Sets on which measurable functions are determined by their range

Maxim R. Burke^∗

Departmen t of Mathematics and Computer Science,

Univ ersit y of Prince Edw ard Island,

Charlotteto wn, P.E.I., Canada C1A 4P3

burk e@upei.ca

Krzysztof Ciesielski^†

Departmen t of Mathematics,

West Virginia Univ ersit y,

Morgan town, WV 26506-6310, USA

KCies@wvn vms.wvnet.edu

Version of 96/01/14

Abstract

We study sets on which measurable real-valued functions on a measurable space with negligibles are determined by their range.

1 Intro duction

In [BD, theorem 8.5], it is shown that, under the Continuum Hypothesis (CH), in any separable Baire topological space X there is a set M such that for any two continuous real-valued functions f and g on X, if f and g are not constan t on any nonvoid open set then f [M] ⊆ g[M] implies f = g. In particular, if f [M] = g[M] then f = g. Sets having this last property with respect to entire (analytic) functions in the complex plane were studied in [DPR] where they were called sets of range uniqueness (SRU’s). We study the properties of such sets in measurable spaces with negligibles. (See below for the definition.) We prove a generalization of the aforementioned result [BD, theorem 8.5] to such spaces (Theorem 4.3) and answer Question 1 from [BD] by showing that CH cannot be omitted from the hypothesis of their theorem (Example 5.17). We also study the descriptiv e nature of SRU’s for the nowhere constan t continuous functions on Baire Tychonoff topological spaces.

When X = R, the result of [BD, theorem 8.5] states that, under CH, there is a set M ⊆ R such that for any two nowhere constan t continuous functions f ,g:R → R, if f [M] ⊆ g[M] then f = g. It is shown in [BD, theorem 8.1] that there is (in ZFC) a set M ⊆ R such that for any continuous functions f ,g:R → R, if f has countable level sets and g[M] ⊆ f [M] then g is constan t on the connected components of {x ∈ R:f (x) ≠ g(x)}. In the case where g is the identity function, these properties of M are similar to various properties that have been considered in the literature. Dushnik and Miller [DM] showed that, under CH, there is an uncountable set M ⊆ R such that for any monotone (nonincreasing or nondecreasing) function f :R → R, if {x ∈ R:f (x) = x} is nowhere dense, then f [M]∩ M is countable. Building on this result from [DM], Büchi [Bü] showed that, under CH, there is a set M ⊆ R of cardinalit y c such that for any X ⊆ M and for any Borel function f :X → M, f [{x ∈ X:f (x) ≠ x}] has cardinalit y less than c. He calls such sets total ly heterogeneous. He also observes that if instead of saying “for any Borel function f :X → M”

∗ Researc h supp orted by NSER C. This researc h was initiated while the author was visiting the Departmen t of Mathematics at the Univ ersit y of Toron to.

†Work partially supp orted by the NATO Collab orativ e Researc h Gran t CRG 950347. The author thanks Professor Dikran Dikranjan from the Univ ersit y of Udine, Italy , for his hospitalit y in June of 1995, while some of this researc h was carried out.

AMS classification numbers: Primary 03E35, 26A15; Secondary 04A30, 03E50, 26A30. Key words and phrases: contin uous images, set of range uniqueness (SRU).

we say “for any Borel function belonging to collection A” for for special classes A of Borel functions, the use of CH can be avoided. This is true, e.g., for the class of all Borel functions f :R → R such that f [X] ⊆ M and for each y ∈ R, f^{− 1}({y}) is either countable or of positive Lebesgue measure (a class which contains monotone functions, for example). In the last section of the paper, we shall discuss the relationships between some of these properties and the SRU property for various classes of functions.

2 Preliminaries

Our set-theoretic terminology is standard: see [Ku1] or [Je]. In particular, R, Q and Z will stand for the sets of real numbers, rational numbers and integers, respectively. We will write Bor for the Borel σ-algebra of R.

A triple ⟨X,Σ ,N ⟩ is a measurable space with negligibles if Σ is a σ-algebra of subsets of X and N is a proper σ-ideal of subsets of X generated by Σ ∩ N . (See [F] for the basic properties of such spaces.) By analogy with the case where Σ and N are respectively the σ-algebra of measurable sets and the σ-ideal of null sets for a measure on X, we will call the elements of Σ measurable sets and refer to the elements of N as negligible sets. We will also call the members of Σ \ N positive sets. (So, in particular, positive sets are measurable.) If Σ and N are clear from the context, we will write X in places where it would be more appropriate to write ⟨X,Σ ,N ⟩. In particular, when M ⊆ X is not negligible, we shall identify M with the space ⟨M,Σ_M ,N_M ⟩ where Σ_M = {E ∩ M:E ∈ Σ } and N_M = {N ∩ M:N ∈ N }. We say that ⟨X,Σ ,N ⟩ is ℵ_1-satur ated if every pairwise disjoint family of positive sets is countable. An atom of ⟨X,Σ ,N ⟩ is a positive set which does not have two disjoint positive subsets. ⟨X,Σ ,N ⟩ is nonatomic if it has no atoms. The completion of ⟨X,Σ ,N ⟩ is the space ⟨X,Σ̂ ,N ⟩ where Σ̂ = {E △ N:E ∈ Σ , N ∈ N }.

Now, let ⟨X,Σ ,N ⟩ be a measurable space with negligibles. A function f :X → R is Σ -measurable (or simply measurable if Σ is clear from the context) if f^{− 1}(U) ∈ Σ for each open set U ⊆ R. The family of all measurable functions from X into R will be denoted by M_Σ (X). We will often write M (X) in place of M_Σ (X) when Σ is clear from the context. If E ⊆ X, then f |`E denotes the restriction of f to E. For f ,g ∈ M (X) we write f ≡ g to mean that {x ∈ X:f (x) ≠ g(x)} is negligible. The level sets of f ∈ M (X) are the sets f^{− 1}(y) for y ∈ range(f ). We say that f is nowhere constant if it is not constan t on any positive set, or equivalently, if its level sets are negligible.

Definition 2.1 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles and let F ⊆ M (X) be a family of measurable functions. A set M ⊆ X is an SRU (a set of range uniqueness) for F if whenever f ,g ∈ F are nowhere constan t functions, f [M] = g[M] implies f ≡ g. A set M is a strong SRU for F if for any positive set E and any nowhere constan t f ,g ∈ F , if f [M ∩ E] ⊆ g[M] then f |`E ≡ g|`E. We will frequently have F = M (X). It will be convenient, when M is an SRU (resp. a strong SRU) for M (X), to call M an SRU (resp. a strong SRU) for ⟨X,Σ ,N ⟩ or, when the structure is clear from the context, simply an SRU (resp. a strong SRU).

Note that if ⟨X,Σ ,N ⟩ is a measurable space with negligibles and F ⊆ M (X) then every strong SRU for F is an SRU for F , and if F ⊆ G ⊆ M (X) then any SRU (resp. strong SRU) for G is also an SRU (resp. a strong SRU) for F .

All topological spaces considered in this paper are assumed to be Tychonoff. A topological space is Baire if it satisfies the Baire Category Theorem, i.e., if every meager subset of X has empty interior. A Cantor set is a nonvoid zero-dimensional compact metrizable space with no isolated points, i.e., a homeomorphic copy of the Cantor middle third set. If X is a topological space, we write C(X) for the family of all continuous real-valued functions on X. An s_0-set (in X) is a set S ⊆ X with the property that for every Cantor set P ⊆ X, there is a Cantor set Q ⊆ P such that Q ∩ S = ∅ . (See [Mi2] for the basic facts about s_0-sets.) We will say that S ⊆ X is a strong s_0-set if f [S] is an s_0-set in R for every f ∈ C(X).

To any Baire topological space X we can associate a natural measurable space with negligibles ⟨X,Σ ,N ⟩, where N is the σ-ideal of meager subsets of X and Σ is the σ-algebra of Baire subsets of X, i.e., the σalgebra generated by the family {f^{− 1}((a, ∞ )):a ∈ R & f ∈ C(X)}. When we consider a topological space as a measurable space with negligibles, it is this structure we have in mind, unless otherwise stated. Note that C(X) ⊆ M (X). When X is Baire, the term “no where constan t” applied to a continuous function f ∈ C(X) considered as a member of M (X) coincides with the usual meaning of “not constan t on any nonvoid open set.” On the few occasions where we consider spaces which are not Baire, we will clarify the meaning of “no where constan t.” (See also Remark 5.16.)

We record the following simple observation for future reference.

Prop osition 2.2 Let X be a Baire topological space. If M ⊆ X is an SRU (strong SRU) for M (X) then M is an SRU (strong SRU) for C(X). Moreover, for any f ,g ∈ C(X) and any positive E ∈ Σ ,

f |`E ≡ g|`E if and only if f |`E = g|`E.

Prop osition 2.2 will be our main tool for producing SRU’s for Baire spaces. However, we shall also see (Example 5.20) that the converse to the first part of Prop osition 2.2 can fail.

Finally, note that if in some measurable space with negligibles ⟨X,Σ ,N ⟩ there are no nowhere constan t measurable functions f :X → R then every subset of X is (vacuously) a strong SRU. This happ ens, for example, if X has an atom. (See also Corollary 3.8.) Of course, this situation is of no interest and we shall be interested in spaces in which it does not happ en.

Definition 2.3 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles. We shall say that X is flexible if there is a nowhere constan t measurable function f :X → R. If X is a Baire topological space then we say that X is locally flexible if for every open set U ⊆ X there is a continuous function f :X → R which is identically equal to zero outside U and nowhere constan t in U.

Note that if ⟨X,Σ ,N ⟩ is the natural measurable space with negligibles associated with some atomless countably additiv e nontrivial σ-finite measure on X then X is flexible.

The notion of local flexibility is better suited than the notion of flexibility to the study of SRU’s the class C(X). This will be more apparen t in Section 5. Notice, however, that there are compact topological spaces that are flexible but not locally flexible. The space X = [0,1] × (ω_1 + 1) with its natural topology is one example. Its flexibility is witnessed by the projection onto the first coordinate. The failure of local flexibility is witnessed by the open set U = [0,1]× ω_1. (See [BS, examples 1 and 2].)

The next proposition is established as part of the proof of [BS, theorem 1]. It shows, for example, that a space with no isolated points which is either separable or metrizable is locally flexible.

Prop osition 2.4 Let X be a space with no isolated points such that either (i) X is separable or (ii) X is normal and has a dense set which is a countable union of closed discrete sets. Then X is locally flexible.

3 Prop erties of SR U’s for M (X).

In this section we establish some results concerning the nature of SRU’s.

Prop osition 3.1 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles, and let M ⊆ X.

(a) Let X be flexible. If M ⊆ X is an SRU (a strong SRU), then M is not empty, and for every positive E, M ∩ E is an SRU (a strong SRU) for M (E). In particular, an SRU must meet every positive subset of X.

(b) If M is an SRU and f ,g:X → R are nowhere constan t measurable functions such that f ≢g, then f [M]△ g[M] is uncountable. If M is a strong SRU, E is a positive set, and f |`E ≢g|`E, then f [M ∩ E]\ g[M] is uncountable.

