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Abstract

Real-valued functions of a real variable which are continuous with respect
to the density topology on both the domain and the range are called density
continuous. A typical continuous function is nowhere density continuous. The
same is true of a typical homeomorphism of the real line. A subset of the real
line is the set of points of discontinuity of a density continuous function if and
only if it is a nowhere dense Fσ set. The corresponding characterization for
the approximately continuous functions is a Ærstcategory Fσ set. An alternative
proof of that result is given. Density continuous functions belong to the class
Baire*1, unlike the approximately continuous functions.

1 Introduction

The density topology is a completely regular reÆnementof the natural topology
on the real line. It consists of all measurable subsets A of R such that, for
every x ∈ A, x is a density point of A. Ostaszewski [6,7] studied the class of
functions f : R→R which are continuous with respect to the density topology on
the domain and the range. These are termed density continuous. Bijections of the
real line whose inverses are density continuous were investigated by Bruckner
[2] and Niewiarowski [4]. Ostaszewski [8] considered the class as a semigroup
with composition as the operation, and showed that the semigroup, and three of
its subsemigroups, have the inner automorphism property. Ciesielski and Larson
[3] showed that real-analytic functions are density continuous, and that the class
of density continuous functions is not a linear space. Furthermore, there exist
C∞ functions which are not density continuous.
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In this work we are concerned with the relationship between the classes of
continuous and density continuous functions.

We will use the following notation:

R ± the set of real numbers;

N ± the set of natural numbers;

C ± the space of continuous functions f : [0, 1]→R;

‖f‖ ± the norm of an f ∈ C, ‖f‖ = supx∈[0,1] |f (x)|;

C(f ) ± the set of points at which f is continuous;

Z(f ) ± the set of points at which f is not continuous;

ω(f, x) ± the oscillation of f at x;

supp(f ) = {x : f (x) �= 0}±the support of f ;

H ± the space of all automorphisms of [0, 1] equipped with the metric

σ(g, h) = ‖g − h‖ + ‖g−1 − h−1‖

for g, h ∈ H;

|A| ± the Lebesgue measure of a measurable set A ⊂ R;

Ac ± the complement of the set A;

int(A)±the interior of the set A;

d(A, x), d(A, x), d(A, x) ± the upper, lower, and ordinary (respectively) den-
sities of a set A ⊂ R at a point x ∈ R.
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2 Typical Continuous Functions

In this section we prove that a typical continuous function is nowhere density
continuous. The same is true of a typical homeomorphism of the real line. To
do this, some preliminary deÆnitionsand lemmas must be presented.

Let {Jn} be a sequence of intervals and let {In} be a sequence of closed
intervals such that In and Jn have the same center and In ⊂ Jn, for each n. We
say that the sequence Jn captures the sequence In. This relationship between
the sequences is denoted In < Jn.

If In < Jn, as above, we deÆne

Jx =
⋃

{n:x/∈Jn}
In.

The properties of captured sequences which are useful in what follows are
contained in the following two propositions.

Lemma 1 If {In} and {Jn} are sequences of intervals such that In < Jn and

∑
n∈N

|In|
|Jn|

<∞,

then d(Jx, x) = 0, ∀x ∈ R.

Proof. Without loss of generality, we may assume that x /∈ ⋃
n∈N Jn. Let

ε ∈ (0, 1) and choose n0 and δ0 > 0 such that

∑
n≥n0

|In|
|Jn|

< ε/3 and (x− δ0, x + δ0) ∩ In = ∅, ∀n ≤ n0. (1)

Observe that the choice of ε ∈ (0, 1) and (1) guarantees that for all n ≥ n0, it
is true that if (x− δ, x + δ) ∩ In �= ∅, then Jn ⊂ (x− 3δ, x + 3δ).

Let

Sδ = {n : (x− δ, x + δ) ∩ In �= ∅} and Mδ = sup
n∈Sδ

|Jn|.
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If δ ∈ (0, δ0), the observation and (1) show

|(x− δ, x + δ) ∩ Jx|
2δ

≤
|⋃n∈Sδ

In|
2δ

≤ 3

∑
n∈Sδ

|In|
|(x− 3δ, x + 3δ)|

≤ 3

∑
n∈Sδ

|Jn||In|/|Jn|⋃
n∈Sδ

|Jn|

≤ 3
Mδ

∑
n∈Sδ

|In|/|Jn|
Mδ

< ε.

