the
function f restricted to the section Gi, = {x € G:z | I\{k} =t | I\ {k}}
is nowhere constant. This notion is the most natural when G = X. In this
case it is related in a natural way to the notion of a separately continuous
function f: X — Y, that is, such that f restricted to every section X/ is
continuous.

Note that every separately nowhere constant function is nowhere con-
stant. However, the converse implication is false, as shown by the polyno-
mial functions from R? into R defined by wo(z,y) = zy and w1 (z,y) = .
This implication pattern stays in contrast with the implications for sepa-

X, we say that a function

rate continuity: Continuity implies separate continuity, but the converse
implication is false.

The main theorem on separately nowhere constant functions used here
is the following result.

Theorem 3.5.3 Let G be a dense G subset of a product Hiel X, of Polish
spaces and let f be a continuous function from G into a Polish space Y. If
[ is separately nowhere constant, then there is a perfect cube P in [],.; X;
such that P C G and f | P is one to one.

It is not difficult to see that the conclusion of the theorem remains true
for the function wy(x,y) = zy, despite the fact that wy is not separately
nowhere constant. On the other hand, the theorem’s conclusion is false for
the nowhere constant function wi(x,y) = .

We will start here with the proofs of the first two theorems, leaving
the proof of Theorem 3.5.3 to the end of this section. First, note the
following properties of the iterated perfect sets. Property (3.27) follows
easily from (3.3):

If P €Pyy1 and © € mo[P], then |({z} x €)NP|=c. (3.26)

If 0 < < aand P e€P,, then ng[P] € Pg. (3.27)

Lemma 3.5.4 For 0 < n < w and any continuous f:€" — Y there exist a
basic clopen subset U = [[,_,, Ui of €, an A C n, and, if A # n, a dense
Gs subset G of W = HiEn\A U; such that

e f [ U does not depend on the variables x; for j € A;
o if A # n, then f [ U, considered as a function of the variables x;
with i € n\ A, is separately nowhere constant on G.
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PRrROOF. We proceed by induction on n. If n = 1, the lemma is true by the
definition of a nowhere constant function. Suppose the lemma, is true for n
and let f: ¢€"T! — Y be continuous. Denote by By a countable basis for the
topology on € consisting of nonempty clopen sets. For i < n and V € By
consider the closed set S;(V) = {# € €\ f | {#} x V is constant}.

First assume that for every ¢ < n and V € By the set S;(V) has an
empty interior. Then each set H; = €t} x (¢ 1\ \ J{S;(V): B € By})
is comeager in €"*!. Therefore, we can apply Lemma 3.2.1 to X = ¢,
T=n+1,K={n+1\{i}:i <n}, and H =(),.,, H; to find a comea-
ger set G C H with the property that for every z € G and i < n the
set Gupnpngiy = {v € ¢liti(z In+1\{i}) Uy € G} is comeager in €{%}.
Note also that this last property implies that f | G is separately nowhere
constant, since for every z € G its restriction z | n + 1\ {¢} does not
belong to |J{S;(V): B € By}. Thus, in this case the lemma is satisfied with
U=¢e¢"l A =(, and the above chosen G.

So, assume that there exist ¢ < n and V; € By such that the set S;(V;)
has a nonempty interior. Let V* C S;(V;) be a nonempty basic clopen
subset of €* T\, Then V* = H#i V;, where V; C € is a basic clopen
set for every j #1i. If V = ngn V;, then V is homeomorphic to ¢"+1,
f 'V does not depend on the variable z;, and we can consider f | V as
a function g from V* to Y. By applying our inductive hypothesis to g we
can find a basic clopen subset U* =[], U; of V*, aset A* Cn+1\{i},
and, if A* # n+ 1\ {i}, a dense Gs subset G of W = ][, ;\ 4, U;, where
A = A* U {i}, satistying the lemma for g. But then U =[], U;, where
U; = V;, and the sets A and G are as desired. [ |

Here is the main example of the section.

Example 3.5.5 For every 0 < « < w; there is a family G, C Perf(€%)
such that:

(a) G, does not contain any iterated perfect set, that is, G, NPy = (.
(b) Gy is y-prism dense for every 0 < v < .

(¢) Gq is n-cube dense for every 0 < n < min{a,w}.

(d) If G* € [Go]|<F, then |€*\ |JG*| = .

PRrROOF. For £ < a let K¢ = {P € Perf(€): m¢ | me11[P] is one to one},
where for £ = 0 we understand Ky as {P: 7 [P] is a singleton}. It is worth
noticing that {P € Perf(€*):m¢ | P is one to one} C K¢. We define G, =
U5<a Ke.

To see (a) take P € P, and £ < a. We need to show that P ¢ ICc. But
by (3.27) we have m¢41[P] € Peyq, and then (3.26) shows that P ¢ ICe.
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We prove (b) by induction on a. Clearly it holds for « = 1. So, assume
that for some 1 < « < wy condition (b) holds for every nonzero o < «.
To see that (b) holds for «, fix 0 < 7 < « and a continuous injection
f:€7 — €% We need to find a Q € P, for which f[Q] € G,.

Let g = 7, o f. By Lemma 3.2.5 there exist P € P, and 0 < 3 < 7y such

that h = 9077,51

is a function on mg[P] (i.e., g [ P does not depend on
coordinates 0 > ) and this function is either one to one or constant. If h
is constant, then m1[f[P]] is a singleton and f[P] € Ky C G4. So, assume
that £ is one to one.

If 3 =+, then g = 7, o f is one to one on P and so m, is one to one
on f[P]. Then f[P] € Ky C Go. So, assume that § < . Then h is an
injection from mg[P] € Pg into €7. Let ¢ € O3 witness mg[P] € Pg. Then
¢ maps €7 onto mg[P]. Since ho ¢:€” — € is a continuous injection, by
the inductive hypothesis used for o’ = v there exists an E € Pg such that
Z = hoplE] € G,, that is, there exists a £ < 7 for which m¢ | m¢41[Z] is
one to one.

Next notice that R = ¢[E] € Pg, since ®g is closed under the compo-
sition, and R C mg[P]. So, by (3.13), Q@ = {z € P:mg(z) € R} € P,.
Moreover,

Z = hoglB] = h[R] = (gom5")[ms[Q] = g[P] = m [f[Q]

and so0 mei1[Z] = mepa[my [f[QNl] = mea[f[Q]]. Thus, m¢ | mepa [fIQ]] is
one to one and so f[Q] € K¢ C G,.
To show (c¢) we will prove by induction on 0 < n < w the statement:

For every 0 < a < wq, if n < «, then G, is n-cube dense.

So, take 0 < n < w and assume that the statement holds for all nonzero
k < n. Take an a > n. To prove that G, is n-cube dense, fix a contin-
uous injection f:€" — €% Then 7, o f:€" — €™ is continuous. Apply
Lemma 3.5.4 to m, 0 f to find U = [[,_, U; C €, A C n, and G, satisfying
the lemma.

If A =n, then m,[f[U]] = (mn o f)[U] is a singleton and f[U] € Koy C G,.

If A=, then m, o f | G is continuous and separately nowhere constant.
So, by Theorem 3.5.3, there exist perfect sets {P; C U;:4 < n} such that
(mno f) I 11;<n P is one to one. Then, m, [ f [HKH Pi} is one to one and
s0 f [ITicn Pi] € Kn C Ga.

Therefore, assume that ) # A # n and let k = |n \ A]. Then 0 < k < n.
Since (m, o f) | U does not depend on the variables z; for j € A, it
can be considered as a function g on W = HiEn\A U;. Moreover, g [ G
is separately nowhere constant. Thus, by Theorem 3.5.3, we can find a

<n
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perfect cube P = [[;c,\ 4 P5 C G C [Licn
Thus, g is a continuous injection from P, which can be identified with ¢*,
into €. Since, by the inductive assumption, G, is k-cube dense, there
exists a perfect cube C' = [[;c,\ 4 Ci C [l;en\ 4 Pi such that g[C] € G,.
Let C; = U; for i € A. Then @ = HKn C; C Hi<n U; is a perfect cube
and 7, [f[Q]] = (7 0 f)[Q] = 9[C] € G, So, there exists a £ < n such that
e is one to one on ey [m, [f[Q]]] = Te1[f[Q]], and so f[Q] € Ke C Gy

Now, to argue for (d), fix a G* € [G4]<°. We need to show that
€\ UG*| = ¢. For £ < a, let G = G* N K¢. By induction on § < .
choose

4 Ui on which g is one to one.

z(§) € €\ {2(§): 2 € Gf & 2(n) = z(n) for every n < &}

Note that at each step we have less than continuum many restricted points
since for every z € K¢ the set {2(§):z(n) = z(n) for every n < £} may
have at most one element. It is easy to see that x = (x(£): £ < a) belongs
to €\ U, 67 = €\ G*. To finish the proof it is enough to notice
that the value of 2(0) can be chosen in continuum many ways, so indeed

€ \UG"| = L

To transport the above example into an arbitrary Polish space we will
use the following simple fact.

Fact 3.5.6 Let h be a homeomorphic embedding of a Polish space Y
into a Polish space X, let F C Perf(Y), and define the family F* by
F* = {h[F]:F € F} U Perf(X \ h[Y]). Then, for every 1 < @ < wy, the
following conditions are equivalent:

(a) F is a-cube (a-prism) dense in Y.

(b) F* is a-cube (a-prism) dense in X.

PrOOF. (a)=(b) Let f:€* — X be injective and continuous. Since h[Y]
is a Gs-set in X, we can apply Claim 1.1.5 to find a perfect cube C C €%
such that either f[C] C h[Y] or f[C]NA[Y] = 0.

If f/[C]INA]Y] =0, then f[C] € F* and we are done. If f[C] C h[Y], then
h='o f:C — Y is a continuous injection. Identifying C with €* and using
to h™1 o f the a-cube (a-prism) density of F in Y we can find a ¢’ C C
such that C” is a perfect cube (belongs to P,) and F = (b=t o f)[C'] € F.
So f[C'] = h[F] € F*. Thus, the family F* is as desired.

The other implication is easy. [ ]
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Corollary 3.5.7 For every 1 < a < w; and every Polish space X there
exists a family F, C Perf(X) such that: F, is not a-prism dense; F, is
(B-prism dense for every 0 < B < «; F,, is n-cube dense for every number
0 <n <min{a,w}; and | X \ |JFa| =c.

ProOF. First note that it is enough to find such an F, for X = €%. Indeed,
if F is such a family, X is an arbitrary Polish space, and h is an embedding
from €% into X, then the family F* from Fact 3.5.6 is as desired.

Thus, it is enough to notice that the family G, from Example 3.5.5 is
not a-prism dense. But this is the case since for the identity function f on
€2 there is no P € P for which f[P] =P € G,. [ |

PRrROOF OF THEOREM 3.5.2. Use Corollary 3.5.7 with a > w. [ ]

PRrOOF OF THEOREM 3.5.1. The vertical implications, that a-cube density
implies a-prism density, follows from the fact that every perfect cube in
¢* is also in P,. For 0 < 8 < a < wi, the implications C, = Cz and
P, = Pj are obvious. P5 implies C; since 1-prism density is just perfect
set density (P; = Perf(€!), as ®; consists just of autohomeomorphisms of
¢!) and so it implies 1-cube density.

To see that for w < a < wy we have C, 11 = C, it is enough to notice
that any w-cube dense family is also B-cube dense for any w < 8 < ws.
This is the case since the coordinatewise homeomorphism between €“ and
¢? preserves perfect cubes.

The fact that no other horizontal implication can be reversed is justified
by the family F, from Corollary 3.5.7 for different values of . Indeed, F,
clearly justifies P, =% P, for any 1 < a < «y since it satisfies P, but not
P, as it is not a-prism dense. If 1 < m < n < w, then F,, also witnesses
C,, == C,, since it satisfies C,, but not C,,, since it cannot be m-cube
dense without being m-prism dense.

The fact that none of the vertical implications C, = P,, for
2 < «a < wi, can be reversed is justified by any family that is a-prism
dense for every a but is not 2-cube dense. There are many such families.
For example, this is the case for the family F of all linearly independent
(over Q) subsets of R. It is shown in Corollary 5.1.2 that this F is a-prism
dense for every 0 < a < wi. On the other hand, it is not 2-cube dense, as
shown by the function f from Remark 5.1.4.

Another such example is a family JF of all P € Perf(€2) such that the pro-
jection on one of the coordinates is one to one. It follows quite easily from
Lemma 3.2.5 that F is a-prism dense for every a. (See Proposition 4.1.3.)
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It is not 2-cube dense since for the identity function f:€? — @2 there is no
perfect cube C' for which f[P] € F. ]

Now we are ready for the proof of Theorem 3.5.3. For the rest of this
section we will consider R as a vector space over R with the operations de-
fined pointwise from the usual operations in R. In this context we consider
for every k < w the canonical unit vectors €, € R¥: (k) = 1 and €;(i) =0
for all other i < w. If S CR¥ and 6 € R, then 6-€,+5 = {§-€,+s:5 € S}.
If e > 0 and z € R¥, then B(z,¢) denotes the open ball with center x and
radius € and B(z,¢) is the corresponding closed ball. If m < w, then we
identify R¥ with R x R*\M™}: if 4 € R“M™} and G € R¥, then the section
of G along y is the set (G)Y = {x € R: (z,y) € G}.

The next lemma is an immediate consequence of Lemma 3.2.1 applied
to X =R, T=w, and K ={w\ {n}h:n < w}.

Lemma 3.5.8 For every comeager set G C R there exists a comeager set
H C G such that for every x € H and n < w the set HN (z +R-€,) is
comeager in x + R - €,.

The following lemma will facilitate the inductive step in the next theorem.

Lemma 3.5.9 Let G be a comeager subset of R¥ such that:

(o) GN(x+R-¢) is comeager in x + R - € for every x € G and k < w.
Let f be a continuous separately nowhere constant function from G into a
Polish space Y. If S € [G]<“ is such that f is one to one on S, then for
every k < w and € > 0 there exists a § € (0,¢) such that (S+0-é;) C G
and f is one to one on SU (S + ¢ - €).

PROOF. Let S = {z;:9 < n} C G be such that f [ S is one to one. Since
f is continuous, decreasing ¢ if necessary, we can assume that:

(%) If S* = {zf:9 < n} is such that 2} € GN B(z;,¢) for every ¢ < n, then
f is also one to one on S*.

For each z € S consider the sets M, = {6 € Riz + ¢ - &, € G}, which
by (e) are comeager, and N, = {§ € M,: f(z + 6 - &) € f[S]}. Since
f 1 GNn(xz+R- &) is nowhere constant, the set N, is meager in R. So,
B =,es Mz \ U,cg Nz is comeager in R.

Pick a 0 € (0,e) N B. Then S +0-é€, C Gasd €(),g M. To see that
f is one to one on SU (S + ¢ - €)) take x # y in this set. We need to show
that f(x) # f(y). This follows from the assumption when z,y € S, from
(x) when 2,y € S +0 - €, and from ¢ ¢ |J,. g N. otherwise. [ |
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Theorem 3.5.10 Let G be a comeager subset of R¥ and let f be a con-
tinuous separately nowhere constant function from G into a Polish space
Y. Then there is a perfect cube P in R“ such that P C G and f is one to
one on P.

PrOOF. Let {my:k < w} be an enumeration of w where every natural
number appears infinitely often. By Lemma 3.5.8, shrinking G if necessary,
we can assume that G satisfies the condition (e) from Lemma 3.5.9. Since
G is a dense G subset of R, we have G = [, ., Gn, where each G, is
open and dense subset of R¥. We will construct by induction on k < w the
sequences (Sy € [G}Qk:k < w), (eprk < w), and (J: k < w) such that for
every k < w:

(1) 0< o <ep < 27k,

(2) §k+1 =S, U (5k . 5mk + Sk) - U{B(x,sk):x S Sk},

(3) B(z,ex) C Gy, for every x € Sy,

(4) f[B(w,e)] N f[B(z*,ex)] = 0 for every distinct x, z* € Sy.

We start the construction with an arbitrary Sp = {s} C G and gy < 1
ensuring (3). If for some k < w the set Sy and ¢; are already constructed,
we choose 0 using Lemma 3.5.9 with & = my and ¢ < g5 small enough
that it ensures (2) and |Sk+1| = 2571, Then f is one to one on Sy41 C G,
and, using continuity of f, we can choose €541 satisfying (1), (3), and (4).
This finishes the construction.

If for n, k < w we put Ay, = {x(n):z € Sk}, then it is easy to see that:

(a) Sk = Hn<w Akv"“
(b) Agt1,n = Agpn for every n # myyq,

(C) Ak+1,mk+1 = Ak,mk+1 U (576 + Akymk+1)'

We define P,, = cl (Uk<w Ak:,n) and put P =[], ., P.. We will show that
each P, is a perfect subset of R, P C G, and f is one to one on P. Notice
that this will finish the proof, because as a final adjustment we can shrink
each P, to a subset from Perf(R).

Clearly each P, is closed and, by (1) and (2), it has no isolated points.
We need to show that

cl <U Sk> = H P”.
k<w n<w

The inclusion cl (Uy,, Sk) C [1,,<., Pn follows from (a). In order to prove
the other inclusion, pick an = € [],_,, P.- Then for every n < w there
is a sequence {af:i < w} C U, Ak,n with distinct terms such that
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lim; oo al = z(n). For every m < w let x,, € R¥ be defined as x,, (i) = a}"
if i < m and z,,(i) = s(i) if i > m. Then {z,,:m < w} C Uy, Sk and
limy,, o0 &y = 2. This proves that [, ., P, Ccl (Uk<w S’k).

Next notice that if for k¥ < w we put T}, = |J{B(x,ex):xz € Sk}, then
condition (2) gives us cl (Uj<,, Sk) C Ny, Tk While the other inclusion is
obvious. In particular, we have

HPnd(U Sk> =) T
n<w k<w k<w

In order to prove that f is one to one on [[,_,,
and y from [],_, P.. Then there are sequences {z,,} and {ym,} such
that for every m < w we have Ty, ym € Sm, * € B(Tm,em+1), and
Y € B(Ym,Ems1). Since x # y, there exists an m < w such that z,, # ym.
So, by condition (5), we have f[B(xm,em+1)] N f[BYm,em+1)] = 0. Hence
f(x) # f(y). This shows that f is one to one on [],,_,, Pn

Finally note that by (3) we have [[, . Pn =y, Tk C G. [ |

P,,, pick distinct x

Corollary 3.5.11 Let {X,,:n < w} be a family of Polish spaces, let G
be a dense G subset of [],, ., Xn, and let f be a continuous separately
nowhere constant function from G into a Polish space Y. Then there exist
perfect sets P,, € Perf(X,,), n < w, such that f is one to one on [] P,.

n<w

PROOF. For every n < w let G, be a dense G5 subset of X,, homeomor-
phic to the Baire space w*”.! Since w® is homeomorphic to R\ Q, there is a
homeomorphism h,: G;, — R\Q. Then, h:[],_,, G» — (R\Q)* defined by
h = {h,:n < w) is a cube-preserving homeomorphism. We can apply The-
orem 2.1.1 to the function foh™' on a dense Gs subset h [G N Hn<w n]
of R¥ to obtain a perfect cube ], ., @, on which foh™" is one to one.
Then, h~* [[],,., @Qn] is a perfect cube in [],_ X, on which f is one to
one. |

PrROOF OF THEOREM 3.5.3. We can assume that the index set I is a
cardinal number . Let X = [[,.,. Xi

The case kK = w is true by Corollary 3.5.11.

If kx =n<wand f:G — Y is a continuous and separately nowhere

1 Every Polish space X has a dense subspace G homeomorphic to w* constructed as
follows. Let {Bn:n < w} be a basis for X. Then Y = X \ U,, ., bd(Bnr) is a zero-
dimensional dense G subspace of X, where bd(By) denotes the boundary of Bj.
Take a countable dense subset D of Y and put G = Y \ D. Then G is a dense G
subspace of X (as X has no isolated points). Also, G is Polish, zero-dimensional, and
every compact subset of G has an empty interior. So, by the Alexandrov-Urysohn
theorem [74, thm. 7.7], it is homeomorphic to w*.
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constant function, consider the mapping F: G x €¥\" — Y x ¢“\" defined
by F(z) = (f(z | n),z | w\n). Then, F is a continuous and separately
nowhere constant function defined on a dense G5 subset of [ [, X;, where
X; = € for every i € w\ n. Therefore, by the case kK = w, there are
{P; € Perf(X;):i < w} such that F is one to one on [[,_ P; C G x €\,
This implies that f is one to one on [[,_,, P C G.

If Kk > w, then the result is trivial because in this case f cannot be
simultaneously continuous and separately nowhere constant on a dense G
subset G of X. To see this, first notice that G contains a subset of the
form H x HiEK\ 4 X, where A is a countable subset of x and H is a dense
Gs subset of [[,. 4 X;. This is the case, since every dense open subset U
of X contains a dense open subset in a similar form: a union of a maximal

i<w

pairwise disjoint family of basic open subsets of U. So, we can assume that
G is in this form. Pick an zg € G. By the continuity of f at xg, for every
n < w there exists an open subset U,, in X containing xg such that the
diameter of f[G NU,]| is less than 27", By the definition of the product
topology, each U, contains a set of the form J[;cr {zo()} x [[;c,\ p, Xis
where each F, C & is finite. Put FF = AU/, F. and notice that
Z = Lep{zo(@)} x [LiemrXi €GN, o, Un. So, f[Z] has a diameter
equal to 0, that is, f is constant on Z. But this contradicts the fact that
f is separately nowhere constant on G, since, for £ € k \ F, set Z contains
the section {z € X:2 [ s\ {€} =zo | K\ {£}}. [ |

Finally, the next example shows that Lemma 3.5.4 fails, in a strong way,
for functions defined on an infinite product.

Example 3.5.12 There exists a continuous function f:€¥ — €“ such that
n<w Pn there is an n < w such that f | P
is one to one on some section of an n-th variable and is constant on some

for every perfect cube P = []

other sections of the same variable.

PROOF. For n < w let f,:€% — € be defined by f,(z,y)(i) = y(n) - z(i).
Clearly f,, is continuous. Moreover, if y(n) = 1, then f,,(-,y) is the identity
function, so it is one to one; if y(n) = 0, then f,(-,y) is constant and equal
to 0.

For (z,:n < w) € €¥ define

flznin <w)) = (fu(@nt1,20):n < w).

Then f is clearly continuous. Consider f restricted to a perfect cube
P = 1], Pn. Let a,b € Py be distinct and let n < w be such that
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a(n) # b(n). Assume that a(n) = 0 and let z € €M7+t Look at f | P
on a section given by z and note that

o if 2(0) = a, then f | P is constant on this section;
e if 2(0) = b, then f | P is one to one on this section. [ |

3.6 Multi-games and other remarks on CPA%%"" and CPA,ism

prism
First note that if CPAZYY" [X] and CPA ism[X] stand, respectively, for the
axioms CPASENS and CPA 4, for a fixed Polish space X, then, similarly

as in Remark 1.8.3 we can also prove

Remark 3.6.1 For any Polish space X:
o CPA%%" [X] implies CPA%%™ | and

prism prism?

o CPA,ism[X] implies CPApyigm.