(c) If M is an SRU (for M (X)), N ∈ N ∩ Σ , and C ⊆ X is countable then (M \ N) ∪ C is an SRU (for M (X)). If M is a strong SRU (for M (X)), N ∈ N , and C ⊆ X is countable then (M \N) ∪ C is a strong SRU (for M (X)).

Pr oof. (a) Let f :X → R be a nowhere constan t function from the definition of flexibility of X and let g:X → R be given by g(x) = f (x) + 1. Then g is a nowhere constan t measurable function which does not agree with f anywhere. So clearly M cannot be empty.

Let E be a positive set. We will show that M ∩ E is an SRU for M (X). The proof for the strong SRU case is similar. Let h_1,h_2:E → R be nowhere constan t measurable functions such that h_1[M ∩ E] = h_2[M ∩ E]. For i = 1,2, extend h_i to X by letting h_i(x) = f (x) when x ∈ X \ E. Then h_1[M] = h_2[M] and hence h_1 ≡ h_2. In particular, h_1 |`E ≡ h_2 |`E.

(b) We prove the first statemen t; the second is proven similarly. By way of contradiction suppose that C = f [M]△ g[M] is countable. By (a), M is not negligible, and hence f [M] and g[M] are uncountable. So, we can choose y ∈ f [M]∩ g[M]. Define f̄ ,ḡ:X → R as follows. f̄ (x) = f (x) if x ∉ f^{− 1}(C), and f̄ (x) = y if x ∈ f^{− 1}(C). Similarly, ḡ(x) = g(x) if x ∉ g^{− 1}(C), and ḡ(x) = y if x ∈ g^{− 1}(C). We have f̄ ≡ f ≢ g ≡ ḡ. Thus, it is enough to show that f̄ [M] = ḡ[M], since this contradicts that M is SRU for M (X).

By symmetry , it is enough to prove that f̄ [M] ⊆ ḡ[M]. So, let x ∈ M. If x ∈ f^{− 1}(C) then f̄ (x) = y ∈ g[M]\ C = ḡ[M]. If x ∉ f^{− 1}(C) then f̄ (x) = f (x) ∈ f [M]\ C = g[M]\ C = ḡ[M]. Thus, f̄ [M] ⊆ ḡ[M].

(c) First we will prove this in the case when C = ∅ . Let f ,g:X → R be nowhere constan t measurable functions. Suppose M is an SRU, N is a measurable negligible set, and f [M \ N] = g[M \ N]. Let f̄ ,ḡ:X → R be the functions which agree on X \ N with f ,g respectively, and are identically equal to 0 on N. Then f̄ ,ḡ ∈ M (X) and f̄ [M] = ḡ[M]. Since M is an SRU, we have f̄ ≡ ḡ and hence f ≡ g. Thus M \ N is an SRU for M (X).

Next suppose M is a strong SRU for M (X), N is negligible, E is a positive set and f [(M \ N) ∩ E] ⊆ g[M \N]. Choose N^′ ∈ Σ ∩ N such that N ⊆ N^′. Then f [M ∩ (E \N^′)] ⊆ f [(M \N)∩ E] ⊆ g[M \N] ⊆ g[M]. Since E \ N^′ is positive and M is a strong SRU for M (X), we have f |`[E \ N^′] ≡ g|`[E \ N^′] and hence f |`E ≡ g|`E. Thus M \ N is a strong SRU for M (X).

Now, to prove the general case we can assume by what we proved above that N = ∅ . But then, the desired result follows easily from (b).

Prop osition 3.1(c) suggests that possibly M △ N is an SRU (strong SRU) for X if N ∈ N ∩ Σ and M is an SRU (strong SRU) for X. However, this is false already for X = R, since if K ⊆ R is any Cantor set, then M ∪ K is not an SRU for C(R) for any strong SRU for M (R). (See Theorem 5.6(5).) However, we do not know the answer to the following question.

Problem 3.2 If X is a Baire topological space, is Prop osition 3.1(c) true with M (X) replaced by C(X)?

(It is consisten t that there is a strong SRU for C(R) which is not an SRU for M (R), as we will show in Example 5.20.)

The next proposition gives special circumstances in which no SRU can exist. It will be useful later.

Prop osition 3.3 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles. In any of the following circumstances, there is no SRU for M (X).

(a) Σ is the collection of all subsets of X, the cardinalit y of X is at most c, and X is nonatomic.

(b) X is flexible, c is regular, N ⊆ Σ , N contains all sets of cardinalit y less than c, and X is covered by less than c negligible sets.

(c) There are more than 2c pairwise nonequivalent (modulo N ) nowhere constan t measurable functions X → R.

Pr oof. If (a) holds, we argue as follows. Since X is nonatomic, singletons are negligible. Thus any one-to-one function f :X → R is a nowhere constan t measurable function. Clearly there are such functions since X has cardinalit y at most c. Thus, X is flexible. Suppose M ⊆ X were an SRU. By Prop osition 3.1(a), M is not negligible. Fix any one-to-one function f :X → R. Write M as the union of two disjoint sets A and B of equal cardinalit y and find a bijection h:X → X such that h[A] = B and h[B] = A. Define g:X → R by g = f ∘ h. Then f [M] = g[M] but f ≢ g and hence M is not an SRU.

If (b) holds, suppose M ⊆ X were an SRU. Since sets of cardinalit y less than c are negligible, M has cardinalit y at least c. Since X is covered by less than c negligible sets and c is regular, there is a negligible set N ⊆ M of cardinalit y c. Let h:N → R be any surjection. Since X is flexible and N is measurable, there are many distinct nowhere constan t measurable extensions of h to X. All of these extensions map M onto R, and hence M is not an SRU.

If (c) holds, then for any M ⊆ X there are, by the pigeonhole principle, two nonequivalent nowhere constan t measurable functions f ,g:X → R such that f [M] = g[M]. Hence M is not an SRU.

To state the next result we need the following definition.

Definition 3.4 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles. A set E ∈ Σ is a measurable cover of M ⊆ X if M ⊆ E and every positive subset of E meets M.

Lemma 3.5 Let M ⊆ X and let f :M → R be a measurable function.

(a) The function f extends to a measurable function f̄ :X → R.

(b) Suppose M has a measurable cover. If f is nowhere constan t in M, and X is flexible, then f extends to a nowhere constan t measurable function f̄ :X → R.

Pr oof. (a) Of course this is well-known. Here is a sketch of the proof. For each rational number q, let E_q ∈ Σ be such that {x ∈ M:f (x) < q} = E_q ∩ M. For x ∈ E = � {E_q:q ∈ Q}, we let f̄ (x) = inf{q ∈ Q:x ∈ E_q} and for x ∈ X \ E we let f̄ (x) = 0. It is straigh tforward to check that f̄ is as desired.

(b) Fix a nowhere constan t measurable function g:X → R. First notice that every positive subset of E must have a nonnegligible intersection with M. This is the case, since otherwise there exists a positive F ⊆ E and N ∈ Σ ∩ N with F ∩ M ⊆ N and then F \ N is a positive subset of E which does not meet M.

Extend f to E using (a). By the above remark the extension of f to E is necessarily nowhere constan t. Now extend f to X by letting it agree with g outside of E.

We leave the straigh tforward proof of the following consequence of Lemma 3.5(b) to the reader.

Corollary 3.6 Let ⟨X,Σ ,N ⟩ be a flexible measurable space with negligibles and suppose that every subset of X has a measurable cover. If M ⊆ X is an SRU (a strong SRU) for M (X), then M is also an SRU (a strong SRU) for M (M).

The next proposition and its corollary show that in an ℵ_1-saturated measurable spaces with negligibles, the assumption of flexibility is not very restrictiv e when we are considering SRU’s for M (X).

Recall that a Souslin algebra is a ccc nonatomic complete Boolean algebra in which the intersection of any countable collection of dense open sets is a dense open set (or equivalently, every countable collection of maximal antichains has a common refinement). See [Je, pp. 220, 274] for the basic properties of these algebras.

Prop osition 3.7 Let ⟨X,Σ ,N ⟩ be a nonatomic, ℵ_1-saturated, measurable space with negligibles. Then X is flexible if and only if Σ_E /N_E is not a Souslin algebra for any positive E. In particular, if Souslin’s Hypothesis is true then X is flexible.

Pr oof. Suppose Σ_E /N_E is a Souslin algebra for some positive E ∈ Σ . Let f :E → R be measurable. For each q ∈ Q, let A_q be the collection of positive subsets A of E such that A ⊆ f^{− 1}(− ∞ ,q) or A ⊆ f^{− 1}(q,∞ ). If we denote by A^•_q the image of A_q in Σ_E /N_E , then A^•_q is dense open in Σ_E /N_E . Since Σ_E /N_E is a Souslin algebra, there is an A ∈ � q∈ Q Aq. Clearly f is constan t on A, and thus E (and hence X as well) is not

flexible.

Suppose, conversely, that none of the algebras Σ_E /N_E is a Souslin algebra. Since Σ /N is ccc, to show that X is flexible it suffices to show that for each positive set E there is a positive E^′ ⊆ E which is flexible. So fix a positive set E, and let A_n ⊆ Σ_E \N_E , n < ω , be partitions of E which have no common refinement. Give each A_n the discrete topology and let f :E → Π_n A_n be given by f (x) = the unique sequence in Π_n A_n whose n-th term contains x for each n. Clearly f is measurable and its range is homeomorphic to a subspace of R. Let A = {f^{− 1}(y):y ∈ Π_n A_n , f^{− 1}(y) positive}. A is an antichain which refines each A_n , and hence A is not maximal. Thus E^′ = E \ � A is positive and is flexible since f |`E^′ is nowhere constan t.

The following structural result follows easily from the previous proposition.

Corollary 3.8 If ⟨X,Σ ,N ⟩ is an ℵ_1-saturated measurable space with negligibles, then X admits an essentially unique decomposition into three pieces X = A∪ S ∪ F , where A is a countable union of atoms, Σ_S /N_S is a Souslin algebra if S is not empty, and F is either empty or flexible.

4 Existence of SR U’s for M (X)

The next lemma states that sufficien tly generic generalized Lusin sets are strong SRU’s. Since the conditions given here will be used several times in the rest of the paper, we make the following definition.

Definition 4.1 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles and let κ be an uncountable cardinal. A set L ⊆ X is called a κ-strong SRU (for X) if for each pair f ,g ∈ M_Σ (X) of nowhere constan t functions there exists a subset C_{f ,g} of L satisfying the following properties.

(i) Card (L ∩ E \ f^{− 1}(g[C_{f ,g} ])) ≥ κ for each positive set E, and Card (L ∩ N) < κ for each negligible set N.

(ii) Card (C_{f ,g} ) < κ, and f (x) ≠ g(y) for every distinct x, y ∈ L \ C_{f ,g} .

