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Abstract

Real-valued functions of a real variable which are continuous with respect
to the density topology on both the domain and the range are called density
continuous. A typical continuous function is nowhere density continuous. The
same is true of a typical homeomorphism of the real line. A subset of the real
line is the set of points of discontinuity of a density continuous function if and
only if it is a nowhere dense F, set. The corresponding characterization for
the approximately continuous functions is a /rgiategory F), set. An aternative
proof of that result is given. Density continuous functions belong to the class
Baire* 1, unlike the approximately continuous functions.

1 Introduction

The density topology is a completely regular re/Enemerdf the natural topology
on the real line. It consists of al measurable subsets A of R such that, for
every x € A, x is adensity point of A. Ostaszewski [6,7] studied the class of
functions f: R—R which are continuous with respect to the density topology on
the domain and the range. These are termed density continuous. Bijections of the
real line whose inverses are density continuous were investigated by Bruckner
[2] and Niewiarowski [4]. Ostaszewski [8] considered the class as a semigroup
with composition as the operation, and showed that the semigroup, and three of
its subsemigroups, have the inner automorphism property. Ciesielski and Larson
[3] showed that real-analytic functions are density continuous, and that the class
of density continuous functions is not a linear space. Furthermore, there exist
C* functions which are not density continuous.

*This author was partially supported by a University of Louisville research grant.
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In this work we are concerned with the relationship between the classes of
continuous and density continuous functions.
We will use the following notation:

R + the set of real numbers;

N + the set of natural numbers;

C * the space of continuous functions f: [0, 1]—R,;

I£1] £ the norm of an f € C, ||£]| = SUP,cpoy 1£@)];

C(f) % the set of points at which f is continuous;

Z(f) £ the set of points at which f is not continuous,

w(f,x) = the oscillation of f at x;

supp(f) = {z : f(x) 7 O}xthe support of f;

‘H £ the space of al automorphisms of [0, 1] equipped with the metric
a(g.h) = llg = hll +[lg™" = n7Y|

for g,h € H;

|A| £ the Lebesgue measure of a measurable set A C R;

A° + the complement of the set A;

int(A)xthe interior of the set A;

d(A,x), d(A,z), d(A,z) *+ the upper, lower, and ordinary (respectively) den-
sitiesof aset A C R at apoint z € R.
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2 Typical Continuous Functions

In this section we prove that a typical continuous function is nowhere density
continuous. The same is true of a typical homeomorphism of the rea line. To
do this, some preliminary de/Enitiorend lemmas must be presented.

Let {.J,} be a sequence of intervals and let {I,} be a sequence of closed
intervals such that I,, and .J,, have the same center and I,, C J,,, for each n. We
say that the sequence J,, captures the sequence I,,. This relationship between
the sequences is denoted 1, < J,,.

If I, < J,, as above, we defEne

5= U I
{n:x¢Jn}

The properties of captured sequences which are useful in what follows are
contained in the following two propositions.

Lemmal If {I,} and {.J,} are sequences of intervals such that 7,, < J,, and

s Il
N 1l ’

then d(J,,z) =0, Vz € R.

Proof. Without loss of generality, we may assume that = ¢ U, N Jn. Lét
¢ € (0,1) and choose ng and §o > 0 such that
| Ln|

Zm<€/38ﬂd($—50,$+50)ﬂ[n:®, Vn < ng. (1)

n>ngo

Observe that the choice of ¢ € (0,1) and (1) guarantees that for all n > ny, it
istrue that if (x — d,z+d)N I, 0, then J,, C (x — 30,z + 39).
Let

Ss={n:(@—-6,z+5)NI, 70} and Ms= sup |J,|.
nes
J
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If 6 € (O, dp), the observation and (1) show

@b el [heshl
20 - 26
zn656 |In|
< 3
[(x — 38,z + 30)|
Sess IallLul /1
< 3
Un655|Jn|
Ms

From this, Lemma 1 follows at once.
It is interesting to note that the following can be proved in much the same
way as Lemma 1.

Corollary 1 If I,, and .J,, are sequences of intervals such that 1,,<1 J,,, J;NJ; =0
when i Z j and |L,|/|J,.|—0, then Us2, I,, is density closed.