For a nonempty collection X of pairwise disjoint Polish spaces consider
the following “simultaneous” two-player game GAMEpism (X') of length wy .
At each stage £ < w of the game Player I can play a prism P¢ € Perf”(X)
from an arbitrarily chosen X € X'. Player II responds with a subprism Q¢
of P¢. The game ((Pe,Q¢):§ < wi) is won by Player I provided

U ee=Ux;

E<wr

otherwise the game is won by Player II. Thus, for any Polish space X the
games GAME ,is1n (X) and GAME 451, ({ X }) are identical.

Theorem 3.6.2 Let X of size < wy be a nonempty collection of pairwise
disjoint Polish spaces. Then CPA%*"° is equivalent to

prism

CPA%Y™ (X): Player II has no winning strategy in GAME 4 (X).

prism

PROOF. To see that CPA%%" (X) implies CPA®%"® " take an X € X. It

prism prism )

is easy to see that CPAgame( ) implies CPAgame[ ], while CPA%% [X]

prism prism prism

implies CPA%%"° by Remark 3.6.1.

To see thg converse implication assume that CPA;%?II:; holds and let

= [0,1]. Let L = {zg:§ < w1} be a Luzin set in I, that is, such that
|L N N| < w for every nowhere dense subset N of I. The existence of such
a set under CPAZLLE follows from Corollary 1.3.3.

Let £ = |X| < wy and let {X,:n < k} be an enumeration of X. We
will identify each X,,, n < k, with a Gs subset of {z,} x I* homeomorphic

to it.
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Now, let Sp be a Player II strategy in the game GAMEpigm (X). We will
modify it to a Player II strategy S in the game GAME,,ism (I x I*) in the
following way. First, for every prism P in I x I*, let R(P) be its subprism
such that

either R(P) C X,, for some n < k or R(P)N{JX = 0.

To choose such an R(P), first choose a subprism R of P such that its first
coordinate projection m[R] is nowhere dense in I. (This can be done, for
example, by applying Lemma 3.2.5.) So, w[R] contains at most countably
many points x,. Thus, by Claim 1.1.5, there is a subprism R; of R such that
either 7[R;] is disjoint with L or there is an 7 < s such that 7[R;| = {z,}.
In the first case we put R(P) = R;. In the second case we use Claim 1.1.5 to
find a subprism R(P) of Ry such that either R(P) C X, or R(P)NX, = .
Now strategy S is defined by induction on &, the step level of the game.
Thus, if a sequences T = ((P,,Q,):n < ) represents a “legal” sequence
(a sequence that could have been produced by S defined so far), we define
S(T, P) as follows. If R(Pe)NJ X = 0, we just put S(T, P¢) = R(P). For
the other case, let J = {n < & R(P,) C X for some X € X} and define

S(T, Pe) = So(((R(P,), Qy):n € J), R(F)),

where ((R(P,),Qy):n € J) is identified with ((R(Pi()), Qit)):n < ),
while 7 is an order isomorphism between an ordinal o and .J.

Since, by CPAIE?;;I;, S is not winning in GAME,,igm (I x 1) for Player II,
there is a game ((Pe, Q¢): & < wy) played according to S in which Player I
wins. To finish the proof put K = {£ < wi: R(P¢) C |J X} and notice that
((R(Pe),Qe): € € K) is a game in GAME,551 (X) played according to Sp,

in which Player I wins. Thus, Sy is not winning for Player II. [ ]

Corollary 3.6.3 CPA%%"° implies that

prism
strong-CPAng;: For every Polish space X and every Player II strategy
S for GAMEism (X) there is a game ((P¢,Q¢):§ < wi) played

according to S for which Un<§<w1 Q¢ = X for every n < wy.

PROOF. Let X = {{a} x X:a < w1}. Define a strategy Sp in the game
GAME pism (X) as follows. If T = ({{ay,} x Py, {ay} x Q,)in < &) is a
partial game, then put

So(T, {a} x Pe) = {a} x S(((Py, Qn):n < &), Pe).

By Theorem 3.6.2 there is a game (({ag} X Pe, {ae} X Q¢): € < wi) played
according to So in which Player I wins, that is, [, ,, {ae} x Q¢ = w1 x X.
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It is easy to see that ((Pe, Q¢): & < wi) is a game in GAME;i4m (X)) played
according to S in which every x € X belongs to w; many Q¢’s. [ ]

Remark 3.6.4 The following weaker version of CPApsm implies that
continuum is a cardinal successor:

CPA¢ : For every Polish space X and every Fprism-dense family

prism*

& C Perf(X) thereis an & C & such that |&y| < cand | X \JEy| < .

PRrROOF. First note that CPA¢

prism

implies the following version of part (b)
from Theorem 4.1.1:

There exists an F C C! such that |F| < ¢ and R? = User(fU .

The proof is identical to that for Theorem 4.1.1(b). On the other hand,
for a cardinal number x we have

¢ = kT if and only if there exists an F C R such that

[Fl=r<cand R?= [ J(fur.
feF
This is an easy generalization of the property P; from [120]. (See also [25,
thm. 6.1.8].) It is easy to see that the above two conditions imply that ¢

is a cardinal successor. [ |
¢ . . .
Note also that CPA[ ;. can be considered as a prism version of property

(ii) from Remark 1.8.2. Note also that, similarly as for Remarks 2.5.2 and
2.5.3, we can argue that the part of axiom CPA%™ without ¢ = wy follows
trivially from CH. However, the version of CPA with ¢ = wy replaced

game
prism
by ¢ > wy is equivalent to the original form of CPASIIC.



4

CPA,ism and coverings with smooth
functions

This chapter is based on K. Ciesielski and J. Pawlikowski [38]. Below we
will use standard notation for the classes of differentiable partial functions
from R into R. Thus, if X is an arbitrary subset of R without isolated
points, we will write C°(X) or C(X) for the class of all continuous functions
f: X — R and D' (X) for the class of all differentiable functions f: X — R,
that is, those for which the limit

f'(wo) = lim M

r—x0, TEX T — Xo

exists and is finite for all zp € X. Also, for 0 < n < w we will write
D™(X) to denote the class of all functions f: X — R that are n times
differentiable with all derivatives being finite and C™(X) for the class of
all f € D"(X) whose n-th derivative f(™ is continuous. The symbol
C>(X) will be used for all infinitely many times differentiable functions
from X into R. In addition, we say that a function f: X — R is in the
class “D™(X)” if f € C"1(X) and it has the n-th derivative, which can
be infinite; f is in the class “C™(X)” when f is in “D™(X)” and its n-
th derivative is continuous when its range [—00, o0] is considered with the
standard topology. “C°°(X)” will stand for all functions f: X — R that
are either in C*(X) or, for some 0 < n < w, are in “C*(X)” and f(™
is constant and equal to oo or —oo. (Thus, in general, “C*°(X)” is not a
subclass of “C™(X).”) In addition, we assume that functions defined on
a singleton are in the C* class, that is, C®({z}) = R{*}. We will use
these symbols mainly for X’s that are either in the class Perf(R) or are
the singletons. In particular, 7, will stand for the union of all C"(P) for
which P C R is either in Perf(R) or is a singleton. The classes D,

porfs and “Coo ;7" are defined in a similar way. We will drop the parameter
X if X = R. In particular, D" = D"(R) and C™ = C"(R). The relations

91
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between these classes for n < w are given in the following chart, where the
arrows — indicate the strict inclusions C.

Dn—i—l -— C"+1

]

o4 e — “Dn+1a7 -— ucn+1w
Chart 1.

In addition, for FF C R? we define F~! = {(y,z): (z,y) € F} and for
FCPR?) weput F1={FL.FeF}

4.1 Chapter overview; properties (H*) and (R)

The main result of this chapter is the following theorem.

Theorem 4.1.1 The following facts follow from CPAism.

(a) For every Borel measurable function g:R — R there exists a family of
functions {fe € “C32¢”: € < w1} such that

perf
g=U fe
E<w

Moreover, for each ¢ < w; there exists an extension fe:R — R of fe
such that

(l) fg c ucln and
(ii) either fe € C or f¢ is a homeomorphism from R onto R such that
fetecth

(b) There exists a sequence {f¢ € R®: ¢ < wy} of C! functions such that

R*= | (feureh.

E<ws

Clearly parts (a) and (b) of the theorem imply properties (R) and (H*),
respectively. In particular, we have

Corollary 4.1.2 CPA,,;.m Implies properties (R) and (H*).
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Note also that, by Corollary 5.0.2, under CPA®XTC . the functions f¢ in
Theorem 4.1.1(a) may be chosen to have disjoint graphs. Also, R? can
be covered by w; pairwise disjoint sets P such that either P or P~ ! is a
function in the class Céerf N “Coaxt” -

The essence of Theorem 4.1.1 lies in the following real analysis fact.
Its proof is combinatorial in nature and uses no extra set-theoretical

assumptions.

Proposition 4.1.3 Let g:R — R be Borel and 0 < a < wy.

(a) For every continuous injection h: €* — R there exists an E € P, such
that g | h[E] € “Cig;” and there is an extension f:R — R of g | h[E]
such that f € “C'” and either f € C! or f is an autohomeomorphism
of R with f~! € C!.

(b) For every continuous injection h: €* — R? there exists an E € P, such
that either F' = h[E] C R? or its inverse, F~!, is a function that can

be extended to a C' function f:R — R.

With Proposition 4.1.3 in hand the proof of Theorem 4.1.1 becomes an
easy exercise.

PROOF OF THEOREM 4.1.1. (a) Let g: R — R be a Borel function and let
€ be the family of all P € Perf(R) such that

g | P € “Cxy” and there is an extension f:R — R of g | P such that

f € “C'” and either f € C' or f is an autohomeomorphism of R with
f~tect.

By Proposition 4.1.3(a), the family & is Fpyism-dense: If P € Perf(R) is a
prism and h: €% — R from Fpism witnesses it, then @) = h[E] as in the
proposition is a subprism of P with @ € £. So, by CPApyigm, there exists
an & € [£]5*! such that [R\|J&| < wy. Let & = EU{{r}:r e R\U&}.
Then the family {g [ P: P € &£} satisfies the theorem.

(b) Let € be the family of all P € Perf(R?) such that either P or P71
is a function that can be extended to a C! function f:R — R. By Propo-
sition 4.1.3(b) the family € is Fpyism-dense, so there exists an & € [£]=
such that R\ J&| < wi. Let & = & U {{z}:2 € R?\ J&}. For every
P e & let fp:R — R be aC! function that extends either P or P~!. Then
the family {fp: P € &1} is as desired. [ |
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The proof of Proposition 4.1.3 will be left to the next sections of this
chapter. Meanwhile, we want to present a discussion of Theorem 4.1.1.

First we reformulate Theorem 4.1.1 in a language of a covering number
cov defined below, where X is an infinite set (in our case X C R? with

|X|=r¢)and A, F C P(X):

cov(A, F) = min ({/{: (VA € A)(3G € [FISF) A ¢ Ug} U {|X|+}) .

If A C X, we will write cov(A,F) for cov({A}, F). Notice the following
monotonicity of the cov operator: For every A C B C X, A C B C P(X),
and F C G C P(X),

cov(A,G) < cov(B,G) < cov(B,F) & cov(A,G) < cov(B,G) < cov(B,F).

In terms of the cov operator, Theorem 4.1.1 can be expressed in the
following form, where Borel stands for the class of all Borel functions
R —R.

Corollary 4.1.4 CPA, s implies that

a) cov (Borel, “Coort ”) =w; < ¢

(a)

(b) cov (Borel, “Cl”) =w; <¢;

(c) cov (Borel C1 CH™) =w <¢

(d) cov (R? ) =w <

PROOF. The fact that all numbers cov(A, G) listed above are < w; follows

directly from Theorem 4.1.1. The other inequalities follow from Exam-
ples 4.5.6 and 4.5.8. [

Theorem 4.1.1(b) and Corollary 4.1.4(d) can be treated as generaliza-
tions of a result of J. Steprans [124] who proved that in the iterated perfect

set model we have cov (RQ, (“Dl”) U (“Dl”)fl) < wj. This clearly fol-

lows from Corollary 4.1.4(d) since C! € “D'”. (See survey article [15]. For
more information on how to “locate” Steprans’ result in [124], see also [32,
cor. 9].)

The following proposition shows that Theorem 4.1.1 is, in a way, the
best possible. (Parts (i), (ii), and (iii) relate, respectively, to items (b),
(c) together with (d), and (a) from Corollary 4.1.4.)
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Proposition 4.1.5 The following are true in ZFC.

(i) cov (Borel,Cl) = cov (“Cl”,Cl) = cov (“Cl”,D1 ) = ¢. Moreover,

cov(“C"7,C") = cov(“C"”, D} .¢) = ¢ for every Op:fn < w.

(ii) cov (Borel,C2U (C*)™!) = cov (“CQ”,D;‘Srlc U (Dierf)ﬂ) = ¢ and
cov (R?,C? U (C?)™!) = cov (“C2”,D§erf u (Dgerf)*l) =c.

(iii) cov (Borel, Coart ) = cov (“C“’,ngrf> = cov (“C“,Déerf) = ¢ and

PROOF. Part (i) follows immediately from Examples 4.5.2 and 4.5.3.
Part (ii) follows from the monotonicity of the cov operator and Exam-
ple 4.5.1.
The first part of (iii) follows from (i). The remaining two parts follow,
respectively, from Examples 4.5.4 and 4.5.5. [ |

Corollary 4.1.4 and Proposition 4.1.5 establish the values of the cov oper-
ator for all classes in Chart 1 except for cov (D™,C™) and cov (“D™”, “C"”).
These are established in the following theorem, the proof of which will be
left to the latter sections of this chapter.

Theorem 4.1.6 If CPAism holds, then, for every 0 < n < w,

cov (D",C™) = cov (“D™7,“C™”) = w1 < c.

Note also that, by Corollary 5.0.2, under CPA®XTE , covering functions
in Theorem 4.1.6 may be chosen to have disjoint graphs.

With this theorem in hand we can summarize the values of the cov
operator between the classes from Chart 1 in the following graphical form.

“¢” next to the arrow means that the covering of the larger

Here the mark
class by the functions from the smaller class is equal to ¢ and that this
can be proved in ZFC. The mark “< ¢” next to the arrow means that it is
consistent with ZFC (and it follows from CPA,,ism) that the appropriate
cov number is < ¢. (From Examples 4.5.6, 4.5.7, and 4.5.8 it follows that all
these numbers are greater than or equal to min{cov(M), cov(N)} > w. So,
under the continuum hypothesis CH or Martin’s axiom, all these numbers

are equal to c.)
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D1 <<—C Cl pntl 47 Cn+1
CO <<— chln <<— “Cln C" ~— chn+1n <<— uanrlva
C C [ C

Chart 2. Values of the cov operator for n = 0 (left) and n > 0 (right).

The values of cov operator next to the vertical arrows are justified by
cov(“C™,D™) = ¢ (Proposition 4.1.5(i)), while the marks “< ¢” below
the upper horizontal arrows and that directly below them follow from
Theorem 4.1.6. The remaining arrow in the right part of the chart
is the restatement of the last part of Proposition 4.1.5(iii), while its
counterpart in the left part of the chart follows from Corollary 4.1.4(b):
cov (C, “Cl”) = cov (Borel, “Cl”) < ¢ is a consequence of CPAism. Fi-
nally, let us mention that in Corollary 4.1.4(b) there is no chance of in-
creasing the Borel family in any essential way and keep the result. This
follows from the following fact:

cov(Se,C) = cov (R¥,C) > cof(c), (4.1)

where the symbol Sc stands for the family of all symmetrically continuous
functions f:R — R that are, in particular, continuous outside of some set
of measure zero and the first category. (See K. Ciesielski [28, cor. 1.1] and
the remarks below on the operator dec.)

The number cov (A, F) is very closely related to the decomposition num-
ber dec(A, F) defined as

min ({x > w: (VA € A)(3G € [F]*) G is a partition of A} U {|X|}),

which was first studied by J. Cichon, M. Morayne, J. Pawlikowski, and
S. Solecki [24] for the Baire class « functions. (More information on
dec(F,G) can be found in a survey article [26, sec. 4].) It is easy to see
that if A and F are some classes of partial functions and F, denotes all
possible restrictions of functions from F, then cov(A, F) = dec(A, F,.). In
particular, for all situations relevant to our discussion above, the operators
cov and dec have the same values.

Our number cov is also related to the following general class of problems.
We say that the families A, F C P(X) satisfy the Intersection Theorem,
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which we denote by
IntTh(A, F),

if for every A € A there exists an F' € G such that |[AN F| = |X|. If
A = {A}, we write IntTh(4, F) in place of IntTh(A, F). This kind of
theorem has been studied for a large part of the twentieth century. In
particular, in the early 1940s S. Ulam asked in the Scottish Book [90, prob-
lem 17.1] if Int Th(C, Analytic) holds, that is, whether for every f € C there
exists a real analytic function g:R — R that agrees with f on a perfect
set. (See [127].) In 1947, Z. Zahorski [130] gave a negative answer to this
question by proving that the proposition IntTh(C®°, Analytic) is false. In
the same paper he also raised a natural question, which has become known
as the Ulam-Zahorski Problem: Does IntTh(C,G) hold for G = C* (or
G =C" or G = D")? Here is a quick summary of what is known about
this problem. (See [15].)

Proposition 4.1.7
(a) —IntTh(C*, Analytic) (Z. Zahorski [130])
(b) IntTh(C,C') (S. Agronsky, A. M. Bruckner, M. Laczkovich, and
D. Preiss [1])
(c) IntTh(C,C?) (A. Olevskii [109])
(d) =IntTh(C,C?) and —~IntTh(C™,C"*) for n > 2. (A. Olevskii [109])

We are interested in these problems because for the families A, F € P(R")
of uncountable Borel sets

—IntTh(A,F) = cov(A,F) =, (4.2)

as, in this situation, if —IntTh(.A, F), then there exists an A € A, |A| =,
such that |[AN F| < w for every F' € F. Thus in the examples relevant
to Proposition 4.1.5, instead of proving cov(A, F) = ¢ we will in fact be
showing a stronger fact that —IntTh(Ap,F) for an appropriate choice of
AgC Ae A

4.2 Proof of Proposition 4.1.3

Proposition 4.1.3 will be deduced from the following fact, which is a gener-
alization of a theorem of M. Morayne [99]. (Morayne proved his results for
E and E; being perfect sets, that is, for a = 1.) For a set X we will use the
symbol Ax to denote the diagonal in X x X, that is, Ax = {{z,z):x € X}.
We will usually write simply A in place of Ax, since X is always clear from
the context.
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Proposition 4.2.1 Let 0 < a < wy, E € P,, h: E — R be a continuous

injection, and G be a function from (h[E])?\ A into [0, 1] that is continuous

and symmetric, that is, such that G(z,y) = G(y, z) for allz,y € (h[E])?\A.

Then there exists an F1 € Py, F1 C E, such that G is uniformly continuous
n (H[EL)?\ A.

The proof of Proposition 4.2.1 will be presented in the next section. In
the proof of Proposition 4.1.3 we will also use the following lemma.

Lemma 4.2.2 Let g:R — R be Borel, 0 < a < wy, and E € P,. For every
continuous injection h: E — R there exist a subset F1 € P, of E and a
“Cl” function f:R — R such that f extends g | h[E].

In addition, we can require that either f € C' or

(%) f' I h[E4] is constant and equal to oo or —oo and f is an autohomeo-
morphism of R such that f~' € C'.

PROOF. First note that there exists an E’ € P, E' C E, such that
g [ h[E'] is continuous. (4.3)

Indeed, let hg € Pprism be such that E = hg [€*] and let U be a comeager
subset of A[E] = (ho hg) [€*] such that the restriction g | U is continuous.
Then (hohg)~*(U) is comeager in €* and, by Claim 1.1.5, there is a perfect
cube Q C (hohg)~1(U). The set E' = ho|Q] € P, has the desired property
since h[E'] = h[ho|Q]] C U.

Now let k: [—o00,00] — [0,1] be a homeomorphism and let G be defined

on (R[E'])*\ A by
Gla.y) = k (g(x) - g(y)> .
r—=y

Then, by Proposition 4.2.1, there exists an F{ € P,, E] C E’, such that G
is uniformly continuous on (h[E}])?\ A. So, there exists a uniformly con-
tinuous extension of G | (h[E{])2\ A to G | (h[E}])2. Clearly k=(G(x,x))
is the derivative (possibly infinite) of go = g | h[E1] for every = € h[E{], so
g0 € “C'(R[EA])".

Now, if (gy) "1 (R) is nonempty, then, as in the argument for (4.3), we can
find an Ey € P,, By C Ej}, such that h[E1] C (gj) ' (R). This obviously
implies g [ h[E4] € C;erf. But we also know that the difference quotient
function w is uniformly continuous on (h[E1])? \ A. Therefore, by
Whitney’s extension theorem [129] (see also Lemma 4.4.1), we can find a
C! extension f:R — R of g | h[E4].
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So, assume that (g4)~*(R) = (). Then either (g)~!(c0) or (gy) "1 (—oc0) is
nonempty and open in h[F{]. Assume the former case. Similarly as above
we can find an EY € P,, EY C Ef, such that gy[h[E{]] = {o0}. Then, by
a version of Whitney’s extension theorem from [14, thm. 2.1], we can find
a “C'” extension fo:R — R of g | h[EY].

But then there exists an open interval J in R intersecting h[F/] on the
closure of which f{ is positive. So fi1 = fo [ cl(J) is strictly increasing and
the derivative of fi !is continuous, nonnegative, and bounded. Thus there
exists a homeomorphism fo: R — R extending fi ! with f, € C*. Now put
f = f;" and take an E; € P, with E; C EY nh=1(J). Tt is easy to see
that F1 and f are as required. [ |

PrROOF OF PROPOSITION 4.1.3(a). By Lemma 4.2.2 we can find an
Ey € P, for which there is an extension f:R — R of g | h[FEp] such
that f € “C'” and either f € C' or f is an autohomeomorphism of R with
f~1 € C'. Thus, it is enough to find a subset E € P, of Ey for which
g | h[E] € “Coart” -

If there exist a subset E € P, of Ey and n < w such that

f=gThlE] € “Cl ;" and ™ has a constant value co or —oo, (4.4)

then this F is as desired. So assume that there is no such E. We will use
Corollary 3.1.3 to find a subprism E of Eq for which g [ h[E] € C3¢

First notice that we can assume that Ey = €%, since we can replace h
with h o hg, where hg € ®prism is such that Ey = ho [€]. Next, for every

k < w put
Dy, ={E €Pqa:g | h[E] € Cos}

and notice that each Dy is dense and open in P,. This is the case, since
for every E € P, applying Lemma 4.2.2 k times and using the fact that
(4.4) is false we can find a sequence £ = Py D --- D Py from P, such that
g | h[P] € C} for each i < k.