From this, Lemma 1 follows at once.
It is interesting to note that the following can be proved in much the same

way as Lemma 1.

Corollary 1 If In and Jn are sequences of intervals such that In<Jn, Ji∩Jj = ∅
when i �= j and |In|/|Jn|→0, then

⋃∞
n=1 In is density closed.

Lemma 2 Let x ∈ R and let {Ln} be a sequence of intervals such that x ∈⋂
n≥1 Ln and limn→∞ |Ln| = 0. If Kn is a subinterval of Ln for every n and

lim sup
n→∞

|Kn|/|Ln| > 0,

then d(
⋃

n≥1Kn, x) > 0.

Proof. Let
lim sup
n→∞

|Kn|/|Ln| = a > 0.

It will be shown that

d(
⋃

n∈N
Kn, x) = lim sup

δ→0+

|(x− δ, x + δ) ∩ ⋃
n∈NKn|

2δ
≥ a/4.

To do this, it is enough to show that for every δ0 > 0 there is a δ ∈ (0, δ0] and
a number n ≥ 1 such that

|Kn ∩ (x− δ, x + δ)|/2δ ≥ a/4.
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Let n be such that |Ln| < δ0 and |Kn|/|Ln| > a/2. Set δ = inf{t : Ln ⊂
(x− t, x+ t)}. Then 0 < δ < δ0, Ln ⊂ [x−δ, x+δ] and |Ln|/2δ ≥ 1/2. Hence,

|Kn ∩ (x− δ, x + δ)|
2δ

=
|Kn|
2δ

=
|Kn|
|Ln|

|Ln|
2δ

≥ a
2

1
2

=
a

4

and the lemma is proved.
Here is the main result of this section.

Theorem 1 If CD denotes the subset of C consisting of all functions which have
at least one point of density continuity, then CD is a Ærstcategory subset of C.

Proof. We will show that there exists a dense Gδ subset E of C such that
every f ∈ E is nowhere density continuous.

For every n ∈ N denote by Dn the set of all f ∈ C such that for every
i = 1, 2, . . . , 2n, f is linear and nonconstant on each interval [(i− 1)2−n, i2−n].
Notice that Dn+1 ⊂ Dn for every n ∈ N and D =

⋃
n∈NDn is a dense subset of

C.
For f ∈ C deÆne

‖f‖n = max
i=1,2,...,2n

|f (i2−n) − f ((i− 1)2−n)|. (2)

We claim that for each open set U in C, there exists an n ∈ N and a function
f ∈ Dn such that the ball in C centered at f of radius ‖f‖n is entirely contained
in U . To see this, ÆrstÆndan m ∈ N and an f ∈ Dm such that f ∈ U . Since
U is open, there is a δ > 0 such that the open ball of radius δ centered at f is
contained in U . Using the uniform continuity of f , we can Ændan n > m such
that whenever |x− y| < 2−n, then |f (x) − f (y)| < δ. From this it is clear that
f ∈ Dn and ‖f‖n < δ. The claim is evident.

We will now start the construction of the promisedGδ set E as an intersection
of dense open sets, Wk.

Let k ≥ 1 and U be a nonempty open subset of C, and choose f and n as
above. For j = 0, 1, 2, . . . , 2n+1, deÆne

g
(
j

2n+1

)
= f

(
j

2n+1

)
.
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If i2−n ≤ j2−n−1 < (j + 1)2−n−1 ≤ (i + 1)2−n, where i ∈ {0, 1, 2, . . . , 2n − 1},
put Li = (i2−n, (i + 1)2−n), Mj = (j2−n−1, (j + 1)2−n−1) and let Kj = [aj, bj] be
centered in Mj such that

|Kj|
|Mj|

= 1 − 1
2n

=
2|Kj|
|Li|

.

Let us choose I0
j = [cj, dj] centered in the interval f (Mj) and such that

|I0
j |

|f (Mj)|
=

1
2n
.
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DeÆneg to be linear on each of the intervals

[j2−n−1, aj], [aj, bj] and [bj, (j + 1)2−n−1],

such that g([aj, bj]) = [cj, dj] = I0
j . Thus, if Jj = f (Mj) = g(Mj), then

|g(Kj)|
|g(Mj)|

=
|I0

j |
|Jj|

=
1
2n

and
|g−1(I0

j )|
|g−1(Jj)|

=
|Kj|
|Mj|

= 1 − 1
2n
.

