Four Continuities on the Real Line
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The two most commonly used topologies on R are the ordinary topol-
ogy and the density topology. The ordinary topology is, of course, more
widely known, and has the open intervals as its basic sets. The density
topology, on the other hand, appears naturally in deeper studies of the
structure of measurable sets. Its open sets are all measurable sets S C R
which have the property that if x € S, then z is a Lebesgue density point
of S; i.e.,

lim |(x — h,z+ h)N S| _
h—0+4 2h

1, Vr €S,

where |A| is the Lebesgue measure of A. We write Rp and Rp for the
real line with the ordinary topology and the density topology, respec-
tively.

If f: R — R is a function, then there are four ways f can be con-
tinuous, using the ordinary topology and the density topology on the
domain and range. We denote these by Cop, Cop, Cpo and Cpp,
where, for example,

Cpo ={f:Rp — Ro : f is continuous}.

Two of these classes have been studied extensively. Cpp is the col-
lection of functions which are continuous in the sense of ordinary calcu-
lus and Cpo is the collection of all approzimately continuous functions
[GNN]. Less well-known are the density continuous functions, Cpp.

Approximate continuity appears naturally from studies of differentia-
tion and integration. In particular, it is known that if f € Cpg, then
f is in Baire class 1 and has the Darboux property. Like Cpo, Cpo is
vector space and is closed under pointwise multiplication. The bounded
functions in Cpeo are a Banach space when given the uniform norm [B].
It follows from Theorem 1, given below, that Cpp also shares these
properties in a trivial way.

On the other hand, Cpp is not closed under addition, pointwise mul-
tiplication [CL] or uniform convergence [O].

Since the density topology is a refinement of the ordinary topology,
the following containments are obvious.

(1) Cop CCopo CCpo DCpp

We investigate these relationships further. The relationship between
Cop and Cpo is fully understood.



THEOREM 1. f € Cop if and only if f is constant.

PROOF: It is easy to see that any constant function is in Cop. To prove
the other direction, let f € Cop and suppose there is a compact interval
I on which f is not constant. Let

M =sup f(z) and m = inf f(z).
xel zel

Choose any strictly increasing sequence y,, from (m, M) such that y,, —
M. Since {y,} is a set with zero measure, it is closed in Rp. Let w, be
any sequence such that w, € f~!(y,) # 0 and let x,, be a convergent
subsequence of w, with limit z5. Because f € Cpo, (by (1)) it must
be the case that f(zg) = M. But, M ¢ f~'({yn}), so f~'({yn}) is not
closed in Rp. This is a contradiction of the assumption that f € Cop.
Therefore, no such interval I exists and f must be constant.

As a result of this theorem, we see that the first containment in (1) is
proper.

ExXaMPLE 1. There is an f € Cpop which is not in Cpp.
PRroOOF: Choose any sequence y, which strictly decreases to 0 and let
[an, b,] be a sequence of intervals such that

0 <bpy1 < ap < by, n=12...,

a, — 0 and

@) lim |Unsol@n; bn] N (0, )] )
h—0+ h o

Define f(x) = y, when z € [a,b,], f(x) =0 when z < 0 and let f be
strictly monotone and continuous on each interval [b,t1, ay].
It is easy to see that f is continuous and that

fﬁl({yn}) = U [an, bn].

n>1

The set {y,} is closed in Rp. From (2) and the observation that 0 ¢
Ups1lan, by, it is clear that (J,,5,[an,b,] is not closed in Rp. This
shows that f ¢ Cpp.

The following corollary is an easy generalization of Example 1, and is
used in the proof of Theorem 2.



COROLLARY 1. Given any f € Cpo, € > 0 and (a,b) C R, there exists
a g€ Copo \ Cpp such that g = f on R\ (a,b) and ||f — g|le < €.

EXAMPLE 2. There is an f € Cpp such that f ¢ Coo.

PROOF: Let the sequence of intervals [a,, b,] converge monotonically to
0 as in Example 1, but this time choose them so that

. [Unsolan, ba] 0 (0, h)|
lim =0
h—0+ h

If ¢, = (an + by)/2, then define f(x) = 0 when = ¢ |J,,~¢(an,bn),
f(z) =1 when 2 = ¢, for some n and let f be continuous and linear on
[an,cn] and [cp,by]. It is evident that f is not continuous at x = 0, but
f€Cpp.

The following corollary will be useful in the proof of Theorem 2. It is
an obvious consequence of Example 2.

COROLLARY 2. Given any f € Cpp, € > 0 and (a,b) C R, there exists
age Cpp \ Coo such that g = f on R\ (a,b) and ||f — g|loo < €.

In light of Theorem 1 and the two examples, we see that (1) can be
refined into the form

Cop CCooNCpp CCpo CCpo DCpp D CooNCpp.

All of these containments are proper and are the only containments
between these classes, More can be said.

THEOREM 2. Suppose that C and C’ are two distinct elements from

{C00,Cop,Cpo,Cpp,CooNCpp}

such that C' ¢ C. If C and C' are given the topology generated by
uniform convergence, then C’ is a first category subset of C.

PROOF: It is easy to see that the piecewise linear functions from Cpoo
are in Cpp. Since the piecewise linear functions are dense in Cop,
Theorem 1 implies that Cop is nowhere dense in Cpp N Cpp and
consequently nowhere dense in the three other classes.

Corollary 1 and the fact that Cpo is closed in Cpo shows that Cpo
is nowhere dense in Cpp.

For each open interval I, define C7 to be the set of all functions f €
Cpp such that g|; is continuous in the ordinary sense. Cr is a closed
subspace of Cpp. It is known [CLO)] that if f € Cpp, then there is an
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open interval I such that f € Cj. Letting I,, be the sequence of all open
intervals with rational endpoints, we see

Cpp = Cu,.

n=1

Using Corollaries 1 and 2 with (a,b) = I,,, we conclude that C;, N Cpo
is nowhere dense in both Cpp and Cpp. Hence, Cpp N Cpp is a first
category subset of both Cpp and Cpp. Finally, again using Corollary
1, we can also conclude that Cf, is nowhere dense in Cpp;i.e., Cpp is
first category in itself. This implies that Cpp is first category in Cpo.

It remains open whether Cpop N Cpp is first category in itself.
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