Notice that if κ is regular, then we can drop the “ \f^{− 1}(g[C_{f ,g} ])” in clause (i) of Definition 4.1, as it is taken care of by the other parts of clauses (i) and (ii). (The other parts of (i) and (ii) imply that L ∩ f^{− 1}(g[C_{f ,g} ]) = � {L ∩ f^{− 1}(y):y ∈ g[C_{f ,g} ]} is the union of less than κ many sets of cardinalit y less than κ.)

Lemma 4.2 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles and κ be an uncountable cardinal. If L ⊆ X is a κ-strong SRU, then for any nowhere constan t functions f ,g ∈ M_{Σ̂} (X) and any positive set E such that f |`E ≢g|`E, f [L ∩ E]\g[L] has cardinalit y at least κ. In particular L is a strong SRU for M_{Σ̂} (X).

Pr oof. For each pair u, v ∈ M_Σ (X) of nowhere constan t functions fix a set C_{u,v} as given by Definition 4.1. Let f ,g,E be as in the hypothesis of the lemma. Let N be a negligible set on whose complement f and g agree with Σ -measurable functions f̄ and ḡ respectively. By shrinking E we can assume that E ∩ N = ∅ and E ⊆ {x ∈ X:f (x) ≠ g(x)}. But then E is the countable union of the measurable sets {x ∈ E:f (x) < q < g(x)} and {x ∈ E:g(x) < q < f (x)}, where q ∈ Q. So, at least one of these sets is positive, and shrinking E even further we can assume that f [E]∩ g[E] = ∅ .

Now, since L is a κ-strong SRU, the set K = (L ∩ E) \ �¯ f^{− 1}(ḡ[C¯_{f ,ḡ}]) ∪ C¯_{f ,ḡ} ∪ C¯_{f ,}¯_f � has cardinalit y at least κ. Since K ⊆ L \ C¯_{f ,}¯_f , f̄ is one-to-one on K and hence f̄ [K] has cardinalit y at least κ. We have also ∅ = f̄ [K] ∩ ḡ[L] = f [K] ∩ ḡ[L], since K ⊂ E is disjoint from N ∪ f̄^{− 1}(ḡ[C¯_{f ,ḡ}]) ∪ C¯_{f ,ḡ}. Hence, f [K]∩ g[L] ⊆ g[L ∩ N] has cardinalit y less than κ. So, f [L ∩ E]\g[L] ⊃ f [K]\(f [K]∩ g[L]) has cardinalit y at least κ.

Theorem 4.3 Let ⟨X,Σ ,N ⟩ be a measurable space with negligibles. Suppose that Σ has cardinalit y c and no positive set can be covered by less than c negligible sets. Then there is a c-strong SRU for X. In particular, there is a strong SRU for ⟨X,Σ̂ ,N ⟩.

Pr oof. Let ⟨f_α :α < c⟩ be a list of all nowhere constan t functions from M_Σ (X), let ⟨E_α :α < c⟩ be a list of all positive sets in which each set is listed c times and let ⟨N_α :α < c⟩ be a list of N ∩ Σ .

Inductiv ely choose points x_α ∈ X as follows. Let S_α = {x_β :β < α}. Since the level sets of f_α are negligible, and E_α cannot be covered by less than c negligible sets, there is a point x_α ∈ E_α which does not belong to any sets of the form N_β or f^{− 1}_β (f_γ (x_δ)) with β,γ ≤ α and δ < α.

We shall show that L = {x_α :α < c} is a c-strong SRU with witnessing sets given by C_{f ,g} = S_α for any α < c such that f ,g ∈ {f_β :β ≤ α}. First notice that x_α ≠ x_β for every β < α < c, since x_α ∉ f^{− 1}_α (f_α (x_β )).

To see clause (ii) of Definition 4.1, suppose that x and y are distinct elements of L \ S_α . Thus x = x_β , y = x_γ for some distinct β,γ > α, say β < γ. Then x_γ ∉ g^{− 1}(f (x_β )) and hence f (x) = f (x_β ) ≠ g(x_γ ) = g(y).

Clause (i) of Definition 4.1 now follows easily.

Corollary 4.4 Consider the measurable space with negligibles ⟨R,Bor,N ⟩. If either

(i) N is the σ-ideal of null sets in R and the union of less than c many null sets does not cover R; or

(ii) N is the σ-ideal of meager sets in R and the union of less than c many meager sets does not cover R,

then there exists a strong SRU for the completion of ⟨R,Bor,N ⟩.

Note that the conclusion of Corollary 4.4 cannot be proved in ZFC for either of the ideals. This follows from Prop osition 3.3(b), since in the Cohen model every subset of R of cardinalit y < c is null and R is the union of less then c many null sets, while in the random real model every subset of R of cardinalit y < c is meager and R is the union of less then c many meager sets. (See e.g., [Mi1].) But what about the existence of a strong SRU, or an SRU, just for ⟨R,Bor,N ⟩, with N as in the corollary?

To answer this question we will need the following theorem of P. Corazza [C].

Prop osition 4.5 [C] It is consisten t with ZFC that c = ω_2, every subset of R of cardinalit y less than c has strong (so Lebesgue) measure zero, and for every subset M of R cardinalit y c there is a uniformly continuous function f :R → [0,1] such that f [M] = [0,1].

From this we can easily deduce the following.

Corollary 4.6 It is consisten t with ZFC that there is no SRU for ⟨R,Bor,N ⟩, where N is the σ-ideal of null sets in R.

Pr oof. This happ ens in the model from Prop osition 4.5. First recall, that in this model the real line is covered by less than c sets of measure zero, i.e., R = � ξ< ω_1 Nξ for some null sets Nξ. (See e.g. [C] or [Mi3].)

Now, if M were an SRU then, by Prop osition 3.1(a), M cannot be null. So, it has cardinalit y c. Hence, there is ξ < ω_1 such that M^′ = M ∩ N_ξ ∈ N has cardinalit y c. Let h:R → [0,1] be a uniformly continuous map such that h[M^′] = [0,1]. There are many pairwise nonequivalent extensions of h |`M^′ to nowhere constan t Borel functions from R into [0,1]. Since these extensions all have the same image of M, M is not an SRU, contradiction.

We do not know whether there is a model of ZFC in which there is no SRU for ⟨R,Bor,N ⟩, where N is the σ-ideal of meager sets. (See Problem 5.18.) However, in models where every set of reals of cardinalit y c maps uniformly continuously onto [0,1], there is no SRU for ⟨R,Bor,N ⟩ of cardinalit y c. (See Theorem 5.6(5) and the comments before Lemma 5.5.) On the other hand, the following observations, that arose in conversations with S. Todorcevic, show that there is an ℵ_1-strong SRU for ⟨R,Bor,N ⟩ in the models from [C] and [Mi3].

For any set L, let L^{(2)} = {⟨a, b⟩ ∈ L^2:a ≠ b}.

Definition 4.7 [To, §6] Let N be the ideal of subsets of R consisting either of the meager sets or of the sets of Lebesgue measure zero. A set L ⊆ R is called 2-Lusin for N if L is uncountable, but for every N ∈ N , the set N ∩ L^{(2)} does not contain an uncountable disjoint set, where two ordered pairs ⟨a, b⟩ and ⟨c,d⟩ are disjoint if {a, b} ∩ {c,d} = ∅ .

Prop osition 4.8 Consider the measurable space with negligibles ⟨R,Bor,N ⟩ where N is either the ideal of meager sets or the ideal of sets of Lebesgue measure zero. If L is a 2-Lusin set for N which has uncountable intersection with every positive set, then L is an ℵ_1-strong SRU for ⟨R,Bor,N ⟩.

Pr oof. Let L be a 2-Lusin set and let f ,g:R → R be nowhere constan t Borel functions. We claim there is a countable set C_{f ,g} such that f (x) ≠ g(y) for any distinct x, y ∈ L \ C. (Then the rest of Definition 4.1 is easily checked.) By way of contradiction assume that this is not the case. Inductiv ely choose distinct points x_α ,y_α ∈ L \ � β< α {xβ ,yβ } such that f (xα ) = g(yα ). The set F = {⟨x, y⟩ ∈ R

2:f (x) = g(y)} is Borel and contains all the points ⟨x_α ,y_α ⟩. Since L is 2-Lusin, it follows that F is not negligible. By Fubini’s theorem (by which we mean [Ox, theorem 15.4] if N is the meager ideal), there is an x ∈ R such that F_x = {y ∈ R:⟨x, y⟩ ∈ F } is not negligible. But g^{− 1}(f (x)) = F_x , contradicting the fact that g is nowhere constan t.

Under CH there is a 2-Lusin set having uncountable intersection with every positive set (by a minor modification of the proof of [To, Prop osition 6.0]). It now follows from Prop osition 4.8 that there is an ℵ_1-strong SRU’s for ⟨R,Bor,N ⟩ in the iterated perfect set model for N equal to either the meager or the null ideal, and in the model of [C] for N equal to the meager ideal. The point is that in all of these situations, (i) the ground model coded negligible Borel subsets of the plane are cofinal in the ideal of negligible subsets of the plane in the extension and (ii) every positive Borel subset in the extension contains a ground model coded positive Borel set, and hence a ground model set which is 2-Lusin and has uncountable intersection with every positive set retains these properties in the extension.

We now give a version of Theorem 4.3 for several measurable spaces with negligibles simultaneously .

Theorem 4.9 Let ⟨X,Σ ,N_i⟩, i ∈ N, be ℵ_1-saturated measurable spaces with negligibles. Suppose that Σ has cardinalit y c and, for each i ∈ N, no set in Σ \ N_i can be covered by less than c members of N_i. Then there is a set M ⊆ X which is a strong SRU for all the spaces ⟨X,Σ ,N_i⟩ simultaneously .

Pr oof. Let ⟨⟨i_α ,f_α ,g_α ,E_α ⟩:α < c⟩ be a list of all quadruples ⟨i, f ,g,E⟩ where i ∈ N, f ,g:X → R are nowhere constan t measurable functions with respect to ⟨X,Σ ,N_i⟩, E ∈ Σ \ N_i, and f [E]∩ g[E] = ∅ .

Inductiv ely choose points x_α ∈ X so that g^{− 1}_α (f_α (x_α )) ∈ � i∈ N Ni, as follows. The set Cgα = {y ∈

R:g^{− 1}_α (y) ∉ � i∈ N Ni} is countable since each ⟨X,Σ ,Ni⟩ is ℵ1-saturated. Hence f − 1 α (C_{gα} ) ∈ N_{iα} . The sets g^{− 1}_β (f_β (x_β )), for β < α are in � i∈ N Ni by the induction hypothesis. The sets f − 1 α (g_α (x_β )), for β < α, are in N_{iα} since f_α is nowhere constan t. Thus we may choose a point x_α ∈ E_α which avoids all these less that c members of N_{iα} . We have g^{− 1}_α (f_α (x_α )) ∈ � i∈ N Ni, since xα ∉ f − 1 α (C_{gα} ).