Lemma2 Let x € R and let {L,} be a sequence of intervals such that = €
Nn>1 Ly and lim,— |L,,| = 0. If K,, is a subinterval of L,, for every n and

limsup |K,|/|Ln| > 0,
n—>o0

Proof. Let
limsup |K,|/|L,| =a > 0.
n—oo

It will be shown that

— —d,x+d)N K,
dcy Kn,x):limsupl(x had 2)6 UneN ’2@/4.

neN d—o+
To do this, it is enough to show that for every do > 0 thereisa d € (0, do] and
a number n > 1 such that

|K, N (x—0,x+6)|/26 > a/4.
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Let n be such that |L,| < 6o and |K,,|/|L,| > a/2. Set 6 = inf{t : L, C
(x—t,z+t)}. Then0< § < g, L,, C [x—6,z+d] and |L,,|/20 > 1/2. Hence,

(Ko (@ =62 +0)| _ [Kn| _ K| |La| _ al_a
20 25 |L, 20 T 22 4

and the lemma is proved.
Here is the main result of this section.

Theorem 1 If Cp denotes the subset of C consisting of all functions which have
at least one point of density continuity, then Cp is a Arsategory subset of C.

Proof. We will show that there exists a dense Gs subset £ of C such that
every f € E is nowhere density continuous.

For every n € N denote by D,, the set of al f € C such that for every
1=1,2,...,2" fislinear and nonconstant on each interval [(: — 1)27",i27"].
Notice that D,+; C D, foreveryn € Nand D =, N D, is adense subset of
C.

For f € C defne

£l = _max, 17627 = (G~ 2] 2
We claim that for each open set U in C, there exists an n € N and a function
f € D,, such that the ball in C centered at f of radius || f||,, is entirely contained
in U. To see this, AArgEngn m e Nand an f € D,, such that f € U. Since
U is open, thereisa ¢ > 0 such that the open ball of radius § centered at f is
contained in U. Using the uniform continuity of f, we can A&néh n > m such
that whenever |z — y| < 27", then |f(x) — f(y)| < §. From this it is clear that
f € D, and || f|l, < d. The claim is evident.

We will now start the construction of the promised G set E' as an intersection
of dense open sets, V.

Let £ > 1 and U be a nonempty open subset of C, and choose f and n as
above. For j=0,1,2,...,2""1 defEne

g (27{“) =/ <23+1) '
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If 27" < j2 ™ l<(j+1)2 1< (i+1)2™ wherei € {0,1,2,...,2" — 1},
put L; = (i27", (i +1)27"), M; = (j2" 1, (j +1)2""!) and let K; = [a;, ;] be
centered in M; such that

Gl -, 12K
| M;] 20 |Lil
JJ dj__
(6]
]'J
T 9(x)
- K'
J
| — |
n n-1 J bj -n
i2 j2 (i+1)2
I |
M;
Figurel

Let us choose I;? = [¢;, d;] centered in the interval f(1/;) and such that
o1
|f(My)| 2
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De/ng to be linear on each of the intervals
[jzinila aj]7 [aj7 bj] and [bj7 (] + 1)27n71]’
such that g([aj, bj]) = [Cj, d]] = I]O Thus, if Jj = f(M]) = g(M]), then

lg(K;)| _ 15 _ 1

(M) |y 2
and 1o
gD K, 1
lgH (Il M 2
Notice that ¢ is contained in the open ball centered at f of radius || f||,..

Thus, g € U.
Let W} be the open ball centered at g of radius

TORICS RN

Obviously W, = U{W(’j: U is open and nonempty in C} is open and dense in
C,sothat £ =, N W isaresidua setin C. We will show that if » € E then
h is nowhere density continuous.

Now let = be an arbitrary point of [0, 1]. We will chooseintervals I,,,, m € N
such that

e, =2"""1 min
i=1,2,...,2n

-----

d( U Im,h(x)) =0,

meN

E(h1< U Im> x) > 0.
me N

This will prove that A is not density continuous at .

Let m € N. We have h € W,, 0 there exists a set U, open in C, such
that h € W/;'. Let g be the center of W/'. Let n > m be the number given
in the construction of W;'. Let i € {0,1,2,...,2" — 1} be such that z €
[i27", (i +1)27"].

Put L,, = [i27",(i + 1)27"]. Let M = (2i21 (2i + 1)2Y), M2 =
((2i + 121 20+ )2 1) and M,, € {M?*, M?} such that h(x) ¢ g(M,,).
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Put J,, = g(M,,) and let I =[c;, d;] and K,, = [a;, b;] be asin the construction
of g. Thus

1Inl _
Y2 s 12 and

Put I,,, = [¢; — e, d;j + ). AS h(x) ¢ J,, for every m and

ol _

=1-1/2">1-1/2".
| M|

o) . oo3|IO ool_
NG EPRTHERIE R

Lemma 1 yields d(U;--; I, h(x)) = 0.
On the other hand, by the choice of ¢,,, K,, C h~*(I,,). Thus, by Lemma
2, the fact that « € L,, for every m and using

. K . m
lim —— = lim Ko =1/2>0
m—>00 m —

we have . .
d(h M In), ) > d(| K, x) > 0.
m=1 m=1

Therefore, h is not density continuous at .

