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Abstract

For any positive integer M, M-object fuzzy connectedness (FC') segmentation is a methodology for
finding M objects in a digital image based on user-specified seed points and user-specified functions,
called (fuzzy) affinities, which map each pair of image points to a value in the real interval [0, 1].

The theory of FC segmentation has proceeded along two tracks. One track, developed by researchers
including the first author, has used two kinds of FC segmentations: RFC segmentation and IRFC seg-
mentation. The other track, developed by researchers including the second and third authors, has used
another kind of FC segmentation called MOFS segmentation. In RFC and IRFC segmentation the M
delineated objects are pairwise disjoint. In contrast, the M objects delineated by MOFS segmentation
may overlap, though in many practical applications the tie-zone (i.e., the set of points that do not lie
in just one object) is extremely small. Another difference between (I)RFC and MOFS segmentation is
that the former types of segmentation are defined in terms of just one affinity (regardless of the value
of M), whereas MOFS segmentation is defined in terms of M different affinities with each of the M
objects having its own affinity. Moreover, the affinity used in (I)RFC segmentation has almost always
been assumed in the (I)RFC-track literature to be a symmetric function, but the affinities used in MOFS
segmentation need not be symmetric.

This paper presents the first unified mathematical study of FC segmentation that encompasses both
(D)RFC and MOFS segmentation. We generalize the concepts of RFC and IRFC segmentation to the
case where the affinity is not necessarily symmetric, explain just how the three different segmentation
methods relate to each other, and give very concise mathematical (i.e., non-algorithmic) path-based
characterizations of the objects delineated by (I)RFC and MOFS segmentation. Our primary path-
based characterization of MOFS objects depends on the concept of a recursively optimal path, which we
introduce in this paper. Using another new concept—the core of an MOF'S object—we prove results which
show that MOF'S segmentation is robust with respect to seed choice even when different affinities are used
for different objects and the affinities are not necessarily symmetric. Two of these results substantially
generalize known (I)RFC-track robustness results that previously had no MOFS-track counterpart.

The fast MOFS algorithm in this paper (our Algorithm 5), which is reminiscent of Dijkstra’s shortest
path algorithm for weighted digraphs, is one of the most computationally efficient segmentation algo-
rithms. It can be used to efficiently compute IRFC segmentations as well as MOF'S segmentations: This
is because it emerges quickly from our work that if a single affinity is used then IRFC objects are just
MOFS objects from which all tie-zone points have been removed. When M > 2, this fast MOFS al-
gorithm is likely to compute an M-object IRFC segmentation more quickly than commonly-used IRFC
segmentation algorithms that compute IRFC objects one at a time (except possibly when the tie-zone of
the segmentation is very large, in which case we show that the IRFC segmentation must be unstable).
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Figure 1: A slice of an MRI image of a patient’s brain and a 4-object MOFS segmentation of the slice.
(Reproduced from [10])

1 Introduction

Image segmentation is an important and challenging task for which a multitude of different techniques have
been developed; see, e.g., sec. 1.6 of [23] and the survey articles in Part IV of that book. This paper deals with
the segmentation methodology known as fuzzy connectedness (or FC') segmentation, which has been used with
considerable success—see, e.g., Figure 1—on biomedical and other images [5-21,25-27,29, 30,32-39]. The
earliest uses of FC segmentation that the authors are aware of were in geophysical data processing [12-15].
Udupa and Samarasekera [38] were the first to apply FC segmentation to medical imaging.

Much of the theory of FC segmentation has developed along two different tracks. In one of the tracks [5,6,
16-21,25,32,33,37,39| two kinds of segmentation are used: RFC segmentation and IRFC segmentation. The
other track [7-11,26,29] uses a third kind of segmentation that is called MOFS segmentation. Accordingly,
we will refer to the former track as the (I)RFC-track, and refer to the latter track as the MOFS-track.!? In
this paper we present a general theory of FC segmentation that encompasses both tracks and unifies them.

Let V be the set of all points of a digital image (so that V' is finite and nonempty), let M be a positive
integer, and let Sy, ..., Sy be pairwise disjoint nonempty subsets of V. Then FC segmentation can be
understood as one method of identifying M subsets O, ...,Op of V such that S; C O, C S; U (V'\ Uj S;)
for 1 < i < M. Each of the sets Oy, ...,Ops that is identified is called an object, and (for 1 < i < M)
each point in the originally specified set S; is called a seed point or simply a seed for the ith object O;. In
practical applications each of the seed sets S1, ..., Sps is usually small and might well consist of just a single
point. In many applications one of the M objects is called the background.

In addition to using the term FC segmentation to refer to the process by which the objects O1, ..., Oy
are found, we will also call the sequence of objects O1, ..., Oy an FC segmentation or an M-object FC
segmentation of the set V' of image points.

This terminology implies that an FC segmentation is not necessarily a segmentation in the most typical

LA simpler FC segmentation method, called absolute fuzzy connectedness (AFC) segmentation, predates (I)RFC and MOFS
segmentation. In AFC segmentations each object consists of those points that are connected to the object’s seed set by a path
whose strength is no less than a user-specified threshold. An important motivation for the development of (I)RFC and MOFS
segmentation was to eliminate the need for users to specify such thresholds.

2IRFC segmentation is closely related to one version of the watershed transform. Specifically, in the case where each seed
set S; consists of just one seed point, Audigier and Lotufo observed in [2] that the objects of an IRFC segmentation are the
catchment basins of the tie-zone IFT watershed transform generated by the same seeds and a path cost function that is a strictly
decreasing function of the path’s strength (with respect to the affinity used to create the segmentation). The set of points that
do not lie in any of the IRFC objects is the tie-zone of the same watershed transform. Tie-zone IFT watershed transforms are
discussed in [1-4], though the path cost function used in [1] and [4] is not directly relevant to IRFC segmentation.



sense because it is not necessarily a partition of the set V of image points: It is not required that the O;
be pairwise disjoint nor that their union be the whole of V. However, FC segmentation is the only kind of
segmentation we discuss in this paper, and we will often refer to FC segmentations as “segmentations”.

We also note here that our concept of object is simpler than that used in much of the literature on
FC segmentation: In the FC segmentation literature objects are often fuzzy sets defined by a membership
function valued in the real unit interval [0, 1]—see, for example, the definition of an M-semisegmentation
in [10]—whereas our objects O; are sets in the ordinary sense (i.e., they are “crisp” or “hard” sets in the
language of fuzzy set theory). While it would be reasonably straightforward to reformulate our work in
terms of fuzzy sets® this would complicate our notation and terminology unnecessarily: Our goal is to give
a unified theory of FC segmentation in which our mathematical results are stated as simply and concisely
as possible.

The objects O; that are found by FC segmentation depend on user-specified mappings called fuzzy
affinities or just affinities. We define an affinity (on V) to be a mapping® ¢ : V x V — [0,1] such that
P(v,v) =1 for all v € V. For all u,v € V we call the value ¢ (u,v) € [0, 1] the t-affinity value of (u,v).

An affinity on V may be regarded as an edge-weight function of the complete digraph (with loops) on V.
Affinity values are described in [38] and elsewhere as (user-specified) measures of the “hanging togetherness”
of pairs of image points. Most affinities ¢ that are used for FC segmentation in imaging have the property that
1 (u,v) can be nonzero only when the points u and v are near each other. For example, when V is the set of
elements of a 3D image array I[ |[ ][ ], it is quite common to use affinities ¢ such that ¢ (I[¢][5][k], I[¢'][1'][K']) =
0 whenever max(|z —4'|, |7 — 7|, |k — k'|) > 1.

FC segmentation is unlikely to identify useful objects unless the affinity or affinities we use are appropriate
for our application. The important problem of how to define appropriate affinities is discussed, e.g., in
[7,11,17,18,28,29,34] but will not be considered here. In this paper we make no assumptions regarding the
affinities that are used; our mathematical results are valid for all affinities.

RFC segmentation and IRFC segmentation differ from MOFS segmentation in two ways. One difference
is that the objects in any RFC or IRFC segmentation are pairwise disjoint, whereas objects in an MOFS
segmentation may overlap (though in many practical applications, including all applications in which seg-
mentations are stable in the sense of sec. 2.5, the overlap areas are extremely small). The other difference
is that, for any seed sets Sy, ..., Sps, the RFC and IRFC segmentations of V' are determined by a single
affinity® ¢ : V x V — [0, 1], whereas the MOFS segmentation of V' depends on M affinities t1, ..., 1¥y—one
affinity for each of the M objects. Moreover, in the MOFS-track literature affinities have not been assumed
to be symmetric functions (i.e., affinities 1) have not been assumed to satisfy ¥ (u,v) = (v, u) for all image
points v and v) and non-symmetric affinities have sometimes been used in MOF'S segmentation [7], but in the
(I)RFC-track literature affinities have almost always been assumed to be symmetric (though non-symmetric
affinities are considered in [6]).

In spite of these differences, RFC, IRFC, and MOFS segmentations are very closely related. In the sequel
we will explain just how they relate to each other, and give concise path-based characterizations of these
segmentations that are purely mathematical in the sense that they make no reference to any algorithm. (Our
first path-based characterization of MOFS segmentations is stated in terms of recursively optimal paths, a
new concept that will be introduced in sec. 3.2.) We will then establish new results which imply that MOFS
segmentation is robust with respect to seed choice even when different affinities are used for different objects
and the affinities are not symmetric. Two of these results can be viewed as substantial generalizations of
(I)RFC-track robustness results that previously had no counterpart in the MOFS-track literature.

3This can be done by replacing each of our crisp objects O; with the fuzzy set whose membership value at each point v € O;
is the strength of the strongest O;-path from O;’s seed set S; to v, and whose membership value at each point v € V' \ O;
is 0. This definition of the membership value at each point v is quite simple, but other definitions (e.g., definitions which depend
directly on the image intensity value at v) may give membership values that are more useful in some applications. One reason
to define objects as crisp sets rather than fuzzy sets is that there is no standard way to define the membership value at a point.

4 Affinities whose values need not be numbers (e.g., affinities whose values are n-tuples of real numbers) are considered
in [17,18,31]. In particular, in [31] affinity values may be elements of any partially ordered set and the strength of connectedness
of one point to another is an element of a free distributive lattice over the partially ordered set.

5The single affinity used for (I)RFC segmentation is often created from M distinct components, each specific to one object.



Some Key Results of This Paper

Given an affinity ¢ : VXV — [0,1] on V and A, B,W C V, a W-path from A to B of length [ is any sequence
p = (wo, ..., w;) of points in W such that wy € A and w; € B; the ¢-strength of p = (vo, ..., v;), denoted by
¥ (p), is defined by ¥(p) = mini<;j<; ¥ (vj—1,v;) if I > 0 and ¢(p) = 1 if [ = 0; the ¢-strength of connectedness
of A% to B # 0 via W is defined as W (A4, B) = max {¢)(p) | p is a (W U AU B)-path from A to B}.
We say the seed sets Sy, ..., Sy are consistent with the affinity v if ¥V (S;, S;) < 1 for all distinct ¢ and j
in {1, ..., M}; similarly, we say S1, ..., Sy are consistent with the affinities ¥1, ..., ¥ if 1Y (S, S;5) < 1
for all distinct ¢ and j in {1, ..., M}.

The following theorem gives some concise mathematical characterizations of RFC, IRFC, and MOFS
objects; ORFC ORFCand OMOFS respectively denote the RFC, IRFC, and MOFS objects associated with
the ¢th seed set.

Theorem 1.1. Suppose that Sy, ..., Sy CV are pairwise disjoint nonempty seed sets. Then:
1. Assuming Si, ..., Sy are consistent with the affinity 1, the RFC object ORFC given by Sy, ..., Sy
and Y satisfies
OFFC — (v e V' | max ¥ (y,v) < ¥ (i, )} (1.1)
and also satisfies
FC
ORFC = (v € V | max; .90V (S;,v) < v (Si,v)}. (1.2)
2. Assuming Sy, ..., Sy are consistent with the affinity v, the IRFC object OFRYC given by S, ..., Sy
and i is the unique set O that satisfies
O = {v eV |maxj.y"\°(S;,v) <" (S;,v)}. (1.3)
Moreover, OIR¥C s also the unique set O that satisfies
O = {v €V | max;9"\°(S},v) < v°(S;,v)}. (1.4)
3. Assuming Si, ..., Sy are consistent with the affinities 11, ..., ¥y, the sequence of MOFS objects
(OMOFS " OMOFSY given by Si, ..., Sar and 1, ..., s is the unique sequence of sets (O, ..., Onr)
such that
0; ={v € V | max;; ’(/Jjoj(Sj,’U) < 1/Jioi(5i,v) #0} for1<i< M. (1.5)
Moreover, if 1y = -+ = 1nr = 1, then the IRFC object ORFC given by S1, ..., Sy and ¥ is
OZIRFC _ O%\/IOFS \ Uj;éi O?/[OFS. (1.6)

Even though some readers who are familiar with the theory of FC segmentation might feel they recognize
(1.1) and the first assertion of statement 3 as facts they were already aware of, no part of the theorem
is an immediate consequence of results that have been explicitly stated in the literature, for the following
reason: The unified theory of FC segmentation we present in this paper defines RFC, IRFC, and MOFS
segmentations in a new way (as the results of Algorithms 1 — 3 below) that is intended to immediately reveal
(1.6), to convey a quick understanding of the nature of the objects found by each type of segmentation, and
to facilitate parallel development of the mathematics of (I)RFC and MOFS segmentations. So all parts of
the above theorem must be understood as mathematical results about the segmentations defined by our new
definitions. However, as a result of proving (1.1) and the first assertions of statements 2 and 3 of the above
theorem, we are able to conclude that our new definitions of RFC, IRFC, and MOFS segmentations are in
fact equivalent to definitions of these segmentations that have been used in previous work.

The fact (1.6), which is restated as Corollary 2.7 below, implies that efficient algorithms for computing
MOFS objects, such as Algorithm 5 in sec. 4, can be used to efficiently compute IRFC objects as well. In
the past, IRFC segmentations have often been computed using algorithms that compute IRFC objects one
at a time. For segmentation into more than two objects, we believe the use of Algorithm 5 (which computes
all the objects simultaneously) will typically be a faster way to compute IRFC segmentations. When the



affinity is symmetric, the TZWS by union-find method of Audigier and Lotufo [2] is another way to compute
all the objects of an IRFC segmentation simultaneously. That method will be briefly described in sec. 4.2.

Interestingly, there seems to be no really easy way to deduce (1.6) from results in the literature about
MOFS and IRFC segmentations, even though this fact is almost immediately evident from our new definitions
of these segmentations.

Statement 1 follows from the second statements of Theorem 3.6 and its corollary. Statement 2 and the
first assertion of statement 3 are parts of Theorems 3.8 and 3.10. These three theorems are key results of
this paper that give concise path-based characterizations of RFC, IRFC, and MOFS segmentations.

The first statements of Theorems 3.6, 3.8, and 3.10 give alternative characterizations, which we consider
to be at least as useful as the characterizations stated in Theorem 1.1 above, but which we did not include
in the above theorem to avoid having to define certain concepts (specifically, the concepts of hereditarily
optimal and recursively optimal paths) in this subsection.

Since " (Sj,v) > ¥V \O(S;,v) for any set O and point v € V, it is easy to see from (1.1), (1.3), and
(1.6) that, for any given affinity v and seed sets consistent with the affinity, ORFC C ORFC C OMOFS for
all i € {1,..., M} (assuming the same affinity ¢ is used for all objects in the MOFS segmentation).

From (1.2), (1.4), and (1.5) we see at once that that any element v belonging to one of these objects, say
O, is connected to the object’s seed set via an internal path (i.e., an O;-path) of strength /9 (S;, v) > 0. This
is an important property. Indeed, one reason (I)RFC segmentation has not been extended to use different
affinities for different objects is that the resulting (I)RFC objects would not always have this property. The
fact that MOFS segmentation allows different affinities for different objects but (I)RFC segmentation does
not has been a major obstacle to the reconciliation of the two tracks of FC segmentation theory.

Another fundamental result of this paper is the following theorem (which follows from Proposition 5.3
and Theorem 5.4). As will be seen in sec. 5, this theorem implies Corollaries 5.5 and 5.6, and Remark 5.7,
which tell us that MOFS segmentations are totally robust when we make “small” changes in the seed sets;
here “totally robust” means that the segmentations do not change at all.

In the statement of the theorem we use the notation O%\/IOFS(\II, S) for the ith MOFS object given by the
sequences U = (¢1,...,¢¥p) of affinities and S = (S1,...,Sn) of seed sets. Also, Core?’s C OMOFS (g 8)
is a set of considerable size that we will describe in more details after stating the theorem.

Theorem 1.2. Let U = (¢,...,¢¥n) be a sequence of affinities on V and S = (S1,...,Sum) a sequence
of pairwise disjoint nonempty seed sets consistent with the affinities. Let R = (Ry,...,Rpr) be such that
S; CR; C Corefj’sfor 1 <i< M. Then the sequence R is consistent with the affinities and O%VIOFS(‘I!7 R) =
OMOFS(U S) for 1 <i < M.

We prove (as Proposition 5.9) that the set Coref”s contains the set

OMOFS (g
QIS = {v € OYOTS (1, 8) \ U, .0 (0, 8) | o7 " (85,0) 2 o) (0,U,,0) 07 (¥, )},

and that, for symmetric v, Corefj’s is exactly Q;D’S. Moreover, if all the affinities v; are equal to the same
symmetric affinity 1, then (as stated in Proposition 5.11) Core;.ll’s is exactly the IRFC object O!FFC(y) S).
This fact, together with the above Theorem 1.2, imply immediately robustness results for IRFC segmentation
that constitute one of the pillars of (I)RFC segmentation theory.

Notice that the results discussed in this subsection do not require affinities to be symmetric (not even
in the case of (I)RFC segmentations), except where symmetry of affinities is an explicitly stated hypothesis.
This is significant because almost all of the theory of (I)RFC-track FC segmentation has been developed
solely for symmetric affinities.

2 RFC, IRFC, and MOFS Segmentations

2.1 Preliminaries

In the rest of this paper V will denote an arbitrary nonempty finite set. As in sec. 1, we think of V' as the
set of all points of a digital image.



We have already defined the concepts of a W-path from a nonempty set A to a nonempty set B and also
defined (for any affinity ¢ on V') the 1-strength of connectedness of A to B via a (possibly empty) set X
(which is denoted by X (A, B)). For a,b € V, a W-path from {a} to {b} will also be called a W-path from
a to b. Similarly, we write ¥ (a, B), ¥~ (A,b), and % (a,b) for v*({a}, B), ¥*X (A, {b}), and ¥~ ({a}, {b}),
re@spectively. Note that ¢ (a,b) = 1?(a,b) < X (a,b) < 1V (a,b), that »* (A, B) =1 if AN B # 0, and that
VYA, B) = QEIE%EBw(% b).

If p is a V-path of length [ > 0 from u to v, and ¢ is a V-path of length I’ > 0 from v to w, then p- ¢
will denote the V-path of length I 4 I’ from u to w that is obtained by concatenating p and gq. Thus p - ¢
is obtained by removing the initial point v from ¢ and then appending the rest of ¢ to p. (For example,
(a,b,c) - {c,d,e, f) = {(a,b,c,d, e, f).) Note that p - ¢ is undefined if the final point of p is different from the
initial point of q. The - operation is associative on V-paths in the sense that if p - ¢ and ¢ - r are defined
then (p-q)-r=p-(g-r). A property of ¥(p) which will be used many times in the sequel is that if the
final point of each of the V-paths p’ and p” is the initial point of the V-path ¢, and (p’) > ¥ (p”), then
(' - q) = Y(p” - q). This follows from the fact that ¢ (p - ¢) = min(¢(p), ¥(q)) whenever p - ¢ is defined.

The next two propositions state important properties of X (A, B) that will be used later.

Proposition 2.1. Let v be any affinity on V and let A, A’, B, B', X, and X' be subsets of V' such that
ADA,BDB,and XUAUBD X' UA UB'. Then (A, B) > ¢~ (A, B').

Proof. The conclusion follows from the definition of ¢ (A, B), since the set of (X U AU B)-paths from A to
B contains the set of (X’ U A’ U B’)-paths from A’ to B’. O

Proposition 2.2. Let ¢ be any affinity on V', let A, B, and X be subsets of V', and letu € XUAUB. Then
X (A, B) > min(XYB (A, u), v XY A (u, B)) > min(y¥X (A, u), X (u, B)). In particular, if X (A, u) > o and
X (u, B) > «, then X (A, B) > a.

Proof. As the third sentence is an immediate consequence of the second we need only verify the second
sentence. Let p; be an (X U A U B)-path from A to u such that ¥(p;) = »XYB(A4,u), let ps be an
(X UAU B)-path from u to B such that 1(py) = ¢X“4(u, B), and let p be the (X U AU B)-path p; - p; from
A to B. Then t(p) = min(yXYB (A, u), X4 (u, B)) and so the first inequality holds (by the definition of
X (A, B)). The second inequality holds because ¢XYB (A, u) > X (A, u) and XY (u, B)) > ¢~ (u, B) (by
Proposition 2.1). O

2.2 Simple Algorithms That Compute RFC, IRFC, and MOFS Segmentations

Algorithms 1 — 3 below compute the M-object RFC, IRFC, and MOFS segmentations of the set V for
pairwise disjoint nonempty seed sets S, ..., Sy C V and an affinity ¢ on V' (in the RFC and IRFC cases)
or M affinities 1, ..., ¥pr on V (in the MOFS case): In this paper we define RFC, IRFC, and MOFS
segmentations as the results of these three algorithms.

These algorithms are not intended to be efficient. Rather, they are intended to be simple and concise, so
as to give readers who are new to the subject a quick (yet completely accurate) understanding of the nature
of the objects that are found by each of these types of segmentation. More efficient algorithms that compute
the same segmentations will be presented in sec. 4.

Recall that the seed sets Sy, ..., Sy are said to be consistent with 1 or 11, ..., ¥ just if there do not
exist distinct S; and S; such that there is a V-path of i-strength or 1;-strength 1 from S; to S;. The seed
sets would normally satisfy this consistency condition in all practical applications of FC segmentation that
the authors are aware of. Assuming the condition is satisfied, the segmentations found by Algorithms 1 —
3 in this subsection will be the same as the segmentations found by RFC, IRFC, and MOFS algorithms in
the literature; this will follow from the results of sec. 3.3. (However, whereas the literature on RFC and
IRFC segmentations has almost always assumed that the affinity ¢ is symmetric, our discussion of these
segmentations will not assume this.) Regardless of whether or not the consistency condition is satisfied, the
objects Oy, ..., O found by Algorithms 1 — 3 will have the property that S; C O; C S; U (V' \ Uj S;), for
1 < i < M. But the objects found by some FC segmentation algorithms in the literature will not have this
basic property if the seed sets do not satisfy the consistency condition.