Now let i < N and, with respect to ⟨X,Σ ,N_i⟩, let f ,g:X → R be nowhere constan t measurable functions and E ⊆ X a positive set such that f |`E ≢ g|`E. By shrinking E we may assume that f [E]∩ g[E] = ∅ . Now, let α < c be such that i_α = i, E_α = E, f_α = f and g_α = g. It is straigh tforward to verify that f (x_α ) ∉ g[M].

Remark 4.10 Consider the spaces ⟨X,Σ ,N ⟩ where X = R, Σ = Bor, and N is either the ideal of meager sets or the ideal of sets of Lebesgue measure zero.

(a) It follows from Theorem 4.9 that if R can be covered neither by less than c meager sets, nor by less than c sets of measure zero then there is a set M ⊆ X which is a strong SRU simultaneously for both spaces under consideration.

(b) Another way to get a set which is a strong SRU for both spaces simultaneously , is to force with an ℵ_1-stage finite support iteration ⟨P_α ,Q_α :α < ω_1⟩ where Q_α is a P_α -name for Cohen forcing if α is even and for random forcing if α is odd. The generic set of reals M = {r_α :α < ω_1} is a strong SRU for both spaces simultaneously . Since there are Lusin and Sierpiński sets in this model, the covering assumption of Theorem 4.9 fails for both ideals if c > ℵ_1. The proof that M is a strong SRU is left as an exercise for the reader.

(c) A set which is a strong SRU for both spaces simultaneously satisfies the following stronger property. Let f ,g:R → R be Borel functions. If f [M]△ g[M] is countable, then there is a Borel set E such that f [R \E] and g[R \E] are countable and f (x) = g(x) for all x ∈ E except for x belonging to a meager set of measure zero. (Compare this with Theorem 4.13.)

(d) No set M ⊆ R can be an SRU for the completion of both spaces simultaneously . The reason is that there is a set H ⊆ R of measure zero and whose complement is meager. One of M ∩ H, M ∩ (R \H) would have the same cardinalit y as M, say the former. Then given any two nonequivalent Lebesgue measurable functions f ,g:R → R, we can easily modify f |`(M ∩ H) and g|`(M ∩ H) to arrange f [M] = g[M].

The next example shows that an SRU need not be a strong SRU. (The assumptions on the ideal N are satisfied by the ideal of countable sets. They are also consisten tly satisfied by the meager and null ideals.)

Example 4.11 Consider a measurable space with negligibles ⟨X,Σ ,N ⟩ in which X = R, Σ is the Borel σ-algebra of R and {− x:x ∈ N} ∈ N for every N ∈ N . Assume that singletons are negligible and no positive set can be covered by less than c negligible sets. Then there is a set M ⊆ R which is an SRU for ⟨X,Σ̂ ,N ⟩ and such that {|x|:x ∈ M} ⊆ M. In particular, M is not a strong SRU for the piecewise linear functions.

Pr oof. Clearly, such a set M is not a strong SRU, for if we let f (x) = |x| and g(x) = x for every x ∈ R, we have that f and g are nowhere constan t (since N contains singletons), f [M] ⊆ g[M], and f ≢ g.

Note that since N is a proper ideal, R is not negligible. Thus, from the symmetry assumption on N , neither (− ∞ ,0) nor (0,∞ ) is negligible. Let h:R → R be given by h(x) = − x for all x ∈ R. To construct M, let F be the family of all triples ⟨f ,g,E⟩ such that f and g are nowhere constan t Borel functions, E is a positive Borel set, f [E]∩ g[E] = ∅ and either

(i) E ⊆ (0,∞ ), or

(ii) E ⊆ (− ∞ ,0) and f [E]∩ g[− E] = ∅ , where − E = {− x:x ∈ E}.

Let ⟨⟨f_α ,g_α ,E_α ⟩:α < c⟩ list all elements of F with each triple appearing c many times and let ⟨N_α :α < c⟩ be a list of all negligible Borel sets.

By induction on α < c define a sequence ⟨x_α :α < c⟩ of real numbers such that

x_α ∈ E_α \ � β< α � N_β ∪ f^{− 1}_α (f_α (x_β )) ∪ f^{− 1}_α (g_α (± x_β )) ∪ ± [f^{− 1}_β (g_β (x_β ))] � .

Such a choice can be made, since each set N_β ∪ f^{− 1}_α (f_α (x_β )) ∪ f^{− 1}_α (g_α (± x_β )) ∪ ± [f^{− 1}_β (g_β (x_β ))] is negligible and no positive set is the union of less than c many negligible sets.

Let M = {x_α :α < c} ∪ {|x_α |:α < c}. Clearly {|x|:x ∈ M} ⊆ M. To see that M is an SRU for ⟨X,Σ̂ ,N ⟩ let f ,g ∈ M_{Σ̂} (R) be nonequivalent nowhere constan t. Let N be a negligible Borel set on whose complement f and g agree with Σ -measurable functions f̄ and ḡ respectively. In particular, f̄ and ḡ are N -nowhere constan t and not equivalent. Note that

there is a positive Borel set E ⊆ X \ N such that either ⟨f̄ ,ḡ,E⟩ ∈ F or ⟨ḡ,f̄ ,E⟩ ∈ F .

It is clear if f̄ |`(0,∞ ) ≢ ḡ|`(0,∞ ) since then ⟨f̄ ,ḡ,E⟩ ∈ F for any positive Borel set E ⊆ (0,∞ ) \ N such that f̄ [E]∩ ḡ[E] = ∅ . So, assume that f̄ |`(0,∞ ) ≡ ḡ|`(0,∞ ). Then f̄ |`(− ∞ ,0) ≢ ḡ|`(− ∞ ,0). Choose a positive Borel set E ⊆ (− ∞ ,0) \ N such that f̄ [E] ∩ ḡ[E] = ∅ . By shrinking E, if necessary, we can also assume that (f̄ ∘ h) |`E = (ḡ ∘ h) |`E, since f̄ |`(0,∞ ) ≡ ḡ|`(0,∞ ). Now either f̄ |`E ≢ (f̄ ∘ h) |`E or ḡ|`E ≢ (ḡ ∘ h) |`E, since otherwise we would have f̄ |`E ≡ (f̄ ∘ h) |`E = (ḡ ∘ h) |`E ≡ f̄ |`E. Assume the former case, the other being similar. Then we can shrink E further to arrange f̄ [E]∩ (f̄ ∘ h)[E] = ∅ . But (f̄ ∘ h)[E] = (ḡ ∘ h)[E] = ḡ[− E]. So, f [E]∩ g[− E] = ∅ and ⟨f̄ ,ḡ,E⟩ ∈ F .

By symmetry we can assume that ⟨f̄ ,ḡ,E⟩ ∈ F . Now, let α < c be such that ⟨f̄ ,ḡ,E⟩ = ⟨f_α ,g_α ,E_α ⟩. Then, f̄ (x_α ) = f_α (x_α ) ∉ g_α [M] = ḡ[M], because of the following.

– f_α (x_α ) ≠ g_α (± x_β ) for β < α since x_α ∉ f^{− 1}_α (g_α (± x_β )).

– f_α (x_α ) ≠ g_α (x_α ) since x_α ∈ E_α and f_α [E_α ]∩ g_α [E_α ] = ∅ .

– f_α (x_α ) ≠ g_α (|x_α |). This follows from the previous line if x_α > 0. If x_α < 0 then E_α ⊆ (− ∞ ,0) and f_α [E_α ]∩ g_α [− E_α ] = ∅ . So and f_α (x_α ) ≠ g_α (− x_α ) = g_α (|x_α |), since x_α ∈ E_α .

– f (x_α ) ≠ g(± x_β ) for β > α since then x_β ∉ ± [g^{− 1}_α (f_α (x_α ))].

Since each f_α (x_α ) ≠ f_α (x_β ) for every β < α < c and each element of F is listed in our enumeration c many times, we conclude that f̄ [M]\ ḡ[M] has cardinalit y continuum. But M ∩ N has cardinalit y less than continuum since N = N_α for some α < c. Hence, f [M]△ f̄ [M] and g[M]△ ḡ[M] have cardinalit y less than c and so, f [M]\ g[M] is nonempt y.

When ⟨X,Σ ,N ⟩ is ℵ_1-saturated, we can give a version of Theorem 4.3 which shows that any measurable function is essentially determined by its range on a strong SRU. First we prove the following lemma.

Lemma 4.12 Let ⟨X,Σ ,N ⟩ be a flexible ℵ_1-saturated measurable space with negligibles and let κ be a cardinal such that the union of any collection of less than κ many negligible sets is negligible. If M ⊆ X is a strong SRU then M has the following properties.

(a) If f ,g ∈ M (X) are such that f [M]\ g[M] has cardinalit y less than κ then E = X \ (f^{− 1}(C_f ) ∪ {x ∈ X:f (x) = g(x)}) is negligible, where C_f = {y ∈ R:f^{− 1}(y) is positive}.

(b) If f ,g ∈ M (X) are such that f [M]△ g[M] has cardinalit y less than κ, then there is a measurable set U such that f [X \ U] and g[X \ U] are countable, and f |`U ≡ g|`U.

Pr oof. (a) Let C = f [M]\g[M]. Note that C_f , C_g are countable and C has cardinalit y less than κ. By way of contradiction suppose that E is positive. Then f |`E is nowhere constan t. Let E_1 ⊆ E be a positive set on which the ranges of f and g are separated by some rational number q, say f (x) < q < g(x) for all x ∈ E_1. Since the set E_1 ∩ f^{− 1}(y) is negligible for every y ∈ R and C ∪ C_g has cardinalit y less than κ we can find a positive subset K of E_1 \ f^{− 1}(C ∪ C_g). Let A = g^{− 1}(C_g). Define a measurable function h:X → R so that h |`(K ∪ A) is any nowhere constan t measurable function such that h[K]∩ f [K] = ∅ , and h agrees with g on X \(K ∪ A). Since M is a strong SRU, there must be a point x ∈ M ∩ K such that f (x) ∉ h[M]. From the definition of K, f (x) ∉ C_g = g[A]. So, f (x) ∉ g[A]∪ g[K]∪ h[M \(K ∪ A)] = g[A∪ K]∪ g[M \(K ∪ A)] ⊇ g[M]. Thus f (x) ∈ f [M]\ g[M] = C, contradicting x ∈ K.

(b) Take U = X \(f^{− 1}(C_f )∩ g^{− 1}(C_g)). By (a) applied as stated, and also with f and g interchanged, U\ {x ∈ X:f (x) = g(x)} = � X \ (f^{− 1}(C_f ) ∪ {x ∈ X:f (x) = g(x)}) � ∪ � X \ (g^{− 1}(C_g) ∪ {x ∈ X:f (x) = g(x)}) � is negligible.

Theorem 4.13 Let ⟨X,Σ ,N ⟩ be an ℵ_1-saturated measurable space with negligibles. Suppose c is regular, Σ has cardinalit y c and the union of less than c negligible sets is negligible. Then there is a set L ⊆ X such that for any two Σ̂ -measurable functions f ,g:X → R, f [L]△ g[L] has cardinalit y less than c if and only if there is a measurable set E such that f [R \ E] and g[R \ E] are both countable and f |`E ≡ g|`E.