Notice also that, in the notation of Corollary 3.1.3, we have D} = Dy,
for every k < w. So, the set D = (k<o D is dense in P, and clearly
g | h[E] € C2,; for such an E. [ |

perf

PROOF OF PROPOSITION 4.1.3(b). Let m, and m, be the projections of
R? onto the z-axis and y-axis, respectively, and consider the functions
hy =7z oh and hy = m, o h. Applying Lemma 3.2.5 two times we can find
Be, By < o and E = Py, C P, from P, such that h, o ngl is a function on
73, [Ps) € Pg,, hy o ﬂgyl is a function on 7, [P,] € Pg,, and each of these



100 4 CPALism and coverings with smooth functions
functions is either one to one or constant. Notice that
either h; or hy is one to one on E. (4.5)

To see this first note that for every z € F we have

h(z) = (1 0 h(2), my © h(2)) = ((ha 0 75, ) (7, (2)), (hy 0 75 ) (75, (2))).

Since h is one to one, this implies that max{f,, 3,} = a. By symmetry,
we can assume that o« = B,. Thus, h, = h, o ng is either one to one or
constant on P, = mwg_[P,]. If h, is one to one on Py, then (4.5) holds. So,
assume that h, is constant on P,. Then m,oh = h, is constant on £ C P,,
and so hy, = m, o h must be one to one on F, since h is one to one. Thus,
(4.5) holds.

By symmetry, we can assume that h, is one to one on E. Therefore
7y 0 h is a one to one function from E onto m,[h[E]] C R. In particular,
Fy = h|E] C R? is a function from 7,[h[E]] into R. Then, by Lemma 4.2.2
used with g = Fyp and h = m, 0o h | E, we can find a subset F; € P, of E
and a function f:R — R extending h[E;] = ¢ | h[E1] such that either f or
£~ belongs to C*. [ |

4.3 Proposition 4.2.1: a generalization of a theorem of Morayne

Our proof of Proposition 4.2.1 is based on the following lemmas, the first
of which is a version of a theorem of F. Galvin [60, 61]. (For the proof see
[74, thm. 19.7] or [19]. Galvin proved his results for o = 1.)

Lemma 4.3.1 For every 0 < a < w; and every continuous symmetric
function h from (€%)?\ A into 2 = {0,1} there exists a P € P,, such that
h is constant on P?\ A.

Proor. For j < 2, let G; be the set of all s € € such that
(VB<a)(Ve>0)(He€)0<p(s,t)<e&s|f=t]B&h(s,t)=]
and notice that
each G; is a Gs-set and €% =Gy UG;. (4.6)

Indeed, to see that G; is a G5-set it is enough to note that for every 8 < a
and € > 0 the set

Gf’az{secla:(ﬂte@’)O<p(s,t)<E&8fﬁztfﬁ&h(svt):j}



4.8 Proposition 4.2.1: a generalization of a theorem of Morayne 101

is open in €%. So let s € Gf’s and take t € €% witnessing it, that is,
such that 0 < p(s,t) < e, s | B =1t 0, and h(s,t) = j. We can choose
basic open neighborhoods U and V of s and ¢, respectively, such that
UxV\ACh™(j). In addition, we can assume that 75[U] = mg[V] and
that each of the sets U and V has diameter less than § = (¢ — p(s,t))/3.
Then s € U C Gf’s since for every s’ € U there exists a t' € V, t/ # &,
with s’ [ 8 =1t | 8 (since mg[U] = mg[V]), h(s',t') € h[U x V' \ A] = {j}
and

0<p(s',t') < p(s' s) + p(s,t) + p(t,t') <0+ p(s,t) + 8 <e.

Thus each Gf’g is open and G is a Gs-set.

To see the second part of (4.6) assume, by way of contradiction, that
there exists an s € €%\ (Go U G1). Let [y, g0 and (1, €1 witness that
s ¢ Gp and s ¢ Gy, respectively. Define ¢ = min{eg,e;} > 0 and
0 =max{fp, 1} < a and find t € €* such that ¢t | B =s | 8, p(s,t) < &,
and t(8) # s(5). Then there exists a j < 2 such that h(s,t) = j, and this,
together with t | B; = s | §; and p(s,t) < €;, contradicts the choice of 3;
and ¢;. This finishes the proof of (4.6).

Next find a j < 2 and a basic clopen set U in € such that G is comeager
in U. Replacing € with U, if necessary, we can assume that G; is comeager
in €%, Define a binary relation R on €% by

R = {<$0,$1>:h($0,$1) =1 —j} UA.

Clearly, if P € Pg is R-independent, then P? \ A C h~!(j). Thus, it is
enough to find an R-independent P € Pgz. But this follows immediately
from Proposition 3.2.4, since G; and R clearly satisfy its condition (bin).
[ |

We will also need the following simple fact, which must be well known.

Lemma 4.3.2 There exists a continuous function h: € — [0,1] with the
following property. If X is a zero-dimensional Polish space, then for every
continuous function f: X — [0,1] there exists a continuous g: X — € such
that f =hog.

PRrROOF. Let {U,:0 € 2<“} be an open basis for [0, 1] such that Uy = [0,1]
and, for every o € 2%, U, = U,~o UU,~; and diam(U,) < 2'~*. For every
s € 2%, let h(s) € [0,1] be such that {h(s)} = ), ., cl(Ustn). It is clear
that h is continuous.

To see that h is as required take X and f as in the lemma. For every
o € 2<% choose an open set V,, C f~1(U,) such that Vj = X, V,~g and V,~;
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are disjoint, and V,~gUV,~1 = V. This can be easily done by induction on
the length of o using the zero-dimensionality of X.* Thus for every n < w
the sets {V,:0 € 2"} form a clopen partition of X.

Define g(x) as the unique s € € for which = € [, Vsjn. Clearly g is
continuous. Moreover, if g(z) = s, then

ze () VemcC (ﬂ Cl(Us[n)> = 7' ({h(s)}) = £ ({hlg(2))})

n<w n<w
so that f(z) € {h(g(x))}. Hence f = hog. [ |

The next lemma is already a very close approximation of Proposition 4.2.1.

Lemma 4.3.3 If « < wy and H is a continuous symmetric function from
the set (€*)2 \ A into €, then there exists an E € P, such that H is
uniformly continuous on E? \ A.

PROOF. For k < w define hg: (€%)2\ A — 2 by hi(s,t) = H(s,t)(k). It
is enough to find an E € P, such that each hjy is uniformly continuous on
E?\ A.

For this, first note that each hj, satisfies the assumptions of Lemma 4.3.1.
In particular, each set

Dy, = {P € P,: h is constant on P2\ A}

is dense and open in P,. So, by Corollary 3.1.3, we can find an E € P,
that belongs to all sets

Dj = {U D:D € [D]<* and sets in D are pairwise disjoint}.

To finish the proof it is enough to show that each Ay is uniformly continuous
on P2\ A for P € Dj. So, let {P;:i <m} C Dy be pairwise disjoint
such that P = J,_,, Pi. Then hy is constant (so, uniformly continuous)
on P; x P;\ A for each i < m. Compactness also guarantees that hy is
uniformly continuous on P; x P; for all distinct 4, j < m. So hy is uniformly

continuous on

2
PAA = Uicn P NA = (Usjem, iy P % B) UlUicpn (P x P\ A).
This finishes the proof. [ |

I Recall that every second countable zero-dimensional space X is strongly zero-
dimensional, see, e.g., [53, thm. 6.2.7]. In particular, for every open cover {Wo, Wi}
of X there are disjoint clopen sets Vo C Wy and Vi C Wy such that Vo UV; = X.
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PROOF OF PROPOSITION 4.2.1. Pick fy € ®pism () such that E = f; [€%]
and put

F=Go(ho fo,ho fo): (€)*\ A — [0,1]. (4.7)
Note also that
F=hygoH (4.8)

for some continuous symmetric function from H:(€%)?\ A — € and con-
tinuous hg: € — [0,1]. This follows immediately from Lemma 4.3.2 used
with a function f = F | {{z,y) € €% x €*:z < y}, where < is the lexi-
cographical order on €®. (We use the lexicographical order in which €¢
is identified with 2**“ and « X w is ordered in type w. Then the set
{{z,y) € €* x €*:x < y} is open in €* x €%.)

Now, by Lemma 4.3.3, there exists an Ey € P, such that H is uniformly
continuous on (Ep)?\ A. So H can be extended to a uniformly continuous
function H on (Eo)?. Then the function

G=hooHo(ho fo,hofo) ' =hooHo((fo) oh ™ (fo) toh™)

is also uniformly continuous on (h[fo[Eo]])?. Put E; = fy[Eo] and notice
that it is as desired.

Indeed, clearly F4 € P, and E; C E. Moreover, it is not difficult to see
that G | (R[E1])2\ A = G | (h[E1])2\ A. So G is uniformly continuous on
(h[E1])” \ A. .

4.4 Theorem 4.1.6: on cov (D",C") < ¢

In the proof we will use the following lemma.

Lemma 4.4.1 For n < w let f € C™ and let P C R be a perfect set for
which the function F': P>\ A — R defined by

() — M (y)
T —y

F(x,y) =

is uniformly continuous and bounded. Then f | P can be extended to a
C™*! function.

PrOOF. This follows from the fact that f [ P satisfies the assumptions
of Whitney’s extension theorem. To see this, notice first that F' naturally
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extends to a continuous function on P? with F(a,a) = "+t (a). Next,
forgq=1,2,3,... and a € P, let

™) - £ (a)

r—a

1
nq(a):sup{‘ — f D (q) :0<|x—a|<a}.
In the second part of the proof of [56, thm. 3.1.15] it is shown that if
lim sup{ny(a):a € P} =0, (4.9)
g—o0

then f | P satisfies the assumptions of Whitney’s extension theorem. How-
ever, we have

(n) xT) — (n) a
[ (x) = f")(a) _ f(nJrl)(a) = F(z,a) — F(a,a),

r—a

so the uniform continuity of F clearly implies (4.9). [ ]

PROOF OF THEOREM 4.1.6. The inequalities cov (“D™”, “C™”) > w and
cov (D™, C™) > w follow from Example 4.5.7. So it is enough to prove only
that these numbers are < wy.

To prove cov (D™,C") < wy, take an f € D™ and note that, by CPA,igm,
it is enough to show that the set

E={EecPerf(R):(3heC"(R) h| E= [ | E}

is Fprism-dense. So fix a prism P in R. Let k:[—o00,00] — [0,1] be a
homeomorphism. Applying Proposition 4.2.1 n times in the same way as
in the proof of Lemma 4.2.2, we find a subprism F of P such that for each
i < n the function k o F;: E? \ A — [0,1] is uniformly continuous, where
F;: B2\ A — R is defined by
Foy - 0@ =196
r—y

So each F; can be extended to a continuous function Fj: E? — [—o0, c0].
Note also that since Fj(z,x) = f0TY(z) € R, as f € D", we in fact have
Fi [EQ] C R.

Next, starting with fo = f, we use Lemma 4.4.1 to prove by induction
that for every i < n there exists an fi;1 € C*T}(R) extending f; | E. Then
the function h = f,, € C"(R) witnesses that E € £.

To prove cov (“D™”,“C™) < wy, take an f € “D™. As before, it is
enough to show that

& ={E' € Perf(R): (3h € “C"(R)") h | E' = f | E'}
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is Fprism-dense. So fix a prism P in R and find F, F;’s, and F,’s as above.
Note that the F;’s are well defined since f € “D™” c C"~!. By the same
reason, we have that F;[P?] C R for all i < n— 1. However, F,,_; can have
infinite values.

Proceeding as in the proof of Lemma 4.2.2, decreasing F if necessary, we
can assume that either the range of F,,_; is bounded or F,,_; | P?N A is
constant and equal to co or —oco. If F},_; is bounded, then, taking E' = E,
we are done as previously. So, assume that F,_;[P2 N A] = {oc}. (The
case of —oo is handled by replacing f with —f.) Then ("~ and E satisfy
the assumptions of Brown’s version of Whitney’s extension theorem [14,
thm. 2.1]. So, we can find a “C” extension g:R — R of f=U 1 E such
that ¢'[E] = (f»~VDY[E] = {oc0} and ¢'[R\ E] C R. By integrating g
n—1 times we can find a G: R — R such that G~V = ¢g. Then G € “C"”.
Next notice that G — f € C*(E), since (G — f)»~1) = g— f»~D =0 on E.
Now, proceeding as above for the case of f € C", we can find a subprism
E' of E and a function h € C*(R) extending G — f | E’. Then function
h=G-h belongs to “C™” as a difference of functions from “C™” and C™.
Moreover, h extends f | E' since h=G —h =G — (G—f)=fonE'. So,
h witnesses E' € £’. [ |

4.5 Examples related to the cov operator

We will start with the examples needed for the proof of Proposition 4.1.5
that give ¢ as a lower bound for the appropriate numbers cov(A, F).

Example 4.5.1 There exist a homeomorphism h: R — R and a perfect set
P C R such that h,h=t € “C?”, 1" | P =00, and (h™!)" | h[P] = —o00. In
particular, —IntTh (h [ P, Dgerf U (Df)erf)*l) and

cov (“CZ”, Df)erf U (D? )71) = cov (h,Dgerf U (D? )*1) =c.

perf perf

ProoF. First notice that there exist a strictly increasing homeomorphism
ho from R onto (0, 00) and a perfect set P C R such that

ho € “CY” and K | P = . (4.10)

Indeed, let C' be an arbitrary nowhere dense, perfect subset of [2,3)
with 2 € C and let d(x) denote the distance between z € R and C. Let
fo:(0,00) — [0,00) be defined by a formula fo(z) = 272 for z € (0, 1] and
fo(z) = d(x) for z € [1,00). Then fy is continuous and fy(z) = 0 precisely
when z € C. Define a strictly increasing function f from (0, c0) onto R by
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a formula f(z) = [{" fo(t)dt. Then f' = fo and f(z) =1— 2 on (0,1). It
is easy to see that ho = f~tand P = f[C] C (0, c0) satisfy (4.10).

Now put h(z fo ho(t)dt. Then clearly h is strictly increasing since
ho is positive. Also h is onto R as on (—00,0) we have ho(z) = ﬁ
and so h(x) = —In(l — x). It is easy to see that h' = hg; so, by con-

dition (4.10), h € “C?” and h” | P = co. Also, if ¢ = h™!, then
we obtain that ¢'(x) = 1/h'(g(z)) = 1/ho(g(x)) > 0 is strictly decreas-
ing and h™' = g € C!. Therefore, to see that h™! = ¢g € “C?” and
(h=1)" = —o00 on h[P] = h[f[C]], it is enough to differentiate ¢’(z) (note
that the differentiation formulas are valid, if just one of the terms is infinite)
to get g"(z) = —[h'(9(2))]"*h"(g(x))g'(z) = —h"(g())(¢'(x)). Thus, h
and P have the desired properties.

To see the additional part note first that for every f € Dgerf the functions
f and h | P may agree on at most a countable set S since at any point x
of a perfect subset @ of S we would have

(h 1 Q) (x) =00 # (f 1 Q)" (2).

Similarly, |f N (k | P)| < w for every f € ( pcrf) . This clearly implies
the additional part. ]

Example 4.5.2 There exists a perfect set P C R and a function f € “C'”
such that f'(x) = oo for every x € P. In particular, —IntTh (f | P, Décrf>

and
cov (Borel,Cl) = cov (“Cl", Cl) = cov (“Cl” Dperf) = cov (f, perf) c.

Proor. If f is a function hg from (4.10), then it has the desired properties.
For such an f and any function g € D!_ ., the intersection f N g must
be finite. So

perf>

¢ > cov (Borel,C") > cov (“C'7, D} o5) > cov (f, Dley) > ¢

Monotonicity of the cov operator gives the other equations. [ |

Example 4.5.3 For every 0 < n < w there exists an f € “C"” and a
perfect set P C R such that —IntTh (f [ P,D? ) so that

perf

cov(“C"”,C") = cov(“C"”, Dpoys) = cov(f, Do) = c.

PRrROOF. For n = 1, this is a restatement of Example 4.5.2. The general
case can be done by induction: If f is good for some n and F' is a definite

integral of f, then F € “C"*1” and —IntTh(F | P, D&;fl) =c u



4.5 Examples related to the cov operator 107

Example 4.5.4 There exists an f € C' and a perfect set P C R such that
|(f I P)Ng| < w for every g € “D?”. In particular, =IntTh (f | P, “D?”)
and

cov (C', “D*”) = cov (f, “D*") = c.

PROOF. In [1, thm. 22] the authors construct a perfect set P C [0, 1] and
a function f € C! that have the desired properties. The argument for this
is implicitly included in the proof of [1, thm. 22] and goes like that.
Function f has the property that f/(x) = 0 for all x € P. Now, assume
that some g € “D?” agrees with f on a perfect set Q C P. Then clearly
we would have (¢ [ Q)" =[(g 1 Q)) =[(f T Q)] =10 = 0. On the
other hand, in [1, thm. 22] it is shown® that for such a g we would have
9" (x) € {£oo} for every z € @), which is a contradiction. [ |

Example 4.5.5 For every 0 < n < w there exist an f € C" and a perfect
set P C R such that ~IntTh (f | P, “D"™'”) and

cov (Cn7 can—O—l:;) = cov (f’ an+1n) =c.

PrOOF. For n = 1 this is a restatement of Example 4.5.4. The general
case can be done by induction: If f is good for some n and F' is a definite
integral of f, then F € C"*! and ~IntTh(F | P,DjX}) = c. (]

Next we will describe the examples showing that the cov(.A, F) numbers
considered in Corollary 4.1.4 and Theorem 4.1.6 have values greater than w.
In what follows, cov(M) (cov(N), respectively) will stand for the smallest
cardinality of a family F C P(R) of measure zero sets (nowhere dense,
respectively) such that R = [JF.

Example 4.5.6 There exists a function f € D' such that
cov (f,“C'”U (D)) > cov(M) > w.
In particular,
cov (Borel7 “Cl”) > cov (D17 “Cl”) > cov(M) > w
and
cov (Borel,C' U (C*)™") > cov (D', C' U (C") ") > cov(M) > w.

1 Actually, the calculation in [1, thm. 22] is done under the assumption that g € C?,
but it also works under our weaker assumption that g € “D?”.
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ProoF. We will construct the function f only on [0,1]. It can be easily
modified to a function defined on R.

Let E C [0,1] be an F,-set of full measure such that E° = [0,1] \ E is
dense in [0, 1]. It is well known that there exists a derivative g: [0, 1] — [0, 1]
such that g[E] C (0,1] and g[E°] = {0}. (See, e.g., [17, p. 24].) Let
f:10,1] — R be such that f' = g. We claim that this f is as desired.

Indeed, by way of contradiction, assume that for some x < cov(M) there
exists a family {he € RR: ¢ < k} C “CY” U (D')~! such that f C Ug<r he-
Since hg are closed subsets of R? and the graph of f is compact, we see
that the x-coordinate projections P = m,[f N he] are closed. So, [0,1] is
covered by less than cov(M) closed sets Pe. Thus, there exists an n < K
such that P, has the nonempty interior U = int(F,)).

Now, if h, € “C'”, then h;, = f' = g on U, which is impossible, since
h;] is continuous, while ¢ is not continuous on any nonempty open set. So,
assume that h, € (D')~!. Note that f is strictly increasing as an integral
of function g that is strictly positive a.e. So f~! is strictly increasing and
agrees with & = h ' € D' on an open set f[U]. But then, if z € U\ E,
then 1/ (f(z)) = (f~Y'(f(x)) = ﬁ = oo, which contradicts h € D'. W

Note also that if f from Example 4.5.6 is replaced by its (n — 1)-st
antiderivative, then we also get the following example.

Example 4.5.7 For any 0 < n < w; there exists an f € D™ such that

cov (D™, “C™”) > cov (f, “C"™”) > cov(M) > w.

Example 4.5.8 There exists an f € C° such that
cov(C?, “D} 7)) > cov(f, “D} ;") > cov(N) > w.

perf perf

Moreover, for every n < w if F € C" is such that F(") = f, then

cov(C™, “D;’Ct% ”) > cov(F, “ngr% 7) > cov(N) > w

and

cov (Borel, “C2%,¢7) > cov (C™, “Cog”) > cov (F, “Coey”) = cov(N) > w.

PROOF. A continuous function f justifying cov(f, “Déerf”) > cov(N) was
pointed out by M. Morayne: Just take any f € C for which there is a set
A C R of positive measure for which |f~1(a)| = ¢ for all a € A. (See [124,
thm. 6.1].)

To see the additional part, let G = {ge:{ < k} be an infinite subset of

“D;;%” U “Coey” such that F C [JG. We will show that x > cov(N). For
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this first note that for every £ < » the domain of F'Ng. can be represented as
aunion of a perfect set P: (which can be empty) and a countable (scattered)
set S¢. Let S = J;_, S¢ and note that it has cardinality at most x. Since
F | P: = g¢ | Pe, by an easy induction on i < n we can prove that

FO | Pe= (g | Pe)® provided g¢ € “D? " and P:#0. (4.11)

perf
Thus, if g¢ € “«pril and Pe # (), then

perf
FIPe=F" | Pe=(ge | Pe)™ € “Dp”
On the other hand,

if ge € “Coo” \ “Dg;;”, then Py = 0.

”

Indeed, otherwise there is an ¢ < n such that g € “D;erf and géi) is

constant and equal to co or —oo. So, by (4.11), for any = € P: a real

number F(x) belongs to {—o0, 00}, which is a contradiction.
Thus F = {f | P <k & P #0}U{f | {a}:2 € S} C “D}

” has
perf
cardinality at most k and it covers f. So, by the first part, £ > cov(N). B
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Applications of CPA%%:™

prism

First notice that the proof that is identical to that for Theorem 2.1.1 also
gives its prism version which reads as follows.

Theorem 5.0.1 Assume that CPA%%"° holds and let X be a Polish space.

prism
If D C Perf(X) is Fprism-dense and it is closed under perfect subsets, then
there exists a partition of X into wy disjoint sets from DU {{z}:z € X }.

Notice that, by using Theorem 5.0.1, we can obtain the following gener-
alizations of Theorems 4.1.1 and 4.1.6.

Corollary 5.0.2 The graphs of covering functions in Theorems 4.1.1
and 4.1.6 can be chosen as pairwise disjoint.

5.1 Nice Hamel bases

The results presented in this section are based on K. Ciesielski and J. Paw-
likowski [40].

In the next two sections we will consider R as a linear space over Q. For
Z C R, its linear span with respect to this structure will be denoted by
LIN(Z). Notice that if L,,, for 0 < m < w, is the collection of all functions
£:R™ — R given by a formula

20, Tm—1) = Y ;0 €ii, Where ¢; € Q\ {0} for all i <m, (5.1)
then

LIN(Z) = | U dzm.

0<m<w (€L,

Also, Z C R is linearly independent (over Q) provided £(xq, ..., Zm—1) #0
for every £ € L,,, 0 < m < w, and {xg,...,2m_1} € [Z]™. It should be

110
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clear that the linear independence over QQ is an F-independence for the
family F of closed symmetric relations Fy, with ¢ € L,,, defined by

Fy(xo,...,2n-1) © L(Tr0), -+ Trn—1)) = 0 for some permutation 7 of n.