The three algorithms can be formally stated as follows, where |A| stands for the number of elements in
the set A:



Algorithm 1: RFC Segmentation of a Nonempty Finite Set V' into M Objects

Data: M pairwise disjoint nonempty seed sets Si,...,Sy C V; an affinity ¢ on V
Result: The RFC segmentation (ORFC, ... ORFC) of V

fori< 1to M doT; «+ S;

sort A=V x V]\{0}into 1 =a1 > ... > ay

for n < 1 to |A] do /* the main loop */
Lfori(—ltononewTZw—TiU{veV\UjTjz/JV(Ti7v)Zan}

[ N

for i + 1 to M do T; < newT;
6 fori(—ltonoOf{Fceﬂ-\U#iTj

Algorithm 2: IRFC Segmentation of a Nonempty Finite Set V' into M Objects
Data: M pairwise disjoint nonempty seed sets Sq,..., Sy C V; an affinity ¢ on V'
Result: The IRFC segmentation (OIRFC ... OWFC) of V
for i <~ 1 to M do T; + S;
sort A=V xV]\{0}into 1 =a1 > ... > ay
for n + 1 to |A| do /* the main loop */
for i +~ 1 to M do newT; + T; U{v € VAU, T; | "\ "5 (T3,0) > ay,}
for i + 1 to M do T; < newT;
; IRFC
6 for i <+ 1 to M do O; < Ti\U;» T

oA W N =

Algorithm 3: MOFS Segmentation of a Nonempty Finite Set V' into M Objects
Data: M pairwise disjoint nonempty seed sets S1,..., Sy C V; M affinities ¥1,...,9y on V
Result: The MOFS segmentation (OMOFS .. OMOFS) of |/

fori< 1to M doT; <+ S;
sort A=J,;¢¥;[VxV]\{0}into 1 =a1 > ... >ay

N =

3 for n < 1 to |A| do /* the main loop */
4 for i < 1 to M do newT; - T; U{v e V\U, T} \z/JiV\U"'Tj(Thv) > ap}
5 for i +— 1 to M do T; < newT;

6 for i + 1 to M do OMOFS « T,

It will be obvious from even a cursory inspection of the three algorithms that they are extremely similar.
For example, the only difference between the RFC and IRFC algorithms is on the fourth line, where ¥V (T}, v)
in the RFC algorithm is replaced by 1" \Ys i (T}, v) in the IRFC algorithm. The IRFC and MOFS algorithms
are also very similar. In RFC and IRFC segmentation we do not use different affinities for different objects.
But if we assume that each of the M affinities 91, ..., ¥y in the MOFS algorithm (i.e., Algorithm 3) is
equal to the single affinity ¢ in the IRFC algorithm (Algorithm 2), then the only difference between the
IRFC and MOFS algorithms is that ORFC « T;\ | 2 Tj on the last line of the IRFC algorithm is replaced

by OMOFS < T, in the MOFS algorithm: Each IRFC object consists of those points of the corresponding
MOFEFS object which do not lie in any of the other M — 1 MOFS objects.

The underlying idea of Algorithms 1 — 3 is to have the M objects compete with each other to occupy
image points over a series of iterations. At any given time, each image point will either be unoccupied or be
occupied by one or more objects. The set of points that are occupied by the ith object at that time will be
referred to as the ith object’s territory and is represented by the variable T;. Thus a point is unoccupied if,
and only if, that point lies in V' \ Uj T;.

A fundamental property of these algorithms is that, once a point has been occupied by one or more
objects at an iteration of the main loop, the point will be occupied by just those objects during all subsequent
iterations of that loop; it can never be occupied by any other object. Equivalently, a point that lies in T; \ T}
(for some ¢ and j) at the end of one iteration of the main loop will lie in T; \ T} during all subsequent
iterations.



Figure 2: Affinity values for Example 2.3

In each algorithm, the territory of each object is initialized to consist just of that object’s seed points.
Every iteration of the main loop expands the ith object’s territory (for 1 < i < M) to also include all
currently unoccupied points which can be reached from the ith object’s current territory via a V-path that
has the following properties:

1. The t-strength (in the RFC and IRFC cases) or ¢;-strength (in the MOFS case) of the V-path is not
less than the affinity threshold used at that iteration.

2. In the IRFC and MOFS cases, the V-path is a T; U (V'\ Uj T;)-path—i.e., each of its points either was
already occupied by the ith object or was unoccupied at the beginning of the current iteration.

The affinity threshold in property 1 decreases from one iteration to the next: The affinity threshold at the
nth iteration is «,,, which in the RFC and IRFC cases is the nth-largest nonzero value in the range of our
affinity 1; in the MOF'S case «, is the nth-largest nonzero value in the union of the ranges of our M affinities
wla - ,’(/J]u.

We mention that “> «,” on line 4 of all three algorithms really means “= «,,”, because no point v in
V' \ U, Tj can satisfy the condition with “> «,,” in place of “> a,”. (This fact will be more formally stated
in sec. 6.1 as (6.2) — (6.3) and (6.6) — (6.7).)

We have already mentioned that, for any given affinity v and seed sets consistent with the affinity,
ORFC C OIRFC € OMOFS for all i € {1,..., M} (assuming the same affinity 1 is used for all objects in the
MOFS segmentation). In the following simple example (for which the affinity is as shown in Figure 2) we
have that ORFC C OIRFC ¢ OMOFS,

Example 2.3. Let M =2,V ={d, s1,¢,s82}, S1 = {s1}, and S = {s2}. Let 1 be the symmetric affinity on
V such that 9(d, s1) = ¥ (s1,d) = ¥(c, s1) = P(s1,¢) = P(c, s2) = Y(s2,¢) = 0.5 and ¥ (z,y) = 0 in all other
cases where x and y are distinct points of V. (See Figure 2.) For Algorithm 3, let /1 = 19 = . Then, readily,
ORFC = {5} C OIRFC = 5, d} € OMOFS = {5, ¢, d} and OFFC = OIRFC = 55} C OMOFS = {55 c}.

The tie-zone of an IRFC segmentation is the set of all points of V' that do not lie in any of the objects
of the segmentation. The tie-zone of an MOFS segmentation is the set of all points of V' that do not lie
in just one object of the segmentation. (We will not define the tie-zone of an RFC segmentation.) Looking
again at Algorithms 2 and 3, we see that the tie-zone of the IRFC segmentation given by the affinity ¢ and
seed sets Si, ..., Sy is the same as the tie-zone of the corresponding MOFS segmentation (which is given
by executing Algorithm 3 with the same seed sets and 1)1 = -+ = 15y = ¢) and consists of the points that
lie in two or more of the MOFS objects as well as the points that lie in none of those MOFS objects. (It is
fairly easy to see from Algorithm 3 that a point v lies in none of those MOFS objects if, and only if, there
is no V-path from Uj S; to v of nonzero -strength.%)

2.3 Simple Non-Algorithmic Characterizations and Related Properties of RFC,
IRFC, and MOFS Segmentations

While the RFC, IRFC, and MOFS segmentations of V' have been defined as the segmentations created by
Algorithms 1, 2, and 3 above, it is not difficult to characterize these segmentations non-algorithmically.
Statement 1 of each of Theorems 2.4 — 2.6 below shows how this can be done in terms of the values assumed
by the variables T1,...,Ty during execution of Algorithms 1, 2, and 3: Statement 1(a) of each theorem
shows how the sequence TiO C Ti1 Cc ... C TJA‘ of values assumed by each variable T; could be defined
inductively, without reference to Algorithms 1 — 3, while statement 1(b) of each theorem shows how the

objects of the corresponding segmentation are determined by the final values TI‘A‘7 e ,TJ‘\? L of T Tyeeos Tage

6To see the “only if” part, consider the final iteration of Algorithm 3’s main loop in the case 11 = --- = ¥3; = % and then
observe that 1(u,v) = 0 whenever u lies in an MOFS object but v lies in no MOFS object.



These characterizations of the RFC, IRFC, and MOFS segmentations will play an important role in our

derivations of the concise path-based characterizations of the same segmentations that we present in sec. 3.
The rest of Theorems 2.4 — 2.6 state related properties of the segmentations. Statement 2 of each theorem

implies that “= «,,” in the second part of statement 1(a) could be replaced by “> «,”. In Theorems 2.5 and

2.6, statement 3 gives variants of the second part of statement 1(a) that are more concise but cannot be used

to give an inductive definition of T (as the right sides of these variants involve T for some k > n).
Theorems 2.4 — 2.6 will be proved in sec. 6.1.

Theorem 2.4. Let (ORFC ... ORFC) be the segmentation of V found by Algorithm 1 for an affinity ¢ on
V' and pairwise disjoint nonempty seed sets S1, ..., Sy C V. Let A = [V x V]\ {0} and let 1 = a7 >

. > g be the sequence obtained by sorting A into decreasing order. For 1 <i < M and 0 <n < |A|, let
T be the value of the variable T; at the beginning of the n+ 1st iteration of the main loop when Algorithm 1

is executed, and let TJAI be the value of T; at the end of the |A|th iteration of the main loop (which is the
value of T; when Algorithm 1 terminates). Then S; C ORFC C S, U (V' \ U; S;) for 1 <i < M. Moreover:

1. For 1 <1i < M we have that:
(a) TP =S;, and TP =T 'U{veV\ UjT;I_1 | Y (Si,v) = an} for 1 <n < |A].
RFC _ plA] | Al
(b) O =T\ U T

2. {UEV\UjT;L_l | WV (Si,v) >an}=0for1 <i<Mand1<n<|Al

Theorem 2.5. Let (ORFC . OWFC) be the segmentation of V' found by Algorithm 2 for an affinity
Y on V and pairwise disjoint nonempty seed sets Sy, ..., Sy C V. Let A = [V x V] \ {0} and let
1 =oa1 > ... > aq be the sequence obtained by sorting A into decreasing order. For 1 < i < M and

0 <n < |A| let T]* be the value of the variable T; at the beginning of the n + 1st iteration of the main loop

when Algorithm 2 is executed, and let Ti‘A‘ be the value of T; at the end of the | A|th iteration of the main loop
(which is the value of T; when Algorithm 2 terminates). Then S; C ORFC C S;u(V'\ U; S;) for1 <i< M.
Moreover:

1. For1<1i< M we have that:
(a) TO =8, and T = TP~ U{v e VAU [ VL TT0(S,0) = 0y} for 1 <n < |A].
(b) OFFC = TN\ U 17

2. {fveV\ UjT]T“1 | wTiﬂilU(V\Uﬁ' Tﬂkl)(Si,v) >apt=0for1 <i< M and1<n<|A|

2T =T""'u{ve V\UjT;“1 | T (S5,0) = o} for 1<i < M and1<n<k<|A|.

Theorem 2.6. Let (OMOFS . OMOFS) pe the segmentation of V' found by Algorithm 3 for affinities
Y1, ...,y on' V and pairwise disjoint nonempty seed sets Sy, ..., Sy C V. Let A = Uj ¥ [V x V]\ {0}
and let 1 = gy > ... > aja| be the sequence obtained by sorting A into decreasing order. For 1 <i < M

and 0 < n < |A], let T]* be the value of the variable T; at the beginning of the n + 1st iteration of the main

loop when Algorithm 3 is executed, and let TilA| be the value of T; at the end of the |Alth iteration of the
main loop (which is the value of T; when Algorithm 8 terminates). Then S; C OMOFS C S, U (V'\ U; Sj) for
1 <3< M. Moreover:

1. For1 <i< M we have that:

TN, T

i
)

() TO = S, and T} =T Ufw e VAUTI ! | ¢
(b) OMOFS — Ti‘Al.

(Si,v) = an} for1 <n < |A]



TP AU, T

2. {UEV\UjT;L_1|¢i’ (Si,v) > an}t=0for1 <i< M and1<n <|A]

k

3. ﬂ"lef”_IU{UEV\UjTJ”_l | ¢f"' (Si,v) =ap} for1<i< M and 1 <n <k<|A|.

2.4 An MOFS Algorithm Can be Used to Compute IRFC Segmentations

IRFC segmentations can be easily found using any algorithm that computes MOFS segmentations. This
follows from the following corollary, which is an immediate consequence of statement 1 of Theorem 2.5 and
statement 1 of Theorem 2.6 (and which is also evident from a quick inspection of Algorithms 2 and 3):

Corollary 2.7. Let (OIRFC . OWFC) pe the segmentation of V' found by Algorithm 2 for an affinity 1 on
V and pairwise disjoint nonempty seed sets Sy, ..., Sy C V. Let (OMOFS .| O%OFS> be the segmentation
of V' found by Algorithm 8 for the same M seed sets Si, ..., Sy in the case where each of the M affinities
Y1, ..., 0 is the affinity 1. Then ORFC = OMOFS \ Uj# O}V[OFS for1 <i< M.

IRFC segmentations have commonly been computed one object at a time (e.g., by executing the GCyax
or IRFC-IFT algorithm of [20] a total of M times as explained in footnote 14 below), whereas MOFS
segmentations have been computed using methods akin to Dijkstra’s shortest-path algorithm [24] to compute
all of the M objects simultaneously. Algorithm 5 below is an MOFS algorithm of this kind, and when M > 2
it is likely to be more efficient to compute an M-object IRFC segmentation using this MOFS algorithm
than using a one-object-at-a-time IRFC algorithm M times, except possibly when a large proportion (e.g.,
more than 20%) of the points of V lie in the IRFC segmentation’s tie-zone. Moreover, in cases where the
tie-zone of an IRFC segmentation does constitute such a large fraction of V, the segmentation is unstable
with respect to tiny changes in affinity values, as we will see in sec. 3.3.

Using an MOFS algorithm to compute the IRFC segmentation provides additional information about
the segmentation’s tie-zone, because it identifies the IRFC objects (if any) that are “in contention for” each
tie-zone point: Once the MOFS segmentation has been computed, we may regard an IRFC object as being
in contention for a tie-zone point p just if p belongs to the corresponding MOFS object.

As mentioned earlier, in the case where the affinity is symmetric the TZWS by union-find method
of [2], which we will discuss further in sec. 4.2, is another method of computing all the objects of an IRFC
segmentation simultaneously.

2.5 Perturbing MOFS Affinity Values to Eliminate Small Overlaps Between
Objects, and Instability of MOFS Segmentations in Which Different Ob-
jects Overlap Substantially

An advantage of MOFS segmentation over (I)RFC segmentation is that the former allows different affinities
to be used for different objects. But distinct objects of an MOFS segmentation may possibly intersect,
whereas the objects of any RFC or IRFC segmentation are pairwise disjoint.

In many applications of MOFS segmentation, any intersections of distinct objects are so small as to be
negligible. However, complete disjointness of objects may be desirable (e.g., because we wish to use software
tools which assume different objects never intersect). For this reason one might consider “hybrid” segmen-
tations that would be produced by a modified version of Algorithm 3 in which the assignment OMOFS « T;
is replaced by O; «+ T; \ U ki T;. While the objects O; of the resulting segmentations would of course be
pairwise disjoint, a drawback of this kind of segmentation would be that the objects might sometimes have
parts which are disconnected from their seeds: The ith object O; might contain points which cannot be
reached from its seed set S; via an O;-path whose ;-strength is nonzero. A simple example of this is shown
in Figure 3. As mentioned above, the same thing cannot happen in RFC, IRFC, and MOF'S segmentations.

Another way to eliminate small intersections of distinct objects, which does not have the above-mentioned
drawback, is to perturb very slightly the MOFS affinity values v;(u,v) in such a way that the resulting
perturbed values ¥} (u, v) satisfy the condition

{5, (u,v) | u,v € Voand w # v} N {4y (u,v) | u,v € V and u # v} \ {0} =0 if 41 # io. (2.1)
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Figure 3: Let V = {s1,892,¢,d}, M =2, 5] = {s1}, and Sy = {s2}. Let 1) and )5 be the symmetric affinities
on V' such that ¢1(c,d) = ¥1(d, c) = 0.4, 11 (s1,¢) = 91(c, 81) = 2(s2,¢) = 1h2(c, s2) = h2(c,d) = Ya(d, c) =
0.6, and 9;(x,y) = 0 in all other cases where ¢ € {1,2} and x and y are distinct points in V. Then execution
of Algorithm 3 terminates with 71 = {s1,c} and Ty = {sa, ¢, d}. So if in Algorithm 3 we replace OMOFS « T,
with O; « T; \ Uj# T; then the resulting algorithm will produce an object Oy = T5 \ T} = {s2,d} that is
“disconnected” (as ¢ € Oy and so there is no Os-path of nonzero 1)s-strength from Sy to d € O3)

For example, if affinity values are represented as floating point binary values and M = 4, and if ¥, (u,v) < 1
(1 <i < 4) whenever u # v,” then whenever u # v and ;(u,v) # 0 we can set the two least significant bits
of ¥;(u,v) to 00, 01, 10, or 11 according to whether ¢ = 1, 2, 3, or 4. The condition (2.1) ensures that the
objects of the MOFS segmentation computed from the perturbed affinity values will be pairwise disjoint.®

This method is appropriate for any application in which MOFS segmentations are stable with respect to
tiny changes in affinity values—i.e., any application in which tiny changes in affinity values are very unlikely
to appreciably affect the segmentations that are produced.

We can also conclude from the same line of thought that different objects of an MOFS segmentation cannot
overlap in any substantial way if the segmentation is stable in this sense (because overlapping of objects can
always be entirely eliminated by making arbitrarily small changes in the affinity values). Equivalently, if
different MOF'S objects have substantial overlap, then the MOFS segmentation is unstable.

Affinity perturbation as described here is proposed as a method of eliminating overlaps between objects
only when all such overlaps are small; it is not recommended when different objects have substantial overlap.

An unexpected substantial overlap of MOFS objects may indicate that an affinity or seed was poorly
chosen. In any application where different MOFS objects would be expected to overlap substantially, the
instability of such MOFS segmentations with respect to tiny changes in affinity values should be borne in
mind when considering whether MOFS is a suitable method for that application.

In sec. 3.3 we will see that these remarks about substantial overlaps of objects in MOFS segmentations
apply as well to large tie-zones in IRFC segmentations, because any IRFC segmentation that has a large
tie-zone is also unstable with respect to tiny changes in affinity values.”

"The condition that ;(u,v) < 1 (1 < i < M) whenever u # v is needed only because we do not want any perturbed affinity
value to exceed 1. From a mathematical perspective there is no real loss of generality when we assume this condition. Indeed, if
the condition is not satisfied we can define affinities ¥ (u,v) such that ¥} (u,v) = 9;(u,v)/2 whenever u # v, and then use the
Y*s in place of the ¥s: The ¥*s evidently satisfy the condition, and it is not hard to see from Algorithm 3 that using the ¥ *s
in place of the ¥s will not change the segmentations that are produced, because for all V-paths p and ¢ of nonzero length and
all 4,5 € {1,..., M} we have that ¥ (p) < ¥;(q) if and only if ;(p) < 1;(q). (See [17, Prop. 1] for more examples of different
affinities that are equivalent for FC segmentation purposes.) From a computational perspective, we mention that many MOFS
segmentation algorithms, including our Algorithm 5 below, can be easily modified to produce correct segmentations even if
some affinity values exceed 1. If we use a modified algorithm of this kind, then the perturbation described here can be applied
even if the condition is not satisfied.

8Indeed, suppose not: Suppose v € O%\/IOFS N O;V[OFS where <011V[OFS, RN OMOFS) is the MOF'S segmentation derived from
Py, ..., ¥, and pairwise disjoint seed sets Si,...,Sns, and i # j. Then we see from the main loop of Algorithm 3 that v

must be incorporated into T; and T at the same iteration of that loop. Assuming v is incorporated into T; and T} at the nth
iteration of the loop, and using the notation of Theorem 2.6, we have that v € T \ T;ﬁl and v € T]TL \T;ﬁl, whence we see
from Theorem 2.6 that there is a V-path from S; to v of ¢}-strength a, and there is also a V-path from S; to v of ¢;—strength
an. But this would imply an € {¥](u,v) | u,v € V and u # v} N {¥}(u,v) | u,v € V and u # v}, which contradicts (2.1).

9Note that this cannot be shown by considering affinity perturbations of the kind we have discussed in the above paragraphs,
because IRFC segmentation uses just a single affinity.
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3 Concise Path-Based Characterizations of Fuzzy Connectedness
Segmentations

In sec. 2 we defined RFC, IRFC, and MOFS segmentations as the segmentations produced by Algorithms 1
— 3, and also characterized each of the segmentations mathematically in terms of inductively defined sets. In
this section we give more concise path-based mathematical characterizations of these segmentations, both for
their independent interest and because other properties of the segmentations can be conveniently deduced
from these characterizations.

3.1 (¢,S5)-Optimal V-paths and Hereditarily (¢, S)-Optimal V-paths

As we shall see in Theorems 3.6 and 3.8 below, RFC and IRFC segmentations can be characterized in terms
of the concepts of optimal and hereditarily optimal paths which we now introduce.

Let v : V xV — [0,1] be an affinity and let S C V. Then we say that a V-path p = (v, ..., v)
is (¢, S)-optimal if vg € S and ¥ (p) = ¥V (S,v;), and we say p is hereditarily (1, S)-optimal if p and all
nonempty proper initial segments of p are (¢, 5)-optimal. Thus a V-path p = (vg, ..., v;) is hereditarily
(1, S)-optimal just if vg € S and ¥ ({vy, - .., v)) = ¥V (S,vx) for 1 < k < 1. When v is symmetric, a V-path
is hereditarily (v, S)-optimal just if its reverse is what [21] calls a nice path in V to S.

If S # 0 then for any v in V it is evident that there is at least one (¢, .S)-optimal V-path to v, and we
will see from the next proposition that there is at least one hereditarily (1, .S)-optimal V-path to v.

Proposition 3.1. Let ¢ : V xV — [0,1] be an affinity and let ) # S C V. Then for each v € V there erists
a hereditarily (v, .S)-optimal V-path to v.

This follows easily from Lemma 3.3 in [21] (whose proof is readily confirmed to be valid even if the affinity
is not symmetric). For the convenience of readers we will give a self-contained proof of the proposition here.

Proof of Proposition. Suppose the proposition is false. Among those points v € V for which no V-path
to v is hereditarily (1, S)-optimal pick a point v* for which " (S,v*) is maximal, and let (v, ...,v;)
be a V-path from S to v; = v* such that ¥((vg,...,v)) = ¥V (S,v). Let k be the greatest index for
which ¥ ({vg,...,v)) # ¥V (S,v;); k exists since (vg,...,v;) cannot be hereditarily (v, S)-optimal. Now
PV (S, vr) > v ({vo, - -, vk)) > (v, ..., v)) = PV (S, ), so it follows from our definition of v; = v* that
there exists a V-path p to v such that p is a hereditarily (¢, S)-optimal V-path. For all ¥’ € {k+1,...,1} let
pis be the V-path p- (v, ..., v) from S to vg. Then, since ¥(p) = ¥V (S, vx) > ¥({vo, ..., vr)), for all k' €
{k+1,...,1} we have that ¥ (pr) = V(p- (Vik,...,vp)) = V({vo,...,vk) - (Vgy. .., 0k)) = V({vo,...,0p)) =
Y (S, vr) > (prs) (where the equality 1 ((vo, . .., v )) = " (S, vy ) follows from the definition of k), which
implies v (ps/) = 1Y (S, vgs). From this (and the fact that p is a hereditarily (1, S)-optimal V-path) it follows
that the V-path p; is a hereditarily (¢, S)-optimal V-path to v; = v*, a contradiction. O

3.2 Us(p), Recursively (¥,S)-Optimal V-paths, and the Sets OY°

As mentioned above (and as we will see in the next subsection) RFC and IRFC segmentations can be
characterized in terms of the concepts of optimal and hereditarily optimal paths, which raises the question
of whether MOF'S segmentations can be characterized in a similar way.

The answer is “yes”, but it is not immediately obvious how this can be done because optimal and hereditar-
ily optimal paths are defined for a single affinity ¥ whereas MOFS segmentation uses M affinities 91, ..., ¥
In MOFS segmentation each of the M objects has its own affinity, which is used to define the strengths of
paths from that object’s seed set. The main purpose of this subsection is to introduce the concept of a re-
cursively optimal path, which generalizes the concept of a hereditarily optimal path to this broader context.

Our definition below of recursive optimality may not seem, at first sight, to be a very natural generalization
of hereditary optimality. But the definition will be justified by Theorem 3.10, which will characterize MOFS
segmentations in terms of recursively optimal paths in a way that is clearly similar to our characterizations
of RFC and IRFC segmentations in terms of optimal and hereditarily optimal paths. Just as importantly,
we will find that it is a definition which is convenient to use in inductive arguments.
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Figure 4: Scene and affinity values for Example 3.2

Let ¥ = (¢1,...,%n) be a sequence of affinities on V and & = (S1,...,Sy) a sequence of (pairwise
disjoint nonempty) seed sets. For any V-path p from Uj S; we define the (¥, S)-strength of p to be ¥y, (p),
where m is the unique element of {1,..., M} such that p is a V-path from S,,; this value will be denoted
by Ws(p). Note that ¥s(p) is undefined if the V-path p is not a V-path from Uj S;.