Theorem 2 If Hp denotes the class of all elements of H which have at least
one point of density continuity, then Hp is a Arsategory subset of H.

Proof. As discussed in [9, page 50], H is a G subset of C. It is actually
complete with the metric o deEneth the introduction of this work.

Let W be the dense G5 subset of C constructed in the proof of Theorem 1.
It is obvious that W N H is a Gs subset of H. Thus, it would be suf Acienb
show that W N H is dense in H in order to prove Theorem 2.

Unfortunately, in general, this is not the case. However, the set D N'H is
dense in H. Thus, if in the choice of f in the proof of Theorem 1, we assume
additionaly that for nonempty U N 'H we choose f € U N'H N D, then the
corresponding function g will be also in H. H N W will be densein W. This
proves Theorem 2.

Let us note that the fact that a typical homeomorphism is not density con-
tinuous is mentioned in [6], but without a detailed proof.
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3 Continuity of Density Continuous Functions

In this section, the set on which a density continuous function can be continuous
is characterized as any nowhere dense F,, set.

A function f : R—R isinthe class Baire* 1 if for each perfect set P, thereis
aportion () of P suchthat f|g iscontinuous. In other words, f is continuous on
a relative subinterval of each closed set. This class was introduced by Richard
O'Malley [5], who studied the Baire*1 functions having the Darboux property.

Theorem 3 If f is a density continuous function, then f isin Baire*1.

Proof. We assume the theorem is not true. Then there is a nonempty perfect
set P such that

Z ={x € P: f|p isnot continuous at x}

isdensein P. We will show that this assumption assures that thereisan x € P
such that f is not density continuous at =. The proof uses induction to And
sequence x,, € P a sequence of open intervals (a,,b,) and two sequences of
compact intervals, I,, and J,, suchthat =z, € I, C J,, I,, < J, and x,,—=.

To start, let To € L, Jg=1y = (¢ and (ao, bo) = (l’o — 1, To + 1) Assume that
x;, closed intervals J; and I;, and an open interval (a;, b;) have been chosen for
1 < i < n to satisfy the following properties:

@ f(x;) el CJ;

(b) JianJ; =0;

(© O0<|L| < |Ji]/2" and [ ;] < w(f|p,22);
(d) z; € (ai,b;)) N Z C [ai, b)) C (@i—1,bi—1);
(e b; —a; <1/2% and,

() 1T N (@i, b)) > (1= 27)(b — ai).

To continue with the inductive step, we note that from (c), we are able to
choose
y € PN I N (an, by).
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If y € Z, then let z,., =y. Otherwise, f|p is continuous at y. In this case, the
fact that Z is dense in P guarantees the existence of

Tns1 € POVFTHIE) O (an, ba) N Z.

Because J,, is closed and z,,+1 € Z, there is a closed interval J,,.1 centered
at f(il?n+1) such that JprNJ, = () and 0 < ‘Jn+l‘ < w(f‘p,l’m.l). Settlng I
to be the closed interval centered at f(z,+1) With length |J,.1|/2%2, it follows
that (a), (b) and (c) are true with : = n+1. Next, use the approximate continuity
of f a x,+1 to Aneh interval (an+1, bpe1) C (an, b,) containing x,.; such that
(d), (e) and (f) are satisAEedl'he induction is complete.

From (d) and (e) we see that thereisan =z € N22,[a,, b,] N P. We claim that
there is a subsequence J,,,, of J,, such that f(z) ¢ J,, for every m. Otherwise,
f(x) is contained in al but a ZAniteumber of the .J,,, which is easily seen to
violate (b). From (c) and the construction, it follows that

0
>
m=1

so Lemma 1 implies that d(Ur-; L,,,., f(z)) = 0. The density continuity of f
now implies that

m

<occand I, < J,

m )

1,

| Nm

() L) 2) = 0. (4
m=1

On the other hand, = € (a.,,,b,,,) for al m, so (f) implies

A o) = i L 0 )
m=1

T am o) L ©)

But, (4) and (5) contradict each other, so we are forced to conclude that 7
cannot be dense in P, which Anishebe proof.