We also have LIN(Z) = clz(Z) for every Z C R. Recall also that the
subset H of R is a Hamel basis provided it is a linear basis of R over Q,
that is, it is linearly independent and LIN(H) = R.

The first result we prove in this section is that CPA

game
prism

existence of a Hamel basis that is a union of w; pairwise disjoint perfect
sets. This can be viewed as a generalization of Theorem 5.0.1. To prove
this we will need, as usual, some prism density results.

For a Polish space X and a family F of finitary relations on X, we say
that F has countable character provided for every n-ary relation F € F
and every F-independent set {z1,...,2,} € [X]™ the set

implies the

{x e X:F(z,x1,...,%n-1)}

is countable. It should be clear that the linear independence family F
defined above is of countable character. Similarly, algebraic independence
can be expressed in this language. (See page 65.)

The next fact can be considered a first approximation of what we will
need for finding our Hamel basis. However, it is not strong enough for
what we need: Both its assumptions and its conclusion are too strong.

Proposition 5.1.1 Let X be a Polish space and F be a countable family
of closed finitary relations on X such that F has countable character.
Then for every prism P in X there is a subprism @) of P such that @) is
F-independent.

PrOOF. This follows easily from Proposition 3.2.3. Indeed, pick an
h € ®prism(a) such that P = h[€?], for every n-ary relation F' on X
let

F*={(p1,...,pn) € (€*)": F(h(p1),- .., h(pn)) holds},

and put F* = {F*: F € F}. The countable character of F implies that
(ex) holds with G = €« for every F** € F*. So, by Proposition 3.2.3, there
exists an F*-independent E € P,. But this means that Q = h[E] is an
F-independent subprism of P. [ |

From Proposition 5.1.1 and the remark preceding its statement we im-
mediately conclude that
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prism

Corollary 5.1.2 For every prism P in R there is a subprism Q) of P such
that Q) is algebraically (so linearly) independent.

From Theorem 5.0.1 and Corollary 5.1.2 we can also easily deduce the
following fact.

Corollary 5.1.3 CPA%*"° implies that R is a union of w; disjoint, closed,

prism
algebraically independent sets.

Remark 5.1.4 Note that Corollary 5.1.2 is false if we replace prisms with
cubes. In particular, there is a cube P in R without a linearly independent
subcube.

PROOF. Indeed, let P; and P, be disjoint perfect subsets of R such that
P, U P, is linearly independent over Q. Let f: P, x P, — R be defined by
a formula f(z1,22) = 21 + x2. Then P = f[P; x P»] is a cube in R. To
see that P has no linearly independent subcube, let Q@ = @1 x Q2 be a
subcube of P and choose different a1,b; € Q1 and as,bs € Q2. Then the
set {a1 + ag, a1 + ba, by + az,b; + az} C Q is clearly linearly dependent. W

It seems that the conclusion from Corollary 5.1.3 is already close to the
existence of a Hamel basis that is union of w; disjoint closed sets. However,
the sets from Corollary 5.1.3 can be pairwise highly linearly dependent.
Thus, in order to prove the Hamel basis result, we need a density result
that is considerably stronger than that from Corollary 5.1.2.

Lemma 5.1.5 Let M C R be a o-compact and linearly independent. Then
for every prism P in R there exist a subprism @ of P and a compact subset
R of P\ M such that M U R is a maximal linearly independent subset of
MUQ.

PrOOF. Let F be the linear independent family defined at the beginning
of this section and let M = (M,,:n < w) be an increasing family of compact
sets such that M = J,,., M. Let Fy; = U, ., Fum,, where each Far,
is defined as on page 65, that is, Fas, is the the collection of all possible
projections of the relations from F along M,,.

If M N P is of second category in P, then we can choose a subprism
of P with Q@ C M. Then Q and R = ) have the desired properties. On the
other hand, if M N P is of the first category in P, then, by Claim 1.1.5, we
can find a subprism P; of P disjoint with M.

Now, applying Lemma 3.2.7 we can find a subprism @ of P, and a
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compact Fy-independent set R C P, C P\ M such that Q C clr (R).
But then M U R is F-independent; see (3.18). Moreover,

Q Cclr, (R) =clg(MUR) =LIN(M UR).
So, M U C LIN(M U R), proving that () and R are as desired. [ ]

Remark 5.1.6 In Lemma 5.1.5 we cannot require R = Q.

PRrROOF. Let P, P, and f be as in Remark 5.1.4. If M = P5, then P has
no subprism @ such that M U Q@ is linearly independent, since any vertical
section of () is a translation of a portion of M. [ |

The next theorem represents a generalization of Proposition 5.1.1 and
Theorem 5.0.1.

Theorem 5.1.7 CPAS""° implies that there exists a family H of w, pair-

prism

wise disjoint perfect subsets of R such that H = | JH is a Hamel basis.

PROOF. For a linearly independent o-compact set M C R and a prism P
in R, let Q(M,P) =@Q and R(M,P) =R C P\ M be as in Lemma 5.1.5.
Consider Player II strategy S given by

SU(Py Quhin < €).P) = Q (Ul Ryim < €1, )

where the R,’s are defined inductively by R, = R(U{R¢:¢ < n}, P,).

By CPAZLY, strategy S is not a winning strategy for Player IT. So there
exists a game ((Pe, Q¢): & < wi) played according to S in which Player II
loses, that is, R = U£<w1 Qe.

Let H = {R¢: € < wi} and notice that |JH is a Hamel basis. Indeed,

clearly | JH is linearly independent. To see that it spans R it is enough to
notice that LIN (U77<§ Qn) C LIN (Un<£ Rn) for every € < wi.

Although sets in ‘H need not be perfect, they are clearly pairwise disjoint
and compact. Thus, the theorem follows immediately from the following
remark. [ ]

Remark 5.1.8 If there exists a family H of w; pairwise disjoint compact
subsets of R such that | JH is a Hamel basis, then there exists such an H
with H C Perf(R).

PRrROOF. Let Hy be a family of w; pairwise disjoint compact subsets of
R such that |JHp is a Hamel basis. Partitioning each H € Hy into its
perfect part and singletons from its scattered part we can assume that
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prism

‘Ho contains only perfect sets and singletons. To get H as required, fix
a perfect set Py € Hp and an x € Py and notice that if we replace each
P € Ho \ {Py} with px + ¢P for some p,q € Q\ {0}, then the resulting
family will still be pairwise disjoint with union being a Hamel basis. Thus,
without loss of generality, we can assume that every open interval in R
contains wy perfect sets from Hy. Now, for every singleton {z} in Hy, we
can choose a sequence P’ > Py > Py > --- from H, converging to x and
replace a family {z} U {P?:n < w} with its union. (We assume that we
choose different sets P? for different singletons.) If H is such a modification
of Hy, then H is as desired. ]

Recall that a subset T" of R is a transcendental basis of R over QQ provided
T is a maximal algebraically independent subset of R. The proof that is
identical to that for Theorem 5.1.7 also gives the following result.

Theorem 5.1.9 CPAYC implies that there exists a family T of w pair-

wise disjoint perfect subsets of R such that T = |J7 is a transcendental
basis of R over Q.

Next, we will present two interesting consequences of the existence of a
Hamel basis described in Theorem 5.1.7. Let Z be a translation invariant
ideal on R. We say that a subset X of R is Z-rigid provided X,R\ X ¢ T
but XA(r 4+ X) € T for every r € R. An easy inductive construction
gives a nonmeasurable subset X of R without the Baire property, which is
[R]<¢-rigid. (The first such construction, under CH, can be found in a
paper [119] by W. Sierpiriski. Compare also [68].) Thus, under CH or
MA there are N' N M-rigid sets. Recently these sets have been studied
by M. Laczkovich [83] and J. Cichon, A. Jasiiski, A. Kamburelis, and
P. Szczepaniak [23]. In particular, M. Laczkovich’s result from [83, thm. 2]
implies that there is no N'N M-rigid set in the random and Cohen mod-
els. The next corollary shows that the existence of such sets follows from
CPA&™™®

prism*
Corollary 5.1.10 CPA®YYY implies there exists an NN M-rigid set X
that is neither measurable nor has the Baire property.

PROOF. Let H = {Q¢: & < w1} be from Theorem 5.1.7 and for every £ < wy
let Le = LIN (Un<f Qn>' Then R is an increasing union of L¢’s and each
L¢ belongs to NN M, since it is a proper Borel subgroup of R.

Since CPA®%:"° implies that cof(N) = cof(M) = wi, there exists a

prism

family {C¢: € < w1} € M UN such that every S € M UN is a subset of
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some C¢. By induction choose Xy = {z¢:{ < w1} C R such that
xe ¢ Ce ULIN(Lg U {z¢: ¢ < E}).
Then X, intersects the complement of every set from M UN. Define
X = (ze + Le)
E<wy

and notice that Xg € X and 2Xy, C R\ X. Therefore, both X and
R\ X intersect the complement of every set from M U N . In particular,
X,R\ X ¢ MUN.

Next notice that for every r € L¢

XA(r+X) C |Jlwe + Le) U (r + 2 + L) € N O M.
§<¢
Thus, X is N NM-rigid, but also N -rigid and M-rigid. These last two facts
imply that X is neither measurable nor does it have the Baire property. B

Our next application of Theorem 5.1.7 is the following.

Corollary 5.1.11 CPAZLYY implies there exists a function f:R — R such
that for every h € R the difference function Ap(x) = f(z + h) — f(x) is
Borel; however, for every a < wy there is an h € R such that Ay, is not of

the Borel class «.

Note that, answering a question of M. Laczkovich from [82], R. Filipéw
and I. Reclaw [57] gave an example of such an f under CH. I. Rectaw also
asked (private communication) whether such a function can be constructed
in the absence of CH. Corollary 5.1.11 gives an affirmative answer to this
question. It is an open question whether such a function exists in ZFC.

PROOF. The proof is quite similar to that for Corollary 5.1.10.

Let H = {Q¢: € < w1} be from Theorem 5.1.7. For every £ < w; define
L¢ = LIN (Un<€ Qn) and choose a Borel subset B¢ of Q¢ of Borel class
greater than £. Define

X=J Be+Le)
§<wy

and let f be the characteristic function X x of X.
To see that f is as required note that

Ap(z) = [Xnaxnx — Xx\(nix)] (2)-
So, it is enough to show that each of the sets (h+ X)\ X and X \ (h+ X)
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is Borel, though they can be of arbitrary high class. For this, notice that
for every h € Loy1 \ Lo we have

h+X=h+ |JBe+L)=Jn+Be+Le)u |J (Be+Le)
E<w (<a a<i<wi
and that the sets g, (h + Be + L¢) C Lay1 and U, ¢, (Be + L) are
disjoint. So

(h+X)\X = J(h+Be+ Le)\ X = | J(h+ Be + Le) \ | (Be + Le)
¢<a ¢<a ¢<a
is Borel, since each set Be + L¢ is Borel. (It is a subset of Q¢ + L¢, which
is homeomorphic to Q¢ X L¢ via the addition function.) Similarly, set
X\ (h+ X) is Borel.
Finally notice that for h € Q,, \ B, the set

(h+X)\ X = | (h+ B¢ + Le)
§<a
is of the Borel class greater than a, since (h+ Qo) N[(h+X)\ X] = h+ B,
has the same property. Thus, Ap(x) can be of an arbitrarily high Borel
class. m

5.2 Some additive functions and more on Hamel bases

The results presented in this section come from K. Ciesielski and J. Paw-
likowski [42].

The proof of the next application is essentially more involved than those
presented so far and requires considerably more preparation. However,
it can be viewed as a “model example” of how some CH proofs can be
modified to the proofs from CPASTIC. Recall that a function f:R — R
is almost continuous provided any open subset U of R? that contains the
graph of f also contains a graph of a continuous function from R to R. It
is known that if f is almost continuous, then its graph is connected in R?
(i.e., f is a connectivity function) and that f has the intermediate value
property (i.e., f is Darboux). (See, e.g., [105] or [29].) Recall also that a
function f:R — R is additive provided f(z +y) = f(z) + f(y) for every
z,y € R. It is well known that every function defined on a Hamel basis can
be uniquely extended to an additive function. (See, e.g., [25, thm. 7.3.2].)

Our next goal will be to construct an additive discontinuous, almost
continuous function f:R — R whose graph is of measure zero. In fact,

we will show that, under CPAZETC, such an f can be found inside a set
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(RxG)U(GXR) for every Gs subset G of R with 0 € G. A first construction
of such a function, under Martin’s axiom, was given by K. Ciesielski in [27].
Although it can be shown that such a function (i.e., with graph being
a subset of (R x G) U (G x R)) does not exist in the Cohen model, it
is unknown whether the existence of an additive discontinuous, almost
continuous function with graph of measure zero can be proved in ZFC alone.
Note also that, under CPARLIC | it is also possible to find an f as above
with G being a meager set of measure zero. However, this construction is
even more technical and will not be presented in this text.

Recall also that a function f:R — R is almost continuous if and only
if it intersects every blocking set, that is, a closed set K C R? that meets
every continuous function from C(R) and is disjoint with at least one func-
tion from RE. The domain of every blocking set contains a nondegenerate
connected set. (See [75] or [105].) It is important for us to note that every
blocking set contains a graph of a continuous function g: G — R, where
G is a dense G5 subset of some nontrivial interval. (See [76]. This fol-
lows from the fact that for every closed bounded set B with domain I,
the mapping I 3 = — inf{y: (z,y) € B} is of the first Baire class, so it is
continuous when restricted to a dense G subset.) Thus, in order to make
sure that a function is almost continuous, it is enough to ensure that its
graph intersects every function from the family

K= U{C(G): G is a G second category subset of R}. (5.2)

Now we are ready to state our next theorem.

Theorem 5.2.1 CPARNLY implies that for every dense Gs set G C R
such that 0 € G there exists an additive discontinuous, almost continuous

function f:R — R whose graph is a subset of (RxG)U(GxR) = (G xG)°.

Using Theorem 5.2.1 with GG of measure zero, we immediately obtain the
following corollary.

Corollary 5.2.2 CPAYNIC implies that there exists a discontinuous, al-
most continuous, additive function f:R — R whose graph is of measure

zero.

In what follows we will use the following notation for G, P C R:

GPl={zeRaz-PCG}=[)(p+G). (5.3)
pEP
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It is also convenient to note that
G[P]°=G°+ P.

We start with noticing some simple properties of this operation.

Fact 5.2.3 Let P,S,G,G' C R.
(a) If P C S and G’ C G, then G[P] D G'[5].

)
(c) icw Piand G =, _, Gy, then G[P] = ﬂi7n<w G,[P}].
(d) If P is o-compact and G is a G set, then G[P] is also a Gs set.
)
)

e) If G[P,] is a dense G set for every n < w, then so is G[U,,.., Pu]-

n<w = "

PRrROOF. (a) follows immediately from the second part of (5.3) while (b)
follows from its first part. To see (c) notice that, by (5.3),

GIPl=(({zeRa—P,cG}= (| {z€Ra—P,CG,}= [ GulP]

1<w 7,n<w ,n<w

So, (d) follows immediately from (b), while (e) is an easy consequence of
(c). Note also that

GIP|[S]°=G[PI°+S=G°+ P+ S =GP+ S|,
so (f) holds. [ |

Recall that for a Polish space X the space C(X) of continuous functions
from X into R is considered with the metric of uniform convergence.

Lemma 5.2.4 Let X be a Polish space and € K € Perf(X). For every
dense Gs-set G C R and a prism P in C(X) there exist a subprism @ of P
and a K € Perf(K) with z € K such that G[LIN(Rk(Q))] is a dense G
subset of R, where Rk (Q) = {h(z):h € Q & x € K}.

PrROOF. Let U be a countable family of open subsets of R with the property
that G = (U and fix a countable basis B for R. For 0 < m < w, let L,
be the set of all functions ¢ defined as in (5.1) and put L = {J.,, o, Lm-
In what follows, for £: X™ — R from L and Z C X we will write ¢[Z] in
place of £[Z™].

Let h € Fprism(C(X)) be such that P = h[€*] and fix an enumeration
{{Uk, Ly, Bi): k < w} of U x L x B. By induction on k < w we will construct
the sequences (£ k < w) and (Kp: k < w) such that, for every k < w:
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(a) Ky is a family {K; € Perf(K):t € 2¥} of pairwise disjoint sets such
that z € |J K.

(b) Ky C K; for each t € 2¥ and t C s € 2F+1,

(c) & = {ES cP,:s€ 2Ak}.

(d) & and Ei41 satisty conditions (i), (ii), (ag), and (sp) from Lemma 3.1.1
for every s,t € 24%+1 and r € 24k,

(e) If R, = {h(g)(m):g S ng & e UICk}7 then Uk(gk[Rk]) N By # 0.

Before we construct such sequences, note how this will complete the
proof. Clearly, by (a) and (b), sequence (£x: k < w) satisfies the assump-
tions of Lemma 3.1.1. Thus, E = [, J& belongs to Py, and so Q =
h[E] is a subprism of P. Also, if K = (1, _,, UK, then 7 € K € Perf(K).
To see that G[LIN(Rk(Q))] is a dense G, notice that Rx C Ry for all
k < w. So, by (e), we have U (¢x[Rk]) N By # 0. In particular, U(¢[Rk])
is dense and open for every U € U and ¢ € L. Thus, for every, U € U the
set

VIR (Q)] = U
LeL
is a dense Gs-set, and so is G[LIN(Rk(Q))] = Nyey U [LIN(Rk(Q))], as
desired.

To choose & = {Ey} and Ky = {Ky}, pick go € €%, put y = h(go)(Z),
and let {z} = {y[{y}]. Clearly Up[{z}] = {z € Rix — {z} C Up} is open
and dense, so there is a by € By such that by — {z} C Up. Let ¢ > 0
be such that by — (z — €,z +€) C Up. Find a number 6 > 0 such that
lol(y — 26,y +20)] C (2 —&,2+¢) and a clopen subset Ky of K containing
Z for which h(go)[Ky] C (y — 0,y + 9). Also, let 49 > 0 be such that
the diameter of h[B,(g,do)] is less than § and put Ey = Ba(go,dp). We
just need to check condition (e). But for every g € Ey and x € Ky we
have [h(g)(z) — | < [h(9)(z) — h(go) ()| + |h(g0)(x) — h(g0) (2)] < 28. So,
Ry C (y — 26,y + 20) and by — €o[Ro] C bo — (z — e,z +¢) C Up. Thus,
bo € Uo(€o[Ro]) N Bo.

To make an inductive step assume that, for some k < w, families &

U 4Rk (Q)]

LeL

= U[LIN(Rk(Q))]

and Ky are already constructed. We will find the appropriate 41 and
Kr+1. First use Lemma 3.1.2(A) to pick an &, = {E} € Py:s € 241}
such that (d) holds. For any s € 24%+1 choose a g, € E’ such that the
family {{gs}:s € 2*+1} satisfies condition (ag). Also, for every r € 2k+!
choose an x, € K, ), such that all points in X = {z,:r € 2571} are distinct
and z € X. Put Y = [J{h(g,)[X]:s € 241} and Z = {441[Y]. Clearly
UpalZ] ={zx € Rix — Z C Upq1} = (,cz(2 + Ugs1) is open and dense
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since Z is finite. Thus there is a by 41 € Bpy1 such that by — Z C Ugyq.
Let € > 0 be such that by1 —B(Z,¢) C Ugy1, where B(Z, ) is the set of all
z € R with distance from Z less than €. Since Y is finite, £ is continuous,
and Z = {p41[Y], we can find a § > 0 such that £;1[B(Y,20)] C B(Z,¢).
Also, for every r € 2% find a clopen subset K, of K1 containing z, such
that h(gs)[K,] C B(Y,6) for every s € 24%+1 and Ky = {K,:r € 2F+1}
is pairwise disjoint. This ensures (a) and (b). Let dg > 0 be such that
for every s € 24+ the diameter of h[B,(gs,d0)] is less than & and put
E, = Ba(gs,00) N E,. Tt is easy to see that with &1 = {E,:s € 241}
conditions (¢) and (d) are satisfied. We just need to check (e). To see
it notice that Rxy1 C B(Y,24), since for every h(g)(x) € Ryy1 there are
s € 24+1 and r € 251 such that

1(9)(x) = h(gs)(@r)| < [h(g)(x) = h(gs)(@)] + [Pgs)(x) — h(gs)(ar)| < 26,

while h(gs)(.%',«) ey. SO, bk+1 — €k+1[Rk+1] C bk+1 — B(Z,E) - Uk+1.
Thus, bi+1 € U1 (Cet1[Rit1]) N Bt [

As a corollary needed in the proof but also interesting on its own, we
conclude with the following.

Lemma 5.2.5 For every dense Gs subset G of R and for every prism P
in R there exists a subprism @ of P such that G[LIN(Q)] is a dense G;
subset of R.

PROOF. Let f € ®pism(e) be such that P = f[€%] and let h:R — C(R)
be given by h(r)(z) = r + z. Then h[P] is a prism in C(R) witnessed by
ho f. By Lemma 5.2.4 there exist a subprism Qo = ho f[E] of h[P] and a
K € Perf(R) with 0 € K such that Z = G[LIN({g(z):9 € Qo & = € K})]
is dense in R. But then Q = f[E] = h~1(Q) is a subprism of P and, since
0e K,

N
|

= GLIN({h(r)(z):r € Q & z € K})]
= GILIN{r4+z:reQ &z € K})]

C GLIN({r:r e Q})]
= GILIN(Q)].

So, G[LIN(Q)] is dense. It is Gs by Fact 5.2.3(d) since LIN(Q) is o-
compact. [

We will also need the following fact about perfect sets.
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Lemma 5.2.6 Let G be a proper dense Gs subset of R, W a second
category Gs subset of R, and M an F, subset of R such that G[LIN(M)]
is a dense Gs subset of R. Then there exists a linearly independent set
K € Perf(W) such that GILIN(M UK)] is dense, LIN(M )NLIN(K) = {0},
and LIN(M U K) \ LIN(M) C G.

In particular, if M is linearly independent, then so is M U K.

PROOF. First note that the density of G[LIN(M)] implies LIN(M) # R.
So, LIN(M) must be of the first category.

Replacing G with ({¢G:q € Q\ {0}}, if necessary, we can assume that
qG = G for every ¢ € Q\ {0}. Notice that then for every ¢ € Q\ {0} and
linear subspace V of R we also have

qGV]={qr:a -V C G}={y:(y/q) -V C G}={y:y—qV C ¢G}=G[V].

Let J be a nonempty open interval such that W is dense in J, and let
(Gi: k < w) and (Wy: k < w) be the decreasing sequences of open subsets
of R such that G = (1, _,, Gx and WNJ =, _,, Wi. Choose an increasing
sequence (My: k < w) of compact sets such that LIN(M) = (J, ., My; let R
be a family of all triples (¢, m, n) such that m,n < w,n > 0, and £ € L, y,,
where the L;’s are as in (5.1); and fix a sequence ({j,, my,nk) € R:k < w)
with each triple appearing infinitely many times. We will construct, by
induction on k < w, a fusion sequence (Us:s € 2% & k < w) of nonempty
open subsets of R such that Uy = .J and for every 0 < k < w and s € 2F~!
the following inductive conditions hold.