Now there is an easy but rather unsatisfactory way to generalize our concept of a hereditarily (¢, S)-
optimal V-path: We first define ¥s(v) for each v € V to be the maximum value attained by Us(q) as
q ranges over all V-paths from J;S; to v. Then we say that a V-path (vo, ..., v) is (¥,S)-optimal if
vy € Uj S; and Ws((vo, ..., v1)) = ¥s(v), and say that a V-path p is hereditarily (¥, S)-optimal if p and all
nonempty proper initial segments of p are (¥, S)-optimal. Unfortunately, this more general concept turns
out to be less useful than the single-affinity concept of hereditary (1, S)-optimality, because Proposition 3.1
fails to generalize to hereditarily (¥, S)-optimal V-paths: It is not true that for each v € V' there must exist
a hereditarily (¥, S)-optimal V-path to v, as the following example illustrates:

Example 3.2. Let V = {s1,$2,¢,d}, M = 2, and § = (S1,52), where S; = {s1} and Sz = {s2}. Let
U = (¢1,19), where ¢p1 and 1y are the symmetric affinities on V' defined by ©1(s1,¢) = ¥1(c,s1) = 0.7,
P1(e,d) = P1(d, ¢) = 0.4, Pa(s2, ¢) = Pa(c, s2) = Pa(c,d) = 2(d, c) = 0.6, and ¢;(x,y) = 0 in all other cases
where i € {1,2} and x and y are distinct points in V. (See Figure 4.) Then no V-path to d is hereditarily
(T, S)-optimal: Indeed, if p is a (¥, S)-optimal V-path to d then p is a V-path from s3, so p has an initial
segment that ends at ¢ and is not (¥, S)-optimal (because ¥gs({s2,c)) = 0.6 < 0.7 = Us((s1,¢)))-

It is readily confirmed (by inspection of Algorithm 3) that in this example the objects of the MOFS
segmentation are O; = {s1,¢,d} and Oy = {s2}: Thus d € Oy, even though there is no (¥, S)-optimal
V-path from S; to d because ) (S1,d) = 0.4 < Us(d) = 1Y (S9,d) = 0.6. Examples such as this one
strongly suggest that MOFS segmentations do not have simple characterizations in terms of (¥, S)-optimal
and hereditarily (¥, S)-optimal V-paths.

We now define the class of recursively (¥, S)-optimal V-paths, which generalizes the class of hereditarily
(1, S)-optimal V-paths in a more useful way. Recursively (¥, S)-optimal V-paths will be defined by induction
on their (¥, S)-strength, starting with the strongest such paths (those of (¥, S)-strength 1).

For this purpose, let 1 = a; > --- > a4 be (as in Algorithm 3) the sequence obtained by sorting
the finite set A = (J,1;[V x V] \ {0} into decreasing order, and define aaj41 = 0. (It follows that the
(T, S)-strength of every V-path is a, for some n € {1,...,|A4]|,|A| +1}.)

We define the recursively (¥,S)-optimal V-paths of (¥, S)-strength oy = 1 to be just the V-paths
from J; S; whose (¥, S)-strength is 1: Every V-path from J; S; whose (¥, S)-strength is 1 is recursively
(T, S)-optimal. Once we have defined the recursively (¥,S)-optimal V-paths of (¥, S)-strength > «,, for
some n € {2,...,|A| + 1}, we define the recursively (¥, S)-optimal V-paths of (¥,S)-strength a,, to be the
V-paths (vg,...,v;) from Uj S; of (¥,S)-strength «, that satisfy the following condition:

e For 1 < k <[ there is no recursively (¥, S)-optimal V-path to vy, of (¥,S)-strength > Us({vo, ..., vx)).

Note that in this condition “recursively (¥, S)-optimal V-path to vy of (¥,S)-strength > Us({vo,...,vx))”
has already been defined because ¥s((vo,...,vx)) > Us({vy,...,v;)) = @, and we are assuming we have
already defined the recursively (¥, S)-optimal V-paths of (¥, S)-strength > a,.

More formally, a V-path (vg, ..., v;) is recursively (¥, S)-optimal if (and only if) the following condition
ROS ((vo, ..., v;)) holds:
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ROS ((vo,...,u)): wo € U; S; and, for 1 <k <1, no V-path p to vy, satisfies
both RO$ (p) and ¥s(p) > Us((vo, .. .,vk)).

It is evident that any two recursively (¥, S)-optimal V-paths to the same point must have the same
(T, S)-strength. It is also evident that any nonempty initial segment of a recursively (¥, S)-optimal V-path
is itself a recursively (¥,S)-optimal V-path. We will see in Corollary 3.5 that this concept is indeed a
generalization of the concept of a hereditarily (v, S)-optimal V-path.

For V-paths p from Uj S; of (¥, S)-strength < 1, the property of being recursively (¥, S)-optimal can be
characterized in terms of p’s longest initial segment of greater strength: Let (vg,...,v;) be any V-path from
U; S; such that ¥s((vo,...,v)) = a <1, and let (vo,...,v,) be the longest initial segment of (vo,...,v)
such that Us({vg,...,v,)) > a (so that Us({vy,...,vx)) = « for each k € {r 4+ 1,...,1}). Then, readily,
(vo, ..., v;) is a recursively (¥, S)-optimal V-path if and only if both of the following are true:

1. (vg,...,v,) is a recursively (¥,S)-optimal V-path.
2. No v with r < k <1 is the last point of a recursively (¥,S)-optimal V-path of (¥, S)-strength > .

As mentioned above, one weakness of the concept of a hereditarily (¥, S)-optimal V-path as a generalization
of the concept of a hereditarily (¢, S)-optimal V-path is that there may be points v € V for which there is
no hereditarily (¥, S)-optimal V-path to v, as we showed in Example 3.2. But it is very easy to see that the
concept of a recursively (¥, S)-optimal V-path does not have this drawback:

Proposition 3.3. Let U = (¢1,...,9n) be any sequence of affinities on V. and S = (S1,...,Sm) any
sequence of pairwise disjoint nonempty subsets of V.. Then for each v € V' there exists a recursively (U, S)-
optimal V -path to v.

Proof. Let vg be any point in (J; S;. Then for each v € V' either ROY ((vo,v)) holds or RO (p) holds for
some V-path p to v such that ¥s(p) > ¥s((vo,v)). O

For any sequence of affinities U = (1, ...,%y) on V| any sequence S = (S, ..., Sy) of pairwise disjoint
nonempty subsets of V', and every m € {1,..., M} we define

OYS = {v € V| there exists a recursively (¥, S)-optimal V-path from S,, to v}.

Evidently, S,, C OY° and O C V'\ Ui i if S1,..., Sar are consistent with the affinities ¢1, ..., ¢
Moreover, Proposition 3.3 implies |J I O;I"S = V. This is an important concept, because we will see later
(from Theorem 3.10) that the mth object found by MOFS segmentation with affinities 1, ..., ¢y and seed

sets S, ..., Sy that are consistent with the affinities is the set {v € O | 1/12:25 (Sm,v) > 0}.

Our next theorem tells us that if S is consistent with ¥, then the recursively (¥, S)-optimal V-paths
from Sy, are just the hereditarily (¢|yv.s, pv.s,Sm)-optimal OY-S_paths. Here Ym|ow.s, ou.s denotes the
affinity on O that is obtained by restricting the affinity 1, to O%S x OS5 10

m

Theorem 3.4. Let ¥ = (¢n,...,¥n) be any sequence of affinities on V and S = (S1,...,Su) any se-
quence of pairwise disjoint nonempty subsets of V' that are consistent with the affinities. Then, for all
me{l,...,M}:

1. A recursively (¥, S)-optimal V -path is an O%:S -path just if it is a V -path from S,.
2. An O%-S_path is a recursively (V,S)-optimal V-path just if it is a hereditarily (Ymlow.s 0.5, Sm)-
optimal OT‘I,’L*S -path.
v,S
3. For allv e OYS, the (V,S)-strength of every recursively (¥, S)-optimal V -path to v is 1/)7?{” (S, v).

A proof of this theorem will be given in sec. 6.2. One important implication of this result is that in the
case where ¢; = --- = ¢py = 9 (i.e., the same affinity ¢ is used for each of the M objects, as in (I)RFC
segmentation) recursive (¥, S)-optimality is equivalent to hereditary (¢, ; S;)-optimality:

10Note that an O;I,{L‘S—path to v that is (wm|o\p,s COYS 5 Sm )-optimal need not be a V-path to v that is (¢m, Sm )-optimal:
m

m

It may have lower 1y,-strength than a V-path from S, to v that is not an O%’S—path.
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Corollary 3.5. Let U% = (3,...,%) be a sequence of M occurrences of the same affinity 1 on V, and
let (S1,...,Sm) be any sequence of pairwise disjoint nonempty subsets of V.. Then a V-path is recursively
(U¥,(S1,...,Sn))-optimal just if it is hereditarily (¢, U; S;)-optimal.

Proof. Since \I/?’SI SM>(p) = ¢(p) for every V-path p from J;S;, we see that a V-path is recursively
(U¥,(S1,...,Sn))-optimal just if it is recursively ({1}, (U; S5))-optimal. Putting ¥ = (¢), S = (U; 5;), and

m = M =1, we see from Proposition 3.3 that OinUj Si) V' and then see from statement 2 of Theorem 3.4

that a V-path is recursively ((¢), (U, S;))-optimal just if it is hereditarily (¢, J; S;)-optimal. O

3.3 Path-Based Characterizations of RFC, IRFC, and MOFS Segmentations
The following theorem gives two (extremely similar) characterizations of RFC segmentations:

Theorem 3.6. Let M > 2, and let (ORFC, ... ORFC) be the segmentation of V' found by Algorithm 1 for
an affinity ¥ on V and pairwise disjoint nonempty seed sets Sy, ..., Sy C V. Suppose further that the seed
sets S1, ..., Sy are consistent with the affinity 1. Then the following are true for 1 < i < M:

1. v € OF¥C just if every (i, Uj S;)-optimal V -path to v is a V-path from S;.

2. ORFC = {v € V | max;jz; ¥V (Sj,v) < ¥V (Si,v)}.

Theorem 3.6 will be proved in sec. 6.3. Statement 2 of the theorem has been used as a definition of RFC
segmentations in the (I)RFC-track literature—see, e.g., [21] or [33]. It follows that, under the hypotheses of
the theorem, Algorithm 1 does indeed produce the same segmentations as are produced by RFC segmentation
algorithms in the literature.

From Theorem 3.6 it is easy to deduce two basic properties of RFC objects:

Corollary 3.7. Under the hypotheses of Theorem 3.6, the following are true for 1 <i < M:
1. For all v in ORFC | every (1, Uj S;)-optimal V -path to v is an ORFC-path.

RFC
Oi

2. For all v in ORFC | we have that (Si,v) =V (Si,v) > max; 4 ¥V (S;,v).

Proof. Statement 2 follows from statement 1, so we need only prove statement 1. To do this, fix a v in
OFR¥C and an i in {1,..., M}, and let (vg,...,v;) be a (1, U, Sj)-optimal V-path to v. We claim that
vn € ORFC for 0 < n < k. Indeed, suppose not. Then there is an n < k such that v, ¢ ORFC so by

statement 1 of Theorem 3.6 (applied to vy,) there exists a (1, J; S;)-optimal V-path p to v, from ,; S;.
Thus p - (vp,...,v) is a V-path from Uj# S; to v with ¥(p - (vp,...,v)) > ¥Y({vo,...,vx)) and so is a

(1, Uj S;)-optimal V-path to v that is not from S;, which contradicts statement 1 of Theorem 3.6. O
Our next theorem gives three characterizations of IRFC segmentations:

Theorem 3.8. Let M > 2, and let (OIRFC ... OB¥C) be the segmentation of V' found by Algorithm 2 for

an affinity v on V and pairwise disjoint nonempty seed sets Sy, ..., Sy C V. Suppose further that the seed

sets S1, ..., Sy are consistent with the affinity 1. Then the following are true for 1 <i¢ < M:

1. v € OFFC just if every hereditarily (1, Uj S;)-optimal V -path to v is a V-path from S;.
2. OR¥C s the unique set O that satisfies O = {v € V | max;z; vV \9(S;,v) < %9 (S;,v)}.
3. OMFC s the unique set O that satisfies O = {v € V | max;z; vV \9(S;,v) < Y (S;,v)}.

Theorem 3.8 will be proved in sec. 6.5. It follows from this theorem that, under its hypotheses, Algo-
rithm 2 produces the same segmentations as IRFC algorithms from the (I)RFC-track literature.!!

Corollary 3.9 below is an IRFC analog of Corollary 3.7. Its statement 1 can be deduced from statement 1
of Theorem 3.8 in very much the same way as statement 1 of Corollary 3.7 was deduced from statement 1
of Theorem 3.6. Its statement 2 follows from its statement 1 and statement 3 of Theorem 3.8.

171t is enough to verify that O}RFC is the same set as the ith IRFC object according to [20]. To see this, let X; = Uj# S,
(1<i< M)andlet f: P(V\X;) = P(V\X;) be the set function defined by f(O) = {v € V | V\O(X;,v) < 9V (S;,v)} for all
O C V\ X;. Consider the sequence 09,0}, 0%,... where O? = () and Of""l = f(OF) for 0 < k < co. Since f is monotonic (i.e.,

k3
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Corollary 3.9. Under the hypotheses of Theorem 3.8, the following are true for 1 <i < M:
1. For all v in OZIRFC, every hereditarily (v, Uj S;)-optimal V -path to v is an O%RFC -path.

IRFC IRFC
O (S, v) =¥V (S;,v) > mMax;4; PV \Oi (Sj,v).
The following theorem gives characterizations of MOFS segmentations that are similar in flavor to the
first two characterizations of IRFC objects in Theorem 3.8:

Theorem 3.10. Let (OMOFS ... OMOFS) be the segmentation of V' found by Algorithm 3 for a sequence
U = (¢1,..., %) of affinities on V' and a sequence S = (S1,...,Snm) of pairwise disjoint nonempty seed
sets. Suppose further that the seed sets Si, ..., Sy are consistent with the affinities 11, ..., V. Then:

2. For all v in OF¥C we have that 1

1. For 1 < i < M, v € OMOFS just if there is a recursively (¥,S)-optimal V -path of nonzero (¥,S)-
strength from S; to v.

. v,s | 0%
2. For 1 <i< M, OMO¥S = {4y € O | ;" (S;,v) > 0}.
3. (OMOFS OMOFS) s the unique sequence of sets (Oy,...,0nr) such that
O, = {v € V| max; 1/}?'7 (Sj,v) < ’l/JlOi(Si,’U) #0} for1<i< M. (3.1)

Theorem 3.10 will be proved in sec. 6.4. We can deduce from Theorem 3.10 and Theorem 1 of [10] that,
under the hypotheses of Theorem 3.10, Algorithm 3 produces the same segmentations as are produced by
MOFS algorithms from the MOFS-track literature.'?

Some easy consequences of Theorem 3.10 are stated in the following two corollaries:

Corollary 3.11. Under the hypotheses of Theorem 3.10, the following are true for 1 <i < M:

1. For all v € OMOYS | every recursively (¥, S)-optimal V -path from S; to v is an OMOFS_path.

2. An OMOFS _path is a recursively (¥, S)-optimal V -path just if it is a hereditarily (;|omors , oyors , S;)-
optimal OMOFS_path.

MOFS
Oi

3. For all v € OMOFS ) (S;,v) is the (U, S)-strength of any recursively (¥, S)-optimal V -path to v.

K3
Proof. Statement 1 follows from statement 1 of Theorem 3.10, as every nonempty initial segment of a
recursively (¥, S)-optimal V-path from S; is itself a recursively (¥, S)-optimal V-path from S;.

From statement 2 of Theorem 3.10 we see that an OMOFS_path is an O;P ’S—path, and also see that
an OMOFS_path is a (1i] omors » omors , S;)-optimal OMOFS_path if and only if it is a wi‘of”sxof’*sv‘gi)'
OMOFS

optimal O}*®-path (whence an -path is a hereditarily (¢;|omors, omors, S;)-optimal OMOFS _path if

and only if it is a hereditarily (¢;|,v.s, ,v.s,S5;)-optimal O;I’ ’S—path). These observations and statement 2
¢ ‘ MOFS

of Theorem 3.4 together imply statement 2 of the corollary. As z/JZ-Oi (Si,v) is the (¥, S)-strength of a

hereditarily (1;|omors  omors, S;)-optimal OMOFS_path to any v € OMOFS and all recursively (¥, S)-optimal

V-paths to a point v have the same (¥, S)-strength, statement 3 follows from statement 2. O

f(O) C f(O') whenever O C O’) and 0 = OY C O}, we see that OF = f(Offl) C f(OF) = Oerl for k =1,2,3,.... Writing
O5° to denote the union (i.e., the largest set) of the chain §) = OZQ - Oil - O? C ... of subsets of the finite set V' \ X;, we have
that O$° = £(0$°). Equivalently, 0% = {v € V | 9V \O7 (X;,v) < 9V (S;,v)} = {v € V | max;jz; »V\O7 (Sj,v) < %V (Si,v)}
and so by statement 3 of Theorem 3.8 we have that O%RFC = Of°. But since the ascending chain () = O? - Oi1 - 01-2 C...
satisfies Of+1 =OF UO;chl =O0FUf(OF)=0FU{veV\OF | wv\of (Xi,v) < ¥V (S;,v)} for 0 < k < oo, this chain satisfies
the inductive definition of the chain () = Pgi T C Péi T, € Pgi 1, € - that is given by equation (12) of [20] in the case where
the affinity is ¢ and C, m, and T; are respectively equal to our V', M, and X;. So in this case the set Pgi T, of [20] is equal to Oi-‘
for 0 < k < oo, whence the set |J, Pgi ,» which is the ith IRFC object according to [20, sec. 4.3], is |J,, OF = O = OIRFC,
2Tndeed, let OBJ; denote the ith object (in the sense of this paper) of the segmentation produced by the MOFS algorithm
of [10] for our affinities %1,...,%n and seed sets Si,...,Spr. Then what we want to verify is that OBJ; = O}LV[OFS for
1 < ¢ < M. In the notation of [10], OBJ; = {c € V | of # 0}. Theorem 1 of [10] uses the notation V; to denote the
seed set we refer to as S; and uses s§ to denote the value inBJi (Siye). For 1 < ¢ < M and all ¢ € V, statement (i) of
that theorem implies that of # 0 just if max;; s? < s¢ # 0. Equivalently, for 1 < i < M we have that ¢ € OBJ; just if

max;; w?BJj (Sj,¢) < wZQBJi (Si,¢) # 0, whence we see from statement 3 of Theorem 3.10 that OBJ; = O%\/IOFS, as required.
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Corollary 3.12. Under the hypotheses of Theorem 3.10, if for some i € {1,...,M} and v,w € V we
have that v € OMOFS and ;(v,w) > 0, then w € Uj O}\/IOFS. Equivalently, for 1 < 1 < M we have that

i (v, w) = 0 whenever v € OMOFS and w € V - OMOFS,
i J 77

Proof. 1t is quite easy to see that this corollary is true just by considering the final iteration of Algorithm 3’s
main loop. However, we will deduce the corollary from Theorem 3.10.

Suppose v € OMOFS and 4);(v,w) > 0. Then, by Theorem 3.10, there is a recursively (¥,S)-optimal
V-path p from S; to v such that 1;(p) > 0. Let p’ be the V-path from S; to w obtained by appending w
to p, so that ;(p") = min(;(p), ¥;(v,w)) > 0. As p is a recursively (¥, S)-optimal V-path, either p’ is a
recursively (¥, S)-optimal V-path, or there is a recursively (¥,S)-optimal V-path ¢ from (J ;Sj to w such
that Us(q) > ¥s(p') = ¥:(p') > 0. In both cases there is a recursively (¥, S)-optimal V-path of nonzero
(¥, S)-strength from (J; S; to w, and so w € [J; O}V[OFS by statement 1 of Theorem 3.10.Instability of IRFC
Segmentations That Have Large Tie-Zones O

We now show that the tie-zone of any IRFC segmentation can be completely eliminated by making
arbitrarily small changes in affinity values.

Let us write (ORFC(1),S),..., ORFC (1), S)) to denote the IRFC segmentation given by an affinity ¢ on V
and a sequence S of M pairwise disjoint nonempty seed sets in V', write TZ (v, S) to denote V\J ; O;RFC (¥, S)
(which is the segmentation’s tie-zone), and write || — || to denote the value max, ,ev |¥(u, v) — ¥’ (u,v)|
(for any affinities ¥ and ¢’ on V). Then a precise statement of our result is:

(%) For any affinity ¢ on V', any sequence S of pairwise disjoint nonempty seed sets in V', and any € > 0,
there exists an affinity ¢’ on V such that ||¢v' — | <€, TZ(¢',S) =0, and 7’ is symmetric if 9 is.

It follows from this result that any IRFC segmentation whose tie-zone is large must be unstable with respect
to tiny changes in the affinity values.

For any affinity ¢» on V and any sequence S = (Si,...,Sy) of pairwise disjoint nonempty seed sets
in V, we define a (¢, S)-bottleneck point to be a point b € TZ(1),S) for which there exists a hereditarily
(qp,Uj S;)-optimal V-path to b such that no other point of the V-path lies in TZ(¢,S). (Here we are
thinking of T'Z (v, S) as a multiple-necked bottle whose necks are the places where hereditarily (¢, ; S;)-
optimal V-paths enter the bottle.) If TZ(+,S) # ( then there is at least one (1, S)-bottleneck point,
by Proposition 3.1 and the fact that every initial segment of a hereditarily (¢, J I S;)-optimal V-path is a
hereditarily (1, J; Sj)-optimal V-path.

The fact (&%) is a straightforward consequence of the following theorem (which is a weaker version of
()). This theorem will be proved in sec. 6.6.

Theorem 3.13. Let ¢ be an affinity on V and S = (Si,...,Sm) a sequence of pairwise disjoint nonempty
subsets of V' such that TZ (1), S) # 0. Let b be any (v, S)-bottleneck point, and let § be any positive constant.
Then there exists an affinity ' on V such that || — || < 6, TZ(W',S) C TZ(,S) \ {b}, and ¢’ is
symmetric if ¥ is symmetric.

To deduce (&) from this theorem, let 1), S, and € be any affinity on V', any sequence of pairwise disjoint
nonempty subsets of V', and any positive value. Let dg,d1,da,... be an infinite sequence of positive values
such that Z;io 0; < e. Then we see from the theorem that we can define a sequence of affinities v, 11, 2, . . .
on V in the following way: Define 1o = ¢, and define 1; for i = 1,2,3,... as follows: If TZ(¢);,S) # 0
then let b; be any (1;,S)-bottleneck point and let ;1 be any affinity on V' such that ||¢;+1 — ;] < &,
TZ(¢i+17S) - TZ(¢“S) \ {b1}7 and w’i-i-l is symmetric if wz iS; but if TZ(wL,S) = @ then let wi_t,_l = wz
Now (&) follows from the fact that [ — ¥ = || 202} (w01 — )| < S s — sl < 32006, < € for
1 <i < oo, and the fact that there must be some ¢ for which TZ(¢;,S) = 0.

4 Efficient Fuzzy Connectedness Segmentation Algorithms

4.1 Efficient Computation of RFC Segmentations

The following variant of Dijkstra’s well known algorithm [24] for finding shortest paths in a weighted digraph
can be used to compute RFC segmentations. A very similar algorithm is described on p. 76 of [8], and the
paper [25] discusses algorithms of this general kind.
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For any seed set S and affinity ¢ on V, Algorithm 4 computes the 1-strength of a (¢, S)-optimal V-path
to each point v in V: Tt computes ¥V (S,v) for every v in V. Given seed sets (S, ..., Sur), we can apply
this algorithm M times (once with S = S; for each i € {1,..., M}) to compute %" (S;,v) for 1 <i < M and
all v in V. Then the RFC objects (OFFC ... ORFC) for the seed sets Sy, ..., Sy and affinity ¢ can all be
found by applying statement 2 of Theorem 3.6, assuming the seed sets are consistent with the affinity.