It is evident from the de/Enitioof Baire*1 that if f isin Baire*1, then C(f)
contains a dense open set. Because C(f) is a Gs set, we have proved that a
density continuous function can be discontinuous on at most a nowhere dense
F, set. The converse to this statement is also true.

Theorem 4 If Z ={Z(f) : f is density continuous}, then

Z ={F : F isanowhere dense F, set}.
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In order to prove this theorem, it sufAce® show that given an arbitrary
nowhere dense F, set F', a density continuous function f can be constructed
such that Z(f) = F. In order to do this, two lemmas are needed.

Lemma 3 If Fisa nowhere dense F), set, then there exist sequences of pairwise
digoint compact intervals, I,, and J,, with I,, < J,, such that

Fc L\ U /.
nEN nGN

Moreover, if F' =, N £, Where F,, is closed for each n, then there are digjoint
subsequences mj from N such that

keN keN

Proof. Let {(a,,b,) : n € N} be the components of F°. For each n, choose
a decreasing sequence {z!'} C (an,b,) such that lim;,—. z? = a,. The set
{z} 1 i,n € N} is discrete, so it can be enumerated as a sequence y;. Let J; be
a sequence of pairwise digoint closed intervals such that .J; is centered at y; and
let I; be a closed interval centered in J; such that |I;|/|J;| =27, Then I, < J,
and

ieN ieN
The second part of the lemma follows easily by choosing appropriate subse-
guences of ;.

Lemma4 Let ' be a closed nowhere dense set, A > 0 and suppose that
I, and J, are sequences of compact intervals such that 7,, < J, and the J,

are pairwise digoint. If FF =, N In \ U,cN Jn, then there exists a density
continuous function f : R—[0, \] such that

@ Z(f)=F,
(b) w(f,x)=\, Vx € F, and
(© f7HO,A]) = U, N int(Z,).
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Proof. Let 0 ‘1
- X n
Jnl@) = { 2xdist(z, I6)/|I,| = € I,
and
f@)=>" fa
neN

The digointness of the J,, and the fact that 7,, C int(J,,) for all n guarantees that
(@), (b) and (c) are true. To seethat f is density continuous, there are two cases
to consider. First, suppose that = € I,,, for some n. In this case, the de/Enitions
of f,, and the fact that the J,, are pairwise digoint guarantee that f is piecewise
linear on some neighborhood of x. So, f is density continuous at x. Second,
if z isin no I,, then (c) implies that f(x) = 0. Using (c) again, along with
Corollary 1, it follows that f = 0 on a density open neighborhood of . This
implies that f is density continuous at x.

We now proceed with the proof of Theorem 4.

Let I be as in the statement of the theorem. Suppose F' =, .\ F, Where
F, isclosed and F,, C F,+; forn > 1. Let I, < J,, and the sequences m; be as
in Lemma 3. For each n, use Lemma 4 with A = 37" and the pair of intervals
Iinr <0 Jyn 1o construct a function f,,. Dene

f=2 fu (6)
neN
We see that (6) converges uniformly. Because of this, part (a) of Lemma 4
yields Z(f) C F. On the other hand, if xo € F, then f(xg) =0 and = € F,, for
some n. It follows that

limsup f(z) = limsup f,(2) = 37" > f(), (")

so F = Z(f).

Since f =0on (U, N 1), Corollary 1 implies that f is density continuous
on that set. If = € I, for some n, then the fact that supp(f,) N supp(f..) = 0
whenever m # n shows that there is a neighborhood G of = such that f = f,
on GG. The density continuity of f,, at x implies the density continuity of f at
x. Therefore, f is adensity continuous function.

The structure of Z(f) for an approximately continuous function f is well-
known. (See, e.g. Bruckner [2, page 48].) But, the proof of Theorem 4 can be
used to give an aternative proof of this characterization.
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Theorem 5 If Z = {Z(f) : f is approximately continuous} then Z = {F :
Fis F, and Arsategory }.

Proof. Since approximately continuous functions are continuous on a dense
Gs set, we see
Z C {F: FisF, and Argategory }.

Let I be a Arstategory F;, set and suppose F' = U, N F., Where each
F,, is closed and nowhere dense with F,, C F,.+1, VYn € N. The functions
fn and f can be defEneds in the proof of Theorem 4. Density continuous
functions are approximately continuous and the uniform limit of approximately
continuous functions is approximately continuous. Therefore, f is approximately
continuous.

As before, it is clear that Z(f) C F. To establish the opposite containment,
we note that if = € F,.1 \ F,, then

W(frr, ) =w( ) fiyx) = 1/3" > > fis

i<n+l i>n+l

so x € Z(f) and the theorem follows.
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