Notice that g is contained in the open ball centered at f of radius ‖f‖n.
Thus, g ∈ U .

Let W k
U be the open ball centered at g of radius

εk = 2−n−1 min
i=1,2,...,2n

∣∣∣∣f
(
i

2n

)
− f

(
i− 1

2n

)∣∣∣∣ > 0. (3)

Obviously Wk =
⋃ {
W k

U :U is open and nonempty in C
}

is open and dense in
C, so that E =

⋂
k∈NWk is a residual set in C. We will show that if h ∈ E then

h is nowhere density continuous.
Now let x be an arbitrary point of [0, 1]. We will choose intervals Im, m ∈ N

such that

d


 ⋃

m∈N
Im, h(x)


 = 0,

and

d


h−1


 ⋃

m∈N
Im


 , x


 > 0.

This will prove that h is not density continuous at x.
Let m ∈ N. We have h ∈ Wm so there exists a set U , open in C, such

that h ∈ Wm
U . Let g be the center of Wm

U . Let n ≥ m be the number given
in the construction of Wm

U . Let i ∈ {0, 1, 2, . . . , 2n − 1} be such that x ∈
[i2−n, (i + 1)2−n].

Put Lm = [i2−n, (i + 1)2−n]. Let M 1 = (2i2−n−1, (2i + 1)2−n−1), M 2 =
((2i + 1)2−n−1, 2(i + 1)2−n−1) and Mm ∈ {M 1,M 2} such that h(x) /∈ g(Mm).
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Put Jm = g(Mm) and let I0
m = [cj, dj] and Km = [aj, bj] be as in the construction

of g. Thus

|I0
m|

|Jm|
= 1/2n ≤ 1/2m and

|Km|
|Mm|

= 1 − 1/2n ≥ 1 − 1/2m.

Put Im = [cj − εm, dj + εm]. As h(x) /∈ Jm for every m and

∞∑
m=1

|Im|
|Jm|

≤
∞∑

m=1

3|I0
m|

|Jm|
≤ 3

∞∑
m=1

1
2m

= 3,

Lemma 1 yields d(
⋃∞

m=1 Im, h(x)) = 0.
On the other hand, by the choice of εm, Km ⊂ h−1(Im). Thus, by Lemma

2, the fact that x ∈ Lm for every m and using

lim
m→∞

|Km|
|Lm|

= lim
m→∞

|Km|
2|Mm|

= 1/2 > 0

we have

d(h−1(
∞⋃

m=1

Im), x) ≥ d(
∞⋃

m=1

Km, x) > 0.

Therefore, h is not density continuous at x.

Theorem 2 If HD denotes the class of all elements of H which have at least
one point of density continuity, then HD is a Ærstcategory subset of H.

Proof. As discussed in [9, page 50], H is a Gδ subset of C. It is actually
complete with the metric σ deÆnedin the introduction of this work.

Let W be the dense Gδ subset of C constructed in the proof of Theorem 1.
It is obvious that W ∩ H is a Gδ subset of H. Thus, it would be sufÆcientto
show that W ∩H is dense in H in order to prove Theorem 2.

Unfortunately, in general, this is not the case. However, the set D ∩ H is
dense in H. Thus, if in the choice of f in the proof of Theorem 1, we assume
additionally that for nonempty U ∩ H we choose f ∈ U ∩ H ∩ D, then the
corresponding function g will be also in H. H ∩W will be dense in W . This
proves Theorem 2.

Let us note that the fact that a typical homeomorphism is not density con-
tinuous is mentioned in [6], but without a detailed proof.
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3 Continuity of Density Continuous Functions

In this section, the set on which a density continuous function can be continuous
is characterized as any nowhere dense Fσ set.

A function f : R→R is in the class Baire*1 if for each perfect set P , there is
a portion Q of P such that f |Q is continuous. In other words, f is continuous on
a relative subinterval of each closed set. This class was introduced by Richard
O’Malley [5], who studied the Baire*1 functions having the Darboux property.

Theorem 3 If f is a density continuous function, then f is in Baire*1.