Line 6 of this algorithm assumes that we have identified a set E C {(v,v") € V x V | v # v’} such that
Y(v,v") = 0 whenever v # v’ and (v,v’) € E. Each member of F is called a i)-edge. We can always take this
set E of y-edges to be the whole of {(v,v") € V x V' | v # v'}, but the algorithm will be more efficient if for
every u € V the set of all ¥-edges (u,v) is small and the algorithm can quickly iterate over that set.

Algorithm 4: Finds, for each v € V, the ¢-strength of a (¢, S)-optimal V-path to v

Data: a finite set V', a nonempty subset S of V, and an affinity ¢ on V
Result: an array o[] such that, for v € V, ov] = %" (S,v)

1 foreach v € V do o[v] + 0 /* initialization loop 1 */
2 foreach s € S do os] + 1 /* initialization loop 2 */
3 create a max-priority queue H that contains every v in V', with key o|v]

4 while H is not empty do /* the main loop */
5 remove an element w of argmax,yofu| from H

6 foreach x such that (w,x) is a ¢-edge and o[w] > o[x] do

7 o’ < min(ow], ¥ (w,x))

8 L if o’ > o[x] then o[x] <~ ¢’ /* o[x] < ¢’ involves update of H, because x € H */

Let us assume that, for each v € V| there are only O(1) points x for which (v,x) is a 1-edge and those
points can all be found in O(1) time. Then, if H is represented as a binary max-heap [22, sec. 6.1] (so line 3
takes O(]V|) time and each iteration of the main loop can be executed in O(log |V]) time), the running time of
Algorithm 4 is O(|]V|log |V]). But we can do better if all values of ¢ are (or can safely be rounded to) multiples
of 1/N for an integer N that is O(|V]), by using an array of doubly-linked lists instead of a heap to represent
the priority queue H: For example, we can create a doubly-linked node Node[v] for each v € V and maintain
an array Harr such that, for n € {1,..., N}, Harr[n] is a (possibly null) doubly-linked list which contains
Node[v] for each v € V that currently satisfies o[v] = n/N. Priority queues are frequently implemented
in this kind of way both in MOFS-track and in (I)RFC-track FC segmentation [10,20]. Assuming this
representation of H, each execution of line 8 requires only O(1) time, and the |V| executions of line 5 require
a total of O(|V])-time, so we see that the running time of Algorithm 4 is O(|V]).

Standard justifications of Dijkstra’s algorithm can be adapted to prove that Algorithm 4 achieves what
its Result line promises. But we will see that this also follows from the correctness of Algorithm 5 below.

It would be easy to modify Algorithm 4 so it also creates an array pred|[] such that, for every point v & S,
when the algorithm terminates pred[v] is the predecessor of v on a (1, S)-optimal V-path to v.

While M-object RFC segmentations can be computed in the manner described above using M separate
applications of Algorithm 4, they can often be computed more efficiently (e.g., by using the idea presented
by Badura and Pietka in [5, sec. 2.3]). However, we will leave this matter for future exploration.

4.2 Efficient Computation of MOFS and IRFC Segmentations

Algorithm 5 below, like Algorithm 4 above, can be regarded as a variant of Dijkstra’s shortest path algorithm,
but it is necessarily less simple because it needs to allow the use of a different affinity for each of the M
objects. The algorithm is similar to some other MOFS segmentation algorithms, such as the algorithms in
sections 3 and 5 of [10]. It will be seen from the Result lines and Theorem 3.10 that, when Algorithm 5
terminates, each object O%V[OFS of the MOFS segmentation for seed sets S = (S1,...,S5y) and affinities
U = (¢1,...,9¥p) is given by

OMOFS = [y € V | X'[v] = true}

assuming the seed sets are consistent with the affinities.
It follows from this (and Corollary 2.7) that the IRFC segmentation for an affinity ¢ and seed sets
S1,...,Sn consistent with ¢ can be found by executing Algorithm 5 with ¢y = .-+ = Yy = ¥: At
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termination, each object O%RFC of the segmentation is given by

ORFC — OMOFS \ Uj;‘éiO;V[OFS ={v eV |x'[v] = true and y’[v] = false for all j € {1,...,M}\ {i}}.

Algorithm 5: Finds, for each v € V, all those i € {1,..., M} for which v € OMOFS; also finds the

MOFS

value of wioi (S;,v) for each such 4
Data: a finite set V and a sequence S = (S, ..., Sy) of pairwise disjoint nonempty subsets of V
Data: a sequence ¥ = (11,...,¢y) of affinities on V
Result: an array o[] and Boolean arrays x'[],..., x*[] such that, for 1 <i < M and all v € V,

o[v] = the (¥, S)-strength of every recursively (¥, S)-optimal V-path to v
X'[v] = true if there is a recursively (¥, S)-optimal V-path from S; to v and o[v] # 0
X'[v] = false otherwise
Comment: At termination, assuming S is consistent with ¥, Theorem 3.10 and Corollary 3.11 imply

{v eV | x'[v] = true} = OMOFS and ofv] = in?AOFS (Si,v) for1<i< M andallveV.

1 foreach ve V do /* initialization loop 1 */
2 olv] + 0

3 for i+ 1 to M do x'[v] « false

4 for i<+ 1to M do /* initialization loop 2 */
5 foreach s € S; do

6 ols] «+ 1

7 L x'[s] « true

8 create a max-priority queue H that contains every v in V', with key o[v]

9 while H is not empty do /* the main loop */
10 remove an element w of argmax,yofu| from H
11 foreach x such that (w,x) is a U-edge and o[w] > o[x] do
12 foreach i € {1,..., M} such that x'[w] = true do
13 o’ < min(ow], ¥i(w,x))
14 if ¢’ > o[x] then
15 o[x] - o’ /* involves update of H, because x € H */
16 for j < 1 to M do \J[x] « false
17 X'[x] « true
18 else if ¢/ = o[x] and ¢’ > 0 and x'[x] = false then
19 X'[x] + true
20 if xZ H then H + HU {x}

Line 11 of this algorithm assumes that we have identified a set E C {(v,v') € V x V | v # v’} such
that 9;(v,v") = 0 for all ¢ € {1,..., M} whenever v # v' and (v,v’) ¢ E. Each member of F is called a
U-edge. As with the y-edges of Algorithm 4, if for every u € V the set of all U-edges (u,v) is small, and the
algorithm can quickly iterate over that set, then the algorithm will run more efficiently.

In this algorithm, as in Algorithm 4, H consists of points whose labels carry potentially important new
information, and when a point is removed from H its relevant information is passed on to other points (whose
labels are updated accordingly). An important difference between this algorithm and Algorithm 4 is that in
this algorithm labels of points that are no longer in H may still be updated (by line 19); when that happens
the point in question is reinserted into H (by line 20) so that information carried by the updated label can
be passed on to other points at a later iteration of the main loop.

It would be quite easy to modify Algorithm 5 so it also creates an array pred[][] such that, for each
i €{1,..., M} and each point v € OMOFS\ S, when the algorithm terminates pred[][v] is the predecessor of
v on a recursively (¥, S)-optimal V-path from S; to v.

19



Efficiency of Algorithm 5

We assume that, for each v € V, there are only O(1) points = for which (v, z) is a U-edge and those points
can all be found in O(1) time. We also assume the priority queue H is implemented in such a way that it
only takes O(1) time to determine whether x ¢ H is true or false when line 20 is executed.

As explained in sec. 4.1, if all values of the 1);s are (or can safely be rounded to) multiples of 1/N for an
integer N that is O(|V|), then we can use an array of doubly-linked lists to represent the priority queue H.
This is how we would represent H in most of the applications we have in mind.

However, let us first consider the case where the values of the ;s need not satisfy the above condition,
and H is represented as a binary max-heap [22, sec. 6.1]. Then line 8 can be executed in O(|V|) time. The
main loop iterates at most M|V| times; this follows from observation (viii) in sec. 6.8. Under the above
assumptions, at each iteration of the main loop it takes O(log|V|) time to execute line 10, and then the
inner loop on lines 11 — 20 iterates O(1) times at a time cost of O(M(log |V |+ M)). The latter bound
follows from the fact that the “foreach i € {1,..., M} such that x/[w] = true” loop iterates at most M
times, and it takes O(log |V| + M) time to execute its body (i.e., lines 13 — 20) once: Indeed, the structure
of the heap H can only be modified by lines 15 and 20, execution of which takes O(log|V]) time in each case,
while the time cost of line 16 is O(M) and that of the rest of lines 13 — 20 is O(1). So it takes a total of
O(M|V|(log |[V|+ M (log |[V| + M))) = O(M?|V|log |V |+ M?|V|)) time to execute all iterations of the main
loop. Since execution of lines 1 — 8 only takes O(M|V]) time, the total running time of the algorithm is also
O(M?|V|log |[V]| 4+ M3|V|), and so is O(]V|log|V|) for any given value of M, assuming H is represented as
a binary max-heap.

In the more usual case where we use an array of doubly-linked lists instead of a heap to represent H, each
execution of line 10 takes O(1) amortized time, and each execution of line 15 or line 20 takes O(1) time. So
when we redo the analysis in the previous paragraph we see that the total running time is O(M?3|V|). Thus
the running time of the algorithm is O(|V]) for any given value of M.

However, Algorithm 5 is typically even more efficient than may be suggested by a quick look at the
algorithm and the above analysis, because the factors of M which appear in the analysis reflect the behavior
of the algorithm in unusual worst-case scenarios or when M is unusually large. For example, even though
execution of “for j < 1 to M do \J[x] + false” (line 16) takes ©(M) time, when M is small this loop is
responsible for only a small part of the algorithm’s running time. Still more importantly, in most current
applications of MOF'S segmentation the number of iterations of the main loop will usually be close to |V
(whereas the upper bound M |V| was used in the above analysis), and very few executions of the inner

foreach i € {1,..., M} such that x'[w] = true

loop will consist of more than one iteration (as there will rarely be more than one i for which x'[w] = true).

In particular, this will be true for all MOFS and IRFC applications in which segmentations are stable
with respect to tiny changes in affinity values. To see this, note that the number of iterations of the main
loop is u|V| where u is the average, over all points v in V', of the number of times v is removed from H.
Assuming the seed sets are consistent with the affinities and the MOFS or IRFC segmentation is stable with
respect to tiny changes in affinity values, the value of u will be close to 1 regardless of the value of M: Indeed,
a point v can be removed from H a total of & > 2 times only if that point lies in & different MOFS objects!?
and, as we saw in sec. 2.5 and sec. 3.3, this will be the case only for a small proportion of the points in V' if
the segmentation is stable. Similarly, if the seed sets are consistent with the affinities and the segmentation
is stable, then the “foreach i € {1,..., M} such that x/[w] = true” inner loop will rarely iterate more than
once, because x/[w] can be true for more than one value of i only in rare cases where w lies in more than
one MOFS object.

Moreover, when M is large and the time needed to determine just which values of i satisfy x/[w] = true
and to execute “for j < 1 to M do )J[x] + false” are significant issues, the information Algorithm 5 stores
in the M Boolean arrays x'[v], ..., x™[v] can be represented more efficiently. For example, we might use an
integer array x[v] and an array xlist[v] with the following properties: For each v € V', x[v] is the value of
i€{1,...,M} for which the value of x/[v] would have been true, provided there is just one such value of i.
When there is no such value of i or more than one such value, x[v] = 0 and xlist[v] is a (possibly null) list

I3 This follows from observations (iv), (vi), and (vii) in sec. 6.8, statement 2 of Proposition 6.12, and Theorem 3.10.
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of all such values of i. We may also choose to use such arrays x[v] and ylist[v] instead of the Boolean arrays
X ], - - -, xM[v] if the latter would use too much memory.

Two Other Efficient Ways to Compute IRFC Objects

The GCpax algorithm of [20] will efficiently compute any single object of an M-object IRFC segmenta-
tion. While GC,.x would need to be executed M times to compute all the objects of an M-object IRFC
segmentation, it may be faster than Algorithm 5 when we need to compute just one of the M objects.!*

When the affinity is symmetric, the TZWS by union-find method of [2], which was developed as a
way to compute tie-zone IFT watershed transforms—see footnote 2—is another way to compute IRFC
segmentations.'® Like Algorithm 5 and other MOFS algorithms, the TZWS by union-find method computes
all the objects of an IRFC segmentation simultaneously. To briefly describe this method (which we will
do in terms of IRFC segmentation rather than tie-zone IFT watershed transform computation), let ¢ be a
symmetric affinity on V and let Sy,...,Sy C V be pairwise disjoint nonempty seed sets that are consistent
with ¢. Let ~ be the binary relation on V such that x ~ y just if wV(Uj Sj,x) = wV(Uj Si,y) < Y(z,y).
Since 1 is symmetric, ~ is symmetric and its transitive closure is an equivalence relation, each of whose
equivalence classes is called a flat-zone.

It is not hard to show that each flat-zone either lies entirely within a single object of the IRFC segmen-
tation generated by ¢ and (S1,...,Sn) or lies entirely within the segmentation’s tie-zone. The TZWS by
union-find method is somewhat similar to Algorithm 5, but as it runs it takes full advantage of the fact stated
in the previous sentence by using a union-find data structure to represent all the maximal ~-connected sets
(i.e., all “fragments of flat-zones”) that have so far been discovered: For example, whenever a point v is found
to lie in the tie-zone, v’s representative in the union-find data structure (which is the representative of all
points that have so far been discovered to be ~-connected to v) is labeled to indicate that the entire flat-zone
fragment it represents lies in the tie-zone.

Two important differences between the TZWS by union-find method and our Algorithm 5 are that TZWS
by union-find’s main loop will never iterate more times than there are points in the image, and that TZWS by
union-find does not have any analog of Algorithm 5’s “foreach i € {1,..., M} such that x'[w] = true” inner
loop. For these reasons, it will outperform Algorithm 5 in some cases. But in applications where the average
number of MOF'S objects that contain a point is close to 1 (which includes most of the applications we have
in mind, in which tie-zones are typically small) the time saved as a result of the above two differences may be
outweighed by the time cost of maintaining and accessing the union-find data structure. This is because when
Algorithm 5 is used in such applications the inner loop “foreach i € {1,..., M} such that x'[w] = true” will
rarely iterate more than once (i.e., when this loop is executed there will rarely be more than one i for which
x'[w] = true), few points will be placed into the priority queue more than once, and the total number of
iterations of Algorithm 5’s main loop will be close to |V].

5 Robustness of MOF'S Segmentation with Respect to Small Changes
in Seed Sets

RFC and IRFC segmentation are known to be robust with respect to small changes in the seeds [21, sec.
2.4]. In this section we show that MOFS segmentations are also robust in this sense.

14Given an affinity on V and pairwise disjoint nonempty seed sets S1, ..., Sy C V, we can compute the IRFC object O%RFC
associated with the seed set S; by executing the GCmax algorithm of [20, p. 386] with W = Uj S; and a priority map A such
that A(c) = 0 if ¢ € S; and A(c) = 1 if ¢ € U;,; ;. This will compute a forest in which the nodes of the trees rooted at

points in S; are exactly the points of OgRFC. To compute the entire IRFC segmentation (O{RFC, e O}&}FC> we do this M
times, with ¢ = 1,..., M. A modified version of GCmax, which uses a priority map X that satisfies A(c) = j — 1 for all c € S;
(1 <j < M), will compute a forest such that, for 1 < j < M, the nodes of the trees rooted at points in S; include all points
of O}RFC but possibly also some points of the tie-zone if j # 1. When the tie-zone is very small, a good approximation to the
entire IRFC segmentation <O{RFC, N O?}FC) can be obtained by executing such a modified version of GCmax just once.

15We are grateful to a referee for bringing this method to our attention. We think the method is sound and quite clever, but
it seems to us that the corresponding pseudocode [2, Pseudocode 1] does not anticipate every situation that might arise in an
image and may in certain cases fail to identify some tie-zone points, though we think it would not be difficult to modify the
pseudocode to correctly handle such cases.
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Let ¥ = (¢1,...,9%a) be any sequence of affinities on V' and let S = (Sy,...,Su) be any sequence
of M pairwise disjoint nonempty subsets of V. Then we write (OMOFS(¥, S), ... OMOFS(¥,S)) to denote
the MOFS segmentation (OMO¥S . OMOFS) that is produced when either Algorithm 3 or Algorithm 5 is
carried out with affinities 11, ..., and seed sets Sy,..., Sy

One might expect that, if S = (S1,...,S5y) and §* = (S7,...,5%,) are such that each seed set S} is
“sufficiently close” to the seed set S;, then the segmentation (OMOFS(¥ S), ..., OMOFS(¥, S)) will be exactly
the same as the segmentation (OMOFS(W, §*), ..., OMOFS(¥, §*)). We will see from Corollaries 5.5 and 5.6,
and Remark 5.7, that MOFS segmentation is indeed robust in this sense. These robustness properties of
MOFS will be shown to follow from Theorem 5.4, a special case of Corollary 5.5 that is the main result of
this section. Theorem 5.4 and Corollary 5.5 can be viewed as MOFS analogs of known robustness results
for IRFC segmentation—specifically, as MOFS analogs of the first assertions of [21, Thm. 2.5] and |21, Cor.
2.6].

Our results will be stated in terms of sets Core‘lp’s

TS .
,...,Core,;” which we now define:

Definition 5.1. Let U = (41, ...,1) be any sequence of affinities on V and S = (51, ..., Sy) any sequence
of M pairwise disjoint nonempty subsets of V' that are consistent with the affinities. Then, for 1 <i < M,
we define P;(¥, S) to be the collection of all subsets P of V' that satisfy both of the following conditions:

(a) P S OMOFS(T,8)\ U, O)1°F(T,S).

S
(b) w?i\um (\I“S)(Si v) > (v, V' \ P) for every v € P.

The core of OMOFS(¥, S), denoted by Core;l”s, is defined as the union of all the sets in P;(¥,S).

Since S; € OMOFS(¥ S)\ Ujsi OYOFS(W, 8) (as S; C OMOFS(¥,8) C S; U (VA\U,;S;) for 1 <i <M,
by Theorem 2.6), we see that S; € P;(¥,S) and therefore S; C Core;l/’s for1<i< M.

It is also clear that Core}”® C OMOFS(y S) \ U,z O}OFS(W, S) for 1 <@ < M. This implies that the
cores of distinct MOFS objects are always disjoint: Coref’"S N Core!*® = () whenever i #7.

Moreover, the union of two sets in P;(¥,S) is a set in P;(V,S). (Indeed, if P, P, € P;(¥,S) then
P = P, U P, clearly satisfies (a), and also satisfies (b) as ¢?(v, V' \ P;) > ¢?(v,V \ P) for j = 1,2.) So
Core;-ll’s € Pi(¥,S): Corezp’s is the largest member of P;(¥,S) and contains all other members of P; (¥, S).

Significantly, for typical affinities and seed sets we will have that {v € V | Y (S;,v) > a} C Core” for

any « that is large enough. We can express this more precisely. Given affinities ¥ = (1, ...,4¢y) and seed
sets S = (S1,...,Sm), let us say (for any ¢ € {1,..., M}) that a value a € (0, 1] is (¥, S, 4)-large if:

{veV |4} (Si,v) 2 a}nU;{ve V¢ (S;,v) > a} =0.
Then the following is true:

Proposition 5.2. Let ¥ = (¢1,...,%n) be a sequence of affinities on V and S = (S1,...,Sm) a sequence
of pairwise disjoint nonempty subsets of V' that are consistent with ¥. Leti € {1,...,M} and let a € (0, 1]
be any (V,S,i)-large value. Then {v € V | Y (S;,v) > a} C Core;ll’s,

Proof. We claim that, for each v in {v € V' | ¥Y (S;,v) > a}, every hereditarily (¢;, S;)-optimal V-path to v
is recursively (¥, S)-optimal. Indeed, suppose not. Then there exists a hereditarily (v;, S;)-optimal V-path
p = (vo,...,v) such that ¥} (S;,v;) > « and p is not recursively (¥,S)-optimal. As p is not recursively
(T, S)-optimal, there is some k € {1,...,1} and some recursively (¥, S)-optimal V-path ¢ to vy such that
Us(q) > ¥;({vo, . ..,vk)). Since (vg, ..., vg) is hereditarily (1;, S;)-optimal, ¢ cannot be a V-path from S; and
so g is a V-path from (J,; Sj. Now ;((vo, ..., vk)) = ¢i(p) = o, so v, € {v € V| Y (Si,v) > a}. But g is
a V-path from (J,; S; to vy such that Ws(q) > 9 ((vo, ..., vk)) = a, s0 v € U; ,{v eV wj‘-/(Sj,v) > al.
This is a contradiction (as « is (¥, S, 7)-large), and so we have proved our claim.

Now let P = {v € V | Y (S;,v) > a}. Then it follows from the claim that, for each v € P, there is a
recursively (¥, S)-optimal V-path of (¥, S)-strength > « from S; to v, whence there is no recursively (¥, S)-
optimal V-path from (J,; S;j to v (as any such V-path from (J;; S; to v would also have (¥, S)-strength
> « and so could not exist, since « is (¥, S,)-large). From this, Theorem 3.10, and Corollary 3.11 we see

that P C OMOFS(W,8)\ |, , OMOFS(,8) and ¢ ")(S,,0) > a for all v € P. We also see from the
definition of P that 1?(v, V' \ P) < a for all v € P. So P € P;(¥,S) and therefore P C Core]®. O
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The characterizations of MOF'S segmentations given by Theorem 3.10 assume the seed sets are consistent
with the affinities. The next proposition tells us that consistency is preserved when seed sets are replaced
with new sets contained in the cores of the objects of the original segmentation:

Proposition 5.3. Let ¥ = (¢1,...,9¥p) be a sequence of affinities on V and S = (S1,...,Su) a sequence
of pairwise disjoint nonempty seed sets consistent with the affinities. Let S* = (S5,...,S%;) be any sequence
of nonempty sets such that S} C Core?"S for 1 <i < M. Then 8* is consistent with the affinities.

Proof. Suppose &* is not consistent with the affinities. Then for some distinct ¢ and j there is a V-path
(vo,,...,v) from Sf C Core}® to S¥ C Core® C V' \ Core;® such that ¥({vo,, ..., v)) = 1. Let k be an

index such that v, € 001re:-1""S but vg41 € V'\ Core;p’s. Then wioyops(‘y’s)(&,vk) > qp?(vk, V\ Core;p’s) >
Yok, vkr1) = (v, ..., u)) = 1 (since Core}"® € P;(¥,S)), whence there is a V-path p from S; to
v such that ¥;(p) = 1. Now p - (vg,...,v;) is a V-path from S; to v;, and since ¥;(p - (vk,...,v)) =
min(1;(p), ¥i ((vk, ..., v;))) = 1 this V-path is recursively (¥,S)-optimal. So v; € OMOFS(¥,S), by Theo-

rem 3.10. But this is impossible since v; € S} C Core;-p’s C O}OFS(w,8) \ Unnss OMOFS (g S). O

We now state our main robustness theorem, which specifies an extent to which the seed sets Si,..., Sy
can be enlarged without changing the MOFS objects. Note that the theorem assumes the affinities remain
unchanged when we change the seed sets (Si,...,Sy) to (Ry,..., Ru), so it does not apply to seed-set-
dependent affinities (such as those used in the experiments presented in [10]). Object-feature based affinities
of the kind discussed in [18, sec. 2.2| are examples of affinities to which this theorem and Corollaries 5.5 and
5.6 would apply (even if different affinities are used for different objects).

Theorem 5.4. Let U = (11,...,%n) be a sequence of affinities on V and S = (S1,...,Su) a sequence
of pairwise disjoint nonempty seed sets consistent with the affinities. Let R = (Ry,...,Rpr) be such that
S; CR; C Core;l”sfor 1<i< M. Then O%\/IOFS(\P,R) = OZMOFS(\IJ,S) for1<i< M.