(a) cl(Ug~) and cl(Ug~) are disjoint subsets of Us N W
(b) le(a,z1,...,2p,) € Gy \ My, for every a € (My)™* and x; chosen from
a different U, with ¢t € 2.

To see that such a sequence can be built, assume that for some 0 < k < w
the sets {U,: s € 2F} have already been constructed. Let {t;:4 < 2"} be an
enumeration of 2¥ and by induction on i choose

4, € Upy o1 N(W\LIN(M U{z,,:5 < i})N (1 (+G[LIN(M))).
yGLIN{mtj 1j<i}

The choice can be made since Uy, x—1 is nonempty and open while the
remaining sets are dense Gy’s in Uy, ;-1 C J. Notice that the choice
guarantees that

(b) holds for x; chosen as different elements of {z;:t € 2F}. (5.4)

To see it first notice that clearly {z;,:i < 2*} is linearly independent and
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that LIN(M) N LIN({z¢,:i < 2¥}) = {0}. Also, it is easy to see that our
choice ensures that gz, — LIN{xz;: j < i} C G[LIN(M)], that means that
qxy, —LIN{zy,: j < i} —LIN(M) C G for every ¢ € Q\ {0} and i < 2*. But
if a € (Mg)™ and {z1,...,2n, } € [{24;:9 < 28}]™*, then for appropriate
q € Q\ {0} and i < 2* we have

le(@,x1,...,2p,) € qxy, — LIN{24,: j < i} — LIN(M) C G \ LIN(M).

So, (5.4) is proved.
Now, by the compactness of M} and the continuity of ¢, the set

Z={{x1,...,2n,): (3a € (Mp)™) lp(@,z1,...,2n,) € Gi \ My}

is open and, by (5.4), contains all one to one sequences 5 of points from
the set {z;:t € 2¥}. Since there is only finitely many such sequences 5, we
can find disjoint basic clopen neighborhoods U; of x4 such that (a) and (b)
hold. This finishes the inductive construction.

Let Ko = (o Usear Us- By (a), Ko is a perfect subset of W. Notice
also that, by condition (b),

T=|J {£@mwo,...,xn):a€ M™ & {x,..., 20} € [Ko]" ™ &L € Lypim}

m,n<w

is a subset of G \ LIN(M). Clearly 0 € LIN(M), and so 0 ¢ T. Therefore
Ky is linearly independent and LIN(M) N LIN(Ky) = {0}. In particular,
we have LIN(M U K) \ LIN(M) = T C G.

Now fix an z € Ky and K € Perf(Ky \ {z}). Then for every ¢ € Q\ {0}
and v € LIN(M U K) we have go —v € LIN(M U Ky) \ LIN(M) C G.
Thus, gz — LIN(M U K) C G, and so G[LIN(M U K)] contains a set
{qz:q € Q\ {0}}, which is clearly dense. Thus, K is as desired. [ ]

We will also need the following strengthening of Theorem 5.1.7.

Proposition 5.2.7 CPA® implies that for every dense Gs subset G
of R there exists a family ‘H of compact pairwise disjoint sets such that
H = |JH is a Hamel basis, and for every nonmeager G subset B of R and
every countable Hy C 'H there exists an uncountable H € H\ Hy such that

H C B and LIN(H U|JHo) \ LIN(UH,) C G.

PROOF. First notice that if G5 stands for the family of all G§ second
category subsets of R, then, assuming CPASEIC . there exists a B € [Gs]“
coinitial with Gs, that is, such that

for every G € Gs there exists a B € B such that B C G. (5.5)
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Indeed, since CPAiii’;i implies cof (M) = wy (see Corollary 1.3.3), there
exists a decreasing sequence (G¢:& < wi) of dense G5 subsets of R such
that for every dense G5-set W C R there exists a { < wy with G¢ C W.
It is easy to see that B = {G¢ N (po,p1):{ < w1 & po,p1 € Q & po < p1}
satisfies (5.5).

Decreasing G, if necessary, we can assume that G # R. Fix a sequence
(B¢ € B:£ < wy) in which each B € B is listed w; times. For a sequence
(Pg: & < wr) of prisms in R representing the potential play of Player I, con-
struct a sequence ((Qe, Rg, R%):f < wy) such that the following inductive
conditions hold for every § < wi, where Re = |J, (R} U Ry).

(i) The sets {R}:n < & & i < 2} are compact and pairwise disjoint.
(i) Repr = U{R}:n < € & i <2} is linearly independent over Q.
(ili) Q¢ is a subprism of Pe and Q¢ C LIN(R¢41).

(iv) R € Perf(Bg) and LIN(R U RY) \ LIN(R¢) C G.

(v) G[LIN(Rg41)] is a dense G5 in R.

To make an inductive step assume that for some £ < w; the required
sequence ((Q¢, RY, R%>:C < ) is already constructed. So, R is already de-
fined and, by the inductive assumption, R¢ is clearly linearly independent.
Next notice that

GILIN(R;)] is a dense Gs.

If £ = p+1, then it follows from (v) for 7. On the other hand, if £ is a limit
ordinal, then G [LIN(Re)] = G [U, < LIN(Ry11)| = ), G [LIN(R,y:1)]
so it follows from the inductive assumption as well.

We define R{ as a K from Lemma 5.2.6 applied to W = B¢ and M = Rg.
This guarantees (iv), Re N R = 0, the density of G[LIN(R¢ U R{)], and the
linear independence of R¢ U RY.

Next use Lemma 5.2.5 to prism P and G[LIN(R¢ U RY)] to find a sub-
prism @’ of Pe such that

G[LIN(R: U R)J[LIN(Q")] = G[LIN(R URY) + LIN(Q")]
= G[LIN(R: URUQ")]

is a dense G, where the first equation follows from Fact 5.2.3(f). Further,
apply Lemma 5.1.5 to M = R¢ U Rg and prism P = @’ to find a subprism
Q¢ of Q' and a compact R subset of @\ M such that MU R} is a maximal
linearly independent subset of M U Q.

The maximality immediately implies Q)¢ C LIN(M U Ré) = LIN(R¢41);
so (iii) holds. We also clearly have (i) and (ii). Condition (v) follows from
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the density of G[LIN(Re U R U Q)] and the fact that Ry C Q. This
finishes the inductive construction.

Now, if S is a Player II strategy associated with our construction, then
by CPASLS there exists a game ((Pg, Q¢): € < wi) played according to S
in which R = {J,_,, Q¢ Let <(R2, R¢):€ < wi) be a sequence associated
with this game. Then H = {R;:{ <wi & i < 2} is as desired. [ |

PrROOF OF THEOREM 5.2.1. Let X = {C(B): B € B}, where B is as in
(5.5). We will play GAMEism(&X') in which, by Theorem 3.6.2, Player II
has no winning strategy. Notice that since each g € K, where K is defined
as in (5.2), contains some function from |J X, every function f intersecting
each g € |JX is almost continuous.

Let H = {H¢:§{ < wi} be as in Proposition 5.2.7. We also fix a se-
quence P = (Pe:€ < wi) such that each P represents a prism in some
C(B) € X. The sequence P represents the potential play for Player I
in GAMEism (&), and we will construct, by induction, a strategy S for
Player II that will describe a game played according to S in response to
P. To make S a legitimate strategy, its value at stage & < w; will depend
only on Pr = (Py:n < §).

So, construct a sequence ((Hg, H}, Q¢, K¢, Re, Ye): € < wi) of subsets of
R such that for every £ < w; the following inductive conditions are satisfied,
where Be € B is such that P C C(Bg) and He = {H}:n < & & i < 2}.

(I) HY and H} are distinct elements of M \ |J He.
(1) HY € [Be]* and LIN(H? UUHe) \ LIN(UHe) C G.
(1) He € {Hin<¢&i<2}

We can choose such H, g and H 51 since ‘H was taken from Proposition 5.2.7.

Also, if Fe =, .¢(R,; UY,) and Ug = G[LIN(F)], then:

IV) Ug is a dense G5 in R.
3
(V) K¢ € Perf(HY), Q¢ is a subprism of Pg, Re = {h(z):h € Q¢, = € K¢},
and U¢[LIN(Rg)] is dense G5 in R.

(VI) Ye € Perf(R) is linearly independent such that G[LIN(Fg¢y1)] is dense,
LIN(F¢ URe) NLIN(Y;) = {0}, and LIN(Fe U Re UYe) \ LIN(F¢ U Re)
is a subset of G.

Assuming that (IV) holds, the possibility of a choice of Q¢, K¢, and R as
in (V) follows directly from Lemma 5.2.4. Next, since by Fact 5.2.3(f)
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U¢[LIN(R¢)] = G[LIN(Fg)][LIN(Rg)]
—  G[LIN(F¢) + LIN(Ry)]
= G[LIN(Fg U Re)],

we can apply Lemma 5.2.6 to our G, W = R, and M = F; U R¢ to
find a linearly independent K € Perf(R) for which G[LIN(F: U R¢ U K)]
is a dense G; subset of R, LIN(F; U R U K) \ LIN(Fr UR¢) C G, and
LIN(Fg U R¢) NLIN(K) = {0}. Then put Yy = K and notice that (VI) is
satisfied, since F¢i1 = Fe U Re U Ye.

To finish the construction it is enough to argue that (IV) is preserved.
But if £ = n+1 is a successor ordinal, then it follows immediately from (VI)
for n. But if £ is a limit ordinal, then (IV) follows easily from the density of
sets Uy, for n < & since Ug = G {Un<6 LIN (Ug<n(RC U {yc}))} =y<e Un-
This finishes the inductive construction of the sequence.

We define a strategy S for Player II by S(((Py,@y):n < &), Pc) = Q.
By Theorem 3.6.2, this is not a winning strategy, so there exists a game
((Pe, Qe): € < wr) played according to S in which J&X = U, Q¢. We
will use the sequence ((Hg, Hg, Qe¢, K¢, Re, ye): € < wy) associated with this
game to construct the desired function f.

Since, by (I) and (III), {Hgf <wp & i <2} =H, it is enough to define
f on each H; and extend it to a unique additive function. So, for each
¢ < w define f on Hg1 as a one to one function with values in Y¢. On each
H we define f such that f[H?] C Re¢ and f intersects every g € Q¢ on a
set K¢. It remains to prove that f is as advertised.

Certainly f is additive. It is also not difficult to see that f defined this
way cannot be continuous. To see that it is almost continuous it is enough
to notice that every g € |JX belongs to some Qg, so it is intersected by
f. To finish the proof it is enough to show that f C (R x G) U (G x R).
So, define f¢ as f | LIN (JHe). Since f = U§<w1 fe, it is enough to prove
that

fnCRxG)U(G xR) (5.6)
for every n < wi. This will be proved by induction.

Clearly fo = {(0,0)} C (R x G)U (G x R) since 0 € G. So assume that,
for some 0 < 7 < wy, condition (5.6) holds for every ¢ < 7. If 7 is a limit
ordinal, then f, = UC<17 f¢ s0 (5.6) clearly holds. So assume that n = §+1
and notice that

fo = fo T LIN(H? U|JHe) is a subset of (R x G) U (G x R).

This is so since f¢ C (R x G) U (G x R) by the inductive assumption while
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I\ fe € (G x R) since dom(f; \ fe) = LIN(H? UUHe) \LIN(UHe) C G
is guaranteed by (II).
Thus, to finish the proof, it is enough to show that

o\ f; € RXG).

To see it first note that, from our construction, range(f,) C LIN(FzURy).
Now, if 2 € dom(f, \ f;) = LIN(J Heq1) \LIN(H? UU He), then & = v+w
for some v € LIN(H{) \ {0} and w € LIN(H{ UJHe). Hence, by the
definition of f and condition (VI),

fo(@) = fy(v) + fy(w) € (LIN(Yg)\{0}) + LIN(F¢ U Ry)
— LIN(F¢ UR;UY;) \ LIN(F; UR) C G.

This completes the proof. [ |
For a subset A of R we define E*(A) as

k
ET(A) = {quiik <w&a; € A& q eQn0,00) for every i < k}
i=0
In [54], P. Erdds proved that under the continuum hypothesis there exists
a Hamel basis H for which E*(H) is a Luzin set. In particular, such an
E*(H) is of measure zero. K. Muthuvel [100], answering a question of
H. Miller [98], generalized Erdds’ result by proving that, under Martin’s
axiom, there exists a Hamel basis H for which ET(H) is simultaneously
of measure zero and the first category. However, it is unknown whether
there is a ZFC example of a Hamel basis H for which E*(H) is of measure

zero. In what follows we show that the existence of such a Hamel basis is
game

a consequence of CPAprism.

Theorem 5.2.8 CPAS"" implies that for every dense G5 subset G of R

prism

with 0 € G there exists an A C R such that LIN(A) =R and ET(A) C G.

Using Theorem 5.2.8 with G of measure zero and the fact that every set
A spanning R contains a Hamel basis, we immediately obtain the following
corollary.

Corollary 5.2.9 CPA®%"® implies that there exists a Hamel basis H such

prism
that E*(H) has measure zero.

PROOF OF THEOREM 5.2.8. Decreasing G, if necessary, we can assume
that ¢G = G for every nonzero ¢ € Q. Since G has a Polish metric, we can
use CPAEMC for GAME pi6m (X) with X = G.

prism
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Fix a sequence P = (Pe:& < wq) such that each P represents a prism
in X. Sequence P represents a potential play for Player I. We will construct,
by induction, a strategy S for Player II that will describe a game played
according to S in response to P. The value of S at stage £ < w; will depend
only on P = (P:n < ¢&).

For this, we will construct a sequence ((Q¢, A¢): & < wy) of pairs of o-
compact subsets of R such that, for every ¢ < € < wy:

(I) Q¢ is a subprism of P.
(II) Ag C Ag and UWSS Q’? C LIN(A&)
(III) The set G[E*(A¢)] is dense and E*(4¢) C G.

Assume that for some { < wy the desired sequence ((Q,,A,):n < &) is
already constructed. Let Bg = J, ¢ Ay. Then E¥[Be| = U, . ET[A,] is
o-compact and G¢ = G[E™(Be)] =, . G[ET(A,)] is a dense G;. Thus,
by Lemma 5.2.5, we can find a subprism Q¢ of P such that G¢[LIN(Q¢)]
is a dense G5 subset of R. Since

Ge[LIN(Q¢)] = G[E™ (B¢)|[LIN(Q¢)] = G[E™ (Be) + LIN(Qy)],

there exists an z € R such that z+ ET(B¢) + LIN(Q¢) C G. Thus, we also
have gz + E*(B¢) 4+ LIN(Q¢) C G for every nonzero g € Q. Let us define
C¢ = o+ LIN(Q¢) and put A¢ = B¢ U C¢. This clearly ensures (II). To
see ET(A¢) C G, notice that every element of ET(A¢) belongs to either
ET(B¢) C G or to gz + E*(B¢) 4+ LIN(Q¢) C G for some positive ¢ € Q.
The density of G[ET(A¢)] follows from

GIET(Ag)] = GIE™(Be)+ E"(Ce)]
[EF(BoIET (Ce)]
= G¢[ET(Cy)]

= Ge|Uyeqr (g + LINQo))]

= (Nyeq+ Gelaz + LIN(Q¢)]
= Nyeq+ (@7 + G¢ [LIN(Q¢))),

where QT = QN (0,00), since G¢ [LIN(Q¢)] is a dense Gs. This finishes
the inductive construction.

Let S be a strategy of Player II given by the above inductive construction.
Since S is not winning, there is a game ((Pg, Q¢): ¢ < wq) played accord-
ing to S in which G = X = U&w1 Q¢. Therefore, for A = U€<w1 Ag,
condition (III) implies that E(A) C G, while by condition (II) we have
R = LIN(G) = LIN (U§<wl Qg) C LIN(A). n

G
G
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5.3 Selective ultrafilters and the number u

The next three sections are based on K. Ciesielski and J. Pawlikowski [37].
We will use here the terminology introduced in the Preliminaries chapter.
Recall, in particular, that every weakly selective ultrafilter is selective and
that the ideal 7 = [w]<“ is selective. Another example of a weakly selective
ideal that we will use in what follows is given below.

Fact 5.3.1 The ideal T of a nowhere dense subset of Q is weakly selective.

PROOF. Let A € T and take an f: A — w. If there is a B € ZT N P(A)
such that f [ B constant, then we are done. So, assume that it is not the
case and let Ag C A be dense on some interval. By induction on n < w,
define a sequence {b, € Ap:n < w} dense in Ay such that f restricted to
B = {b,:n < w} is one to one. Then B is as desired. [ ]

In what follows we will also need the following fact about weakly selective
ideals, which can be found in S. Grigorieff [65, prop. 14].

Proposition 5.3.2 Let Z be a weakly selective ideal on w and A € 7. If
T C A<¥ is a tree such that

A\{j<w:sjeT} el foreveryseT,

then there exists a branch b of T such that blw] € ZT.

Theorem 5.3.3 CPASUIY implies that for every selective ideal T on w
there exists a selective ultrafilter F on w such that F C I*. In particular,

if CPASHL,, holds, then there is a selective ultrafilter on w.

The proof is based on the following lemma.

Lemma 5.3.4 Let Z be a weakly selective ideal on w.

(a) For every A € IT and every prism P in w* there exist a B € T+,
B C A, and a subprism @ of P such that either

(i) g | B is one to one for every g € Q, or else
(ii) there exists an n < w such that g | B is constant and equal to n
for every g € Q.

(b) For every A € " and every prism P in [w]|* there exist a B € I,
B C A, and a subprism @ of P such that either

e N B = for every x € Q, or else
e B C x for every x € Q.
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PROOF. (a) Fix an A € T, an f € Fprism(w®) from €* onto P, and
assume that for no subprism @ of P and B € ZT N P(A) condition (ii)
holds. We will find @ satisfying (i).

For i,n < w, let D(i,n) = {Ey € Py: (Vg € Ey) f(g)(i) # n} and for v <
a, Ee€P,, and A" C w, put D (E,i,n) = {ny[Eo]: Ey € D(i,n) N P(E)}
and

Dy(E,A',n) = () Dy(E,i,n).
icA/
Notice that the sets D, (E,i,n) and D,(E,A’,n) are open in P,. By in-
duction on 0 < 8 < o we are going to prove the following property.

Yp: Forall 0 < v < 3, E€P,, n<w, and Aezt NP(A) there exists an
A" € T+ N'P(A) such that D, (E, A", n) # 0.

In what follows for k < w and & = {E, € Pg: s € 2} satisfying (i), (ag),
and (sp) from Lemma 3.1.1 and &1 = {ES ePg:se 24k+1 }, we will write

Ery1 = &

provided (i), (ii), (ag), and (sp) hold for all s,t € 24+ and r € 24%. One
of the main facts used in the proof of 13 is the following property.

(x) If ¢, holds for all y < B, A € I NP(A), n < w, E € Py, & is as
above and such that | J&, C m5[E], and

Z(A, &, n) = {z € A (A1 < &) J&rs € Dg(E,i,n)},
then A\ Z(A,&,,n) € L.
In order to prove (x), fix an A € P(A)NZ+ and note that it is enough
to show that AN Z(A,E,n) # 0. Fix an &1 = {Es € Pgis € 24x+1}
such that €11 < &. We can find such an €11 by Lemma 3.1.2(A). Let

~v = max{d: (§,m) € Ap+1} < B.
First assume that v = 0. Then, for every s € 24%+1 the set

7, = {z € A:Dy(E,i,n) N P(E,) = @}

belongs to Z, as otherwise Q = f [ﬂﬁ_l(Es) N E] and B=Z, € ZTNP(A)
would satisfy condition (ii), contradicting our assumption. Let us define
A" = A\ J{Z,:s € 24%+1} € TT and notice that A’ C Z(A, &, n). Indeed,
take an i € A’ and for every s € 24%+1 choose E; € Dg(E,i,n) N P(Ey).
Then &1 & {Ey:s € 24841} < &, since (i), (ii), and (sp) hold for &1
as they were true for £ 1, and (ag) is satisfied trivially, by the maximality
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of v. Condition |J&k4+1 € Dg(E,i,n) is guaranteed by the choice of Ej’s;
so indeed i € Z(A, &, n).

Next assume that v > 0. Let B = {{(§,m) € Ap41:6 < 7}, and define
&y = {E; € Py:t € 28}, where Ef = m,[E,] for any s € 245+ with
t C s. Note that, by (ag), the definition of E} is independent of the choice
of s. Tt is easy to see that & | satisfies (ag) and (sp), where « is replaced
by 7. For Ay € P(A)NZ* and t € 2B, define D(Ay,t) as the collection of
all By € P, for which there exists an A’ € P(Ag) N Z+ such that

Eoeﬂ{ ( E)NE,A, )tCse2Ak+1}.

Clearly each D(Ag,t) is open, since so is each D, (ﬂ;l(Es) N E,A’,n).
It is also important to notice that D(/lg,t) is dense below E;. To see
this, fix an Ey € P, N P(E}) and let {s1,...,8,} be an enumeration
of the set {s € 24x+1:¢+ C s}. By induction on i < m we define two
decreasing sequences {E; € P,:i < m} and {4; € ZT7:i < m} with
the property that E; € D, (FW_I(E,L‘,1) N (WEI(E_’SI.) N E) Ay, n) provided
0 < i < m. The inductive step can be made since property ), holds.
Then E,,, € {D7 (ﬂgl(Es) N E,Am,n) tCsé€E 2Ak+1}, and so we have
E,., € D(Ay,t) NP(Ep).

Let D be the collection of all pairwise disjoint families £ € [P,]<% for

which there exists an A’ € P(A)NZT working simultaneously for all By € &;
that is, such that for all t € 28 and Ey € &, if Ey C E}, then

Eoeﬂ{ ( E)NE,A, )tCSGQAkH}.

Notice that D satisfies condition () from Lemma 3.1.2 used with « replaced
by 7. Indeed, if £ € D is witnessed by A’ € P(A)NZ+ and E € P, is disjoint
with [ J&, choose £ € P, below E, which is either disjoint with (J&;, ; or
contained in some Ef € & . f E'NU&;,, =0, then {E'}UE € D is
witnessed by A’. If E' C Ef € &, by the density of D(A’,t) below E},
we can find an A” € P(A')NZ" and

NPy (75 (B N B A7) st C s € 2}

Then {E”} UE € D is witnessed by A”.
Now, by Lemma 3.1.2(B), there is an ng = {E’t e D:te 23} e €&
satisfying conditions (ag) and (sp) and such that E, C E¥ for all t € 25.

Let A’ € P(A)NZ+ witness £p41 € €. We will show that A’ € Z(A, &, n).
So fix an i € A’. Since for every t € 28 and t C s € 2%+ we have
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E, € Dy(ﬂ[;l(ES) N E, A’ n), there is an E, € D(ﬂgl(ES) N E,i,n) with
Ty [Eq] = E,. Let E, = 3 [Eq] C E, and notice that

gk—o—l déf {ES: CES 2Ak+1} < &L.