Pr oof. First note that by Corollary 3.8, we may assume that X is flexible, since f and g have essentially countable range on the atomic and Souslin parts of the space. Let L be a c-strong SRU (Theorem 4.3). Then L has the desired properties by Lemma 4.12 and the assumption that the union of less than c negligible sets is negligible.

Remark 4.14 The saturation assumption in Theorem 4.13 cannot be deleted. Consider X = R^2, Σ the Borel σ-algebra of R^2, N = the ideal of countable subsets of X. By Theorem 4.3, X has a strong SRU M. By Prop osition 3.1(a), M ∩ B ≠ ∅ for every uncountable Borel set B. Let π_1, π_2 be the projection maps R^2 → R onto the first and second coordinates, respectively. Then π_1[M] = π_2[M] = R. However, π_1(x) ≠ π_2(x) except when x is on the main diagonal, and π_1 and π_2 are not both constan t on any set with more than one point.

The existence theorems we have given for SRU’s in measurable spaces with negligibles deal with structures in which there are only cequivalence classes of measurable functions. As was pointed out in Prop osition 3.3(c), there can be no SRU for a measurable space with negligibles which has more than 2c pairwise nonequivalent measurable functions. This leaves the question of what happ ens when there are κ equivalence classes of measurable functions and c^+ ≤ κ ≤ 2c. The next theorem and the remark which follows it partially address this question.

Theorem 4.15 Assume GCH. Let X = 2^{ω 2} , let Σ be the σ-algebra of Baire sets for the usual topology on X, and let N be such that ⟨X,Σ ,N ⟩ is a measurable space with negligibles (i.e., N is a proper σ-ideal and Σ ∩ N is cofinal in N ). There is a countably closed ℵ_2-cc forcing notion P which preserves GCH and such that in the extension V^P there exists an ℵ_1-strong SRU for X.

In particular, it is consisten t that there exists a strong SRU for a flexible measurable space with negligibles in which there are 2c equivalence classes of measurable functions.

Pr oof. The last statemen t follows from the rest of the theorem by taking N to be the σ-ideal of meager sets in 2^{ω 2} , since any two projections onto subpro ducts of the form 2^{[α, α + ω )} ∼= 2^ω , α < ω_1 a limit ordinal, are nonequivalent nowhere constan t members of M (X). (We identify here 2^ω with the Cantor middle third set C ⊆ R.) The space 2^ω is flexible by Prop osition 2.4, since it is separable.

We can assume that X is flexible since otherwise the theorem is trivial. We start with few remarks on the structure of Baire sets and Baire functions in X. First recall that for each Baire set B ⊆ X, there exists a countable set A ⊆ ω_2 on which B “liv es” in the sense that

p ∈ B iff q ∈ B for every p,q ∈ X with p|`A = q|`A. (1)

(See [Ku2] for example.) Similarly, since every Baire function f ∈ M (X) is fully describ ed by the sets f^{− 1}((a, ∞ )) (a ∈ Q) we can find a countable set A ⊆ ω_2 on which f “liv es” in the sense that

f (p) = f (q) for every p,q ∈ X with p|`A = q|`A. (2)

Note also that if f and A satisfy (2) then the function f_A :2^A → R, f_A (p|`A) = f (p) for p ∈ X, is well defined and it codes f .

Now, for A ⊆ ω_2 and f :2^A → R let f̂ :X → R be defined by f̂ (p) = f (p|`A). Moreover, for D ⊆ ω_2 let F (D) be the family of all f :2^A → R such that A ∈ [D]^ω and f̂ is a Σ -measurable N -nowhere constan t. When s:C × D → {0,1} and γ ∈ C we will write s_γ for the function from D into {0,1} given by s_γ (δ) = s(γ,δ) for every δ ∈ D. Define

P = {⟨C,D,s, F ⟩:C ∈ [ω_1]^{≤ ω} & D ∈ [ω_2]^{≤ ω} & s:C × D → {0,1} & F ∈ [F (D)]^{≤ ω} }

and define a partial order on P by ⟨C,D,s, F ⟩ ≤ ⟨C^′,D^′,s^′,F^′⟩ provided C^′ ⊆ C, D^′ ⊆ D, s^′ ⊆ s, F^′ ⊆ F , and for every γ ∈ C \ C^′ and α ∈ C \ {γ}

(∀A ∈ [D^′]^ω )(∀f ,g ∈ F^′)[dom(f ) = dom(g) = 2^A −→ f (s_γ |`A) ≠ g(s_α |`A)]. (3)

It is easy to see that P is countably closed. P is ℵ_2-cc since, by standard △ -system argumen ts, for any sequence of conditions ⟨⟨C^ξ,D^ξ,s^ξ,F^ξ⟩:ξ < ω_2⟩ we can find ξ < ζ < ω_2 such that C^ξ = C^ζ and s^ξ ∪ s^ζ is a function. (See [Ku1, Ch. VII, sec. 6].) Then ⟨C^ξ,D^ξ ∪ D^ζ,s^ξ ∪ s^ζ,F^ξ ∪ F^ζ⟩ ∈ P extends both ⟨C^ξ,D^ξ,s^ξ,F^ξ⟩ and ⟨C^ζ,D^ζ,s^ζ,F^ζ⟩ since condition (3) is viciously satisfied. Thus, P preserves cardinals and does not add any new countable sequences of ground model elements. In particular, V^P contains neither any new real numbers nor any new code f_A of any Baire functions f .

Let G ⊆ P be V-generic and let x = � {s:⟨C,D,s, F ⟩ ∈ G}.

Clearly x is a function from a subset of ω_1 × ω_2 into 2. To see that dom(x) = ω_1 × ω_2 it is enough to notice that for every γ < ω_1 and δ < ω_2 the sets {⟨C,D,s, F ⟩ ∈ P :γ ∈ C} and {⟨C,D,s, F ⟩ ∈ P :δ ∈ D} are dense in P . For the latter this is trivial. To see it for the former case, let ⟨C,D,s, F ⟩ ∈ P and γ ∈ ω_1. Pick

p ∈ X \ � {f̂^{− 1}(g(s_α |`A)):α ∈ C & f ,g ∈ F & dom(g) = 2^A }.

Then ⟨C ∪ {γ},D,t, F ⟩ ∈ P with t |`C × D = s and t_γ = p|`D extends ⟨C,D,s, F ⟩ ∈ P .

Let L = {x_γ :γ < ω_1} and notice that genericity easily imply that all x_γ ’s are different. The proof is completed by verifying that for each pair f ,g ∈ M_Σ (X) of nowhere constan t functions, there is a countable set C_{f ,g} of L such that assumptions (i) and (ii) of Definition 4.1 are satisfied with κ = ℵ_1. Let f ,g ∈ M_Σ (X) be nowhere constan t functions, let E be a positive Baire set, and let N be a negligible Baire set. Let A ⊆ ω_2 be countable and such that ⟨f ,A⟩ and ⟨g,A⟩ satisfy (2) and choose a condition ⟨C,D,s, F ⟩ ∈ G such that f_A ,g_A ∈ F . (Such conditions are trivially dense.) Define C_{f ,g} = {x_γ :γ ∈ C}. It is clear from the definition of the order on P that Definition 4.1(ii) is satisfied. Since κ is regular, Definition 4.1(i) is equivalent to: L∩ E is uncountable for each positive Baire set E and that L ∩ N is countable for each negligible Baire set N. To verify this, let E be a positive Baire set, let N be a negligible Baire set and let and let α < ω_1. Choose a countable set A ⊆ ω_2 such that ⟨B,A⟩ and ⟨N,A⟩ satisfy (1). The desired properties follow easily from the density of the conditions ⟨C,D,s, F ⟩ such that A ⊆ D and s_γ ∈ {p|`D:p ∈ E} for some γ ∈ C \ α, and the density of the conditions ⟨C,D,s, F ⟩ such that 0 ∈ C and that there are f ,g ∈ F with dom(f ) = dom(g) = 2^A and N = f̂^{− 1}(g(s_0 |`A)). (Such an f̂ exists since X is flexible.)

Remark 4.16 The measurable space with negligibles ⟨c,P (c),N ⟩, where N is the ideal of countable subsets of c, has no SRU by Prop osition 3.3(a). Thus, in Theorem 4.3, the cardinalit y restriction on Σ cannot be relaxed to 2c. If κ is an atomlessly measurable cardinal and N is the null ideal of a witnessing measure, then ⟨κ, P (κ),N ⟩ is an ℵ_1-saturated measurable space with negligibles which illustrates the same point.

5 SR U’s for con tin uous functions

In this section we will examine properties of SRU’s for C(X), for X a Baire topological space considered with its natural structure as a measurable space with negligibles. (See Section 2). Many of the results do not rely on X being Baire, however. (See Remark 5.16.) Recall, that by Prop osition 2.2 we can replace the relation ≡ in the definition of (strong) SRU with equalit y. Prop osition 2.2 and Theorem 4.3 ensure that, under suitable hypotheses, strong SRU’s exist in many Baire spaces. We will need to assume, for most of our results, that our spaces are locally flexible. Prop osition 2.4 provides us with a health y supply of such spaces.

We begin with several easy lemmas.

Lemma 5.1 Let X be a Baire topological space considered with its natural measurable structure and let M ⊆ X be an SRU for C(X). If f ∈ C(X) is nowhere constan t, K = f [M]and h:R → R is a homeomorphism such that h[K] = K then h(y) = y for every y ∈ f [X].

Pr oof. Let f , h and K be as above and by way of contradiction assume that h(y) ≠ y for some y ∈ f [X]. Then g = h ∘f ≠ f while g ∈ C(X) is nowhere constan t and g[M] = h[f [M]]= h[K] = K = f [M], contradicting the definition of an SRU for C(X).

Lemma 5.2 Let a < b and K ⊆ (a, b) be a Cantor set. Then, every continuous function g:K → (a, b) has an extension G:R → R such that G[(a, b)] = (a, b), G(x) = x for all x ∈ R \(a, b) and G is countable-to-one on R \ K.

Pr oof. Let c and d be the maximum and the minimum of K, respectively. Extend g to a continuous function g_1:[c,d] → (a, b) by defining it linearly on any component of [c,d]\ K. Let U = � {int(g^{− 1}_1 (y)):y ∈ [c,d]}. If f :[c,d] → R is the distance function from [c,d]\ U then it is easy to find a constan t k > 0 such that G = (g_1 + kf ):[c,d] → (a, b). It is also not difficult to check that G is continuous and countable-to-one on [c,d]\K. By extending it to the identity function on R \(a, b) and linearly on each of the intervals (a, c) and (d,b) we obtain the desired function.

Lemma 5.3 Let X be a Baire topological space. Let f ∈ C(X) and g ∈ C(R) be nowhere constan t. If either X is locally connected or g is countable-to-one, then g ∘ f ∈ C(X) is also nowhere constan t.

Pr oof. If g is countable-to-one, then (g∘f )^{− 1}(y) = � {f^{− 1}(z):z ∈ g^{− 1}(y)} is meager, as it is a countable union of nowhere dense sets.