This theorem will be proved in sec. 6.7. It implies a far more general robustness result:

Corollary 5.5. Let ¥ = (¢q,...,%n) be a sequence of affinities on V', and let S = (S1,...,S5u) be a
sequence of pairwise disjoint nonempty subsets of V' consistent with the affinities. Let S* = (S5,...,S%) be

any sequence of nonempty sets that satisfy the conditions S} C Core?’s and S; C Coreg”s* for1 <i< M.
Then we have that OMOFS (¥, §*) = OMOFS(U, S) for 1 <i < M.

Proof. Define R; = Core?’SﬂCore?’S* forl1<i<M,s0S; CR; C Core;y"S and S} C R; C Coref”s*. Then,
by Proposition 5.3 and Theorem 5.4, OMOFS(¥, S) = OMOFS(¥, R) = OMOFS(¥, §*) for 1 <i < M. O

The following is a notable special case of Corollary 5.5:

Corollary 5.6. Let ¥ = (¢n,...,¥n) be a sequence of affinities on V', let S = (S1,...,Sm) be a sequence
of pairwise disjoint nonempty subsets of V' consistent with the affinities, and for 1 <i < M let a; be a value
in (0,1] that is (U,S,1)-large. Let S* = (ST,...,S%) be any sequence of nonempty sets such that

Vie{l,...,M}: S; C{veV|y)Y(Siv)>a;} and S; C{v eV |Y (S v) > a;}. (5.1)
Then we have that OMOFS (¥, §*) = OMOFS(¥ S) for 1 <i < M.

Proof. We claim q; is (¥, S*,i)-large for 1 < i < M. Indeed, let ¢,j € {1,..., M} and let a = min(a,, a;).
Then S} C {v e V | ¢)(Si,v) > a} and so {v € V | ¥V (Sf,v) >al C{veV |)(S;,v) > a}. Similarly,
{fveV |/ (Syv)>a} C{veV|¢)(S;,v) > a}. Therefore

{veVI[4](S;v) 2 atn{ve V¢ (S),v) > a} C{veV ¢/ (Si,v) > a}N{veV | (S)v)>al.

As a = min(a,, a;), the intersection on the right is {v € V | 4} (Si,v) > a;} N {v € V [ ¢} (S;,v) > a;} or
is {v e V [ ¢} (Si,v) > a;} N{v eV | 4] (Sj,v) > a;}, and these intersections are empty if i # j since a;
is (¥, 8, i)-large and a; is (¥,S, j)-large. Thus {v € V | ¢/ (S},v) > a;} N {v € V | ) (S;,0) > a;} = 0
if 4 # j. This justifies our claim. The corollary follows from this claim, Propositions 5.2 and 5.3, and
Corollary 5.5. O
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Remark 5.7. If the affinities 1, ..., % in Corollary 5.6 are symmetric, then the corollary can be understood
as saying that the segmentations (OMOFS (¥, §*) ... OMOFS (¥, §*)) and (OMOFS (¥, S),..., OMOFS (¥, 8))
are identical whenever the sets S} satisfy

Vie{l,...,M}: Sf =,cgq, P(5) (5.2)
for some sets P(s) such that
Vie{l,...,M},Vs€ S;: 0# P(s) C{veV|¢)(s,v) > ai}. (5.3)

(Indeed, assuming 1, ...,%ys are symmetric, conditions (5.2) and (5.3) imply (5.1), and conversely (5.1)
implies that (5.2) and (5.3) hold when P(s) = {v € S7 | ¥} (s,v) > a;}.) Here the points in P(s) may be
thought of as resulting from “perturbations” of the point s of S; within the region {v € V | ¥} (s,v) > a;}.

The next proposition tells us that the cores of MOFS objects are robust (with respect to small changes
in seed sets) in the same way that the MOFS objects themselves are robust:

Proposition 5.8. The hypotheses of Theorem 5.4 z'mply Coreq’ R Core for 1<i< M. Similarly, the
hypotheses of Corollary 5.5 imply Core;I’ = Core for 1<i< M.

Proof. Let ¥ = (¢1,...,%p) be any sequence of affinities on V and & = (Si,...,Sy) any sequence of
pairwise disjoint nonempty subsets of V. We first establish that:

OMOFS (g OMOTS (g 5
o S w) =

i

R;,w) whenever S; C R; C Core] ®and w e V \ Core;p’s. (5.4)

OMOFS (¢ s v,.8
( )( FS( )(

Let S; C R; C Core S and w € V\Coreqjs. As S; C Ry, ¢ Si,w) < 1/) R;,w).

To show the values are equal, let (z,...,z;) be an (OMOFS(¥ S) U {w})-path from ¢ € R; to 7; = w
MOFS

such that o;({(xo,...,21)) = dzioi (W’S)(Ri,w), let k& be the least index for which zp4q1 ¢ Core:-P’S (so

that z; € Core)® C OMOFS(¥ §)), and let p be an OMOFS(¥, S)-path from S; to z such that 1;(p) =

wioiwops(q}’s)(Si,wk). As z, € Core]® € Pi(¥,8) and x4, € V' \ Core)”®, condition (b) of Definition 5.1
MOFS

implies ¥;(p) = wioi (\P’S)(Sz,xk) > i(xp, Tpg1) > 1/Jz(<90k,~- l)), and so (since p - (xg,...,x;) is an

(OMOFS(¥, S) U {w})-path from S; to w) we must have that w s) (Si,w) > Yi(p - (Tp,y ..., 2)) =

Yil@n - m)) > Gil(wo, ) =00 (R w) >0 U8, w). This establishes (5.4).

Next, we prove the first assertion of the prop051tlon Suppose the hypotheses of Theorem 5.4 are satisfied
and 1 € {1,..., M } We first show Core ° is not a proper subset of Core . Indeed, suppose otherwise
and let P = Core] "™, so that Core}*® C P and hence V \ Core’® DV \ P. As P € P;(¥,R), we have that
P C O%\/IOFS(\I',R) \ Uz O;vIOFS(\IJ R) = OMOFS(§ S)\ UHéz OMOFS(‘I' S), where the equahty follows

from Theorem 5.4. As Corezp’s € Pi(V,S) and V' \ Coref}’s 14 \ P we have that w s (Si,v) >
VP (v, V'\ Core;I”S) > (v, V'\ P) for all v € Core?"s. Similarly, 1/%' e 8)(51-, v) = UJ? Ss) (R;,v) >
(v, V' \ P) for all v € P\ Core,"® because of (5 4) the fact that OMOFS(¥, R) = OMOFS(¥, S), and the
fact that P € P;(¥,R). Hence we have that wi S, S)(S v) > (v, V \ P) for all v € P. Therefore

P e P)(¥,S), whence P C Coreq’ 'S This contradiction establishes that Core?"S is not a proper subset of
Core;I/’R. On the other hand since S; C R; and OMOFS(\I',R) = O;VIOFS(\IJ,S) for 1 < j < M (which imply

O?IOFS(\I,J?') \I/ 3) o e
Y, (Ri,v) > %‘ (Sz,v) for allv € V) we see from Definition 5.1 that P;(¥,S) C P; (¥, R),
whence Core;y’s - Corei R Thus Corei S — Corei . This proves the first assertion.

To prove the second assertion, suppose the hypotheses of Corollary 5.5 are satisfied. For 1 < ¢ < M define

= Core SN Core S". Then U, S, and R = (Ry,..., Ry) satisfy the hypotheses of Theorem 5.4. So we
see from the first assertion that Core;P’S = Core;p’R (1 <i< M). Symmetrically, Core;p ST = Core‘ll RO

The following two propositions will give the reader a sense of how big the sets Core;I"S are. In particular,
the next proposition defines a set Q;P’S that will typically be much larger than S;, but which is still a member
of P;(¥,S) and therefore a subset of Core;I"S. When the affinity 1; is symmetric, Core;p’s is exactly Q;I”S
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Figure 5: Affinity values for Example 5.10

Proposition 5.9. Let ¥ = (11,...,9¥r) be a sequence of affinities on V', and let S = (S1,...,Su) be a
sequence of pairwise disjoint nonempty subsets of V' that are consistent with the affinities. For 1 <i < M

let QVS = {v € OMOTS(W, §)\J,_,OMOFS (0, 8) [ 4O " 9(S,,0) > oY (v,U,,OMOFS(W, §))}. Then:

1. Q;I”S € Pi(¥,S8), and hence Core?’s ) Q;I/’S, for each i€ {1,...,M}.
2. Core?’s = Q;IJ’S for each i€ {1,..., M} such that v; is symmetric.

Proof. For brevity we will write O;VIOFS for O}VIOFS(\I/, S) in this proof.
Let i € {1,..., M}. First we will establish statement 1 by verifying that, when P = Q;I"S, condition (b)
of Definition 5.1 holds. (It is evident that (a) holds.) Let v € P = ij’s andw e V\P=V)\ Q;IJ’S. What

FS

MO
we need to show is that d)ioi (Si,v) > (v, w).
Now either w € |J;, OYOFS orw e V' \ U; OYOFS "or w € OMOFS \ Ujz OYOFS I w e Uji O}OFS,
MOFS
then ini (Si,v) > (v, w) holds because v € QY. If w € V \ U, OF19FS, then ¢;(v,w) = 0 by
MOFS
Corollary 3.12 (as v € Q;P’S C OMOFS) 50 we certainly have that 1/)7;0"' (Si,v) > ¥;(v,w). Suppose
MOFS
finally that w € OMOFS \ Ujzi O}OFS Then ¢?i (Si;v) < ¥i(v,w) is again impossible: It would
. OMOFS Ol_\/IOFS O]:\JOFS . O]:\JOFS .
imply ¢, (S;,w) > ¥," . (Si,v) (because ¥,"  (S;,w) > min(y,"  (S;,v),9i(v,w))), and since
MOF
¢Y(W7Uj¢i O;VIOFS) > %Oi (Si,w) (as w & Q) we would then have that zb}/(w,Uj# O}VIOFS) >
OMOFS . OMOF$ .
¥t (S;,v), whence @[JX(U,U#Z-O?/[OFS) > mln(wi(v,w)m/JZV(w,Uj#O;VIOFS)) > " (S;,v), which
would contradict v € Q:I’S So statement 1 holds.
To establish statement 2, we assume v; is symmetric. We have shown that Core?’s ) Q;P’S, but must

now prove that Coref}’s c Q;I’S For this, fix a v € Coref”s. We need to show that v € Q;ps
MOFS
Suppose not. Then 1/12-07" (Si,v) < Y (v, thd%ééO?/IOFs) and so there exists a V-path (vg,...,v;) from
v = vg to U#iO}\/IOFS with ¢; ((vo, ..., v)) > 77/1i0i (Si,v). Let k be the greatest index for which (vg, . .., vg)
; v.s ; MOFS .S ; MOFS
is a Core; ”-path. Then k <1 (since v; € J;,; O; C V \ Core, *7) and (v, ...,vg) is an O; -path.
OFs Fs OFs

oM e . oye oY
As i (v, vkg1) > Yi((vo, ..., u)) >0 (Si,v), it is impossible that ¢, (S;,v) > ¢, (S, V),
MOFS
because we would then have that ¢;(vg, vg+1) > wioi (Si;vr) and so condition (b) of Definition 5.1

would be violated when P = Corefj’s (since vy, € Coreg”s € but vp41 ¢ Core?’s). We therefore have
FS FsS

MO MO
that 1/1ioi (Si,vk) > ini (Si,v), whence there exists an OMO¥S_path p from S; to vy for which
FS

Y;i(p) > 1/1??10 (Si,v). But now p - (vg,...,v0) is an OMOFS_path from S; to v, and (since v; is sym-
metric) we have that ¥;(p - <vk1’vfo'p's’ vo)) = min(;(p), ¥i((vk,...,v0))) = min(¢;(p), v ((vo,...,vk))) >
min(t; (p), ¥i((vo, - .., v1))) > z/JiO" (Si,v), a contradiction. O

Regarding statement 2 of this proposition, we now give an example which shows that Q;I"S = Coref”s

need not hold even if all the affinities v; are equal to the same affinity 1), if the affinity v is not symmetric:

Example 5.10. Suppose V = {¢, $1,82}, S = (51,52), and U = (¢, ¢), where S; = {s1}, So = {s2},
Y(s1,¢) = 0.5, ¥(e,s1) = 1, ¥(s1,82) = 0.7, and ¥(u,v) = 0 in all other cases where u,v € V are distinct
(e.g., ¥(c, s2) = 0): See Figure 5. Then Core}™® = {s1,c}—i.c., Core}® = OMOFS_ But ¢ ¢ QY"° because
the ¢-strength of a 1-strongest V-path from c to Sy is 0.7, which exceeds the i-strength of a -strongest
V-path from S, to c.
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Figure 6: Affinity values for Example 5.12

In the important case where the affinities 11, ..., are all equal to the same affinity 1 and this affinity
1 is symmetric, the next proposition tells us that Core;p’s = Q;p,s is exactly the ith object of the IRFC
segmentation for affinity 1 and seed sets S = (54, ..., Sys), which we denote by OFFC(z), S) as in sec. 3.3.

Proposition 5.11. Let ¢ be a symmetric affinity on V, let U be a sequence (1, ...,¥) of M occurrences of
P, let S = (S1,...,Sm) be any sequence of pairwise disjoint nonempty subsets of V' that are consistent with
¢. Then for 1 <i <M we have that Core]*® = OMOFS(J, S) \ U, O)OF3 (¥, 8) = O[FFC(y, S).

Proof. For brevity we will write O}VIOFS for O;V[OFS(\II,S) in this proof. For 1 < k < M, Corollary 3.5 and
Theorem 3.10 imply that @ € OMOFS just if there is a hereditarily (1, U, Sj)-optimal V-path of nonzero
1-strength from Sy to x, whence (by Corollaries 3.5 and 3.11) if p is any hereditarily (z/J,Uj S;)-optimal
V-path from Sy to z € OMOFS then 0 < 9 (p) = wV(Uj S;,x) = POR (Sk, ).

Let i € {1,..., M}. We see from Definition 5.1 that Core}® C OMOFS \ Uz O}'OFS "and from Corol-
lary 2.7 that OIRFC (), S) = O?/IOFS\U].# O}OFS Tt remains only to show OMOFS \Uj O}IOFS ¢ Core .
For this purpose it is enough to show OMOFS \ Uj# O}\/IOFS € P;(¥,S8). So it is enough to verify that con-
dition (b) of Definition 5.1 holds when P = OMOFS\ | iz O;VIOFS (since condition (a) obviously holds). To
do this, let v be any point in OMOFS\ Uji O}\/IOFS and let w be any point in V'\ (OMOFS \ Ujzi O}V[OFS).
What we need to show is that O (Si,v) > P(v,w).

Suppose not. Then (v, w) > YO (S;,v). So w € U, OF'9FS by Corollary 3.12, and therefore
w € U O}V[OFS (as w € V \ (OMOFS \ Uz O;VIOFS)). Since v € OMOFS we see from the remarks
in the first paragraph that there is a hereditarily (¢, J; S;)-optimal V-path p, from S; to v such that
0 < ¥p,) = ¥ (U,Sjv) = PO (85, 0) < ap(v,w).  Similarly, since w € Ujz OMOFS | there is
a hereditarily (¢,J; S;)-optimal V-path p,, from (J;,; S; to w that satisfies ¢ (pn) = wV(Uj S;,w) >
YV(py-(v,w)) = min(Y(py), P (v,w)) = ¥(p,) > 0 and therefore satisfies ¥ (py - (w, v)) = min(Y(pw), ¥(w,v)) =
min(Y(pw), ¥ (v, w)) > min(yP(py), Y (v,w)) = Y(p,) = wV(Uj Sj,v). This and the hereditary (¢,J; S;)-
optimality of p,, imply that p,, - (w,v) is hereditarily (v, Uj S;)-optimal. But, since v ¢ Uj# O;-\/IOFS, the
remarks in the first paragraph imply there is no hereditarily (¢, z S;)-optimal V-path of nonzero -strength
from Uj# S; to v, a contradiction. O

When the seeds sets are consistent with the affinity, the IRFC robustness results mentioned earlier (i.e.,
the first assertions of [21, Theorem 2.5] and [21, Corollary 2.6]) can be deduced from this proposition,
Theorem 5.4, and Corollary 5.5.

We end this section with an example which shows that Proposition 5.11 is not true (i.e., Coref”s need not
be the whole of OMOFS(¥ S) \ Uj# O}VIOFS(\II, S)) if we drop the hypothesis that the affinities 91,..., 9%y
are all equal, even if we assume every affinity 1; is symmetric:

Example 5.12. Let V = {s1,s2,¢,d,e}, M =2, S = (51,52) = ({s1},{s2}), and ¥ = (2)1,1)2), where
11 and 1y are the symmetric affinities on V' such that ¥y (s1,¢) = ¥1(c,81) = ¥1(d,e) = ¥1(e,d) = 0.7,
P1(e,d) = 1(d,c) = 0.4, a(s2,¢) = ha(c, s2) = Pa(s2,e) = ha(e, s2) = a(e,d) = 1a(d,¢) = 0.6, and
;(u,v) = 0 in all other cases where v and v are distinct points in V and ¢ € {1,2}. (See Figure 6.) Then
it is readily confirmed that OMOFS(¥ S) = {s1,c¢,d} and OYOFS(¥,S) = {sq,¢}, and so we have that
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()%/[OFS(‘I/7‘S')\Uj;,61 OYOFS(1,8) = OY1°FS(¥,8) = {s1,c,d}. But the set Core}® = QV'° is smaller:

Core;® = QV*° = {s1,¢}. Moreover, if we define Ry = OMOFS(W,8) ¢ Core}® and Ry = Sy, then the
conclusion of Theorem 5.4 would not hold any more, since OMOFS(W_ (R;, Ry)) = {s1,¢,d, e} # OMOFS (¥, S).

6 Proofs of Theorems and Justification of Algorithm 5

6.1 Proofs of Theorems 2.4, 2.5, and 2.6

We claim that, when Algorithm 1, 2, or 3 is executed, those of the conditions (6.1) — (6.10) below which
apply to that algorithm will hold immediately before execution of line 5 at the nth iteration of the algorithm’s
main loop (for alln € {1,...,]|A|} and ¢ € {1,..., M}). The three theorems will be deduced from this claim.
Although Algorithm 2 uses just a single affinity 1 whereas Algorithm 3 uses M affinities 91, ..., ¥,
these two algorithms share some important properties. To avoid having to state these shared properties
twice, we adopt the following convention: When we are considering Algorithm 2, the notation 1); will mean
the single affinity ¥ of Algorithm 2, regardless of the value of the subscript ¢ (which should be ignored). This
convention is used, for example, in (6.6) — (6.10) below and in the statements of Propositions 6.3 and 6.4.

for Algorithms 1, 2, and 3: T, C newT; C T;U(V'\ UjTj) (6.1)
for Algorithm 1: newT; =T; U{v e V\U;Tj | YV (Ty,v) > an} (6.2)
:TiU{’UEV\UjTj |1/}V(Ti,v):ozn} (63)

YV (u,v) < ay, if u € newT; and v € (V' U; Tj) \ newT; (6.4)

PV (u,v) < ap ifueT;andveV\U,T; (6.5)

V\UJ‘ Tj

for Algorithms 2 and 3: newl; =T;U{veV\U,;T; | ¢, (T,v) > an} (6.6)
—T,U{w e VAUTY | "% (T 0) = an) (6.7)

zb:/\uj g (u,v) < oy if u € newT; and v € (V' \ U, T}) \ newT; (6.8)

w:/\Uj o (w,v) <ap ifueT;andv e V\U,; T} (6.9)

T (T, v) = oy, whenever v € newT; \ T; (6.10)

Now we justify our claim. It is readily confirmed by inspection of each algorithm that our claim is valid
in the cases of (6.1), (6.2), and (6.6). It is also easy to see that (6.2) implies (6.4): Indeed, if we suppose
(6.2) holds and u € newT; (so that " (T;,u) > ay,), then if v € V'\ U, T; satisfied Y (u,v) > a, we would
have that ¢ (T;,v) > a,, (by Proposition 2.2) and hence that v € newT;. Similarly, (6.6) implies (6.8).

Since a; =1, (6.5) and (6.9) cannot be false when n = 1. Now suppose n > 1. Let us write 75" and
newl " for the values of T; and newT; immediately before execution of line 5 at the nth iteration of the
main loop, and write 77" and newT}™" for the values of T; and newT; at the same stage of the n — 1st
iteration. Then we see from (6.4) and (6.8) that:

VY (u,v) < ap_q if u € newTP™ and v € (V'\ U, T7Y) \ newT ™" for Algorithm 1 (6.11)
VAU, TP
wz : J (
Since T/ = newT™™ 2 TP, we have that V \ U; 77" 2 V' \ ; T;"" and therefore also have that
VAU, T77) \ newTP™ 2 (VA U; T5%) \ newT™ = (V\ U, T5™) \ T5" = V\ U; T7*". Moreover, an
affinity value is < a1 just if it is < a,. So we deduce from (6.11) and (6.12) that:

u,v) < ap—1 if u € newTP™" and v € (V\ U; T7™") \ newT}™" for Algorithms 2,3 (6.12)

YV (u,v) < oy if u € TF and v € V' \ U; T3 for Algorithm 1

wz/\u" o (u,v) < ap ifu € T and v € V\ J; T;" for Algorithms 2, 3

Thus we have shown that (6.5) and (6.9) are true immediately before execution of line 5 at the nth iteration
of the main loop. Evidently, (6.3) and (6.7) follow from (6.2), (6.5), (6.6), and (6.9).
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To see that our claim is valid in the case of (6.10), let ¢ € {1,..., M} and consider the values of T; and
newT; immediately before execution of line 5 at the nth iteration of the main loop of Algorithm 2 or 3. Let

v be any point in newT; \ T;. Then, by (6.7), we have that v € V'\ |J,; T} and that wgf\U,- o (T;,v) = ap,

whence there is a (T; U (V' \ U, Tj))-path (vo, ..., v;) from T; to v; = v such that ;((vo, ..., w)) = an. Now
for each point vy of this (7; U (V' \ U, T;))-path we have that ¢;({vo, ..., vk)) = ¢i({vo, ..., v)) = an, and so

vp € T;U{v e VAU, | w;/\Uj o (T;,v) > an}, whence vy € newT; by (6.6). This shows that (vg,...,v;)
is a newT;-path from T; to v, so that wfewTi (T;,v) > ¥;({vo,...,v)) = ap,. However, since (6.1) implies
newT; € T; U (V' \U; T;) we also have that YT, 0) < w;/\uj o (T;,v) = au, (by Proposition 2.1). This

K2
confirms that our claim is valid in the case of (6.10) and completes the justification of our claim.

Deduction of Theorems 2.4, 2.5, and 2.6 from (6.1) — (6.10)

As in Theorems 2.4 — 2.6, we will write 7" (1 <i < M, 0 <n < |A]|) to denote the value of the variable T;
at the beginning of the n 4 1st iteration of the main loop when Algorithm 1, 2, or 3 is executed, and write
TilA| to denote the value of T; at the end of the |A[th iteration (i.e., the final value of Tj).

In each of Theorems 2.4 — 2.6, inspection of Algorithm 1, 2, or 3 will convince the reader of the truth
of statement 1(b), the first part of statement 1(a), and the claim that the ith object of the segmentation
contains the seed set S;. The other parts of these theorems will then follow from propositions that are
proved below: In all three theorems, the claim that the ith object of the segmentation is contained in
S;U(VAU; S;) will follow from (the case n = 1 of statement 2 of ) Proposition 6.1. In the case of Theorem 2.4,
statement 2 and the second part of statement 1(a) will follow from Proposition 6.2 and (statement 1 of)
Proposition 6.1. In the cases of Theorems 2.5 and 2.6, statement 2 and the second part of statement 1(a) will
follow from Propositions 6.1 and 6.4; statement 3 of each of those theorems will follow from statement 2 of
Proposition 6.4 and Propositions 6.1 and 2.1 (since Proposition 6.1 implies T}* C T} C T~ ' U VAU, T;L_l)
for 1 <n <k<|A).