Indeed, &1 satisfies (i), (ii), and (sp) since they were true for &1 and
Exy1 is a refinement of £,,;. Condition (ag) is satisfied by &1 since,
by the maximality of ~, it is nontrivial for B < ~ and for such B it is
guaranteed by (ag) for Ei41. Finally, U&k+1 € Dg(E,i,n) is guaranteed
by our definition, so indeed i € Z(A, E,n). This finishes the proof of (*).

To prove g assume that 1, holds for all v < 3. Fix F € Py, n < w,
and A € Tt NP(A). We need to find an A’ € T+ N P(A) such that
Dg(E,A',n) # 0, that is, ;e 4» Dg(E,i,n) # 0. We will construct a tree
T C A<¥ and the mapping T' 3 s +— &, € [P5]<“ such that & = {E} and
for every r € T and s = "% € T we have & < &, and U&; € Dg(E,i,n).
Notice that, by (x), for every r € T we can define &,~; for alli € Z(A,&,,n).
So we can ensure that T satisfies the assumptions of Proposition 5.3.2. Let b
be a branch of T' with A’ = blw] € Z*. By Lemma 3.1.1, Ey = (., U &k
belongs to Pg and Ey € ;.4 Ds(E,i,n). This concludes the proof of ¢.

For the conclusion of the proof we first need to refine the prism P. For
every i < w, let h;: €% — w C R be defined by h;(g) = f(g)(i). Clearly
each h; is continuous. Hence each set h; '(n) is open in €%, and so

D; ={FE € P,: h; is constant on E}

is dense and open in P,. Therefore, by Corollary 3.1.3, there exists an
E €., D, where

D; = {U D:Dc [Di]zi and the sets in D are pairwise disjoint}.

Let Py = f[E]. Then P, is a subprism of P. We will find a subprism @
of Py. Notice also that, by our construction, for every i < w there is a set
V; € [w]=% such that

flg)i) e Vi forall g € F and i < w.

Also, since 1), holds, so is the conclusion of (%) for § = «. In particular,
for every n < w and &, = {E; € Py:s € 2} satisfying (i), (ag), and (sp)
from Lemma 3.1.1 and such that |J & C E, we have

Z(A, Ep,n) = {z € A: (1 < &) |JEnr € D(i,n)}
and A\ Z(A,&E,n) €.
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We will construct a tree T' C A< as in Proposition 5.3.2 and the map-
ping T' 3> s +— & € [P,]<“. The construction is done by induction on the
levels of T. We start with &g = {E} and, for every r € T and s =r" € T,
we ensure that £ < &, and

UES € ﬂ{D(i,n):n € V; for some j € range(r)}. (5.7)

Notice that for r € T'if Z,, = {Z(A, &, n):n € V; for some j € range(r)},
then A\ Z, € Z. Moreover, for all i € Z, we can find &,~; as in (5.7). So, T
as above can be constructed. Take a branch b of T with B = blw] € Z and
Eo = Ngew UE ik € Pg. Then B and Q = f[Ep| satisfy (i). This finishes
the proof of (a).

(b) Since the characteristic function X gives an embedding from [w]“
into 2¥ C w*, the prism P can be identified with X[P] = {X,:z € P}.
Applying part (a) to X[P] we can find a subprism @ of P, k < 2, and
BcIt, BC A, suchthat X, | B=k for every z € Q. If k = 0, this gives
zNB=0foreveryx € Q. If k=1, wehave BCzforeveryz € Q. N

PrOOF OoF THEOREM 5.3.3. Let Z be a selective ideal on w. For a count-
able family A C ZT linearly ordered by C*, let C(A) € Z* be such that
C(A) Cc* A for every A € A.

For A € Tt and f € Fpism(w®) define P = range(f) and take
B(A,P) € [A] and a subprism Q(A4, P) of P as in Lemma 5.3.4(a). If
f € Cprism(w”) and P = range(f) = {z}, then we put Q(A, P) = P and
take B(A, P) € [A]“ satisfying the conclusion of Lemma 5.3.4(a).

Consider the following strategy S for Player II:

S({(Py; Qn):n < &), FPe) = QIC{By:n < &}), Pe),

where the sets B, are defined inductively by B, = B(C({B¢:¢ < n}), Py).

By CPAZLLL, strategy S is not a winning strategy for Player IT. So, there
exists a game ((Pr, Q¢): & < wi) played according to S in which Player II
loses, that is, w¥ = U5<w1 Qe.

Now, let F be a filter generated by {B¢:& < w1} and notice that F is
a selective ultrafilter. It is a filter, since {B¢:§ < wi} is decreasing with
respect to C*. It also easy to see that for every f € w® there exists a
B € F such that f | B is either one to one or constant. Indeed, if f € w*,
then there exists a § < w; such that f € Q¢. Then B = B is as desired.

Now, to see that F is an ultrafilter, take an A C w and let f € w* be a
characteristic function of A. Then B € F as above is a subset of either A
or its complement.
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It is easy to see that the above two properties imply that F is a selective
ultrafilter. ]

Notice that CPASC also implies that we have many different selective
ultrafilters. The consistency of this fact, in a model obtained by adding

many side by side Sacks reals, was first noticed by K. P. Hart in [66].

Remark 5.3.5 CPAYIIC implies that there are wy different selective ul-
trafilters.

PROOF. This can be easily deduced by a simple transfinite induction from:

() For every family U = {Fe:§ < wi} of ultrafilters on w there is a
selective ultrafilter F ¢ U.

Property (*) is proved as above, where we use Z = [w]<“ and the operator
C({By:n < &}) is replaced with Ce({B,:n < £}) ¢ Fe. [ ]

Since CPA holds in the iterated perfect set model, it is consistent with
291 = wy as well as with 2“* > wy. (See Theorem 7.2.1.) Now, from
Remark 5.3.5 we obtain that 2 = wy + CPASHIE implies that there are
2«1 different selective ultrafilters. It is worth noticing that the existence
of 21 different selective ultrafilters also can be deduced from a slightly
stronger version of CPASHI® (which follows from CPA) even when we have
24! > wy. (See Proposition 6.1.2.)

Recall that the number u is defined as the smallest cardinality of the
base for a nonprincipal ultrafilter on w. Thus Theorem 5.3.3 and Corollar-

ies 1.5.4 and 1.5.5 imply that

Corollary 5.3.6 CPA%%"° implies that u = t, = w;.

prism

5.4 Nonselective P-points and number i

Recall that an ultrafilter F on w is a P-point provided for every partition
P of w either PNF # 0 or there is an F' € F such that |[F N P| < w for all
P € P. Clearly every selective ultrafilter is a P-point. Thus, CPAS:IC
plies the existence of a P-point. On the other hand, S. Shelah proved that
there are models with no P-points. (See, e.g., [4, thm. 4.4.7].) K. P. Hart
in [66] proved that in a model obtained by adding many side by side Sacks
reals there is a P-point that is not selective. Next, we will prove that this
also follows from CPA2%™°  The main idea of the proof is the same as that

prism*
used in [66].

im-
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For m < w, let P, = {n < w:2™ —1 < n < 2™+ — 1} and define a
partition P of w by P = {P,,:m < w}. Consider the ideal Z on w,

7= {A C w:limsup|AN P,| < w}7 (5.8)

m—00

and notice the following simple fact.

Fact 5.4.1 If a family A € [Z1]=% is linearly ordered by C*, then there is
a O(A) € IT such that C(A) C* A for all A € A.

PRrROOF. Let {A,:n < w} C A be a C*-decreasing sequence coinitial with
A. For every i < w choose m; < w and C; € [P,,,]" such that C; C Nj<i 4
Then C(A) =, Ci is as desired. [ ]

To construct a nonselective P-point we are going to prove the following
theorem.
Theorem 5.4.2 If CPASIC holds, then there exists a C*-decreasing se-
quence B = {B¢ € I:£ < wi} such that the filter F generated by B is an
ultrafilter on w.

Notice that from this we will immediately deduce the required result.

Corollary 5.4.3 If CPA%%" holds, then there exists a nonselective
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P-point.

PrOOF. Let F be as in Theorem 5.4.2. Clearly F is nonselective, since P
is disjoint with ZT D F and every selector of P is in Z C P(w) \ F. The
fact that F is a P-point follows from the fact that F has a base linearly
ordered by C*. Indeed, if {S,:n < w} C P(w) \ F is a partition of w, then
for every m < w there is &, < w; such that Be,, C* w\ U,,<,, Sn. Let
B < wi be such that B C* By, for all m < w. Then F = By € F is such
that |[FFNS,| <w for all n < w. [ |

The proof of Theorem 5.4.2 will be based on the following lemma, which
is analogous to Lemma 5.3.4. Note that, although the statement of this
lemma is identical to that of Lemma 5.3.4(b), we cannot apply this lemma
here, since the ideal 7 is not weakly selective.

Lemma 5.4.4 Let T be as in (5.8). Then for every A € I+ and a prism P
in 2% there exist a B € I+, B C A, a subprism Q of P, and a j < 2 such
that:

(o) g | B is constant and equal to j for every g € Q.
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PROOF. Fix an A € 77 and an f € Forism (2¢) from €~ onto P. Since
A € I7 for every k < w, we can find a number m; < w such that
|[AN Py, | >k 22" First we will construct a subprism Qg of P and a
sequence (Ay, € [AN P, |*:k < w) such that for every k < w

g | Ay is constant for every g € Qq. (5.9)

This will be done using Lemmas 3.1.2 and 3.1.1. So, for each k£ < w, let
Dy, be the collection of all pairwise disjoint families £ € [P,]|<* such that
for every F € £

F(h) | P, = f(W) | Py, for all h,} € E. (5.10)

Clearly each Dy, satisfies condition (T) from Lemma 3.1.2, so by an easy in-
duction we can find a sequence (£, € Dy: k < w) satisfying the assumptions
of Lemma 3.1.1. Let Ey = (., U&k € Po. We will show that Qo = f[Eo]
satisfies (5.9).

Indeed, fix a k < w and notice that & = {E;:i < 2¥}. For each i < 2*
choose an h; € F; and define p: AN P, — 22" py o(p)(i) = f(hi)(p).
Since |[AN Py, | > k 22" by the pigeon hole principle we can find an
s € 22" such that |¢~!(s)| > k. Choose an A, € [p~!(s)]*. Then for every
i < 2% and p € Ay we have f(h;)(p) = ¢(p)(i) = s(i). To see (5.9), fix a
g € Qo C flUE&k) and notice that there exists an i < 2* and an h € E;
such that g = f(h). Then, by (5.10), for every p € A C P,,, we have
g(p) = f(h)(p) = f(h:)(p) = s;. So, g | Ak is constant and equal to s(7),
proving (5.9).

To finish the proof, fix a selector A from the family {Az:k < w}.
Then A € IT, where T is the ideal of finite subsets of w. Applying
Lemma 5.3.4(a) to A and Qp we can find a j < 2, an S € [A]“, and a
subprism @ of Qg such that g [ S is constant and equal to j for every
g€ Q. Put B=J{Ap:k <w & A, NS # 0}. Then, by (5.9), g | B is
constant and equal to j for every g € Q.

It is clear that B € Z+ NP(A), since it is a union of infinitely many sets
Ay € [AN Py, ). ]

PrROOF OF THEOREM 5.4.2. The proof is almost identical to that for
Theorem 5.3.3.

For A € It and f € Fprism (2¥) put P = range(f), and let B(4, P) € [A]¥
and a subprism Q(A, P) of P be as in Lemma 5.4.4. If f € Cprism(2¥) and
P = range(f) = {z}, then we put Q(A, P) = P and take B(4, P) € [A]¥
satisfying (o). Consider the following strategy S for Player II:

S({(Py; Qn):n < &), FPe) = QIC{By:n < &}), Pe),
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where sets B, are defined inductively by B, = B(C({B¢:¢ < n}), P,;) and
the operator C is as in Fact 5.4.1.

By CPAZLY,, strategy S is not a winning strategy for Player IT. So there
exists a game ((Pg, Q¢):& < wq) played according to S in which Player IT
loses, that is, 2% = U§<w1 Qe.

Let F be a filter generated by {B¢: & < w1 }. To see that F is an ultrafil-
ter, take an A C w and let f € 2% be the characteristic function of A. Let
& < wy be such that f € Q. Then f[B] = {j} for some j < 2, and so B is

a subset of either A or its complement. [ |

Note also that, similarly as for Remark 5.3.5, the conclusion of the fol-
lowing fact holds in a model obtained by adding many side by side Sacks
reals. This was first noticed by K. P. Hart in [66].

Remark 5.4.5 CPAZHTC implies that there are wy many different nonse-
lective P-points.

The existence of 2t different such ultrafilters also follows from a slightly
stronger version of CPASXIC. (See Proposition 6.1.2.)

Recall also that a family J C [w]“ is an independent family provided the

set
() An () (w\B)

AcA BeB

is infinite for every disjoint finite subsets A and B of J. It is often con-
venient to express this definition in a slightly different notation. Thus, for
W Cw,let WO=W and W! =w\ W. A family J C [w]“ is independent
provided the set
ﬂ wTw)
wWeJdo

is infinite for every finite subset Jy of J and 7: Jy — {0,1}.
The independence cardinal i is defined as follows:

i = min{|J|: J is infinite maximal independent family}.

The fact that i = wy holds in the iterated perfect set model was apparently
first noticed by Todd Eisworth and S. Shelah (see A. Blass [9, sec. 11.5]),
though it seems that the proof of this result was never provided. The
argument presented below comes from K. Ciesielski and J. Pawlikowski [37].

Theorem 5.4.6 CPA%%™° implies that i = w;.

prism
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The proof of the theorem is based on the following lemma. We say that
a family W C [w]“ separates points provided for every k < w there are
U,V € Wsuch that ke U\ V.

Lemma 5.4.7 For every countable independent family W C [w]“ separat-
ing points and a prism P in [w]* there exist W € [w]“ and a subprism @ of
P such that WU {W} is independent but W U {W,x} is not independent
for every = € Q.

PROOF. Let W = {W;:i < w} and let ¢:w — 2% be a Marczewski function
for W, that is, for i,k < w

) 1 for ke W,
pk)(0) = { 0 forké¢W,.

Note that ¢ is one to one, since W separates points. Notice also that for
every k,n < w and 7 € 2"

ke YW/ We (vi<n) ke WD (Vi< n)ok)@i) = 1(i) & T C ok).
i<n
Now, if [7] = {¢ € 2¥:7 C t}, then the sets {[7]: 7 € 2<“} form a base for
2% and
ke \W/" s o) e lr]. (5.11)
i<n
Thus, independence of W implies that ¢[w] is dense in 2. We will denote

plw] by Q, since it is homeomorphic with the set of rational numbers. Note
also that from (5.11) it follows immediately that:

(a) If W C w is such that o[W] and Q\ p[W] are dense, then WU {W} is
independent.

(b) If W,z C w are such that for some 7 € 2<% either [zt NW]N[r] =0
or p[W]N|[r] C ¢lx], then WU {W,z} is not independent.

Let Z be the ideal of nowhere dense subsets of ¢[w]. Then, by Fact 5.3.1,
is weakly selective, since p[w] is homeomorphic to Q. So, identifying ¢[w]
with w and applying Lemma 5.3.4(b), we can find a subprism @ of P and
aV € [w]“ \ Z such that either

e 2NV = for every x € Q, or else
e V C x for every x € Q.

Since V ¢ Z, there exists a 7 € 2<% such that ¢[V] is dense in [7]. Trimming
V, if necessary, we can assume that p[V] C [r] and that pw \ V] is also
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dense in [7]. Now let W D V be such that ¢[W] N [r] = ¢[V] and both
p[W] and ¢lw \ W] are dense in ¢[w]. Then, by (a) and (b), WU {W} is
independent while W U {W, z} is not independent for every z € Q. |

PROOF OF THEOREM 5.4.6. For a countable independent family W C [w]*
separating points and an f € Fpuem([w]¥) put P = range(f) and let
W(W,P) € [w]“ and a subprism Q(W, P) of P be as in Lemma 5.4.7.
If f € Cprism([w]*) and P = range(f) = {z}, then we put QOV,P) = P
and define W (W, P) as an arbitrary W such that WU{W} is independent
while WU {W, 2} is not.

Let Ap C [w]¥ be an arbitrary countable independent family separating
points and consider the following strategy S for Player II:

S{(Py, Qn):n < &), Pe) = Q(Ao U{Wy:n < &}, Fe),

where the sets W, are defined by W,, = W (Ao U{W,:{ < n}, Pp).

By CPASY strategy S is not a winning strategy for Player II. So there
exists a game ((Pg, Q¢): & < wq) played according to S in which Player II
loses, that is, [w]* = ¢, Q¢

Now, notice that the family J = Ag U {We € < wi} is a maximal
independent family. It is clear that J is independent, since every set W¢
was chosen so that AgU{W¢: ¢ < £} is independent. To see that the family
J is maximal, it is enough to note that every = € [w]“ belongs to a Q¢ for

some & < wi, and so Ag U {W¢:¢ < &} U {z} is not independent. [ |

By Theorem 5.4.6 we see that CPASI® implies the existence of an
independent family of size w;. Next, answering a question of Michael
Hrusék [67], we show that such a family can be simultaneously a split-
ting family. This is similar in flavor to Theorem 2.2.3. In the proof we will

use the following lemma.

Lemma 5.4.8 For every countable family V C [w]“ and a perfect set P in
[w]“ there exists a Wi € [w]“ such that V U {W;} is independent and Wy
splits every A € P.

Proor. We follow the argument from [49, p. 121] that s <.

For every A € [w]¥, let bs be a strictly increasing bijection from w onto
A. Then b: [w]¥ — w* defined by b(A) = b, is continuous. In particular,
b[P] = {ba: A € P} is compact, so there exists a strictly increasing f € w*
such that ba(n) < f(n) forevery A € Pand n< w. Forn < w, let f™ denote
the n-fold composition of f and let S,, = {m < w: f*(0) < m < f*+1(0)}.
Then f(0) < ba(f™(0)) < f(f™(0)) = f**(0) for every A € P and
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n < w. In particular, for every A € P,
Sp MA# 0.

So, if T' C w be infinite and co-infinite and Wy = {J,,c Sn, then W splits
every A € P. Thus, it is enough to take an infinite and co-infinite T' C w
such that V U {W;} is independent. [ |

Theorem 5.4.9 CPA2"™® implies that there exists a family F C [w]* of

cardinality wy that is spi'multaneously independent and splitting.
PROOF. The proof is just a slight modification of that for Theorem 5.4.6.
(Compare also Theorem 2.2.3.)

For a countable independent family W C [w]“ separating points and an
f € Fprism([w]*), put P = range(f) and let Wy € [w]* and a subprism Q
of P be as in Lemma 5.4.7. Let W; be as in Lemma 5.4.8 used with P = @
and V=W U {Wy}. We put Q(W, P) = Q1 and WW, P) = {Wy, W1 }.

If f € Ceube([w]?) and P = range(f) = {z}, then we put QOW, P) = P
and WOW, P) = {Wy, W1}, where W, and W; are such that WU{Wp, W1}
is independent and W1 splits P = {x}.

Let Ay C [w] be an arbitrary, countable, independent family separating
points and consider the following strategy S for Player II:

S(((Py, Qu)in < &), Pe) = Q(Ao U J{Wyin < €}, Po),

where the W,’s are defined by W,, = W( Ao U U{W,:n < &} Py).

By CPASLLY, strategy S is not a winning strategy for Player II. There-
fore, there exists a game ((Pg, Q¢): & < wr) played according to the strat-
egy S in which Player II loses, that is, [w]¥ = U§<w1 Q¢. Then the family

F=Ag U J{We: £ < wr} is independent and splitting. [ |

5.5 Crowded ultrafilters on Q

Let Perf(Q) stand for the family of all closed subsets A of Q without
isolated points, that is, such that their closures clg(A4) in R are perfect
sets. Recall that a filter F on Q is crowded provided it is generated by the
sets from Perf(Q) in a sense that F N Perf(Q) is coinitial in F. Crowded
ultrafilters were studied by several authors (see, e.g., [50, 46]) in connection
with the remainder SQ \ Q of the Cech-Stone compactification 3Q of Q.

In what follows we will also use the following simple fact, in which a
nonscattered subset of Q is understood as a set containing a subset dense
in itself.
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Fact 5.5.1 Every nonscattered set B C Q contains a subset from Perf(Q).

PrOOF. Since B is nonscattered, decreasing it, if necessary, we can assume
that B is dense in itself. Let {k, < n:n < w} be an enumeration of
w with infinitely many repetitions and let Q \ B = {an:n < w}. By
induction, construct a sequence ((p,,U,) € B x P(Q):n < w) such that
Pn € B\ U, <, Ui and |p, — pg,,| < 27" while U,, 3 a,, is a clopen subset of
Q\ {pi:i <n}. Then Q\ U, ., Un C B is as desired. [ |

The next theorem answers in the positive a question of M. Hrusak [67] on
whether there exists a crowded ultrafilter in the iterated perfect set model.

Theorem 5.5.2 CPASILC implies there exists a nonprincipal ultrafilter on
Q that is crowded.

Fix a p € R\ Q and for a family D C P(Q) let F(D) denote a filter on Q
generated by the family DU{I, NQ:n < w}, where I, = [p—2"",p+27"].
The proof of the theorem is based on the following lemma, in which [Q]“

w

is considered with the same topology as [w]* upon natural identification.

Lemma 5.5.3 Let D C Perf(Q) be a countable family such that F(D) is
crowded. Then for every prism P in [Q]“ there exist a subprism @ of P
and a Z € Perf(Q) such that F(DU{Z}) is crowded and either

(i) ZNz =0 for every z € Q, or else
(il) Z C z for every x € Q.

PrOOF. In what follows we will identify [Q]* with 29, the identification
mapping given by the characteristic function. Thus, we will consider P as
a prism in 2. Fix an f € Fprism (2@) from €% onto P.

Let {D,, € Perf(Q):n < w} be a coinitial sequence in F(D) with a
property that D, 1 C D, C I, for every n < w. Choosing a subsequence,
if necessary, we can find disjoint intervals J,, with K,, = D,,NJ,, € Perf(Q).

First we will show that there exist a sequence (B, C K,:n < w) of
nonscattered sets and a subprism P, of P such that

g | By, is constant for every g € Py and n < w. (5.12)

For each n < w, let D,, be the collection of all pairwise disjoint families
& € [P,]<¥ for which there exists a nonscattered set B, C K, with the
property that

g | By, is constant for every g € f[J&].
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To see that the families D,, satisfy condition (f) from Lemma 3.1.2, it is
enough to notice that for every nonscattered set B C Q and every prism
Py there is a subprism @ of P; and a nonscattered subset B’ of B such
that g | B’ is constant for every g € ;. But B contains a subset W
homeomorphic to Q. So, by Fact 5.3.1, the ideal Z of nowhere dense subsets
of W is weakly selective. So, applying Lemma 5.3.4 to this ideal and the
prism P;, we can find a B’ € I+, that clearly is not scattered, and a @ as
desired.