If X locally connected and (g∘f )^{− 1}(y) has nonempt y interior, then there exists a nonvoid open connected U ⊆ (g∘f )^{− 1}(y) = f^{− 1}(g^{− 1}(y)). So, f [U] ⊆ g^{− 1}(y). But f [U] ⊆ R is connected, as an image of a connected set. So, either f [U] is a singleton, contradicting that f is nowhere constan t, or f [U] contains a nonvoid open interval, contradicting the fact that g^{− 1}(y) is nowhere dense.

Remark 5.4 Notice also that Lemma 5.3 may fail if we require only that g is nowhere constan t. To see this, let K ⊆ R be a Cantor set and let X = K × K. Moreover, let c:K → {0} be the constan t map and let G be the extension of c given by Lemma 5.2. Then the conclusion of Lemma 5.3 fails for g = G and f = the projection of X onto the first coordinate.

Recall from Section 2 that S ⊆ X is an s_0-set if for every Cantor set P ⊆ X, there is a Cantor set Q ⊆ P such that Q ∩ S = ∅ . Also, S is a strong s_0-set if f [S] is an s_0-set in R for every f ∈ C(R). Note that every set of cardinalit y less than c is a strong s_0-set. There are s_0-sets of cardinalit y c in R [Mi2], but it is consisten t that there are no strong s_0-sets of cardinalit y c [Mi3].

Lemma 5.5 If S ⊆ X is a strong s_0-set, then S is an s_0-set and S is zero-dimensional.

Pr oof. The zero-dimensionalit y of S follows easily from the fact that X is completely regular and the image of S by a member of C(X) cannot contain an interval. To see that S is an s_0-set, let K ⊆ X be a Cantor set, and let g:K → R be a homeomorphism onto its range. Since K is compact, g extends to a function G ∈ C(R) [En, Exercise 3.2.J]. Since G[S] is an s_0-set, there is a Cantor set L ⊆ G[K] such that L ∩ G[S] = ∅ . Then S ∩ (G^{− 1}(L) ∩ K) = ∅ .

Theorem 5.6 Let X be a locally flexible Baire topological space considered with its natural measurable structure. If M ⊆ X is an SRU for C(X) then M has the following properties.

(1) M is dense in X.

(2) Let U ⊆ X be nonvoid open and let f ∈ C(X) be nowhere constan t. Then f [M ∩ U] is uncountable provided at least one of the following conditions hold.

(a) U = f^{− 1}(W) for some open W ⊆ R; (b) M is a strong SRU.

(3) M ∩ U is uncountable for every nonempt y open set U ⊆ X.

(4) For every f ∈ C(X) there is a nowhere constan t f̄ ∈ C(X) such that f [M] ⊆ f̄ [M].

(5) M is a strong s_0-set. In particular, M is a zero-dimensional s_0-set.

(6) If X is a nonvoid analytic metric space then M is not analytic.

Pr oof. (1) By way of contradiction, assume that there is a nonvoid open set U ⊆ X disjoint from M. Let V = X \ cl(U) and let h_U and h_V be functions from the definition of local flexibility for U and V respectively. Define f = h_V + h_U and g = h_V − h_U . Then f and g are continuous, nowhere constan t. Moreover, f [M] = h_V [M] = g[M], while f ≠ g, since h_U is nowhere constan t on U.

(2) By way of contradiction, assume that f [M ∩ U] is countable for some nonvoid open U and nowhere constan t f ∈ C(X). Let Y = f [M ∩ U].

First notice that Y has no isolated points. To see this, assume by way of contradiction that Y has an isolated point y and let I ⊆ R be open such that I ∩ Y = {y}. Then V = U ∩ f^{− 1}(I) is nonempt y and, by (1), f [V] ⊆ f [cl(M ∩ V)] ⊆ cl(f [M ∩ V]) = {y} contradicting the fact that f is nowhere constan t.

Next notice that

(⋆) there exists a < b and a countable-to-one continuous function h:R → R such that h[Y] = Y, h(y_0) ≠ y_0 for some y_0 ∈ Y, and h(x) = x for x ∈ R \ (a, b); moreover, (a, b) ⊆ W if we are in the case (a).

Note that this will finish the proof. Indeed, put g = h ∘ f ∈ C(X) and notice that f ≠ g on U, since U ∩ f^{− 1}(y_0) ≠ ∅ . Moreover, by Lemma 5.3, g is nowhere constan t and g[M ∩ U] = h[f [M ∩ U]] = h[Y] = Y = f [M ∩ U] ⊆ f [M]. This gives a contradiction with M being strong SRU, taking care of (b).

If U = f^{− 1}(W) then g[M \ U] = h[f [M \ U]]= f [M \ U] ⊆ f [M], since h(x) = x for all x ∈ f [M \ U] ⊆ R \ (a, b). So, g[M] = f [M] giving us a contradiction with (a) as well.

To prove (⋆) consider two cases. Case 1. cl(Y) is somewhere dense. Let (a, b) ⊆ cl(Y) be a nonvoid open interval and assume that (a, b) ⊆ W if U = f^{− 1}(W). Then, there is a nontrivial homeomorphism h:R → R such that h[Y] = Y and h(x) = x for every x ∈ R \ (a, b). Clearly h(y) ≠ y for some y ∈ Y.

Case 2. cl(Y) is nowhere dense. Let a < b be such that K = cl(Y) ∩ (a, b) is a Cantor set and that (a, b) ⊆ W if U = f^{− 1}(W). Let g:K → K ⊆ (a, b) be a homeomorphism such that g[K ∩ Y] = K ∩ Y and g(y) ≠ y for some y ∈ K ∩ Y. (See [En, Exercise 4.3.H(3)] for such a homeomorphism.) Let G be an extension of g as in Lemma 5.2. Then h = G satisfies (⋆).

(3) By way of contradiction, assume that M ∩ U is countable for some open nonempt y U ⊆ X. For an open set W ⊆ X let f_W stand for the absolute value of the function from the definition of local flexibility for W. Put f = f_U − f_{int(X \U)}. Then f is continuous and nowhere constan t, and U ⊃ f^{− 1}((0,∞ )) ≠ ∅ . An application of (2) case (a) gives a contradiction.

(4) Let f ∈ C(X) and let C_f = {y ∈ R:int(f^{− 1}(y)) ≠ ∅ }. By (1) for each y ∈ C_f we can choose x_y ∈ int(f^{− 1}(y)) ∩ M. Note that the set H = [X \ � {int(f^{− 1}(y)):y ∈ C_f }]∪ {x_y:y ∈ C_f } is closed in X.

Let g ∈ C(X) be as in the definition of local flexibility of X for the set X \ H and let f̄ = f + g ∈ C(X). Then f̄ is nowhere constan t and f [M] = f [M ∩ H] = f̄ [M ∩ H] ⊆ f̄ [M].

(5) The claims made in the second statemen t follow from Lemma 5.5. For the proof of the first statemen t, let us first verify that if f ∈ C(R), we cannot have a Cantor set contained in f [M]. By way of contradiction, assume that there is a Cantor set K ⊆ f [M]. By (4) we can assume that f is nowhere constan t. Let g be a continuous two-to-one function from K onto [0,1] and let G be an extension of g as in Lemma 5.2. Then, G ∈ C(R) is countable-to-one and, by Lemma 5.3, F = G ∘f is nowhere constan t. But then, F [M] =

G[f [M]]⊃ G[K] ⊃ [0,1], which contradicts Lemma 5.1, since there are many nontrivial homeomorphisms h of R with h(x) = x for all x ∈ R \ (0,1).

Now suppose that f [M]∩ L ≠ ∅ for every Cantor set L ⊆ K. Since K is homeomorphic to its square, and the level sets of the projection of the square onto one of the coordinates are all Cantor sets, there is a continuous map g:K → K all of whose level sets are Cantor sets. Extend this function g to a member G of C(R) and note that (G ∘ f )[M] ⊇ K, contradicting the result established in the previous paragraph.

(6) This follows immediately from (3) and (5).

Problem 5.7 Are the assumptions (a) and (b) essential in (2) of Theorem 5.6?

We will now consider some specific properties of SRU’s for C(X) where X is a separable metric space. We begin with following lemma.

Lemma 5.8 Let ⟨X,d⟩ be a separable metric space, and let M ⊆ X a strong s_0-set. If F is a closed subset of X and ε > 0 then there exists a continuous function g:X → [0,ε] such that g^{− 1}({0}) = F and g[M] is countable.

Pr oof. Let h:X → [0,ε] be given by the formula h(x) = min{ε, d(x, F )} for x ∈ X and for n < ω let I_n = [ε/2^{n +1} ,ε/2^n ]. Since M is a strong s_0-set, for every n < ω there exists a Cantor set C_n ⊆ I_n such that C_n ∩ h[M] = ∅ . Let f_n :I_n → I_n be a non decreasing Cantor function such that f_n [C_n ] = I_n and let f :[0,ε] → [0,ε] be an extension of all these functions. It is easy to see that h = f ∘ g:X → [0,ε] has the desired properties.

Lemma 5.9 Let ⟨X,d⟩ be a separable Baire metric space without isolated points. Let U ⊆ X be open and let M ⊆ U be a meager strong s_0-set. Then there is a function g ∈ C(X) such that g(x) = 0 for all x ∈ X \U, g(x) ≥ 0 for all x ∈ X, g|`U is nowhere constan t, and g[M] is countable.

Pr oof. Let K_n be closed nowhere dense sets in X such that M ⊆ � n< ω Kn . Since X is Baire, there is

a set {d_n :n < ω } ⊆ U \ � n< ω Kn which is dense in U. We will construct, by induction on n < ω , a sequence

g_n :X → [0,ε_n ) of continuous functions such that for every n < ω

(i) g_n [M] is countable

(ii) g^{− 1}_n ({0}) = (X \ U) ∪ � i<n (K_i ∪ {d_i})

(iii) ε_n ∈ (0,2^{− n} )

(iv) � i<n g_i � (d_j ) ∉ � i<n g_i � (d_n ), � i<n g_i � (d_n ) + ε_n � for n > 0 and j < n.

The construction is easily carried out. It is simply a matter of choosing ε_n satisfying (iii) and (iv), and then defining g_n to be the function g from Lemma 5.8 applied with F = (X \ U) ∪ � i<n (K_i ∪ {d_i}) and ε = ε_n .

Let g = � i< ω gi. Then, by condition (iii), g is continuous. Also, condition (ii) implies that for every

n < ω

g[M ∩ K_n ] = � � � i≤ n

g_i � � [M ∩ K_n ]

which is countable by (i). So, g[M] is countable. Moreover, by (ii) and (iv),

g(d_j ) = � � i<n g_i � (d_j ) ∉ � � � i<n g_i � (d_n ), � � i<n g_i � (d_n ) + ε_n � ∋ � � � i≤ n

g_i � � (d_n ) = g(d_n )

for every j < n < ω . So g is nowhere constan t in U.