Proposition 6.1. When Algorithm 1, 2, or 3 is executed, the following are true for 1 < i < M and
1<n <A

LIt eI C ITTU(WVAU T

n— n— n " A A A
2. TP tu(vAU, T 2 Truw\U T 2 oy, 2 Tt

Proof. Statement 1 holds since (6.1) holds immediately before execution of line 5 of the nth iteration of the

main loop (and 7~" and T} are the values of T; and newT; at that time). Readily, statement 1 implies

TP UV, TPY) 2 TPU(VAU, TP) for 1< n < |A], whence TPU(VAU, TP) 2 T (AU, T/Y). O
Proposition 6.2. When Algorithm 1 is executed, the following hold for 1 <i < M and 1 <n < |A|:

L Ao e VAU 9V (Si0) > an} =0

2. Tin \ T’in_l = {U ev \ UjTjn_l | ¢V(Si>v) = an}

Proof. Let 1 < i < M and 1 < n < |A|]. Then {v € V\UjT;‘_1 | WY (TP v) > a,} = 0, by (6.5).
Statement 1 follows from this, Proposition 6.1 (which implies S; = T C Ti”_l), and Proposition 2.1.
Moreover, it follows from (6.3) and (6.4) that:

for1<i<M,1<n<[A: TP\T ' ={veV\U,T; " |V (T} v) = an} (6.13)

for1<i<M,1<n<]|A PV (u,v) < oy, whenever u € T and v € (V' \ U; TJZ’L_I) \T" (6.14)
We will deduce from (6.13) that:

for1<i<M,1<n<]|A ¥V (S;,v) > a,, whenever v € T (6.15)
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Let v € T}*. Then we can define points vy, ..., v, such that vg = v and such that, for 1 < k < n, v is a point
in Tinfk that is defined in terms of vg_; in the following way: If vy_1 € Ti”*k then we define vy = v_1, and
if vp_1 ¢ T/""* then we define vy to be an arbitrary point in 7/ ~* such that oY (v, ve_1) = Qp—(k—1)- (Note
that in the latter case vy_1 € Tinf(kfl) \TZ-T“’“7 and so (6.13) implies the existence of a point vy in TZ-’“]C such
that ¥V (vg,vk_1) = Qn—(k—1)-) NOow (vn,...,v0) is a V-path from T? = S; to v, and ¥(v,,...,v0) > ap
since 9 (vg, Vk—1) > a, for 1 < k < n. Hence ¥V (S;,v) > a,,. This establishes (6.15).

Now TP\ TP C {v € V'\ UjTj”_1 | ¥V(S;,v) > a,} by (6.13) and (6.15). On the other hand, we
must have that {v € V'\ UJT;F1 | Y (Si,v) > an} € TP\ T/ ', Indeed, since oV (T7,v) > ¥V (S;,v)
(as S; = T? C T1) we see that {v € V '\ UjTjT“1 | Y (Si,v) > a,} \ (TP \ T ') is a subset of the set
{veV\ UjTj"_l) \T" | ¥V (T, v) > a,}, but the latter set is empty because of (6.14). This shows that
TP\T ' ={veV)\ UjTj"_1 | ¥V (S;,v) > @, }. Statement 2 follows from this and statement 1. O

Proposition 6.3. When Algorithm 2 or 3 is executed, statements 1 — 3 below are true for 1 <i < M and
1<n<|Al:

VAU, 7771

1. 9, (u,v) < an, whenever u € T} and v € (V' \ |U; Tj"_l) \ 17
n 14| n-1 -

2. T (S0) = (Siv) = VN6 ) = ay, for allv e TP\ TPV
n |A| n—1 =1

3. wiTi (Si,v) = wiTi (Si,v) = u)iT’ DA, T )(Si,v) > oy, for allv e T

Proof. Statement 1 follows from the fact that (6.8) holds immediately before execution of line 5 of the nth
iteration of the main loop. Similarly, it follows from (6.7) that:
\U, ;7!

for 1 <i<M,1<n<[Al: TP\T ' ={veV\U,77 " ¢ (T4 0) = an} (6.16)

We will use (6.10) and (6.16) to establish statement 2. The first step is to observe that
for1<i<M,1<n<]|A @Z)iTZL (Ti”_l,v) = o, whenever v € T]" \ Ti"_1 (6.17)

because (6.10) holds immediately before execution of line 5 of the nth iteration of the loop.
The next step will be to deduce from (6.17) that:

for1<i<M,1<n<]|A 1/1??(51-,11) > o, whenever v € T} (6.18)

Suppose as an induction hypothesis that (6.18) holds in the case n = k — 1 for some k € {1,...,|A|}, so that
k k—1
1/)ZT (Si,x) > dJZT (Si,2) > a1 > ap whenever x € TF~'. We will show this implies (6.18) also holds in

k
the case n = k. To do this, let v be any point in TF; now what we must verify is that ¢ZT (Si,v) > ay. This

is certainly true if v € TF~! (as we have just seen), so we may assume v € TF\ T, Then, on putting n = k
k k
in (6.17), we see there is some = € TF~! such that wZT (z,v) = ag, and since 1/JZT (Si,x) > aj whenever
k
x € T/~! (as we have seen) we see from Proposition 2.2 that wl-Ti (Si,v) > ay, as required. Moreover, (6.18)
holds when n = 1 because (6.17) holds. So (6.18) holds in all cases.

For v € T/ \ T/~ it follows from (6.18), Propositions 2.1 and 6.1, and (6.16) that

T_7L71U(V\Uj T;L71)

i
%

VY, Ty

™" !4l 1
ap <t (Si;U)Swil (Si,v) < (Sz’av)§¢i (Tin V) = ap

which implies statement 2.
Statement 3 is plainly valid if v € T = S;. To prove that statement 3 holds in all other cases, let

v € TP\ T? and let k be the least m such that v € T/, so that 1 < k < n and v € TF\ T}"'. Tt now
TF 74l TFlu(WV\U, TF 1)
follows from statement 2 that ;¢ (S;,v), ¥;* (S;,v), and ¢, ’ A {
n n—1 opn—1
deduce from this that %Ti (S;,v) and wle DAL T )(Sl-,v) must also be equal to ay, because we have
n n-1 Tt k-1 B
that o7 (S;,0) < o7 (Spv) <o BT s 0y < gl P

n |A] n—1 -1
6.1. Thus ¢7 (Si,v) = v7  (Sp,v) =9 T (6, 0) = g > a, and so statement 3 holds. O

(2

Si,v) are all equal to ag. We

Si,v) by Propositions 2.1 and

i
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Proposition 6.4. When Algorithm 2 or 3 is executed, the following are true for1 <i < M and1 <n < |A|:

PN, T

L {we VAU v Siv) > o} =10

2. TP\T ™ ={veV\U,T} " | Gt OV

={w e VAU 9 (Si,0) = an}
Proof. Let 1 <i < M and 1 <n <|A|. Then (6.9) implies:

fwe VAU oY@ o) > an) = 0.

Statement 1 follows from this and Propositions 2.1 and 6.1. To prove statement 2, it is now enough to verify:

Siyv) =}

n—1 n—1
AT 2 {wev AU g T 0 2 a0 (6.19)
> {we VAU 9 (Si0) > an} (6.20)
o TPN\TM! (6.21)

n—1 n—1
Suppose (6.19) is false. Then wZT VAU T )(Si,vo) > «,, for some vy € V'\ UjTj"_1 such that vy ¢ T,

VU, 7 T T

whence ), (T, v0) > ;" (Si,v0) > ay, (as S; = TP C T1). But statement 1 of
Y, 77

Proposition 6.3 implies ; (T, v) < ap for allv € (V\UjTjnfl) \T}*. This contradiction establishes

(6.19). The inclusion (6.20) follows from Propositions 2.1 and 6.1. As T/ \ /"' C V \ UJ.TJ”_1 (by
statement 1 of Proposition 6.1) the inclusion (6.21) follows from statement 3 of Proposition 6.3. O

6.2 Proof of Theorem 3.4

Let m be any element of {1,...,M}. To see that statement 1 is true, we first recall that every nonempty
initial segment of a recursively (¥,S)-optimal V-path is recursively (¥,S)-optimal. It follows from this
and the definition of O that if a recursively (¥, S)-optimal V-path p is a V-path from S,,, then p is an
OY-S_path. The converse is also true, as S is consistent with ¥ and so no point in Ujm Sy lies in orS.
For brevity in proving statement 2, let us write ¢ _ for wm‘o,‘ﬁ‘s wOL:S- To show that every hereditarily

(Yo,,, Sm)-optimal O¥:S-path is a recursively (¥, S)-optimal V-path, suppose (vg,...,v;) is an O¥S-path
that is hereditarily (1o, , Sm)-optimal but is not a recursively (¥,S)-optimal V-path. Then vy € S, and
there is some j € {1,...,1} and some V-path p to v; such that RO% (p) and

Us(p) > Us((vo,...,v;)) =vo,, ({vo,...,v;)) (6.22)

As (vg,...,v) is an O%S-path, we have that v; € O%S and so there also exists a V-path p’ from S,
to v; that satisfies ROS (p'); note that p’ is an O%S-path, by statement 1. Now RO (p) and ROS (p')
imply Us(p') = Us(p). This and (6.22) imply vo,, (p') = Ys(p') > vo,, ((vo, ..., v;)), which contradicts the

hereditary (10, , Sm)-optimality of (vg,...,v;) since p’ is an O,°-path from S, to v;. This contradiction
establishes that an O)Y-S-path is a recursively (¥, S)-optimal V-path if it is hereditarily (vo,, , Sm)-optimal.
To establish the converse, suppose (v, . .., v;) is an O%-°-path that is not hereditarily (¢o,, , Sy, )-optimal

but is a recursively (¥, S)-optimal V-path. Then vy € S,,, (by statement 1) and, since (v, ..., v;) is an OY5-
path from S, that is not hereditarily (vo,,, Sm)-optimal, there is some j € {1,...,{} such that (vo,...,v;)
is not (vo,,,Sm)-optimal. Let p be a hereditarily (10, ,Sm)-optimal O%S-path to v;. (The existence of
p follows from Proposition 3.1, applied with O)%'S in place of V, when we put (¢, S) = (Y0,,,Sm).) Then
Us(p) = vo,,(p) > vo,, (vo,...,v5)) = Ts((vo,...,v;)), since pis (¢o,, , Sm)-optimal but (v, ..., v;) is not.
But p is a recursively (¥, S)-optimal V-path (as we showed above that any hereditarily (¢o,,, Sm)-optimal
OY-S_path is a recursively (¥, S)-optimal V-path) and (vo, .. .,v;) is also a recursively (¥, S)-optimal V-path,
so it is in fact impossible that ¥s(p) > ¥s({vo,...,v;)). This contradiction establishes that an O)%5-path
is hereditarily (v0,,,Sm)-optimal if it is a recursively (¥, S)-optimal V-path. So statement 2 is proved.

To prove statement 3, let v € O so that there is a recursively (¥, S)-optimal V-path from S,, to v.
Any such V-path p is a hereditarily (¢m|ov.s, ov.s,Sp)-optimal OY-S_path from S, to v (by statements 1

and 2) and so must satisfy Us(p) = ¥m(p) = 1/)79;55 (S, ). O
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6.3 Proof of Theorem 3.6
We will use the notation of Theorem 2.4. Recall that T = S, for 1 <i < M and

TP =T U{oe VAU 9V (Siv) = ap} for 1 <i < M and 1 <n < |4 (6.23)
by statement 1(a) of Theorem 2.4. We now prove by induction that the following is true for n = 1,...,|A]:

o T/ = 7" for 1 <i < M, where ZI = {v e V | ¢V (S;,v) = 1/)V(Uj S;,v) > ant.

The property e holds for n = 1: We see that T} C Z} because if v € T} then, by (6.23), 1 > ¢" (U, Sj,v) >
PV (Si;,v) = a1 = 1 and so v € Z}. To show that Z} C T}, let v € Z}. Then ¥(S;,v) = oy = 1.
Now if v € V\ |J,T) then v € {v € V\U,T) | ¥V (Si,v) = en} C T} by (6.23). If on the other hand
v e UjTjQ = |J;S; then, since 1(S;,v) = 1 and the seed sets are consistent with the affinity, v € 5; = TP C T}
So e holds for n = 1.

Next, assume as an induction hypothesis that, for some n € {2,...,|A|}, T ! = Z,?_l for 1 <i< M.

?

To complete the proof of e, we will deduce from the induction hypothesis that 7" = Z* for 1 <i < M. For
this purpose, we now fix an ¢ in {1,..., M}, show that T;* C Z, and then show that Z]' C T".

To see that T C Z7, let v be an arbitrary point in 7*. We need to show that v € Z. If v € T]*~* then,
by the inductive assumption, v € Zi"_1 C Z as required. Now suppose v ¢ Ti”_l, so that v € T} \Ti”_l.
Then, by (6.23), wV(Uj Si,v) > V(S;,v) = a, and v € V' \ UjTj”_l. Moreover, it is not possible that
1/)V(Uj S;,v) >V (S;,v), since this would imply that, if k is any index for which 1/)V(Uj S;,v) =Y (Sk,v),
then ¥V (S, v) = wV(Uj S, v) >V (Si,v) = ay, so that YV (Sy,v) = wV(Uj S;jv) > oy (e, ve ZP)
which, by the inductive assumption, would mean that v € Tl?fl, contradicting v € V' \ UjTjnfl. Hence
wV(Uj S;,v) =Y (S;,v) = a;, and we again have that v € ZI'. So, indeed, T]* C Z.

To see that Z! C T*, let v be an arbitrary point in Z*. We need to show that v € T". Asv € Z
we either have that 1" (S;,v) = wV(Uj S;,v) = a,, or have that ¥V (S;,v) = wV(Uj S;,v) > ap—1. In the
former case v € V'\ UJZ;L—1 and so v € V' \ UJT;L_1 by the induction hypothesis, whence v € T[* by (6.23)
since 9" (S;,v) = ay,. In the latter case v € Zin_1 = Ti"_l C T7* by the induction hypothesis. This completes
the proof of e.

For 1 < i < M we have that ORFC = TZJAI\UJ-# le-Al = ZQA‘\Ujﬂ Zjl»A| by statement 1(b) of Theorem 2.4
and e, and we see from the definition of Z]* that ZQAl = {v e V|V (S;,v) = max; " (S;,v) > 0} because
YV (U; Sj.v) = max; ¥V (S;,v). Hence ORFC = ZIM\ U, 2 = {v € V | 9V (85,v) > max; 20V (S;,0)}
for 1 <1i¢ < M, which proves statement 2 of Theorem 3.6 and readily implies statement 1 of the theorem.

6.4 Proof of Theorem 3.10

The equivalence of statements 1 and 2 of the theorem follows from statement 3 of Theorem 3.4 and the
definition of O;I' S Lemmas 6.6 and 6.7 below will show the equivalence of statements 1 and 2 to statement 3.
The following result, which may be of some independent interest, will be used in the proof of Lemma 6.6:

Proposition 6.5. Let U = (¢q,...,9¥p) be any sequence of affinities on V, let S = (Sy,...,Sun) be any

sequence of pairwise disjoint nonempty subsets of V', and let (vo, . ..,v;) and (wo, ..., wg) be any recursively
(¥, S)-optimal V-paths. Then Ws((vo,..., vk wi)) < Vs((wo, ..., wyr)), and these two values are equal if
and only if (vo, ..., vk, wi) is also recursively (¥, S)-optimal.

Proof. We have that ¥s({vg,..., vk, wr)) = Ys({wo,...,wg)) if (vg,..., vk, wg) is recursively (¥,S)-
optimal because two recursively (¥,S)-optimal V-paths to the same point must have the same (¥,S)-
strength. There is nothing else to prove unless

\Ils(<1)0, e ,vk,wk/>) Z \I'S(<w0, ey wk/>). (624)

We now assume (6.24) and complete the proof by deducing that (vy, ..., vg, wi ) is recursively (¥, S)-optimal
(whence we actually have that Ws((v,..., vk, wi)) = Us((wo,..., wp)). As ROS((wo, ..., w)) holds,
there is no V-path p to wys such that RO% (p) and s (p) > Us((wo, . .., wp)). This and (6.24) imply there is
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no V-path p to wy such that ROg (p) and Us(p) > Ws((vo, ..., vk, wi)). Moreover, since ROS ((vg, . . ., vp))
holds, for 1 < j < k, there is no V-path p to v; such that RO‘E,(p) and ¥Ys(p) > Vs((vo,...,v;)). Hence
ROS ((vo, . .., vk, wy)) holds. O

In Lemmas 6.6 and 6.7, O7(¥,S),...,0;,(¥,S) will denote the sets for which statements 1 and 2 of
Theorem 3.10 would be true if we replaced OMOFS in each those statements with O} (¥, S). In other words,
O1(¥,S),...,0;3,(¥,8) are the sets that satisfy the following (equivalent) conditions:

(a) For1<i< M,ve€OrV,S) just if there is a recursively (¥, S)-optimal V-path of nonzero (¥,S)-
strength from S; to v.

v,S
(b) For 1<i<M, O T,S)={ve0l|v7" (S;v) >0}

Lemma 6.6. Let U = (¢q,...,¢%n) be any sequence of affinities on V and S = (Sy,...,Sm) any sequence
of pairwise disjoint nonempty subsets of V that are consistent with the affinities. Then (8.1) holds when
(O1, ..., On) = (01(¥,S5), ..., Oy (¥, 5)).

Proof. Readily, (b) implies

v,s

O 9 (5 vy =7t (S5, v) foralli € {1,..., M} and all veE V. (6.25)

Let (O1, ..., Onm) = (OF(T,S), ..., O3 (¥, 8)), let v € V, and let i € {1,...,M}. To prove that (3.1)
holds, it is enough to show that:

(i) Ifv € Oy, then max; ;¢S (S;,v) < 2 (Si,v) # 0.
(i) If v ¢ O;, then either max;.; ¥$’ (S;,v) > 2 (Si,v) or ¥ (S, v) = 0.
For 1 <j < M, let p;, pj, p, and pj’ be (O; U {v})-paths with the following properties:
e p; is a shortest (O; U {v})-path from S; to v such that ;(p;) = 1/z§)j (Sj,v).
° p;- is the Oj-path obtained from p; by omitting its last point v.

e p is a recursively (¥, S)-optimal O;-path from S; to the last point of p}. (Since O; = O;(¥,S), the
existence of p is ensured by (a); moreover, 1;(p;) < ¥;(p}), by statement 2 of Theorem 3.4.)
e p;’ is the (O; U {v})-path from S; to v obtained by appending v to pf.
Then ¢;(p;) = ¢joj(5j,v) > 1;(p}’). But since p}’ is obtained by appending v to p; whereas p; can be

obtained by appending v to p’;, and since ¥;(p}) > 1;(p};), we also have that 1;(p’) > 1;(p;). Thus:

vy (S5,0) = (') for 1< j < M. (6.26)

J
To establish (i), suppose v € O; = OF(¥,S), so that there is a recursively (¥, S)-optimal V-path p of

v,s

nonzero (¥,S)-strength from S; to v (by (a)), and ¥s(p) = wioi (Si,v) = 2% (Ss,v) # 0 (by Theorem 3.4
and (6.25)). Moreover, for all j € {1,..., M} \ {i}, on applying Proposition 6.5 to the recursively (¥, S)-

optimal V-paths p7 and p we deduce that v;(p}’) = VUs(p]’) < ¥s(p) = z/JZ-Oi(Si,v) = 0. This and (6.26)

imply wjoj(Sj, v) < P9 (S;,v) #0 for all j € {1,..., M} \ {i}, whence max;4; wj(-)j (S;,v) < Y2 (Si,v) # 0.

To establish (ii), suppose v € O; = OF (¥, S). By Proposition 3.3, there is a recursively (¥, S)-optimal
V-path p from Sy to v, for some k € {1,...,M}. We know from Theorem 3.4 and (6.25) that Us(p) =
1/),?’?15 (Sk,v) = ,?"‘(Sk,v). So, on applying Proposition 6.5 to the recursively (¥,S)-optimal V-paths p!
and p, we deduce that either ;(p’) = ¥s(p!") < Us(p) = w,?’“(Sk,v) or pi’ is recursively (¥,S)-optimal.
In the former case (6.26) implies ¥ (S;,v) < w,?’“ (Sk,v), so that max;, wjoj (Sj,v) > 2 (S;,v). In the
latter case p}”’ is a recursively (¥, S)-optimal V-path from S; to v, and so (since v € O; = O (¥, S)) we see

from (a) that Ws(p!’) = 0; this and Theorem 3.4 imply ¢ (S;, v) = 0. O

K2
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Lemma 6.7. Let U = (¢,...,¢%n) be any sequence of affinities on V and S = (S1,...,Sym) any sequence
of pairwise disjoint nonempty subsets of V' that are consistent with the affinities. Let Oq, ..., Ops be subsets
of V' that satisfy (3.1). Then (O1, ..., Onm) = (O5(T,S), ..., O3,(¥,8)).

Proof. We will deduce the lemma from the following claim:

Claim: Forallm € {1,...,M} and v € V, a V-path p from S, to v such that 1,,(p) # 0 is a recursively
(¥, S)-optimal V-path if and only if p is a hereditarily (¢m|0,, x0.,, Sm)-optimal O,,-path.

As (3.1) implies S,,, C O,, this claim is valid if the length of p is 0: In that case p = (v), v € S, Us(p) = 1,
and 19 (S,,,v) = 1, so p is both a recursively (¥, S)-optimal V-path and a hereditarily (10, , Sy, )-optimal

m
O,,-path. We now assume as an induction hypothesis that, for some a € (0, 1] and some integer [ > 0:

e The claim is valid whenever Us(p) > a.
e The claim is valid whenever Us(p) = a and the length of p is less than .

We will deduce from this induction hypothesis that the claim is valid whenever ¥s(p) = « and the length
of p is I. This is enough to prove the claim, since there are only finitely many possible values of ¥s(p).

Solet m € {l,...,M} and v € V. Let p be a V-path from S,, to v such that Us(p) = a > 0 and the
length of p is I > 0. For 1 < j < M let us write ¥o, for ¢j|0,x0,. The cases we must rule out are:

(i) pis a recursively (¥, S)-optimal V-path but is not a hereditarily (¢o,,, Sm )-optimal O,,-path.
(ii) p is not a recursively (¥, S)-optimal V-path but is a hereditarily (¢o,,, Sm)-optimal O,,-path.

To derive a contradiction in case (i), let p’ be the V-path of length [ —1 obtained from p by omitting its last
point, v. Since p is a recursively (¥, S)-optimal V-path from S,,, so is p’. Moreover, Us(p') > Us(p) = a.
So it follows from our induction hypothesis that p’ is a hereditarily (¢, ,, Sy )-optimal O,,-path. Therefore,
since p itself is not a hereditarily (¢, , Sy )-optimal O,,,-path, either (1) v € O,, but ¥ (S,,,v) > ¥, (p),
or (2) v & O,,. If (2) applies, then (since 9™ (S, v) > 1, (p) > 0) we see from (3.1) that there is some
je{l,...,M}\ {m} such that wjoj (Sj,v) > Y9 (S, v) > Pm(p). So, regardless of whether (1) or (2)
applies, max; w](-)j (S;,v) > ¥m(p). Let k€ {1,..., M} be such that wko’“(Sk,v) = max; wjoj (S;,v) > ¥ (p).
Then v € Oy, by (3.1), and so (by Proposition 3.1) there exists a hereditarily (¢, , Sk)-optimal Og-path p”
to v. Now 9 (p") = ,?k(Sk,v) > m(p), so the induction hypothesis implies p” is a recursively (¥, S)-
optimal V-path to v. But this is a contradiction, since p is also a recursively (¥, S)-optimal V-path to v and
V(") > Y (p).