Thus, using Lemma 3.1.2, we can find a sequence (£, € D,:n < w)
satisfying the assumptions of Lemma 3.1.1. Let Ey = (1, ., U&n € Po. It
is easy to see that the sets B,, witnessing &, € D,, and Qo = f[Fy] satisfy
(5.12). Notice also that, by Fact 5.5.1, we can assume that B,, € Perf(Q)
for every n < w.

Now let A be a selector from the family {B,:n < w}. Then A € T+,
where 7 is the ideal of finite subsets of Q. Applying Lemma 5.3.4(a) to
A and Py, we can find i < 2, S € [A]¥, and a subprism @ of Py with the
property that g [ S is constant and equal to i for every g € . Define
Z = U{Bnn <w& B,NS # 0}. Then, by (5.12), g | Z is constant
for every g € Q). Finally, note that Z € Perf(Q) since Z is closed, as

PROOF OF THEOREM 5.5.2. For a prism P in [Q]* and a countable family
D C Perf(Q) for which F(D) is crowded, let Z(D,P) € Perf(Q) and a
subprism Q(D, P) of P be as in Lemma 5.5.3. Consider the following
strategy S for Player II:

S({(Py, Qu)in < &), Pe) = Q({ Zyin < &}, ),

where the sets Z, are defined inductively by Z, = Z({Z.: ¢ < n}, P,).
By CPAZLY, strategy S is not a winning strategy for Player I1. So there

exists a game ((Pr, Q¢): & < wi) played according to S in which Player II
loses, that is, [Q]* = U, Q-

Now, let F = F({Z¢: £ < w1 }). Then clearly F is a crowded nonprincipal
filter. To see that it is maximal, take an « € [Q]“. Then there is a £ < w;
such that 2 € Q¢. Then either Zg Nz = () or Z¢ C x. Thus, either x or its
complement belongs to F. [ ]

Note also that, similarly as for Remarks 5.3.5 and 5.4.5, we can argue
that there are many nonprincipal crowded ultrafilters.

Remark 5.5.4 CPASTC implies that there are wp many different non-

principal crowded ultrafilters.
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The existence of 2*t different such ultrafilters follows also from a slightly
stronger version of CPA®HIC. (See Proposition 6.1.2.)

The construction of crowded ultrafilters is quite similar to that of selec-
tive ultrafilters and of nonselective P-points. This similarity suggests that
it may be possible to construct a crowded ultrafilter that is also selective.

This, however, cannot be done:

Proposition 5.5.5 There is no nonprincipal crowded ultrafilter on Q that
is also a P-point.

PrOOF. Let F be a nonprincipal crowded ultrafilter on Q and let
{z} = Npercr(F) € R\ Q. Then I, = (x — 27", 2 +27") N Q be-
longs to F for every n < w. Let P = {I, \ Int+1:n <w}U{Q\ Ip}. Then
P is a partition of Q disjoint with F. It is also easy to see that if FF C Q
is such that |F'N P| < w for every P € P, then F' ¢ F. [ |

It is worth mentioning that CPAZLIE also implies the existence of many
other kinds of ultrafilters, like those constructed in [66]. This has been
recently done by A. Milldn [92, 93]. In fact, many constructions that are

done under CH also can be carried out under CPA%YC. However, this

always needs the use of some combinatorial lemma, such as Lemma 5.3.4,
which allows replacing points with prisms.
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CPA and properties (F*) and (G)

To express the most general version of our axiom we need yet another ver-
sion of a game, which we denote by GAME;??;Q“(X ). As before, the game
is of length wq, has two players, Player I and Player II, and at each stage
& < wq of the game Player I can play an arbitrary prism, now represented
explicitly by an fe € f;rism(X ), and Player II responds with a subprism
ge € Fliam(X) of fe. The game ((f¢,g¢):¢ < wi) is won by Player I

provided there exists a ¢ € € such that

X = |J g¢l{p € dom(ge): mo(p) = ¢},

E<wr

where 7 is a projection onto the first coordinate.
Now, if I = {&r < wy: cof(a)) = wy}, then CPA reads as follows.

CPA: ¢ = wq, and for any Polish space X Player II has no winning strat-
egy in the game GAME?®"°"(X). Moreover, there exist a fam-

ily {(f¢& € f;rism(X):£p< w1)ra < wy} of (very simple) tac-
tics for Player I, as well as the enumerations {co:a < wa} and
{Za:a < wse} of € and X, respectively, such that for every strat-
egy S for Player II there is a closed unbounded subset I's of T’
such that for every a € I'g and a game <<f§‘,g§>:§ < w1) played

according to S we have

X = |J 9¢ [{p € dom(ge): mo(p) = ca}]

E<wr

and

X\ |J  gelfp € dom(ge): molp) = ca}] C {we: € < .

9ge €EFprism

143



144 6 CPA and properties (F*) and (G)

In what follows we will not give any application for the moreover part
of the axiom. However, it is a powerful tool that we used in some earlier
versions of this text and which, we believe, will find some applications in
the future.

It is easy to see that CPA implies CPAZETE . We also have the following
implication.

Proposition 6.0.1 Axiom CPA implies the following section version of
the axiom CPA,i6m:

CPASSS. : ¢ = wq, and for every Polish space X, P € Perf(€), and an

prism*
*iem-dense family F C Fr... (X) there exist a ¢ € P and an

prism p

Fo C F such that |Fy| < wy and

X = J fHp e dom(f):mo(p) = c}].

feFo

PrROOF. The argument is essentially identical to that used in the proof of
Proposition 2.0.1. First note that the implication is true if P = €.

So, let F C Figm (X) be Fjom-dense. Thus for the prism f € F5 5, (X)
there exists a subprism s(f) € F of f. Consider the following strategy S

for Player II:

rism (

SU{Fnr gn):n < &), fe) = s(fe)-

By CPA, it is not a winning strategy for Player II. So there exists a game
((fe,ge): & < wi) in which g¢ = s(fe) for every £ < wy and Player II loses,
that is, there exists a ¢ € € such that

X = ¢ [{p € dom(ge): mo(p) = c}].

E<wr

Then Fy = {ge: £ < w1} is as desired.
To get the general version of CPATS, |
is enough to identify in every prism the first coordinate Cantor set € with
the set P and apply the above case when P = € to the family F’ of all
restrictions f | {z € dom(f): mo(x) € P} of f € F. [ ]

from the version with P = €, it

To state a cube version of CPAFS . we need the following additional

notation: For a fixed Polish space X the symbol F5¢¢ (X) will stand for

cube
the family of all continuous functions f from a perfect cube C' C €", where
1 <n < w, into X such that f is either one to one or constant.

It should be clear that CPASSS_ implies the following;:

prism
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CPAY.: ¢ = wa, and for every Polish space X and every Fij.-dense
family F C F2e¢ (X)) there exist a ¢ € € and an Fy C F such that
|Fo| < wy and

X = U flpedom(f):m(p) =]
feFo
Note that the axiom CPAZ}  would be false if we use in it F,, in place

of Fiit e, as noticed in Remark 6.4.1. Thus, this complication is essential.

For the remainder of this chapter we will concentrate on the consequences
of CPA%¢¢ and CPASS

cube prism*

6.1 cov(sp) = ¢ and many ultrafilters

To appreciate the section part in CPA, let us note that it implies Martin’s
axiom for the Sacks forcing P = (Perf(€), C) in a sense that for every family
D of less than ¢ many dense subsets of P there exists a D-generic filter in P.
This follows immediately from the following fact, since for a dense subset
D of P we have €\ |JD € sg. (Compare also Corollary 3.3.7.)

Proposition 6.1.1 CPA implies that cov(sg) = c.

PROOF. Let T = {T¢: £ < wi} C so. We will show that | J7 # €. Since s
is a o-ideal, we can assume that T; C T¢ for every 7 < £ < wy.

Consider the following Player II strategy S in a game GAME;erfgsn (R): If
Player I plays f¢ € FJ i, (R), Player II looks at P = mo[dom(f¢)], chooses
Q € Perf(P) disjoint with T¢, and replies with a subprism g¢ of f¢ such
that mg[dom(ge)] = Q.

Since, by CPA, S is not winning, there exist a game ((fe, ge):§ < wi)
played according to S and a ¢ € € such that

R = g {p € dom(ge):mo(p) = c}].
E<w

We claim that ¢ € €\ |7, so that 7T # €.
Indeed, if we had ¢ € T for some ( < w;, then we would also have

¢ ¢ moldom(ge)] for all { <& < w; and so
R = | J g [{p € dom(gy): m0(p) = c}].
n<¢

But this would mean that R is a union of countably many nowhere dense
sets range(gy), 1 < ¢. This contradiction finishes the proof. [ ]
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Next we will show that CPA implies the following generalization of Re-
marks 5.3.5, 5.4.5, and 5.5.4.

Proposition 6.1.2 CPA implies that there are 2“! different selective ul-
trafilters, 2** different nonselective P-points, as well as 2“1 different non-
principal crowded ultrafilters.

game |
prism”

ProOOF. First notice that CPA implies the following version of CPA

#-CPAZIIN: ¢ = wp, and for any Polish space X there is a collection

T = {T,:a < wz} of Player I tactics Ty, = (f§ € Fiqm(X):€ <
wq) for GAME,;ism(X) such that for any Player II strategy S for
GAME ism (X)) there is a £ < we with the property that a game

played according to T; and S is won by Player I.

We will show that the conclusion follows from *-CPAZY".

If 2“1 = wsy, this follows from Remarks 5.3.5, 5.4.5, and 5.5.4 and the
fact that +-CPASLIC implies CPARIIC . So, assume that 24t > ws.

First we will prove only that there are 2“1 different selective ultrafilters,
modifying slightly the proof of Theorem 5.3.3. So, let Z = [w]<¥. For i < 2
and a countable family A C ZT linearly ordered by C*, let C;(A) € T+
be such that C;(A) c* A for every A € A and Cy(A) N C1(A) = (. Let
B(A, P) € [A]* and Q(A, P) be as in Theorem 5.3.3 and for every z € 2“1

define a Player II strategy S, by:

Sz(<<P177Q77>:77 < £>7P€) = Q(Cz(ﬁ)({Bn:n < f})’PE)a

where the sets B, are defined by B,, = B(Cye)({B¢:¢ < n}), Py).

By +CPAZLLS, for every @ € 2¢t there is an a, < wp such that a game
((Pg,Q?):f < wy) played according to T,, and S, is won by Player I
As in Theorem 5.3.3, we can easily prove that the filter F, generated by
{Bg:f < wi} is a selective ultrafilter. To finish the proof, notice that if
x,y € 2¥1 are different and such that o, = «, then F, # F,. This is the
case, since By N By = (), where 7 < wj is the smallest ordinal for which
x(n) # y(n)-

Now, let K be the set of all regular cardinals k < 2“! greater than ws.
Then for every k € K there exists an X, € [2“1]" such that o, = o, for all
z,y € Xy. So, U, = {Fyp:x € X} is a family of k many different selective
ultrafilters. Thus, |J, c x Us consists of 2 different selective ultrafilters.

The proofs that *-CPASUC implies the existence of 21 different nonse-
lective P-points and of nonprincipal crowded ultrafilters consist of a similar
modification of the proofs of Theorems 5.4.2 and 5.5.2, respectively. [ ]
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6.2 Surjections onto nice sets must be continuous on big sets

sec
cube

In this section we will prove that CPA; implies:

(F*) For an arbitrary function h from a subset S of a Polish space X onto
a Polish space Y there exists a uniformly continuous function f from
a subset of X into Y such that |f Nh| = c.

Note that (F*) implies (F): If f:R — R is Darboux nonconstant, then its
range, Y = f[R], is a nontrivial interval, and so f is onto a Polish space Y.
We will start the proof of (F*) with the following fact.

Fact 6.2.1 Assume that CPASS . holds and that X is a Polish space. Then
for every function h from a subset S of X onto € there exists an f: F — X

in F2e¢ (X) such that the set

cube
Zy ={f(p) € S:p € E & h(f(p)) = mo(p)}

intersects f[C|] for every perfect subcube C of E. Moreover, function f is
one to one.

PROOF. By way of contradiction, assume that for every f: E — X from
see o there exists a perfect subcube Cy of E such that f[C}] is disjoint

cube

with Z¢. Then F = {f | Cy: f € Fs&5 .} is dense in F3 . So, by CPASS

cube cube* cube?

there exist a ¢ € € and an Fy C F such that |Fy| < w; and

X = fl{p € dom(f):mo(p) = c}].
feFo
Let 7 € S be such that h(r) = c. Thus, thereisan f € Fy, f: Cy — X, such
that r € f[{p € Cy:mo(p) = c}]. So, there exists a p € Cy with mo(p) = ¢
for which f(p) = r. But this means that hA(f(p)) = h(r) = ¢ = wo(p).
Therefore f(p) belongs to Z; and f[C/], contradicting the fact that these
sets are disjoint.

Thus, there is an f € FJr}, having the main property. To see that it
is one to one, it is enough to show that it is not constant. So, by way
of contradiction, assume that f is constant and find perfect subcubes C
and C’ of dom(f) such that 7o[C] N 7m[C’] = 0. So, there are p € C' and
p’ € C'" such that f(p), f(p') € Z;. Thus, since f is constant, we have
mo(p) = h(f(p)) = R(f(P")) = mo(p’), contradicting the fact that mo[C] and
mo[C'] are disjoint. [ |

Corollary 6.2.2 CPASS  implies (F*).

cube
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PROOF. Since Y contains a subset homeomorphic to &, by restricting h we
can assume that Y = €. Let f: £ — X and Zy be as in Fact 6.2.1. Clearly
there is continuum many pairwise disjoint perfect subcubes C of E, and Z¢
intersects f[C] for all these C'. So, since f is one to one, Z; has cardinality
¢. Note also that for every x = f(p) € Z; we have h(z) = mo[f ™ (2)].
Thus, on a set Z¢, h is equal to a continuous function mg o f~1. |

If in (F*) we have X, Y C R, then we can also get the following stronger
result.

Corollary 6.2.3 CPA®S_ implies the following property:

prism
(F’) For any function h from a subset S of R onto a perfect subset of R
there exists a function f € “C5¢,;” such that [f Nh| = c and f can be
extended to a function f € “C'(R)” such that either either f € C! or

f is an autohomeomorphism of R with f~' € C'.

PROOF. Let f* be a continuous function as in condition (F*), that is,
such that |f* N h| = ¢, and let ¢:R — R be a Borel extension of f*.
Let {fe:& <wi} be the functions from Theorem 4.1.1(a). Then we have
f*Nh C g CUgey, fe- So, there exists a § < wi such that |fe Nh| = c and
f = fe¢ is as desired. ]
This is

Notice also that function f in (F’') cannot chosen from D;erf.

evident for h = f [ P, where f and P are from Example 4.5.2.

6.3 Sums of Darboux and continuous functions

In this section we show that the conjunction of properties (A) and (F*)
implies the property:

(G) For every Darboux function g: R — R there exists a continuous nowhere
constant function f:R — R such that f + ¢ is Darboux.

In particular, (G) follows from CPASS .

The proof presented below follows the argument given by K. Ciesielski
and J. Pawlikowski in [34]. Although it is more involved than many of
the other proofs presented so far, it is still considerably simpler than the
original proof of the consistency of (G) given in [123]. Recall that, under
Martin’s axiom, property (G) is false, as proved by B. Kirchheim and
T. Natkaniec [78].

Our proof will be based on the following two lemmas.
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Lemma 6.3.1 Let d:R — R be Darboux and D C R be such that d [ D
is dense in d. If g: R — R is continuous and such that

[(d+9)(), (d+9)(B)] C (d+9g)[la, 8] forall «,feD,  (6.1)

then d + g is Darboux.

PROOF. An easy proof can be found in [123, lem. 4.1]. [ ]

Lemma 6.3.2 Assume that (A) holds and for every n < w let A,, € [R]".
Then for every n < w there exists a B,, € [A,]° such that the closures of
the B, ’s are pairwise disjoint.

PRrROOF. First note that (A) implies that
V(Cy, € [R]*:n <w) 3C € [Co]° Vn < w |Cp \ cl(C)| = c. (6.2)

Indeed, by condition (A), we can find a continuous function f:R — [0, 1]
such that |Co N f~1(c)| = ¢ for every ¢ € [0,1]. (Just take a composition
of a function from (A) with the Peano curve followed by a projection.)
Identify € with a subset of [0,1] and by induction on n < w choose an
increasing sequence s,, € 2”1 such that |C,, \ f~1({c € €:s, C ¢})| = ¢
Put s = J,, ., $n.- Then C = CyN f~!(s) satisfies (6.2).

Next note that there exists a sequence (D,:n < w) of closed subsets of
R such that |An N (Dn \Uicn Dl)‘ = ¢. This sequence is constructed by
induction on n < w with each set D,, chosen by applying condition (6.2)
to the sequence (Ax \ U, Diin <k <w).

Finally, since each set D, \ U, .,
subsets of them FE,, with B, = E,, N A,, having cardinality ¢. It is easy to
see that the sets B,, are as required. [ |

D; is an F,-set, we can find closed

Remark 6.3.3 Note that Lemma 6.3.2 cannot be proved in ZFC. Indeed,
if we assume that there exists a ¢-Luzin set! and (4, € [R]:n < w) is a
sequence of ¢-Luzin sets such that every nonempty open interval contains
one of the A,,’s, than for such a sequence there are no B,,’s as in the lemma.

L Aset L CRis a c-Luzin set if |[L| = ¢ but |L N N| < ¢ for every nowhere dense subset
N of R. It is well known (see, e.g., [95, sec. 2]) and easy to see that no c¢-Luzin set
can be mapped continuously onto [0,1]. Thus (A) implies that there is no ¢-Luzin
set.
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Lemma 6.3.4 Assume that (A) and (F*) hold and d: R — R is a Darboux
function. If D is a countable subset of R such that:

() For every a < 3 from D for which d(«)) = d(8) there exist p,q € R
such that o < p < ¢ < 8 and d[(p,q)] = {f(a)},

then there exists a countable family A C [R]* such that

(a) different elements of A have disjoint closures,

(b) d | A is uniformly continuous for every A € A, and

(¢c) for every a,3 € D there exists an A € A with the property that
d]ACap]x [d),d(B)].

PrOOF. First, for every a < 3 from D, we choose A2 € [R] such that
the family Ay = {A%:a, 3 € D & a < (3} satisfies (b) and (c). For this fix
a < B from D.

If d(a) = d(B), then it is enough to put A? = (p,q), where p and ¢
are from (). So, assume that d(a) # d(8). Then I = [d(«),d(B)] is a
nontrivial interval, which is a subset of d[[a, 3]], since d is Darboux. Let
S = [a, BN d~*(I) and notice that h = d | S maps S onto I. So, by (F*),
we can find an A8 € [S]¢ such that d | A? is uniformly continuous.

It is easy to see that Ay satisfies (b) and (c); so it is enough to de-
crease its elements to get condition (a), while assuring that they still have
cardinality ¢. This can be done by applying Lemma 6.3.2. [ ]

Theorem 6.3.5 Assume that (A) and (F*) hold. Then for every Darboux
function d:R — R there exist a complete metric p on C(R) and a dense
G5 subset G of (C(R), p) of nowhere constant functions such that d + g is
Darboux for every g € G. In particular, (A)&(F*) implies (G).

Proor. Take a Darboux function d: R — R and choose a countable dense
set D C R satisfying condition () from Lemma 6.3.4 such that d [ D
is dense in d. Let A C [R]° be the family from Lemma 6.3.4 and let
{A,:n < w} be an enumeration of AU {{d}:d € D\ |JA}. Let py be the
uniform convergence metric on C(R), that is,

pO(f» g) = min{l, Sup{\f(x) — g(x)|:x c R}},
and, for f,g € C(R), let
pi(f,9) =27 min{n<w:flAn#glAn}

(If{n<w:f|A,#g] Ay} =0, we assume that pi(f,g) = 0.) Then p;
is a pseudometric on C(R). Consider C(R) with the following metric p:

p(f,9) = max{po(f,9),p1(f,9)},
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and notice that (C(R), p) forms a complete metric space. We will prove
that if G is the set of all nowhere constant continuous functions g: R — R
for which d + g satisfies (6.1) of Lemma 6.3.1, then G contains a dense G
subset of (C(R), p). For this we will show that for every oo < 8 from D the
following two kinds of sets contain dense open subsets of (C(R), p):

HP = {g€C(R):g is not constant on (a,3)}

and

G = {9 € CR):[(d+ g)(a), (d+ g)(B)] C (d + g)l[ev, B]]}-
Then
ﬂ{HgﬂGg:a,ﬂeD&a<ﬂ} CcG

will contain a dense Gg subset of (C(R), p).

To see that HP contains a dense open subset, first note that, by (a)
and (c) of Lemma 6.3.4, the elements of A are nowhere dense. Next, take
an f € C(R) and fix an € > 0. Let B(f,e) be the open p-ball centered
at f and of radius e. We will find g € B(f,e) and § > 0 such that
B(g,8) C B(f,e) N H?. So take an n < w such that 27" < £/4, choose a
nonempty open interval J C (o, 3) \ U;—; Ai, and pick different z,y € J.
It is easy to find g € C(R) such that g(z) # g(y), g | R\ J) = f [ (R\ J),
and po(f,g) < 27™. Then, by the choice of J we also have p1(f,g) < 27",
so g € B(f,e/4). Now, if 6 = min{|g(z) — g(y)|/4,¢/4}, then we have
B(g,6) C B(f,e) N HE.

To see that each G? contains a dense open subset, take f € C(R) and
€ > 0. As previously we will find a g € B(f,e) and a § > 0 such that
B(g,6) C B(f,e)NGE. Find a =29 <71 < -+ <, = B, 7; € D, such
that the variation of f on each interval [z;,2;11] is less than £/8. Also,
since d | [z, ;41] is Darboux, we can partition each [x;, ;1] even further
to get also that |d(x;) — d(z41)] < &/8 for all i < m.

Pick an n < w such that 27" < ¢/8 and {z;:i < m} C [J]_, 4;. For
every i < m choose a k; > n such that d [ Ag, C (x4, i41) % [d(2;), d(®it1)]-
By (A), for every i < m we can also pick a uniformly continuous function
h; from Ay, onto [(d+ f)(x;), (d + f)(zi+1)]. Now, for each i < m, define
h 1 Ak, = (hi —d— f) | Ax, and note that

h[Ak;] C hilAy,] = d[Ay,] = flAR] C [-¢/2,2/2]

since [(d+ f)(xi), (d+ f)(wip1)] C [d(wi) + f(2i) —e/4, d(:) + f(2:) +e/4],
d[Ag,] C [d(x;),d(zi+1)] C [d(x;) — /8, d(z;) + /8], and f[Ay,] is a subset
of (f(z;) — /8, f(x;) +¢/8). Also define h as 0 on |J;_; 4; and extend it
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to a uniformly continuous function from R into [—¢/2,e/2]. Put g = f+h
and note that p(f,g) < e/2. Also let k = max{n, ko, ..., km—1} and pick
§ € (0,27%). We claim that B(g,d) C B(f,e) N G~.