Proof. We assume the theorem is not true. Then there is a nonempty perfect
set P such that

Z = {x ∈ P : f |P is not continuous at x}

is dense in P . We will show that this assumption assures that there is an x ∈ P
such that f is not density continuous at x. The proof uses induction to Ænda
sequence xn ∈ P a sequence of open intervals (an, bn) and two sequences of
compact intervals, In and Jn such that xn ∈ In ⊂ Jn, In < Jn and xn→x.

To start, let x0 ∈ Z, J0 = I0 = ∅ and (a0, b0) = (x0 − 1, x0 + 1). Assume that
xi, closed intervals Ji and Ii, and an open interval (ai, bi) have been chosen for
1 ≤ i ≤ n to satisfy the following properties:

(a) f (xi) ∈ Ii ⊂ Ji;

(b) Ji−1 ∩ Ji = ∅;

(c) 0 < |Ii| ≤ |Ji|/2i and |Ji| < ω(f |P , xi);

(d) xi ∈ (ai, bi) ∩ Z ⊂ [ai, bi] ⊂ (ai−1, bi−1);

(e) bi − ai < 1/2i; and,

(f) |f−1(Ii) ∩ (ai, bi)| > (1 − 2−i)(bi − ai).

To continue with the inductive step, we note that from (c), we are able to
choose

y ∈ P ∩ f−1(J c
n) ∩ (an, bn).
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If y ∈ Z, then let xn+1 = y. Otherwise, f |P is continuous at y. In this case, the
fact that Z is dense in P guarantees the existence of

xn+1 ∈ P ∩ f−1(J c
n) ∩ (an, bn) ∩ Z.

Because Jn is closed and xn+1 ∈ Z, there is a closed interval Jn+1 centered
at f (xn+1) such that Jn+1 ∩ Jn = ∅ and 0 < |Jn+1| < ω(f |P , xn+1). Setting In+1

to be the closed interval centered at f (xn+1) with length |Jn+1|/2n+1, it follows
that (a), (b) and (c) are true with i = n+ 1. Next, use the approximate continuity
of f at xn+1 to Ændan interval (an+1, bn+1) ⊂ (an, bn) containing xn+1 such that
(d), (e) and (f) are satisÆed.The induction is complete.

From (d) and (e) we see that there is an x ∈ ⋂∞
n=1[an, bn]∩P . We claim that

there is a subsequence Jnm of Jn such that f (x) /∈ Jnm for every m. Otherwise,
f (x) is contained in all but a Ænitenumber of the Jn, which is easily seen to
violate (b). From (c) and the construction, it follows that

∞∑
m=1

|Inm|
|Inm|

<∞ and Inm < Jnm,

so Lemma 1 implies that d(
⋃∞

m=1 Inm, f (x)) = 0. The density continuity of f
now implies that

d(f−1(
∞⋃

m=1

Inm), x) = 0. (4)

On the other hand, x ∈ (anm, bnm) for all m, so (f) implies

d(f−1(
∞⋃

m=1

Jnm), x) ≥ lim
m→∞

|f−1(Inm) ∩ (anm, bnm)|
|(anm, bnm)| = 1. (5)

But, (4) and (5) contradict each other, so we are forced to conclude that Z
cannot be dense in P , which Ænishesthe proof.

It is evident from the deÆnitionof Baire*1 that if f is in Baire*1, then C(f )
contains a dense open set. Because C(f ) is a Gδ set, we have proved that a
density continuous function can be discontinuous on at most a nowhere dense
Fσ set. The converse to this statement is also true.

Theorem 4 If Z = {Z(f ) : f is density continuous}, then

Z = {F : F is a nowhere dense Fσ set}.
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In order to prove this theorem, it sufÆcesto show that given an arbitrary
nowhere dense Fσ set F , a density continuous function f can be constructed
such that Z(f ) = F . In order to do this, two lemmas are needed.

Lemma 3 If F is a nowhere dense Fσ set, then there exist sequences of pairwise
disjoint compact intervals, In and Jn with In < Jn such that

F ⊂
⋃

n∈N
In \

⋃
n∈N

Jn.

Moreover, if F =
⋃

n∈N Fn, where Fn is closed for each n, then there are disjoint
subsequences mn

k from N such that

Fn =
⋃

k∈N
Imn

k
\

⋃
k∈N

Jmn
k
.