To derive a contradiction in case (ii), let p = (vg,...,v;), so that vg € S, and v; = v. Since p is not
a recursively (U, S)-optimal V-path, there is some i € {1,...,1} for which there exists a recursively (¥, S)-
optimal V-path p”’ to v; such that Us(p”') > ¥s({(vg,...,v;)) > ¥s(p) = a. By the induction hypothesis,
p" is a hereditarily (o, ,Sk)-optimal Og-path for some k& € {1,...,M}. So ,?’“(Sk,vi) = Us(p”) >
Us({(vo, ..., 03)) = Y ({v0, - - -, 0;)) = 9™ Sy, vi), where the last equality follows from the hypothesis that
p is a hereditarily (¢o,,, Sm)-optimal O,,-path. Thus 1/1,?’“ (S, v;) > YOm (S, v;), which contradicts (3.1)
because p is an O,,-path and so v; € O,,.

We have now justified the claim. The lemma follows from the claim and the following two facts. Firstly,
for all m € {1,..., M} we see from (a) that v € O}, (¥, S) if and only if there is a recursively (¥, S)-optimal
V-path p from S, to v such that ¢, (p) # 0. Secondly, for all m € {1,..., M} we have that v € O,, if and
only if there is a hereditarily (¢m|0,, x0,,, Sm)-optimal O,,-path p to v such that ., (p) # 0: The “if” part
is trivial (as all points of an O,,-path lie in O,,,); the “only if” part follows from Proposition 3.1, since (3.1)
implies 997 (Sy,,v) # 0 for all v € O,,. O

Completion of the Proof of Theorem 3.10

Theorem 3.4 and Lemmas 6.6 and 6.7 imply the equivalence of statements 1, 2, and 3, so it is now enough
to prove statement 1. In fact we will make a more general claim, which uses the notation of Theorem 2.6:

Claim For 1 <n < |A|,1 <4i < M, and v € V, we have that v € T if and only if there is a
recursively (¥, S)-optimal V-path of (¥, S)-strength > «, from S; to v.
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As statement 1 is just the case n = | A| of this claim, Theorem 3.10 will be proved if we can justify the claim.

We see from statement 1(a) of Theorem 2.6 that the claim is valid when n = 1: The “only if” part is true
because if v € T}! then there is a V-path of 1;-strength a; = 1 from T = S; to v, and any such V-path
is recursively (¥, S)-optimal. The “if” part is true because the seed sets Sy,..., Sy are consistent with the
affinities 1, ..., 9w, whence a V-path from S; to v of (¥, S)-strength a; = 1 must be an (S; U(V\U;, S;))-
path (i.e., a (TP U (V '\ U; TJQ))—path) and so the existence of such a V-path would imply v € T}

We now assume as an induction hypothesis that the claim is valid for n = k — 1 (where k is some integer
in {2,...,]|A|}) and complete the proof by deducing that the claim is also valid when n = k.

To establish the “if” part of the claim in the case n = k,let i € {1,..., M} and v € V, and suppose there is
a recursively (¥, S)-optimal V-path (vg,...,v;) from vy € S; to v; = v such that ¢;({vg,...,v;)) > a. What
we need to show is that v € TF. If ¥;((vo, ..., v)) > ag_1, then v € Tik_1 C TF by the induction hypothesis.
So let us assume 9; ({vo, ..., v;)) = ag. Let m be the least index in {1, ...} such that ¢;({vo,...,vm)) = ax,
so that ¥;((vo, ..., v,)) = ap for m <r <. Then for m <r <[ we must have that v, € V'\ U, Tfﬁl, for if
v € ; Tf ~! the induction hypothesis would imply there is a recursively (¥,S)-optimal V-path of (¥, S)-
strength > ag_1 > Us((vy,...,v,)) from Uj S; to vy, which is impossible since (vo,...,v,) is recursively
(T, S)-optimal. Moreover, for 0 < r < m, {(vg,...,v,) is a recursively (¥,S)-optimal V-path from S; to
v, such that 1;((vg,...,v,)) > aj_1, and so the induction hypothesis implies v, € T~'. Tt follows that
(o, ) is a (TF 1 U (V' U; Tf‘l))—path from vy € S; to v = v;, and that v =v, € V\ |J; Tf_l. Since
i ({(vo, . .., v1)) = au, we see from statement 1(a) of Theorem 2.6 that v € TF, as required.

To establish the “only if” part of the claim in the case n =k, let i € {1,..., M} and v € TF. If v € Ti’“_1
then the claim is valid (by the induction hypothesis) so let us assume v € TF \ TF~'. Now we see from

k—1 k—1

statement 1(a) of Theorem 2.6 that v € V' \ |, T/~ and wlT DAY T )(Si,v) = ag. Let (vg,...,v)
be a (TF U (V\ U; Tfﬁl))—path from vy € S; to v = v; such that ¥;((vg, ..., v)) = ax, and let m be the
greatest index in {0, ...,1} such that v,, € T/, so that v, € VAU, T;"_l form+1<r<Il Aswv, € TF 1,
the induction hypothesis implies there is a recursively (¥,S)-optimal V-path (ug,...,us) from uy € S; to
Us = vy, such that ¥;({ug,...,us)) > ar_1. Now consider the V-path (ug,...,us = Um,Vmi1,...,0;). For
m+ 1 <7 <[ we have that

i ({ug, -y Us = Uy Ut 1y -+ -5 0p)) = min(e; ((ug, .-, us))y Vi((Um,y - -+, 0r)))

> min(¢;i((uo, - - -, us)), Yi({vo, ..., v1))) =

so it follows from the induction hypothesis (and the fact that v. ¢ |J; Tfﬁl) that no recursively (¥, S)-
optimal V-path ¢ to v, satisfies Us(q) > ¥s((ug,...,%Us = Um,Vm+1,-..,0r)). This and the recursive
(U, S)-optimality of (ug,...,us) imply that (ug,...,us = Um, Vmr1,...,0;) is a recursively (¥, S)-optimal
V-path, and so we have shown that there is a recursively (¥, S)-optimal V-path of (¥, S)-strength > ay
from S; to v; = v, as required.

6.5 Proof of Theorem 3.8

In this proof we assume the hypotheses of Theorem 3.8 are satisfied. In addition, we will use the notation

def

Xi= Uj;éi Sj

for 1 <i < M. For every Q C V we see from the definition of ¢)© that max;; z/JQ(Sj, v) = wQ(Xi, v). So a set
O C V satisfies the condition of statement 2 of Theorem 3.8 just if O = {v eV | pV\O(Xy,v) < z/)O(Si,v)},
and satisfies the condition of statement 3 of the theorem just if O = {v € V [ " \O(X;,v) < ¥V (S;,v)}.
(Note that each of these conditions implies X; C V' \ O.) We will deduce Theorem 3.8 from these simple
observations and three lemmas.

Lemma 6.8. Leti € {1,...,M} and let O CV be such that O = {v € V [V \O(X;,v) <V (S;,v)}. Then
0= {U eV ‘ wV\O(Xia,U) < ¢O(Si7v)}'

Proof. We first claim that, for any v € O, every hereditarily (¢, S;)-optimal V-path to v is an O-path. To
justify this claim, let p = (vg,...,v;) be a hereditarily (¢, S;)-optimal V-path to a point in O and, by way
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of contradiction, suppose p is not an O-path. Let k € {0,...,1 — 1} be the largest index such that vy ¢ O.
As v, & O, YW\ (X, v) £ ¥V (Si,ve) = ¥((vo, . .., vx)) and so there is a (V' \ O)-path ¢ from X; to vy, such
that 1 (q) = ¥V \(X;,v,) £ ¥({vo, ..., vx)). But now vy, is the only point of ¢ - (vg,vgy1) that lies in O,
and so ¥\ (X, vp11) £ (g (Uk, vrt1) £ ©((vo, .-, vks1)) = ¥V (Si,vkp1) as (vo, ..., vp) is hereditarily
(¢, S;)-optimal. As this contradicts the fact that vgy1 € O, the claim is established. The claim implies that
YV (S;,v) = 9O (S;,v) for all v € O. So if v € O then we have that 1" \°(X;,v) < 99 (S;,v); the converse is
evidently true because 1 (S;,v) < ¥V (S;,v) for all v € V. O

Lemma 6.9. Leti € {1,...,M} and let O CV be such that O = {v € V | ¥ \O(X;,v) < °(S;,v)}. Then
0= {U ev ‘ wV\O(X’h,U) < QZJV(Sia/U)}‘

Proof. Let O' = {v eV | PV \O (X4, v) < ¥V (S;,v)}. Clearly O C O', as ¥9(S;,v) < ¥V (S;,v). To see the
other inclusion, let v € O" and, by way of contradiction, suppose v ¢ O.

Let (vo,...,v;) be a hereditarily (¢, S;)-optimal V-path from vy € S; to vy = v € O’ \ O, and let k be
the least index such that vy, & O. Then, since vy, & O, YYV\O(X;,vp) > ¢¥(S;,vx) and so there exists a
(V \ O)-path ¢ from X; to vy such that ¥(q) > 9°(S;,vx). Moreover, since v; € O for 0 < j < k, we have
that ¢¥©(S;, vx) > ¥({vo, ..., vk)). Hence ¥(q) > 1 ({vo,...,vx)). Now let k +m be the least index greater

than or equal to k such that vgym, € O'. Then vg4py, is the only point of ¢ - (v, ..., Uktm) that might lie in
0O C 0/7 and so wV\O<Xi7’Uk+’m) > ¢(q ’ <Uka s 7Uk?+m>) > ¢(<U0a s 7vk+m>) = ’(/}V(Siavk+m) as <U07 s 7Ul>
is hereditarily (v, S;)-optimal. But this contradicts the fact that vg.,, € O'. O

Lemma 6.10. Let i € {1,...,M}, and let O and O be subsets of V' that respectively satisfy the conditions
O={veV |ypV\O(X;,v) <V (Si,v)} and O = {v e V | pV\O(X;,v) <V (Si,v)}. Then O = O'.

Proof. As the statement of the lemma is symmetric with respect to O and O’ it is enough to show that
O’ C O. To do this, let v be any point in V' \ O. Then what we need to show is that v € V'\ O'.

Suppose not. Then v € O'. But, since v € V' \ O and X; C V \ O, there must exist a hereditarily
(Wlonoyx(v\0y, Xi)-optimal (V' \ O)-path (vo,...,v) from vy € X; to v, = v € O (by Proposition 3.1).
Let k be the least index such that vy € O'. Then (vy,...,vg) is a (V \ O') U {vi})-path from X; to vy, so
D((vo, ... vR)) < PV (X, u) < Y (S;,v5); the second inequality holds because v, € O'. But (vg, ..., v;)
is a hereditarily (1|(1\0)x(1v\0), Xi)-optimal (V'\ O)-path, so we have that ¢({vo, ..., vx)) = PV\O (X, vp) >
¥V (S;, vr,); the inequality holds since v3, € V '\ O. This contradiction proves the lemma. O

Completion of the Proof of Theorem 3.8

Let i € {1,...,M}. Lemma 6.10 implies that if there is a set O which satisfies the condition of statement 3
then it is the unique set with that property. Lemmas 6.8 and 6.9 imply that the condition on O in statement
2 is equivalent to the condition on O in statement 3. Thus the proof of Theorem 3.8 will be complete if we
can show that ORFC satisfies statement 1 and also prove that OIRFC is a set O that satisfies the condition
of statement 2. For this purpose, let (OMOFS = OMOFS) he the MOFS segmentation of V found by
Algorithm 3 for seed sets (S, ..., Suy) and affinities (¢, ..., ).

To see that Oj*"C satisfies statement 1, fix a v € V. By Corollary 2.7, Oj*FC = O}MOFS \ |, _, O}1OFS.
Hence, by statement 1 of Theorem 3.10 and Corollary 3.5, v € ORFC if and only if, i is the unique index
k € {1,..., M} for which there exists a hereditarily (¢,J; S;)-optimal V-path from Sy to v. (Here we are
also using the fact that if 7 is the unique index k € {1,..., M} for which there exists a hereditarily (v, Uj S;)-
optimal V-path from Sy to v, then such a V-path has nonzero v-strength: For if its ¢-strength were 0 then
wV(UJ— Sj,v) = 0 and so a V-path of length 1 from any Sy to v would be hereditarily (v, J; S;)-optimal.)
So we have proved that OIRFC satisfies statement 1.
It remains to prove that ORFC is a set O which satisfies the condition of statement 2. To do this, fix

ani € {1,..., M} and let O* = {U €V | max;z ¢V\O£RFC(SJ»,U) <Ot (Si,v)}. Then what we need to
show is that OFFC = O*. To show this, we first observe that statement 3 of Theorem 3.10 readily implies:

MOFS

Oj*FC = O}OFS\ |, ,; OYOFS = {v € V | max;z ¢ (85,v) < wOiMOFS(Si,v)}. (6.27)
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Since V' \ OIFFC D O;VIOFS whenever j # 4, and since OIRFC C OMOFS for every v € O* we have that
max;; wO?IOFS(Sjm) < maxj#wv\O%RFc(Sj,v) < wOERFC(SZ-,v) < wOi'VIOFS(Si,v)7 whence v € OIFRFC by
(6.27). Thus O* C ORFC. The reverse inclusion OFFC C O* is a consequence of (6.27) and the following
two facts, which we establish below:

MOFS

If v € OMRFC) then max;j 4 ¢%  (Sj,v) = max; PV\OITe (S;,v). (6.28)
IRFC

(Si, ’U) = ’(/JO’L' (S“ ’U) = ’lbv(Uj SJ‘, ’U). (629)

To establish (6.28) and (6.29), fix a v € ORFC. The first step in justifying (6.28) is to observe that

maxj;é“z,V\OiRFC (S;,v) > max;; 1[10;'VIOFS(Sj,v) because V' \ OIRFC O O?AOFS for all j € {1,...,M}\ {i}.
But we must show max;-; wOJMOFS (Sj,v) > maxjﬂwv\OgRFc(Sj v). This is plainly true if v € {J,; S; or
maxj;éiz/JV\OgRFC(Sj,v) = 0, so we assume v & |J;,S; and max;; 1/1V\O£RFC(S]~,U) > 0. Let n be any
element of {1,..., M}\ {i} such that @Z)V\OgRFC(Sn, V) = max;; PV\OTTE (Sj,v) > 0 and let p = (vg, ..., )
be a shortest ((V '\ ORFC) U {v})-path from S, to v with ¥(p) = @[JV\O%RFC(Sn,v) > 0. Then vy € S,, and
vy =v ¢ Sp, 801> 0. Also, vg, ...,v_1 € V\OERFC and so vg,...,v_1 € Uj O;»\/IOFS\OZIRFC = Uj# O;V[OFS
by Corollary 3.12, since ¥(p) > 0. Hence v;_1 € O}XIOFS for some k # i. For this k it follows from
Theorem 3.10 and Corollary 3.5 that there exists a hereditarily (¢,J; S;)-optimal V-path ¢ from Sy to
vi—1, and by Corollary 3.11 ¢ is an OMOFS_path. Now 9(q) > ¥((vo,...,v-1)) as ¢ is (ql),Uj S;)-optimal.
So g (v—1,v) is a (OMOFS U {v})-path from Sy to v with ¥(q - (vi_1,v)) > ¥({vo,...,v)) = ¥(p). We
therefore have that man;éin?IOFS(Sj,'U) > O (S, v) > (g - (o1, ) = W(p) = YV \OTT(S,, v) =
maxj;,giwv\OgRFc (Sj,v). So max;-; wo?wFS (S;,v) > maxﬁgiwv\oiRFc(S’j v), and (6.28) is proved.

To establish (6.29), let p = (vo, ..., v;) be a hereditarily (¢,J; S;)-optimal V-path to v € ORFC. Then
P(p) = ¢V(Uj S;,v), and vy € S; by statement 1 (of this theorem). We claim p is an OFFC.path. To
see this, fix a k € {0,...,l} and, by way of contradiction, assume vy ¢ ORFC. Then, by statement 1,
there exists a hereditarily (¢, ; S;)-optimal V-path ¢ from S; to vy for some j # 4. This readily implies
q - (Vg,...,v;) is a hereditarily (1, Uj S;)-optimal V-path from S; to v, which contradicts statement 1 as

j #iand v € ORFC. Thus p is indeed an OFFCpath (from vy € S; to v), and so since OMOFS O OIRFC we
have that O (S;,v) > POie (Si,v) > ¥(p) = wV(Uj Sj,v) > waOFS(Si,v), which implies (6.29).

MOFS
Oi

If v € OFRFC | then ¢

6.6 Proof of Theorem 3.13

Let us assume for the moment that ¢ (u,v) < 1 for all distinct v and v in V. After we prove the theorem
under this hypothesis (which implies S is consistent with ), we will deduce that the theorem is true even
if this hypothesis is not satisfied.

As bis a (¥, S)-bottleneck point, there is a hereditarily (4, J; Sj)-optimal V-path (vo, ..., v;) such that
v; = b and none of vy, ...,v;—1 lies in TZ (¢, S), so that vy € Uj O§»RFC(¢,S) for 0 <k <I1—1. Let ¢ be the
element of {1,..., M} such that vy € S;. Then for 0 < k <1—1 we see from statement 1 of Theorem 3.8 that
v, & Uj# O;-RFC(z/), 8S), because the V-path (vg,...,vx) is a hereditarily (1, Uj S;)-optimal V-path from S;
to vg. So, since vy, € |J; OfFC (¢, 8) for 0 < k <1 — 1, we have that vy € OFFC(1),S) for 0 <k <1—1.

Now let € be a positive constant such that ¢ < § and such that:

1. ¥(u,v) + € < 1 for all distinct points v and v in V.
2. € < |z — y| for every pair (z,y) of distinct values in the range of .

Let ¢ be the affinity on V such that ¢’ (v;, viy1) = ¥(vi,vi41) + € and Y (viy1,v;) = Y(vig1,v;) + € for
0 <i <, and ¥'(u,v) = ¥(u,v) for all other pairs (u,v) in V x V, so that |[¢/' — || = ¢ < ¢ and ¢’ is
symmetric if ¥ is symmetric. Note that ¢’ (u,v) < ¥ (u,v)+e < 1 for all distinct v and v in V', by property 1.
Hence S is consistent with 1)’

For all V-paths p, it follows from property 2 that the value of ¢'(p) is either ¥(p) or ¥(p) + €. From
this and property 2 we deduce that ¢'(p) < 1’(q) for all V-paths p and ¢ such that ¥(p) < 1(g), and
hence that every hereditarily (¢, ; S;)-optimal V-path is also a hereditarily (¢, J ; S;)-optimal V-path.
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This and statement 1 of Theorem 3.8 imply that O;RFC(w,S) - O;RFC(z// ,8) for 1 < j < M, whence
TZW',S) C TZ(,S).

We claim there is no hereditarily (¢, ; S;)-optimal V-path from (J ;iS5 to b. Indeed, suppose p is
such a V-path (so that each initial segment of p is also such a V-path). Then no point of ORFC (3, S) is a
point of p (by statement 1 of Theorem 3.8), whence none of vy, ...,v;_1 is a point of p and so ' (p) = ¥ (p).
Moreover, since p is a hereditarily (¢, k S;)-optimal V-path to b, p is also a hereditarily (¢, j S;)-optimal
V-path to b (just as (vo,...,v;) is) and therefore ¥(p) = ¥({vo,...,v)) = ¥'({vo,...,v;)) — €. Hence
¥'(p) = ¢'((vo, ..., v)) — €, which contradicts the (¢, (J; S;)-optimality of p, as (vo,...,v;) and p are both
V-paths from (J; S to b. So our claim is valid.

It follows from the claim (and statement 1 of Theorem 3.8) that b € OIRFC ()| S), whence b ¢ TZ (¢, S)
and so (since TZ(¢',S) C TZ (v, S)) we have that TZ(¢)',S) C TZ(¢,S) \ {b}. This completes the proof of
the theorem under the additional hypothesis that ¢ (u,v) < 1 for all distinct v and v in V.

To prove that the theorem holds even without this extra hypothesis, let ¢* be the affinity on V such
that ¥*(u,v) = Mp(u,v) for all distinct v and v in V| where A is a positive constant in the open interval
(1 -46/2,1). Then [|[¢* — 9| <1—-X< /2 and ¢*(u,v) < 1 for all distinct points u and v in V. Readily,
(OFRFC(y* S), ..., OMFC(y* S)) = (OIRFC(y, S),...,OMBFC (4, S)) and hence TZ(y*,S) = TZ (), S) # 0.
Moreover, a V-path is hereditarily (¢*, Uj S;)-optimal just if it is hereditarily (¢, Uj S;)-optimal, and so a
point is a (¢*,S)-bottleneck point just if it is a (¢, S)-bottleneck point. As we have already shown that the
theorem is true if ¥ (u,v) < 1 for all distinct u and v in V', we know the theorem is true with ¢* and §/2 in
place of 1) and 6. Moreover, ¥* is symmetric if 1 is symmetric. Hence there is an affinity ¢’ on V such that
[¢" —*|| < §/2 (which implies || — || < &), TZ(¢',8) € TZ(*,8) \ {b} = TZ(1),S) \ {b}, and ¢’ is

symmetric if ¥ is symmetric. This proves the theorem.

6.7 Proof of Theorem 5.4

We will deduce the theorem from the following lemma:

Lemma 6.11. Let ¥ = (¢1,...,%) be any sequence of affinities on V, and let S = (S1,...,5u), R =
(Ry,...,Ry), and P = (P1,..., Py) be three sequences of pairwise disjoint nonempty subsets of V' that have
the following properties for 1 <i < M :

(i) S;CRiCP.

(i) For each v € P; there is a recursively (¥,S)-optimal V -path p, from S; to v such that
¥ (0, VA P) < 9i(po).

(iti) There is no recursively (¥, S)-optimal V -path from U, ,; S; to P;.
Then for 1 <i < M we have that:

1. If (wo, ..., wg) is any V-path in which wy € P; and wy € V' \ P;, then:
Vi(Puwy + (Wo, - -+, wk)) = Yi({wo, - . ., Wk)).

2. For allv € V\ P; and & € [0,1], there is a recursively (¥, S)-optimal V -path of (¥, S)-strength & from
S; to v if and only if there is a recursively (¥, R)-optimal V-path of (¥, R)-strength & from R; to v.

3. For allv € P; and £ € [0,1], if ¥;(py) = & then there is a recursively (¥, R)-optimal V -path from R;
to v whose (¥, R)-strength is > €.

Proof. Let i € {1,...,M}. Then under the hypotheses of statement 1 it follows from property (ii) that
Yi(Pwy) > 1/J?(w07 V\ P;) > ¥;(wp,w1). Hence:

Yi(Pwp * (wo, .., wr)) = min(Y;(Pu, ), Yi(wo, w1 ), Yi((wi, ..., wy)))
= min(y;(wo, w1),Yi((wi,...,wx))) = ¥i((wo,...,vk)).

This proves statement 1.
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Now we prove statements 2 and 3. As before, let i € {1,...,M}. Bearing in mind that every V-path
from S; is a V-path from R; (since S; C R;) and that every V-path from R; of 1);-strength 1 is recursively
(U, R)-optimal, we see that statement 3 and the “only if” part of statement 2 are true when £ = 1. To see
that the “if” part of statement 2 is true when & = 1, suppose there is a V-path p of (¥, R)-strength 1 from
R; to v € V'\ P;. Then there are two consecutive points a and b of p such that a« € P, and b € V \ P;,
and it follows from property (i) that 1;(pa) > ¥%(a, V' \ Pi) > wi(a,b) > v;(p) = 1, whence 1;(p,) = 1.
Concatenation of p, with the part of p that consists of a and all subsequent points produces a V-path from
S; to v whose (¥, S)-strength is 1, and which is therefore recursively (¥, S)-optimal.

Having verified that statements 2 and 3 hold when £ = 1, we now assume as an induction hypothesis that
(for some o € [0,1)) statements 2 and 3 hold whenever £ > a. We will complete the proofs of statements
2 and 3 by deducing from this induction hypothesis that statements 2 and 3 hold when £ = a. (This proof
method depends on the fact that if statement 2 or 3 were false then there would have to be a greatest value
of ¢ for which that statement is false, since there are only finitely many values of ¢ for which there exists a
V-path whose (¥, S)- or (¥, R)-strength is &.)