Indeed, it is easy to see that B(g,§) C B(f,¢). To see that B(g,8) C G2,
take a go € B(g,9). By the choice of §, h, and g for every i < m we have
(d+go)(xi) = (d+g)(wi) = (d+ [+ h)(zi) = (d+ f)(x:)

and, for A =J,_,, Ax;,
golA=glA=(f+h)TA=(f+(hi—d-[) A= (hi—d) [ A
So,

[(d+ go)(a), (d + g0)(5)] [(d+ F)(@o), (d+ f)(zm)]

U @+ D)), @+ i)
j<m
= | 4]
j<m
= J @+ (b — d)[As,]
j<m
= | J(d+g0)[Ax,]
j<m
C  (d+go)lle, B,
proving that go € GS. This finishes the proof of the theorem. [ |

N

Corollary 6.3.6 CPA%°¢ implies (G).

cube

Let us also notice that in (G) we cannot require that function g is “C1”.
This follows from the following fact, which, for the functions from the class
C!, was first noticed by J. Steprans [123, p. 118]. Since Steprans leaves his
statement without any comments concerning its proof, we include here a
missing argument.

Proposition 6.3.7 There exists, in ZFC, a Darboux function d:R — R
such that d + f is not Darboux for every nonconstant “C'” function f.

PROOF. Let R = {z¢:§ < ¢} and let {fe: € < ¢} be an enumeration of
all nonconstant “C'” functions. Notice that for every £ < ¢ there exists a
nonempty open interval Iz such that fe [ I¢ is strictly monotone. (Just
take an 2 € R such that f{(z) # 0, which exists since f¢ is nonconstant.
Then I¢ is chosen as a neighborhood of z on which f; is nonzero.)
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The function d we construct will be strongly Darboux in a sense that
d=1(r) is dense in R for every r € R. For such a d, in order to show that
d+ fe is not Darboux, it is enough to show that (d+ f¢) ™! (ye) is not dense
in R for some y¢ € R. (See, e.g., [25, prop. 7.2.4].)

By induction we construct a sequence {(Qg, de, ye): € < ¢} such that for
every £ < ¢ we have:

1 e sets :n < £} are countable pairwise disjoint and z¢ € .

i) Th Qy bl irwise disjoi d g ngan
i : — R and d; " (z¢) 1s dense in R.

(ii) de: Q¢ — R and d '(z¢) is dense in R

(ili) ye ¢ (dy + fo)[Qn N I¢] for every ¢,n < &.

Notice that, if we have such a sequence, then, by (i), R = U£<C Q¢; so
d = Ue,de:R — R. It is strongly Darboux by condition (ii) while, by
(iii), for every ¢ < ¢ the set (d+ f¢)~'(yc) is not dense in R, since it misses
I:. Thus, d is as desired.

To make an inductive &-th step, first choose a countable dense subset Qg
of R disjoint with

Uae,vU (fc N ft (e —xs)) :

n<g ¢<¢
This can be done since, by the choice of of the intervals I¢’s, each of the
sets I¢ N f{l(yg — 2¢) has at most one element.

Define d¢ | Qg as constantly equal to x¢. This guarantees (ii), while
condition (iii) is satisfied for the part defined so far: For every ¢ < £ and
z €N Qg we have d¢(z) + fe(z) = fe(x) + z¢ # yc, since otherwise we
would have z € I N f{l(yg — x¢), contradicting the choice of Qg.

If z¢ € U, ¢ @n, We define Q¢ = Qg. Otherwise we put Q¢ = Qg U{ze},
and, if de(z¢) is not defined yet (ie., if z¢ ¢ QF), we define dg(x¢) by
choosing de(z¢) ¢ {yc — fe(we): ¢ < &} This guarantee that (i) is satisfied
while (iii) is preserved.

Finally, we choose y¢ to have

ye € R\ U (dy + f)[Qn]-
n<§
This will guarantee that (iii) also holds for ¢ = &. [ ]

Let us also note that the following question, for the case of D', due to
J. Steprans [123, question 5.1], remains open.

Problem 6.3.8 Does there exist, in ZFC, a Darboux function d:R — R
such that d 4+ f is not Darboux for every nowhere constant “D'” function
f? What if we restrict the choice of f to D'?
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6.4 Remark on a form of CPA®

cube
Remark 6.4.1 Note that if X = € and h is any autohomeomorphism of
¢, then the conclusion of Fact 6.2.1 may hold only for a one-dimensional
perfect cube E C ¢!,

PROOF. Indeed, for every perfect cube E C €7 = ¢! x ¢"\! with n > 1, the
set {p € E:h(f(p)) = mo(p)} is closed with vertical sections having at most
one point. So, it is meager in £ and it cannot meet all perfect subcubes
of E. Since in the proof of Fact 6.2.1 was independent of the dimension of
perfect cubes, this implies that the axiom CPAS

if we did not include one-dimensional perfect cubes €! in the definition of
SecC
|

cube”

Notice also that, if CPA[X] stands for CPA for a fixed Polish space X,
then, similarly as in Remark 1.8.3, we can also prove

would have been false

Remark 6.4.2 For any Polish space X axiom CPA[X] implies CPA.
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CPA in the Sacks model

7.1 Notations and basic forcing facts

We will use here forcing terminology and notation similar to that from [4].
The terminology specific to the Sacks forcing comes from [7], [95], or [123].

Let P = (Perf(€), C). Recall that perfect set (Sacks) forcing S is usually
defined as the set of all trees T'(P) = {z [ n € 2<“:z € P & n < w}, where
P € P, and is ordered by inclusion; that is, s € S is stronger than ¢t € S,
s <t,if s Ct. It is important to realize that

Pc@Q ifandonlyif T(P)cCT(Q),

so T:P — § establishes isomorphism between forcings P and S. Also, if for
s € S we define lim(s) = {z € 2“:Vn < w (z | n € s)}, then lim:S — P
is the inverse of T'. A perfect set forcing is usually represented as S rather
than in its more natural form P since the conditions in S are absolute,
unlike those in P. However, in light of our axiom, it is important to think
of this forcing in terms of P. For s € 2<% and ¢ € S we put

q¢° ={t € ¢:sUt is a function}.

Note that ¢° € S if and only if s € q. Condition ¢° € S is a subtree of all
elements of ¢ consistent with s.

In what follows we will show that CPA holds in the generic extension
V[G] of a model V' of ZFC+CH, where G is a V-generic filter over S,
the countable support iteration of length wy of the Sacks forcing. Here, for
0 < a < wy, the countable support iteration S, of length « of forcing S
will be defined, by induction, as the family of all functions p defined on «
such that for every 0 < 8 < «

155
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e p(0) is a Sg-name for a subset of 2<“, p | § € Sg;

e p !Bl p(B) €S; and

e there is a countable set supp(p) C «, called the support of p such that
p(7) is a standard S,-name for 2<¢ for all v € « \ supp(p).

For p € S, and o: F — 2%, where k < w and F € [a]<¥, we define a
function p|o on « inductively as follows. For § < a we put

e (plo)(B) = p(B) if either § ¢ F or (p|lo) | B ¢ Sg; otherwise
e (plo)(B) = 7, where 7 is a Sg-name such that (plo) [ 5 |- 7= [p(ﬂ)]"(ﬁ).

Since, in general, ¢°(®) need not to belong to S, it may easily happen that
plo & So. If plo € Sy, we say that o is consistent with p. For F € [a]<%
and k < w we say that p € S, is (F, k)-determined if for every § € F and
o: F — 2F consistent with p the condition (p|o) | 8 decides already the
value of p(3) N 2¥; that is, if for every s € 2*

either  (plo) [ B|~s€p(B) or (plo) ||~ s¢p(B) (7.1)

Note that in this case (7.1) also holds for every s € 2<% since p | 3 forces
that p(0) is a tree.

We say that p € S, is determined provided for every m < w and
Fy € [a]<¥ there exist m < k < w and Fy C F € [a]<¥ such that p is
(F, k)-determined. In [95], A. Miller notices that the result of a fusion of a
sequence is a determined condition. In particular, if

SP = {p € Su:p is determined},

then SP is dense in S,

Recall also that for a countable A C ws we defined ®pyism(A) as the
family of all projection-keeping homeomorphisms f:€4 — ¢4, We also
defined P4 as {range(f): f € Pprism(A4)}. However, in this chapter, for
A C a < wy, we will be more interested in the following order-isomorphic
copy of P4:

i = {[range(f)]a; f S (bprism(A)}’
where [E], = {g € €*:g | A € E} for every E C €4. Also, we put

Po = | J{P4: A € [o)=*}

and order it by inclusion. (Thus, for a countable o we have two different
definitions of P,. However, it is not difficult to see that they describe the
same family.)

It is known that forcing P, is equivalent to S,. This fact is stated
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explicitly by V. Kanovei in [73], though it was also used, in a less explicit
form, in earlier papers of A. Miller [95] and J. Steprans [123]. However,
none of these papers contains a proof of this fact. Since this fact is of major
importance for the CPA axiom, we include below its proof.

Remark 7.1.1 In [73], the author considers forcings Px for partial or-
dered sets X that are not necessary well ordered, so they have no standard
iteration equivalences Sy. Thus, he proves the basic properties of the
forcings Px, like the preservation of wi, directly from their definition. It
could be interesting to follow this path and prove the basic facts on P, we
need straight from the definition, instead of deducing them from the known
properties of S,. This would allow us to avoid all together the complicated
matter of iterated forcing, with conditions being the names with respect to
the initial segments of the iteration. In fact, in the proof of the consistency
of CPA we will use the equivalence of forcings P, and S, only to get the
following properties, where V' is a model for ZFC+CH and G is a V-generic
filter over P, .

(1) Cardinal numbers in V' and V[G] are the same.

(2) In V[G] we have 2% = w2.

(3) If 0 < v < wa, then GAY g [ v is a V-generic filter over P.,.
(4)

4) If 0 < v < wy has uncountable cofinality and r € 2 N V[GW]7 then
there exists a 8 < y such that r € V[Gp].

Fact 7.1.2 S, is order isomorphic to SY for every 0 < a < wo. In partic-
ular, the forcings S, and P, are equivalent.

PROOF. Fix an a < wa, a > 0. For F € [a]<¥, k < w, and g € €%, let
glrr € (Zk)F be defined by

(9l(rn)) (&) = g(&) I K for every § € F.
For p € SP, let
j(p) = {g € €*: g|(r ) is consistent with p for every F € [a]<¥, k < w}.

We will show that j establishes an order isomorphism between S2 and P,,.
It is clear that for p,q € SP if p < ¢, then j(p) C j(q). Thus, j is
order-preserving.
To see that j is one to one, let p,q € SP be such that p £ ¢. It is
enough to show that j(p) € j(q). Since p £ ¢, there exists a § < a with

the property that p [ 8 < ¢ | 8, but p [ 8 does not force p(8) C q(9).
So, there are 79 € Pg below p [ 8 and s € 2™ with m < w such that
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ro |~ s € p(B8) \ ¢(B). Choose m < ko < k1 <w and 8 € Fy C Fy € [o]<¥
such that p is (Fp, ko)-determined and ¢ is (F}, k1)-determined. Since

the family {p|a: o€ (2k1)F1 is consistent with p} is dense below p, (7.2)

there exists a o € (2k1)F1 such that (plo) [ 8= (p | B)|(o | B) is consistent
with rg. Let r € P3 be their common extension. So, 7 [ s € p(8) \ ¢(3)
and r < (plo) | B < (¢qlo) | B. Since condition (p|o) | B already decides
whether s belongs to p(8), we must have (p|o) [ 8 |~ s € p(8). Similarly,
(glo) | B |- s ¢ q(B). From (plo) | 8 |- s € p(8) we conclude that
there exists a o1 € (le)Fl extending o [ § such that o1(8) D s and oy
is consistent with p. Now, using the fact that p is determined, by an easy
induction we can find a g € j(p) such that g|(p, 1,y = o1. But o cannot
be consistent with ¢, since this would contradict (g|o) [ 8 |~ s ¢ ¢(3). So,
9 €\ jla)

Next we will show that j(p) € S,. For this first put A = supp(p) and
define ja(p) as

{g€ ¢4 9l(r k) is consistent with p for every F € [A]<% and k < w}.

By the definition of supp it is easy to see that [ja(p)]a = j(p). So, it is
enough to show that js(p) € P4. To avoid some indexing complications
we assume that A is an ordinal number. Then we can assume as well that
A = «, which implies that @ < wy. So, it is enough to find a projection-
keeping homeomorphism f from €* onto j(p).

To define f we need some preliminary facts. For a tree T' € P define a
function gr: 2<% — T, where we construct gr on 2" by induction on n < w.
We put gr(0) = ) and for s € 2™ and i < 2 we define gr(s™i) = t"i, where
t is the smallest element of T such that gr(s) C ¢t and t°0,¢"1 € T. Notice
that |gr(s)| > |s| for every T € P and s € 2<%. In particular, for every
s€2V k<w,and T, T € P,

if TN2% =T N2*, then gr(s) [ k= gr(s) | k. (7.3)

Notice also that if P = lim 7T, then a function hp:& — P defined by
hr(z) = U, <, 97(x | n) establishes a homeomorphism between ¢ and P.

For z € €2, the values of f(z)(8) will be defined by induction on § < «
and will depend only on x | S+1. So assume that f(z) | 8 has been already
defined, let Pyg = {h(B): f(z) | B C h € j(p)}, put Tu1p = T(Pyyp), and
define

f(x)(ﬁ) = thm(w(ﬁ)) = U ngm(LL'(ﬁ) [n)

n<w
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Clearly function f is a projection-keeping bijection from €% onto j(p).
Thus, it is enough to show that f is continuous. For this, it is enough to
prove that fz = f || § is continuous for every 3 < a. So, assume that for
some 7y < o all functions f¢ for £ < 7 are continuous. We need to prove
that f, is continuous. If 7 is a limit ordinal, it is obvious. So, assume that
v = B+ 1. We need to show that the mapping €~ 3> z — f(z)(8) € €
is continuous. So, fix an m < w. We will show that f(z)(8) | m =
F(@)(B) | m for o’ close enough to z. For this find 8 € F € [a]<“ and
m < k < w such that p is (F, k)-determined and let x, 2" € €% be such that
o0 = z|(r k) = 2'|(pky- Then

memz’“ :{a(ﬁ):ao |BCoe€ (Qk)F & o consistent with p} =T, wﬂ2k,
and, by (7.3), we obtain that
f@)B) Tk =gr,,(x(B) 1 k) I k=gr, ,(@"(B) [ k) [ k= f()(B) I k.

So, f is as desired.

To finish the proof it is enough to show that j is onto P,. For this,
by induction on 0 < 8 < «, we will define pg:P, — Sz such that
pg(P) C py(P) for every 0 < f < v < o and P € P,. We will aim
for po =571,

For P € P, we define p;(P) = {z(0) [ n € 2"z € P & n < w}. So,
assume that for some 1 < v < « functions {pg: § < a} are already defined.
If 4 is a limit ordinal, we define p,(P) = Uz, pg(P). If v is a successor
ordinal, say v = 5 + 1, we define p,(P) | f = pg(P) and

Py (P)(B) ={(ps(Q),5):Q €Pa & QC P & (Vf€Q)sC f(B)}

Note that if P = [Py, for some Py € Py, with A € [a]S¥, then p,(3)
is a name for 2<“ unless 3 € A. Thus, support of each pg(P) is at most
countable as required.

Finally, to show that j(pn(P)) = P, where P € P,, notice that for every
F e a]<“, k < w, and 0: F — 2F we have:

(39 € P) gl(rppy =0 & o is consistent with p,(P)
< (39 €j(Pa(P))) glirky = o
Thus, j(pa(P)) = P. u

7.2 Consistency of CPA

Theorem 7.2.1 CPA holds in the iterated perfect set model. In particular,
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it is consistent with ZFC set theory. Moreover, 2“1 can be equal to wy or
can be bigger than wo.

PROOF. Start with a model V' of ZFC+CH and let V[G] be a generic
extension of V' with respect to forcing P,,. By Fact 7.1.2, forcing P,, is
equivalent to S,,, so it preserves cardinals and ¢ = wy in V[G]. Moreover,
it preserves the value of 2“1 from V. For a < ws, let G, = G | a. Then
G, is V-generic over P,.

By Remark 6.4.2 it is enough to prove only CPA[X] for X = €. In this
case the sequence {z,: o < wy} will be equal to {co: 0 < wa}.

Let {cq:a < wa} be an enumeration, in V[G], of € such that for every
a-th element wia of ', a > 0, we have:

o {cc:é <wia}l =CNVI[G.;
® C,, o is the Sacks generic real in V[G,11] over V[G,].

Moreover, for each o € T', let {ff‘:f < w1} be an enumeration of a family

Hism (X) NV[G,]." We will show that these sequences satisfy CPA in
VI[G].

So let S be a strategy for Player II. gThu& S is a function from a subset of
D= U§<w1 (f;rism<X) X f;rism(X» X f;rism(X) into f;rism(X)' Since
P, is we-cc and satisfies axiom A, there is a closed unbounded subset I'g
of I" such that for every a € I'g

wa=a & SNV[Gy] =SN[(D X Fruam(X)) NV[G,]] € V[G4]. (7.4)

P
Since the quotient forcing Py, /P, is equivalent to P,,,, we can assume
that a = 0, that is, that V[G,] is our ground model V.
Let ((fe, ge):€ < wi) be a game played according to S, where fe = f¢
for every £ <wq. Then G = {ge:{ <wi} € Vis prism-dense. It is enough
to show that for ¢ = ¢y we have

X\Vc |J g{pedom(ge):mo(p) =c}].
9¢ €Fprism

So, take an r € X \ V. Then there exists a P,,,-name 7 for r such that
P, |FTeX\V.

We can also choose 7 such that it is a P4-name for some A € [wy]=* with
0 € A. Then all the information on r is coded by G4 = G | A. Therefore

L Formally no f € F prism (X)NV[Gu,] belongs to V[Ga] with o < wa. However, in this
proof the expression f € F .. (X) N V[Ga] will be understood as “Code(f) belongs
to V[Ga],” where for dom(f) = P C €* with P = range(g), g € ®prism(a), and

D, € V being a fixed countable dense subset of €* we define Code(f) = f | g[Da].
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r € V[{cw,¢: & € A}]. Assume that A has an order type a. Clearly o < wy
and P4 is isomorphic to P,. Applying this isomorphism we can assume
that 7 is a Py-name for r and P, |- 7 € X \ V. Picking the smallest «
with this property, we can also assume that for every 8 < a we have

Pa |- 7€ X\ V[Gyl.

Now, for any such name 7 and any R € P, there exist P € P,, P C R,
and a continuous injection f: P — X (so f € Fprism(X) NV) that “reads
7 continuously” in the sense that

Ql-7e flQ] (7.5)
for every Q C P, Q € P,,. (See [123, lem. 3.1] or [95, lem. 6, p. 580]. This
can be also deduced from our Lemma 3.2.5.) So, the set

D ={Q € Po: (I < wi) Q = dom(ge) & Q - 7 € gel@Q]} € V

is dense in P,. (For R € P, take f as in (7.5), find £ < w;y with f = fe,
and notice that @) = dom(ge) justifies the density of D.)

Take @ € DN G, and § < wq such that @ = dom(ge). Then there is a
z € @ such that my(z) = c and g¢(z) = r. This finishes the proof. [ ]



Notation

t — the reaping number, xiii.

G, — the family of intersections of w; open subsets of a Polish space,
XV.

E*(A) — linear combinations of A C R with nonnegative rational coef-
ficients, xvii.

u — Xvii.

i — the independence number, xvii.

R — the set of real numbers, xix.

@Q — the set of rational numbers, xix.

Z — the set of integer numbers, xix.

¢ — the Cantor set 2¥, xix.

Perf(X) — all subsets of a Polish space X homeomorphic to €, xix.
cl(A) - the closure of a subset A of a topological space X, xix.

C(X) — the family of all continuous functions from X into R, xix.

cof (Z) — the cofinality of an ideal Z, xix.

cov(Z) — the covering number of an ideal Z, xix.

N — the ideal of Lebesgue measure zero subsets of R, xix.

M — the ideal of meager subsets of a Polish space, xx.

so — the ideal of Marczewski’s sy subsets of a fixed Polish space, xx.
I+ — coideal of the ideal Z on X, ZT = P(X) \ Z, xx.

Feube — all continuous injections from a perfect cube C' C €“ onto a
fixed Polish space X, 2.

dom(f) — the domain of a function f, 2.

CPA upe — 3.

Sgube — 3.

“D1” — the class of all f: R — R having a finite or infinite derivative at
every point, 5.

(T3) — the class of all f:R — R satisfying Banach condition T, 5.

162



Notation 163

»1, i, X3, 11} — initial classes of projective hierarchy, starting with
classes of analytic and co-analytic sets, 8.
Cpr — the family of all sets [, __ T, such that T,, € [w]=" for all n < w,
11.
B; — the family of all Baire class 1 functions f: R — R, 10.
t, — 16.
0 — the dominating number, 24.
Ceube(X) — 31.
Frupe(X) - 31.
Perf*(X) - 31.
GAME_ype(X) — 31.
CPASY — 32.
a — minimal cardinality of a maximal almost disjoint family A C [w]*,
34.
®pism (A) — projection-keeping homeomorphisms, 49.
P4 — iterated perfect sets in €4, 50.
Forism (X) — 50.
Cprism - 50.
;rism - 50.
GAME ism (X) - 51.
CPAi?;;f] - 51.
CPAism — 52.
T3 — projection from € onto @4, 53.
p — a standard metric on €%, 53.
B,(z,¢) — an open ball in €% with center at z and radius ¢, 53.
B, — clopen subsets of €%, 53.
clg(A) — F-closure of A C X, for a family F of finitary symmetric
relations on X, 65.
Funr — the collection of all possible projections along the set M C X of

the finitary symmetric relations on X from F, 65.

n<w

. Sgrism ~ 609.
e add(sp) — the additivity of the ideal sq, 72.

sucer(t) — is the set of all immediate successors of a node ¢ in a tree T,
74.

I% — the a-th Fubini power of an ideal I, 74.

GAME ism (&) — multiple spaces game, 88.

CPAZHIL(X) — 88.

D™(X) — n times differentiable functions from X to R, 91.

C™(X) — all functions f € D™(X) with continuous n-th derivative, 91.
C>°(X) — all infinitely many times differentiable functions from X into
R, 91.

“DM(X)?, “C™(X)7, “C=(X)” - 91.
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i Cgerf7 Dgerﬁ ngrf’ “Cgfe)rf” - 9L

o cov(A,F) - 94.

o dec(A, F) - 96.

e IntTh(A, F) — A and F satisfy the intersection theorem, 97.
e LIN(Z) — linear span of Z C R over Q, 110.

o GAMESSIoM(X) — 143.

o I' — {a < ws:cof () =ws}, 143.

e CPA — the covering property axiom, 143.

o CPASC 144,

o CPA®S —145.

cube
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