Theorem 5.10 Let ⟨X,d⟩ be a separable Baire metric space without isolated points. If M ⊆ X is an SRU for C(X) and U ⊆ X is a nonvoid open set, then M ∩ U is not meager.

Pr oof. Let M be an SRU for C(X). By Theorem 5.6(5), M is a strong s_0-set. If M ∩ U is meager, then Lemma 5.9 gives a nonnegativ e function g_1 ∈ C(X) which is identically equal to zero outside U, nowhere constan t on U, and has a countable image of M ∩ U. Let g_2 ∈ C(X) be a nonpositive function which is identically equal to zero on U and nowhere constan t in the exterior of U. (For example, apply Lemma 5.9 with U replaced by the exterior of U and M replaced by the empty set.) Let g = g_1+ g_2. Then g ∈ C(X) is nowhere constan t. Let W = g^{− 1}((0,∞ )). We have g|`W = g_1 |`W and hence W ⊆ U. Also, g[M ∩ W] ⊆ g_1[M ∩ U] is countable, contradicting Theorem 5.6(2)(a).

Corollary 5.11 A Sierpiński subset of R^n is not an SRU for C(R^n ).

Pr oof. Sierpiński sets are meager.

Remark 5.12 Theorems 5.10 and 5.6(5) show that an SRU for C(R) cannot be meager, but also cannot be too big. However, little can be said about the measure of an SRU for C(R). Under CH, there is a strong SRU for C(R) which is a Lusin set and hence has strong measure zero and there is another one of full outer measure. (For the full outer measure example, apply Theorem 4.9 to ⟨R,Bor,N_i⟩, i = 1,2, where N_1 and N_2 are the meager and null ideals.)

Remark 5.13 It is not difficult to see that one can prove Theorems 5.10 for any Baire space without isolated points in which any dense G_δ set contains a countable dense subset. The proof requires only minor changes. This could be used for example to show that any SRU for [0,1]c must be nowhere meager, a fact which also follows from the next proposition.

Prop osition 5.14 Let X be a ccc topological space such that X^ω is Baire. If every SRU for C(X^ω ) is nowhere meager then so is every SRU for C(X^κ ) for every infinite cardinal κ.

Pr oof. By way of contradiction assume that for some infinite cardinal number κ there is M ⊆ X^κ which is an SRU for C(X^κ ) and such that U ∩ M is meager for some nonvoid open set U ⊆ X^κ . Decreasing U, if necessary, we can assume that U is a basic open set supported by a finite set T of coordinates. Since X^κ is ccc we can find an F_σ meager set F supported by a countable infinite set S of coordinates and such that U ∩ M ⊆ F . We can also assume that T ⊆ S. Let π be the projection map of X^κ onto X^S . Thus, π[M ∩ U] ⊆ π[F ] is meager in π[U]. So, by our assumption, π[M] is not an SRU for X^S , i.e., there are two different nowhere constan t functions f ,g ∈ C(X^S ) with f [π[M]] = g[π[M]]. But f ∘ π,g ∘ π ∈ C(X^κ ) are different and nowhere constan t too, contradicting the assumption that M was an SRU for X^κ .

Corollary 5.15 For any cardinal κ every SRU for [0,1]^κ is nowhere meager in [0,1]^κ .

Remark 5.16 As we pointed out in Section 2, if X is a Baire topological space, the usual notion of “no where constan t” for a function f ∈ C(X) (i.e., “not constan t on any nonvoid open set”) coincides with the meaning “not constan t on any nonmeager Baire set” we gave in Section 2. Most of the results in Section 5 go through even for spaces that are not Baire, if the usual notion of “no where constan t” is used in the definitions of SRU and of locally flexible. Lemma 5.3 for the case where g is countable-to-one holds by a differen t argumen t: the level sets of g are scattered and it is easy to verify by induction on the Cantor-Bendixson height of a scattered set that its preimage under a nowhere constan t function is nowhere dense. The proof of Lemma 5.1 goes through with no changes, as does the proof of Theorem 5.6. As for Theorem 5.10, note that if X is any nonvoid separable metric space with no isolated points and for some open set U ⊆ X, M ∩ U is meager, then by Theorem 5.10 applied to the completion Y of X, there are two distinct nowhere constan t functions f ,g ∈ C(Y) such that f [M] = g[M]. But then the restrictions of f and g to X witness that M is not an SRU. In particular, if X itself has a nonvoid meager open set (i.e., is not Baire), then there is no SRU for C(X).

The next example shows that the assumption of CH cannot be removed from [BD, theorem 8.5].

Example 5.17 Suppose that

(i) there is a nonmeager subset of R of cardinalit y ℵ_1; and,

(ii) any two nowhere meager subsets of R of cardinalit y ℵ_1 are order isomorphic.

(See [Sh] for a proof that this is consisten t.) If X ⊆ R is a nowhere meager subset of R of cardinalit y ℵ_1 then there is no SRU for C(X).

Pr oof. Suppose M ⊆ X were an SRU for C(X). By Theorem 5.10 M is nowhere meager. But then, using (ii), it is easy to construct many distinct order isomorphisms of M with itself. Each of these will extend to a homeomorphism of R, and hence M is not an SRU.

The models we are aware of for assumptions (i) and (ii) of Example 5.17 are obtained by κ-stage finite support iterations of ccc forcing notions, where κ is regular. As a result, Cohen reals are added cofinally in the construction and the covering assumption of Theorem 4.3 is satisfied for X = R, Σ = the Borel σ-algebra, and N = the meager ideal. Thus, there is a strong SRU for C(R) in these models.

The following remains an intriguing problem.

Problem 5.18 Is the existence of an SRU for C(R) provable in ZFC?

We now give the example promised in Section 2 to show that the converse to the first statemen t of Prop osition 2.2 is false. First we prove the following lemma.

Lemma 5.19 Let X be the space of irrational numbers (with the usual topology). There is a countable dense set A ⊆ X and a homeomorphism h:X \ A → X \ A such that for any m ∈ Z \ {0} and any nowhere constan t function g ∈ C(X), g∘h^m :X \A → X \A does not extend to a continuous function on any nonempt y open subset of X.

Pr oof. Fix any countable dense set A ⊆ R. We define open subintervals I_s = (a_s ,b_s ) of R for s ∈ Z^{< ω} as follows. Let I_∅ = R and given I_s , define open subintervals I_s ⌢_n , n ∈ Z, of I_s so that I_s \ � n ∈ Z Is^⌢ n ⊆ A,

and b_s ⌢_n = a_s ⌢_{(n +1)} . (For s ∈ Z^{< ω} and n ∈ Z the symbol s^⌢ n denotes the extension of s by n, i.e., s^⌢ n = s∪ {⟨k,n⟩}, where k = dom(s).) Also ensure that if we let U_n = � {I_s :s ∈ Z^n }, then � n ∈ ω Un = R \A.

Identify Z^ω with R \ A via the map which sends u ∈ Z^ω to the unique member of � {I_{u |`n} :n ∈ ω }. Let h:R \A → R \A be the homeomorphism which corresp onds via this identification to the homeomorphism of Z^ω such that for u ∈ Z^ω and k ∈ Z we have h(u)(k) = u(k) if u(k) is odd, and h(u)(k) = u(k) − 2 if u(k) is even. Let B ⊆ R \A be a countable dense set such that h[B] = B. We may assume X = R \B since this set is homeomorphic to the set of irrational numbers. Note that A ⊆ X and that h induces a homeomorphism of X \ A. We will show that X, h and A satisfy the conclusion of the lemma.

Let g ∈ C(X) and m ∈ Z \ {0} be such that g ∘ h^m extends to a continuous function on a nonvoid open subset I ⊆ X. By shrinking I, we may assume that I = I_{s 0} ∩ X for some s_0 ∈ Z^{< ω} . Let t_0 ∈ Z^{< ω} be such that h^m [I_{s 0} ] = I_{t 0} . We will show that g is constan t on I_{t 0} . First, we claim that for every t ∈ Z^{< ω} such that t_0 ⊆ t, g is constan t on the set S_t = {a_t ⌢_{(2mℓ )}:ℓ ∈ Z}.

So, let ℓ ∈ Z, x = a_t ⌢_{(2m ℓ)} and y = a_t ⌢_{(2m (ℓ+1))} . We will show that g(x) = g(y). Let s ∈ Z^{< ω} be such that h^m [I_s ] = I_t . Note that s_0 ⊆ s, so g ∘ h^m extends to a continuous function on I_s ⊆ I_{s 0} . For z ∈ I_s ⌢_{(2m (ℓ+1))} ∩ (X \A), as z → a_s ⌢_{(2m (ℓ+1))} , h^m (z) → a_t ⌢_{(2m ℓ)} and hence g(h^m (z)) → g(a_t ⌢_{(2m ℓ)}) = g(x). For z ∈ I_s ⌢_{(2m (ℓ+1) − 1)} ∩ (X \ A), as z → a_s ⌢_{(2m (ℓ+1))} = b_s ⌢_{(2m (ℓ+1) − 1)} , h^m (z) → b_t ⌢_{(2m (ℓ+1) − 1)} = a_t ⌢_{(2m (ℓ+1))} and hence g(h^m (z)) → g(a_t ⌢_{(2m (ℓ+1))} ) = g(y). Thus, we must have g(x) = g(y), as desired.

Note that for each t ⊇ t_0 and each n ∈ Z, the constan t values of g on S_t ⌢_n and S_t ⌢_{(n +1)} must be the same since these two sets share a cluster point. Let c be the constan t value taken by g on T_1 where for each m ∈ (dom(t),ω ) we let T_m = � {S_t :t ⊇ t_0, t ∈ Z^m }. By similar considerations to the case m = 1, it follows by induction on m, using the fact that T_{m +1} has cluster points in T_m , that g has the constan t value c on each T_m . Since � {T_m :m ∈ (dom(t),ω )} is dense in I_{t 0} , g is constan t on I_{t 0} .

Example 5.20 If R cannot be covered by less than c meager sets, then in any nonvoid perfect Polish space X, there is a set M ⊆ X and a Borel isomorphism h:X → X such that h[M] = M, {x ∈ R:h(x) = x} is meager, and if f ,g ∈ C(X) are nowhere constan t and E ⊆ X is a nonvoid open set such that f |`E ≠ g|`E, then f [M ∩ E]\ g[M] has cardinalit y c. In particular, there is a strong SRU for C(X) which is not an SRU for the Borel isomorphisms.

Pr oof. Since every nonvoid perfect Polish space contains a residual copy of the irrationals, we may assume that X is the space of irrational numbers. Let ⟨⟨f_α ,g_α ,E_α ⟩:α < c⟩ be a list of all triples ⟨f ,g,E⟩ where f ,g ∈ C(X) are nowhere constan t maps, E is a nonempt y open set, and f [E]∩ g[E] = ∅ ; let each such triple appear c times in the list. Let A and h be given by Lemma 5.19. Inductiv ely choose points x_α ∈ E_α \A such that x_α does not belong to any set of the form f^{− 1}_α (g_α (h^m (x_β ))) (m ∈ Z, β < α) or f^{− 1}_α (f_β (x_β )) (β < α) or h^{− m} ([g^{− 1}_β (f_β (x_β )] \ A) (m ∈ Z, β < c) or {x ∈ X \ A:f_α (x) = g_α (h^m (x))} (m ∈ Z \ {0}). Note that sets of the latter form are nowhere dense by Lemma 5.19, and the remaining sets are nowhere dense because f_α and g_β (β < α) are nowhere constan t. Let M = {h^m (x_α ):m ∈ Z, α < c}.