Proof. Let {(an, bn) : n ∈ N} be the components of F
c
. For each n, choose

a decreasing sequence {xn
i } ⊂ (an, bn) such that limi→∞ x

n
i = an. The set

{xn
i : i, n ∈ N} is discrete, so it can be enumerated as a sequence yi. Let Ji be

a sequence of pairwise disjoint closed intervals such that Ji is centered at yi and
let Ii be a closed interval centered in Ji such that |Ii|/|Ji| = 2−i. Then In < Jn

and

F ⊂ F = {ai : i ∈ N} = {yi : i ∈ N} \ {yi : i ∈ N} =
⋃

i∈N
Ii \

⋃
i∈N
Ji.

The second part of the lemma follows easily by choosing appropriate subse-
quences of yi.

Lemma 4 Let F be a closed nowhere dense set, λ > 0 and suppose that
In and Jn are sequences of compact intervals such that In < Jn and the Jn

are pairwise disjoint. If F =
⋃

n∈N In \ ⋃
n∈N Jn, then there exists a density

continuous function f : R→[0, λ] such that

(a) Z(f ) = F ,

(b) ω(f, x) = λ, ∀x ∈ F , and

(c) f−1((0, λ]) =
⋃

n∈N int(In).
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Proof. Let

fn(x) =

{
0 x /∈ In
2λdist(x, Ic

n)/|In| x ∈ In
and

f (x) =
∑
n∈N

fn.

The disjointness of the Jn and the fact that In ⊂ int(Jn) for all n guarantees that
(a), (b) and (c) are true. To see that f is density continuous, there are two cases
to consider. First, suppose that x ∈ In, for some n. In this case, the deÆnitions
of fn and the fact that the Jn are pairwise disjoint guarantee that f is piecewise
linear on some neighborhood of x. So, f is density continuous at x. Second,
if x is in no In, then (c) implies that f (x) = 0. Using (c) again, along with
Corollary 1, it follows that f = 0 on a density open neighborhood of x. This
implies that f is density continuous at x.

We now proceed with the proof of Theorem 4.
Let F be as in the statement of the theorem. Suppose F =

⋃
n∈N Fn, where

Fn is closed and Fn ⊂ Fn+1 for n ≥ 1. Let In< Jn and the sequences mn
k be as

in Lemma 3. For each n, use Lemma 4 with λ = 3−n and the pair of intervals
Imn

k
< Jmn

k
to construct a function fn. DeÆne

f =
∑
n∈N

fn. (6)

We see that (6) converges uniformly. Because of this, part (a) of Lemma 4
yields Z(f ) ⊂ F . On the other hand, if x0 ∈ F , then f (x0) = 0 and x ∈ Fn for
some n. It follows that

lim sup
x→x0

f (x) ≥ lim sup
x→x0

fn(x) = 3−n > f (x), (7)

so F = Z(f ).
Since f = 0 on (

⋃
n∈N In)c, Corollary 1 implies that f is density continuous

on that set. If x ∈ In for some n, then the fact that supp(fn) ∩ supp(fm) = ∅
whenever m �= n shows that there is a neighborhood G of x such that f = fn

on G. The density continuity of fn at x implies the density continuity of f at
x. Therefore, f is a density continuous function.

The structure of Z(f ) for an approximately continuous function f is well-
known. (See, e.g. Bruckner [2, page 48].) But, the proof of Theorem 4 can be
used to give an alternative proof of this characterization.
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Theorem 5 If Z = {Z(f ) : f is approximately continuous} then Z = {F :
F is Fσ and Ærstcategory }.

Proof. Since approximately continuous functions are continuous on a dense
Gδ set, we see

Z ⊂ {F : F is Fσ and Ærstcategory }.
Let F be a Ærstcategory Fσ set and suppose F =

⋃
n∈N Fn, where each

Fn is closed and nowhere dense with Fn ⊂ Fn+1, ∀n ∈ N. The functions
fn and f can be deÆnedas in the proof of Theorem 4. Density continuous
functions are approximately continuous and the uniform limit of approximately
continuous functions is approximately continuous. Therefore, f is approximately
continuous.

As before, it is clear that Z(f ) ⊂ F . To establish the opposite containment,
we note that if x ∈ Fn+1 \ Fn, then

ω(fn+1, x) = ω(
∑

i≤n+1

fi, x) = 1/3n+1 >
∑

i>n+1

fi,

so x ∈ Z(f ) and the theorem follows.
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