We first deduce from the induction hypothesis that statement 3 and the “only if” part of statement 2 are
true when & = . Suppose there is a recursively (¥,S)-optimal V-path p = (vg,...,v;) from S; to v = vy,
such that ¥s(p) = ¥i(p) = a. We will deduce from the existence of p that:

(a) There exists a recursively (¥, R)-optimal V-path ¢ from R; to v; = v such that Ux(q) > a.
(b) If v; = v € V' \ P;, then this recursively (¥, R)-optimal V-path g satisfies U (q) = a.

Note that if we can establish (a) and (b), then we will have deduced that both statement 3 and the “only if”
part of statement 2 are true when £ = a.

Now (a) and (b) are certainly true if p itself is recursively (¥, R)-optimal, so let us assume p is not
recursively (¥, R)-optimal. Then there is a greatest index m in {1,...,[} for which there exists a recursively
(¥, R)-optimal V-path p’ to v, such that Tr(p') > Yr((vo,...,vm)) = Yi({vo,...,vm)) > Pi(p) = .
Since (vo, ..., V) is a recursively (¥,S)-optimal V-path from S; to v,,, it follows from property (iii) that
Um € V\ U,y Py If p’ were a V-path from R; for some j # 4, then (since vy, € V' \ P) the induction
hypothesis would imply there is a recursively (¥, S)-optimal V-path p” from S; to vy, such that Us(p”) =
Ur(p) > vi({ve,...,vm)), contrary to the recursive (¥, S)-optimality of p.

Hence p' is a V-path from R;, so that ;(p’) = Ur(p') > ¥;({vo, ..., Vm)). Let ¢ =p" - (U, ..., v;). Then
q is recursively (¥, R)-optimal: Otherwise, since p’ is recursively (¥, R)-optimal but ¢ = p’ - (v, ..., v;)
is not, there would be some k in {m + 1,...,1} for which there exists a recursively (¥, R)-optimal V-path
q' to v such that Ug(q) > Ur(p' - (Um, ..., 0k)) = Vi(p - (Vm,y .-y 0k)) = ¥i({vg,...,vg)) (Where the >
holds because ¥;(p') > ¥;({vg,...,vm))), contrary to our definition of m. Moreover, ¥ (q) = :(q) >
i ((vo, ..., u)) = ¥i(p) = a because 1;(p') > 1;({vo, ..., vm)). This establishes (a).

If y = v € V\ P, then we cannot have that Yz (q) = v;(¢) > «, for in that case it would follow
from the induction hypothesis that there is a recursively (¥, S)-optimal V-path ¢” from S; to v such that
Us(q") = ¥r(q) > a = Us(p), which would contradict the recursive (¥, S)-optimality of p. This establishes
(b). Thus we have shown that if statements 2 and 3 hold when £ > «, then statement 3 and the “only if”
part of statement 2 hold when £ = a.

It remains to deduce from the induction hypothesis that the “if” part of statement 2 is true when £ = a.
Suppose p = (ug, ..., u;) is a recursively (¥, R)-optimal V-path from R; to v € V' \ P; such that U (p) = a.
(Thus ug € R; and u; = v.) We need to deduce that there is also a recursively (¥, S)-optimal V-path of
(U, S)-strength « from S; to u; = v.

Let ¢ be the greatest index in {0,...,[} such that u; € P;, and let ¢ be the V-path p,, - (ut, ..., u;) from
Si to u; = v . By statement 1, ¥;(q) = ¥;({ug, ..., u)) > ¥;(p). On the other hand, since (ug,...,u;) is a
recursively (¥, R)-optimal V-path from R; to u; € P; such that v; ((uog, ..., us)) > 1;(p) = a, and statement
3 holds when & > a (by the induction hypothesis), we cannot have that 1;(py,) > ¥;({uo, ..., u)). Hence
Yi(Pu,) < Yil{ug, ..., ue)) and so Y;(q) = Vi(py, - (U, - w)) < i({uo,-..,w)) = ¥i(p) = a. Therefore
Yi(q) = ¥i(p) = o

We claim that ¢ is recursively (¥, S)-optimal. Suppose not. Then, since p,,, is recursively (¥, S)-optimal
but ¢ = pu, - (ut,...,u;) is not, there is some k € {t +1,...,1} for which there exists a recursively (¥, S)-
optimal V-path ¢’ to uy such that Us(q') > Us(py, - (ues ..., uk)) = ¥i({ug, ..., ug)) > Ur(p) = o, where
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the first equality follows from statement 1. As Ug(q') > a, it follows from the induction hypothesis that
there is a recursively (¥, R)-optimal V-path ¢” to wuy such that Ur(q¢") > Us(q) > ¥i({ug,...,ug)) >

Uz ({ug,...,ux)), contrary to the recursive (¥, R)-optimality of p = (ug, ..., u;). This contradiction justifies
our claim. Thus we have shown that if statements 2 and 3 hold when & > «, then the “if” part of statement
2 holds whenever £ = «.. This completes the proof of the lemma. O

Deduction of Theorem 5.4 from Lemma 6.11

We claim that, for 1 < ¢ < M and all points v € V, there exists a recursively (¥, R)-optimal V-path
of nonzero (¥, R)-strength from R; to v if and only if there exists a recursively (¥,S)-optimal V-path of
nonzero (¥, S)-strength from S; to v. As this claim, Proposition 5.3, and Theorem 3.10 imply OMOFS (¥, S) =
OMOFS(§ R) for 1 < i < M, it remains only to justify the claim.

Define P; = Core}P’S for 1 < j < M. Then we see from Definition 5.1, Theorem 3.10, and Corollary 3.11
that the sets Py,..., Py and Ry, ..., Ry have the properties (i), (ii), and (iii) of Lemma 6.11. Now let
i€{l,...,M}. Then it follows from statement 2 of the lemma that the claim is correct if v € V'\ P;. Next,
suppose v € P;, so that v € OMOFS(¥ S). Then there exists a recursively (¥, S)-optimal V-path of nonzero
(T, S)-strength from S; to v (by Theorem 3.10), and so it follows from statement 3 of the lemma that there
also exists a recursively (¥, R)-optimal V-path of nonzero (¥, R)-strength from R; to v. Thus the claim is
correct if v € P;. We have now shown that the claim is correct for all v € V', and so the theorem is proved.

6.8 Justification of Algorithms 4 and 5
We now show that Algorithm 5 achieves what is promised by its Result lines. This will be deduced from:

Proposition 6.12. The following statements are true for every o € (0,1], v € V, andi € {1,..., M} at the
end of each iteration of the main loop of Algorithm 5:

1. Ifo[v] = «, then there is a recursively (U, S)-optimal V -path p, from Uj S; to v satisfying Ys(p,) > a.

2. If o[v] = a and x‘[v] = true, and H no longer contains any point u such that o[u] > «, then there is
a recursively (¥, S)-optimal V -path pi from S; to v satisfying Vs (p’) = ¥;(p!) = a.

3. If there is a recursively (¥, 8S)-optimal V -path p from S; to v satisfying Ws(p}) = ¢;(p) = o, and H
no longer contains any point u such that o[u] > «, then o[v] = a and x'[v] = true.

As a first step in proving this proposition, we make some simple observations regarding the algorithm:

(i)  Immediately after execution of line 10, the value of max,ep ofu] is < the value of o[w]. During
execution of lines 11 — 20, the value of max,cny ofu] can change only when line 15 or line 20 is
executed, and when max,ecn ofu] changes the new value of max,cn ofu] is also < the value of o[w].

(ii) It follows from (i) that the value of max,cn ofu] immediately after an iteration of the main loop
is < the value of o[w] at that iteration (which is just the value of max,cn o[u] immediately before
the iteration in question). Consequently, the value of o[w] at the next iteration (if H # ) is < the
value of o[w] at this iteration.

(iii)  For each point v € V, the value of o[v] never decreases during execution of the main loop. Moreover,
the value of o[v] cannot change at an iteration of the main loop at which the point w that is removed
from H satisfies o[w] < o[v].

(iv) For each point v € V, once v has been removed from H, the value of o[v] will never change again
and o[v] > o[w] > maxyecn ofu] will always hold (even if v is subsequently reinserted into H by
line 20 one or more times). This follows from (i) and the second sentences of (ii) and (iii), since
o[v] = o[w] (as w = v) when v is removed from H.

(v)  For each point v € V and i € {1,..., M}, the value of x*[v] can change from true to false during
execution of the main loop only when line 16 is executed after o[v] has been increased by execution
of line 15, and we see from (iv) that this can never happen once v has been removed from H, even
if v is subsequently reinserted into H.
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(vi) At the end of each iteration of the main loop, for each point v € V such that o[v] > 0 there is some
j €{1,..., M} such that x?[v] = true. (This follows from (v), as one of the values x!'[v], ..., x™[v]
is set to true by line 7 or line 17 whenever the value of o[v] changes.)

(vii) For each point v € V, it follows from (v) that the number of true values in the set {x![v], ..., x™[v]}
will never decrease once v has been removed from H, even if v is subsequently reinserted into
H. On the other hand, each time v is reinserted into H the number of true values in the set
{xXHv], - ., xM[v]} must have just been increased by 1 (by line 19).

(viii) Tt follows from (vi) and (vii) (and the fact that no point x such that o[z] = 0 is ever reinserted into
H) that each point v € V can be removed and reinserted into H at most M — 1 times, so that v
can be removed at most M times. Since just one of the |V points of V' is removed from H at each
iteration of the main loop, the loop iterates at most M|V| times before the algorithm terminates.

We now establish two lemmas that will be used to prove Proposition 6.12.

Lemma 6.13. Let o* be any element of U;v;[V x V] \ {0}. Suppose further that whenever a > o
statement 3 of Proposition 6.12 holds for everyv € V and i € {1,..., M} at the end of each iteration of the
main loop (of Algorithm 5). Then, for a = a*, statements 1 and 2 of Proposition 6.12 hold for everyv € V
and i € {1,..., M} at the end of each iteration of the main loop.

Proof. Let v € V, and suppose we are at the end of an iteration of the main loop. Suppose further that
olv] = a* at this time. By observation (vi) there must be some j € {1,..., M} such that x’[v] = true. Let
X‘[v] = true. To prove the lemma, what we need to show is that:

A. There exists a recursively (¥, S)-optimal V-path p, from Uj S; to v satisfying ¥s(p,) > a*.

B. If H no longer contains any point u such that o[u] > o*, then there exists a recursively (¥, S)-optimal
V-path p! from S; to v satisfying Ws(p!) = ¢;(p) = o*.

Let € V be any point such that o[z] > a* and x‘[r] = true. We now define a V-path from S; to =
that we will call the x?-chain for z. Roughly speaking, the x’-chain for x is the V-path from S; to = such
that the x* value of the k + 1st point (for each k > 0 which does not exceed the V-path’s length) was last
set to true when w was equal to its kth point. We will now give a more precise definition of this V-path.

If x € S;, then we define the x?-chain for  to be the V-path (). Now suppose = ¢ S;. Then either the
current iteration or some earlier iteration of the main loop must have set x‘[x] to true by executing line 17 or
line 19 when the variable x was equal to the point = and the variable i was equal to i. We write w(z) to denote
the point w that was removed from H by line 10 at the most recent iteration of the main loop that set x*[z] to
true. When y'[z] was set to true at that iteration, y*[w(x)] = x*[w] was true (since lines 13 — 20 execute only
when y‘[w] = true) and the value of 0[] satisfied o[z] = ¢/ = min(o[w], ¥;(w, x)) = min(c[w(x)], ¥;(w(z), r))
(as we see by inspection of lines 13 — 19). Note that o[x] cannot have changed since that time—otherwise
that iteration would not be the most recent iteration that set x'[z] to true, since x'[z] is set to false by
line 16 each time the value of o[z] changes during execution of the main loop. By observations (iv) and (v),
the values of ofw(z)] and x*[w(x)] also cannot have changed since that time. Hence we still have that

X'[w(z)] = true and ofz] = min(o[w(x)], ¥i(w(z), x)) (6.30)

which implies o[w(z)] > o[x] > a*. Moreover, the most recent iteration at which x‘[w(z)] was set to true
must be an earlier iteration than the most recent iteration at which y![x] was set to true. So, if w(z) ¢ S;,
then the point w(w(z)) exists and is not equal to x or w(z), and, if w(w(z)) &€ S;, then w(w(w(x))) exists
and is not equal to z, w(x), or w(w(z)), and so on. Thus, we can construct a V-path (z,w(x),w(w(x)),...)
from x to S;. We define the x?-chain for x to be the reverse of this V-path.

If the x’-chain for z is (zq,...,2;), then x; = =, o[zg] = 1 (because of initialization loop 2), and for
0 < k <1—1 we have that o[xg41] = min(o[xg], ¥i(zk, Tk41)) by (6.30), whence olxi] = ¢¥i((zo,. .., zx)) for
0 < k < I. Hence, the v;-strength of the x‘-chain for x is o[z], and if y is the last point of a proper initial
segment of the x’-chain for z, then the 1;-strength of that initial segment is oly] > o[z] > a*.

For any such y there is no recursively (¥, S)-optimal V-path p, to y such that ¥s(p,) > oly]: Indeed, if
such a recursively (¥, S)-optimal V-path pJ from S; to y exists and a = Ws(pJ) > o[y, then we see from
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observation (iv) that H no longer contains any point u such that o[u] > a > oy] (since y # z lies on the
X'-chain for x and must therefore have already been removed from H at least once) and so statement 3 does
not hold when o = a > a*, v = y, and ¢ = j (as oly] # a), a contradiction. Hence, every proper initial
segment of the y’-chain for z is recursively (¥, S)-optimal, and so one of the following holds:

Case I:  The y'-chain for  (whose (¥, S)-strength is o[z]) is recursively (¥,S)-optimal.
Case II: There is a recursively (¥, S)-optimal V-path p, to x such that ¥s(p,) > o[z].

We conclude from this that A holds, since o[z] > o* and we can choose the point v of A as our point z.
Now suppose H no longer contains any point u such that o[u] > a*. Then Case II is impossible: Indeed,
if a > olz], then @ > a* and so H no longer contains any point w such that o[u] > a, whence the existence
of a recursively (¥, S)-optimal V-path p? from S; to x such that Ws(pi) = a would imply that statement
3 does not hold when @ = a, v = z, and i = j, a contradiction. So, Case I is the only possibility, and
we conclude that B holds (since we can choose the point v of B as our point z, and the v;-strength of the
X'-chain for that point v is o[v] = a*). 0O

Lemma 6.14. Let a* be any element of J;¢;[V x V] \ {0}. Suppose further that whenever o > o
statement 1 of Proposition 6.12 holds for everyv € V and i € {1,..., M} at the end of each iteration of the
main loop (of Algorithm 5). Then, when a = o, statement 8 of Proposition 6.12 holds for every v € V and
1€{1l,...,M} at the end of each iteration of the main loop.

Proof. Let v €V and i € {1,..., M}, and suppose there exists a recursively (¥, S)-optimal V-path p! from
S; to v satisfying Us(p) = 1;(p!) = a*. Suppose further that we are at the end of an iteration of the main
loop and that H no longer contains any point u such that o[u] > «*. To prove the lemma, what we need to
show is that the following is currently true:

olv] = (p%) = a* and x'[v] = true. (6.31)

Let p! = (vo,...,v;), where vg € S; and v; = v, and for 0 < k <[ let pj, denote the initial segment of p’
that is of length k& (and ends at vy), so that p; = p!,. Then we claim that the following is currently true:

olvg] < ¥i(pg) for 0 < k < 1. (6.32)

Indeed, if o[vg] > ;(pr), then (since statement 1 holds when a = ofvg] > ¥;(pr) > ¥i(p1) = *) there would
exist a recursively (U, S)-optimal V-path to v whose (¥, S)-strength is at least ofvr] > 9;(px), and this
would contradict the recursive (¥, S)-optimality of p; = pi. So, our claim is correct. We will now use (6.32)
to show, by induction on k, that the following is currently true:

o[vg] = ¥i(px) and x'[vy] = true for 0 < k < 1. (6.33)

This will prove the lemma, since (6.31) is just the case k =1 of (6.33).

Readily, (6.33) is currently true for k = 0, since vg € S; and so o[vg] = 1 = 1;(po) and x'[vg] = true
(because of initialization loop 2). Now we suppose as our induction hypothesis that (6.33) is currently true
for k =K — 1 (where k € {1,...,1}) and deduce that (6.33) is currently true for k = &.

The induction hypothesis is that currently

ove_1] = Yi(ps_1) and x'[v,_1] = true (6.34)

which implies o[v,_1] > ¥;(p}) = a*. So, since H no longer contains any point u such that o[u] > o*, we
must have that v,_1 € H. Let iteration I be the most recent iteration of the main loop at which v,_; was
the point w that was removed from H, so that v,_; has never been in H since its removal from H at iteration
I. (Tteration I might be the iteration we are currently at the end of.)

By observation (iv), o[vx—1] = %i(ps—1) was already true at iteration I; and (6.32) was also true at
iteration I, by observation (iii).

We claim that y?[v,_1] = true must have been true at iteration I as well: Otherwise, since x[w] does
not change at the iteration that removes w from H, there would have to have been a more recent iteration
than I at which x‘[v._1] was set to true; but this is impossible as it could not have been done by line 17
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(because, in that case, line 15 would have changed o[v,;_1], contrary to observation (iv)) and it also could
not have been done by line 19 (because, in that case, v,_; would have been reinserted into H by line 20,
contrary to the definition of iteration I'). Thus, our claim is valid.

During iteration I we had that w = v,_;, and so, our claim implies x‘[w] was true when the inner
foreach loop on lines 12 — 20 was executed at iteration I. So, at iteration I, the body of that inner loop
was executed once with x = v, and i = i. (This follows from the fact that (vs—1,v.) is a U-edge because
Vi (Vs—1,0) = Vi(pr) = VYi(pr1) = a* > 0.) At that iteration of the inner foreach loop, line 13 would have set
o’ to min(o[w], ¥i(w,x)) = min(o[ve_1],¥;(vk—1,vs)), whence we see from the induction hypothesis (6.34)
that the following would have been true immediately afterwards (as both o[v._1] = 9;(pc_1) and (6.32)
were true at iteration I):

o' = min(¢; (pr—1), Vi(ve—1,0x)) = Yi(px) > olvx] = o[x].

Thus, ¢/ > o[x] and ¢’ = ¥;(pr) > «* > 0 at that time, and so, one of the following must have been true
too: Either o/ > o[x] = ofv,], or 0/ = o[x] = ofv.] and x'[v.] = X'[x] = false, or ¢/ = o[x] = o[v,] and
X'[vs] = x'[x] = true. After executing line 13, the same iteration of the inner foreach loop would have
executed lines 15 — 17 in the first case, lines 19 — 20 in the second case, and none of those lines in the third
case. S0, it is readily confirmed that, in all three cases, immediately after that iteration of the inner foreach
loop it must have been true that o[v,] = o[x] = 0/ = ¥;(p.) and x'[v.] = X'[x] = true.

Moreover, olv,] = ¥;(p.) and x‘[v.] = true would have remained true thereafter, since o[v,] cannot
have increased further (otherwise we would have that o[vg] > ¢;(pr) now, a contradiction of (6.32)) and so
X'[vx] cannot have changed to false (by observation (v)). Thus, we have deduced that (6.33) is currently
true for k = k, and so our inductive proof is complete. O]

Completion of the Proof of Proposition 6.12

For any V-path p from (J ;S; we have that Us ) el b [V x V]. Moreover, it is readily confirmed that,
every time an element of the array o[] is given a new value during execution of Algorithm 5, that value lies
in U, ¥;[V x VIU{0}. Thus, if a € (0,1] but a ¢ (J; [V x V], then each of the statements 1, 2, and 3
is vacuously true. So, since the set [J;¢;[V x V] is finite, if one or more of these statements were false for
some « € (0,1],v € V,and i € {1,..., M} at the end of some iteration of the main loop, then there would
have to be a greatest value of a for which this happens. But Lemmas 6.13 and 6.14 imply that such a value
of a cannot exist.

Completion of the Proof of Correctness of Algorithm 5

We first verify that the algorithm achieves what is promised by its Result lines for every v € V' such that
olv] = 0 when the algorithm terminates. For any such v, since H = () when the algorithm terminates,
we see from statement 3 of Proposition 6.12 that there is no recursively (¥, S)-optimal V-path of nonzero
(T, S)-strength to v, and so the (¥, S)-strength of every recursively (¥, S)-optimal V-path to v is ofv] = 0,
which is in accordance with the Result lines. Moreover, if o[v] = 0 when the algorithm terminates, then
it follows from observation (iii) that o[v] = 0 has been true at all times during execution of the algorithm.
This in turn implies that lines 6 — 7 have not been executed with s = v, and that neither lines 15 — 17 nor
line 19 have been executed at a time when x = v, so that no statement which assigns true to one of the
array elements {x*[v],...,x[v]} can ever have been executed and therefore y‘[v] must still be false for
every i € {1,..., M} when the algorithm terminates, as promised by the Result lines.

For all other v in V' we have that o[v] € (0, 1] when the algorithm terminates. For all such v, since H = 0
when the algorithm terminates, we see from observation (vi) and statements 2 and 3 of Proposition 6.12 that
the values o[v] and x'[v],...,x™[v] will then have the properties stated by the Result lines.

Correctness of Algorithm 4

It is readily confirmed that the array o[] which results from executing Algorithm 4 is the same as the
array o[] which results from executing Algorithm 5 in the case M = 1, ¢y = 1, and S; = S.16 Thus, the

16Indeed, suppose M = 1, b1 = 1, and S; = S in Algorithm 5. As M = 1, the effect of line 16 of Algorithm 5 is undone by
line 17, so we can omit line 16. Also, each i on lines 13 — 19 can be replaced by 1. Moreover, for each point v € V' the value of

42



correctness of Algorithm 4 follows from the correctness of Algorithm 5.

7 Concluding Remarks

Fuzzy connectedness (FC) image segmentation, which finds objects based on user-specified seed sets and
fuzzy affinity functions, is a computationally efficient segmentation methodology that is commonly used in
practical image segmentation tasks (especially in biomedical imaging). An example of a fast FC segmentation
algorithm is our Algorithm 5, which is reminiscent of Dijkstra’s shortest path algorithm for weighted digraphs
[24] but is necessarily less simple because it allows the use of a different fuzzy affinity function for each of
the objects to be delineated. For any fixed positive integer M, under mild assumptions (that are usually
satisfied in practical applications) which allow its priority queue to be efficiently implemented as an array of
doubly-linked lists, the algorithm will segment an image into M objects in linear time with respect to the
number of points in the image.

Previous work on FC segmentation has developed along two tracks: the MOFS and (I)RFC tracks. This
paper presents a unified mathematical theory of FC segmentations which shows how MOFS and (I)RFC-
track segmentations relate to each other. We generalize (I)RFC segmentations to allow the use of affinity
functions that are not necessarily symmetric, and provide new path-based mathematical characterizations
of IRFC and MOFS segmentations. One fact which emerges quickly from our theory is that, when the same
single affinity function is used for MOFS as well as IRFC segmentation, each IRFC object consists of those
points of the corresponding MOFS object which do not lie in any of the other MOFS objects. It follows from
this fact that any MOFS segmentation algorithm can also be used to compute IRFC segmentations. When
M > 2, a fast MOFS algorithm such as Algorithm 5 is likely to compute an M-object IRFC segmentation
more quickly than commonly-used IRFC segmentation algorithms that compute IRFC objects one at a time
(except possibly when the tie-zone of the segmentation is very large, in which case we show that the IRFC
segmentation must be unstable with respect to tiny changes in affinity values).

Our analysis of MOFS segmentation (which, unlike (I)RFC segmentation, allows each object to have
its own affinity function) is based on two new theoretical concepts: recursively optimal paths and the core
of an MOFS object. Using these new concepts, we prove results that show how MOFS segmentations are
robust with respect to small changes in seed sets (in the sense that the objects of these segmentations usually
stay the same when the seed sets are slightly changed) even when different affinities are used for different
objects and the affinities are not necessarily symmetric. Our results include MOFS-analogs of (I)RFC-track
robustness results that previously had no counterpart in the MOFS-track literature.
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