To see that this works, let f ,g ∈ C(X) be nowhere constan t and let E ⊆ X be a nonvoid open set such that f |`E ≠ g|`E. By shrinking E we may assume that f [E] ∩ g[E] = ∅ . For each α such that ⟨f_α ,g_α ,E_α ⟩ = ⟨f ,g,E⟩, we chose x_α ∈ E. We have that f_α (x_α ) ∉ g_α [M], i.e., for each β < c and each m ∈ Z, f_α (x_α ) ≠ g_α (h^m (x_β )). (This is clear from the choice of x_α . Consider separately the cases β < α, β = α, β > α.) The rest of the properties of the example now follow easily.

6 Variations on the theme

As mentioned in the introduction, properties similar to the SRU property have been considered by various authors. We examine some of them in this section.

Let us begin with the results from [DM] and [Bü] mentioned in the introduction. Dushnik and Miller [DM] showed that, under CH, there is an uncountable set M ⊆ R such that for any monotone (nonincreasing or nondecreasing) function f :R → R, if {x ∈ R:f (x) = x} is nowhere dense, then f [M]∩ M is countable. In a model of set theory where c = ℵ_2, R is covered by ℵ_1 meager sets and sets of cardinalit y ℵ_1 are meager (e.g., in the random real model), there is no such set. To see this, note that in any such model, for every uncountable set M ⊆ R, there is a set M^′ ⊆ M of the same cardinalit y as M such that M^′ is nowhere dense in R. Then there is a monotone function f :R → R such that {x ∈ R:f (x) = x} is equal to the closure of M^′, and hence f [M]∩ M has the same cardinalit y as M since it contains M^′.

Consider now the result from [Bü] that, under CH, there is a totally heterogeneous set. (See the introduction for the definition.) A classical diagonalization argumen t shows that there is (in ZFC) a set M ⊆ R of cardinalit y c such that for any Borel function f :M → M, f [{x ∈ M:f (x) ≠ x}] is countable. It is not possible, however, to produce a totally heterogeneous set in ZFC. To see this, consider a model in which every set M ⊆ R of cardinalit y c can be mapp ed continuously onto [0,1] (e.g., the iterated perfect set model [Mi2]). It is easily seen that a totally heterogeneous set of reals cannot contain a Cantor set, and hence its complement must have cardinalit y c. In the model under consideration, if M ⊆ [0,1] is any set such that both M and [0,1]\M have cardinalit y c, then let f :M → [0,1] be a continuous surjection. Choose M^′ ⊆ M such that f [M^′] = M. Then f [{x ∈ M^′:f (x) ≠ x}] contains M \ M^′ and hence has cardinalit y c. In particular, M is not totally heterogeneous.

For the remainder of this section we will examine two generalizations of the notion of an SRU for C(R) for pairs of families F ,G ⊆ C(R). We are interested particularly in the following subfamilies of C(R) which we will abbreviate as follows:

• C = C(R); • Const , the class of all constan t functions f ∈ C(R); • C_n , the class of all nowhere constan t functions f ∈ C(R); • C_c, the class of all countable-to-one functions f ∈ C(R). Definition 6.1 A function g ∈ C is said to be a trunc ation of f ∈ C if g is constan t on every connected component of {x ∈ R:f (x) ≠ g(x)}.

The following proposition is [BD, theorem 8.1]. Prop osition 6.2 There exists a set M ⊆ R such that for every f ∈ C_c and g ∈ C if g[M] ⊆ f [M] then g is a truncation of f .

Notice that a strong SRU M for ⟨R,Bor,N ⟩, N = the meager ideal, has a similar property. If f ∈ C and g ∈ C and g[M] ⊆ f [M], then by Lemma 4.12 (with κ = ℵ_1), the open intervals in {x ∈ R:f (x) ≠ g(x)} on which g is constan t are dense in {x ∈ R:f (x) ≠ g(x)}. We do not need to assume that f ∈ C_c, however we cannot conclude that g is a truncation of f , even if f ∈ C_c. (For example, we could have f (x) = x for all x, and g(x) = x for x ∉ [0,1], g|`[0,1] = the Cantor ternary function.) Prop osition 6.2 also has the advantage of being a ZFC theorem. Definition 6.3 For the families F ,G ⊆ C we say that M ⊆ R is an ⟨F ,G⟩-trunc ation SRU if for every f ∈ F and g ∈ G, if g[M] ⊆ f [M] then g is a truncation of f . A set M ⊆ R is an ⟨F ,G⟩-SRU if for every f ∈ F and g ∈ G, if g[M] ⊆ f [M] then g = f .

We have the following general fact. Prop osition 6.4 For every F ,G ⊆ C (1) If M ⊆ R is an ⟨F ,G⟩-SRU then it is ⟨F ,G⟩-truncation SRU; (2) If G ⊆ C_n then every ⟨F ,G⟩-truncation SRU is an ⟨F ,G⟩-SRU.

Pr oof. This is obvious since every function is its own truncation and this is the only truncation that could be nowhere constan t.

Prop osition 6.4 shows in particular that for G ⊆ C_n , M ⊆ R is an ⟨F ,G⟩-SRU if and only if it is an ⟨F ,G⟩-truncation SRU. Thus, for G ⊆ C_n we will examine only ⟨F ,G⟩-SRU’s.

In the next theorem we seek, for various choices of G, the largest family F for which there exists an ⟨F ,G⟩-SRU (⟨F ,G⟩-truncation SRU). The examples in (A^′)-(C^′) indicate that the families found in (A)-(C) are to some extent the best possible. Theorem 6.5 (A) M = R is a ⟨Const ,C⟩-SRU. (A^′) There is no ⟨{f },G⟩-SRU if f ∈ C \ Const and Const ⊆ G. (B) There exists a ⟨C_c,C⟩-truncation SRU. (B^′) There is no ⟨C_n ,C⟩-truncation SRU. More precisely, there is no ⟨{f },C⟩-truncation SRU for every f ∈ C_n with the property that f^{− 1}(y) is perfect for every y ∈ R.

(C) If R is not the union less than c many meager sets then there exists a ⟨C,G⟩-truncation SRU for any G ⊆ C of cardinalit y less than c.

(C^′) There exist f ,g,h ∈ C such that there is no ⟨{h},{f ,g}⟩-SRU.

(D) Any strong SRU for C(R) is a ⟨C,C_n ⟩-SRU.

(E) There exists an ⟨{f },C_n ⟩-SRU for every f ∈ C.

Pr oof of (A) . Obvious.

Pr oof of (A^′). Let f ∈ C \ Const and M ⊆ R. If M = ∅ take an arbitrary g ∈ Const ⊆ G. If M ≠ ∅ and x_0 ∈ M let g ∈ G be a constan t function equal to f (x_0). Then g ≠ f but g[M] ⊆ f [M].

Pr oof of (B) . This is Prop osition 6.2.

Pr oof of (B^′). Let f ∈ C_n be such that f^{− 1}(y) is perfect for every y ∈ R. For example, if F = (f_0,f_1):[0,1] → [0,1]^2 is a classical Peano curve (see e.g., [CLO, Example 4.3.8]) then we can define f by f (n + r) = n + f_0(r) for every integer n and r ∈ [0,1).

Let M ⊆ R. To see that it is not an ⟨{f },C⟩-truncation SRU we will find g ∈ C with g[M] ⊆ f [M] which is not a truncation of f . We have two cases to consider.

Case 1. f [M] is not dense in R.

Take c < d such that (c,d) ∩ f [M] = ∅ . Since f [R] = R there exist a < b such that (a, b) ⊆ f^{− 1}((c,d)). So, (a, b) ∩ M = ∅ . Choose a_0 < b_0 such that a < a_0 < b_0 < b and define g on [a_0,b_0] to be nonconstan t and such that g(x) ≠ f (x) for every x ∈ [a_0,b_0]. Put g(x) = f (x) for every x ∈ R \ (a, b) and extend it to a continuous function on R. Then g is not a truncation of f , while g[M] = f [M].

Case 2. f [M] is dense in R.

If f [M] = R it is enough to take as g an arbitrary continuous function which is not a truncation of f . So, without loss of generalit y we can assume that f [M] ≠ R.

Choose y_0 ∈ R \ f [M] and let P = f^{− 1}(y_0). So, P is perfect, nowhere dense and P ∩ M = ∅ . Choose a countable dense subset D of f [M] and notice the following fact.

(⋆) For every d_0,d_1 ∈ D, d_0 < d_1, there exists a continuous function g from R onto [d_0,d_1] such that g[R \ P ] ⊆ D ⊆ f [M] and g is not constan t at on any open interval intersecting P .

To see it, let h:[0,1] → [0,1] be a classical Cantor function, i.e., h is nondecreasing, constan t on any component of [0,1] \ C and such that h[C] = [0,1], where C is a classical Cantor ternary set. (See [Ro, p. 50].) Extend h to R by putting h(x) = 0 for x < 0 and h(x) = 1 for x > 1 and notice that h[R \ C] ⊆ Q. Let h_0:R → R be a homeomorphism such that h_0[P ] = C and h_1:R → R be an order isomorphism such that h_1[Q] = D, h_1(0) = d_0 and h_1(1) = d_1. Then g = h_1 ∘ h ∘ h_0 satisfies (⋆).

To finish the proof notice that for any function g satisfying (⋆) we have g[M] ⊆ g[R \ P ] ⊆ D ⊆ f [M]. Now, if g:R → [d_0,d_1] and g^′:R → [d^′_0,d^′_1] are as in (⋆) and such that [d_0,d_1]∩ [d^′_0,d^′_1] = ∅ then for every x ∈ P we have g(x) ≠ g^′(x). In particular, either g or g^′ is not a truncation of f .

Pr oof of (C) . Choose G ⊆ C of cardinalit y less than c. Since any constan t function is a truncation of any other function we can assume without loss of generalit y that G∩ Const = ∅ .

For g ∈ C let Const (g) denotes the set of these points at which g is locally constan t, i.e.,

Const (g) = {x ∈ R:(∃a, b ∈ R)[a < x < b & g is constan t on (a, b)]}.

Then for every g ∈ G the set P_g = R \ Const (g) is nonempt y and perfect. In particular, it is not a union of less then continuum many its nowhere dense subsets.

Let {⟨f_α ,g_α ⟩:α < c} = {⟨f ,g⟩ ∈ C × G:g is not a truncation of f }. We will construct, by induction on α < c, a set M = {m_α :α < c} such that g_α (m_α ) ∉ f_α [M] for every α < c. This will finish the proof.

To have g_α (m_α ) ∉ f_α [M] we will choose m_α such that the following inductiv e conditions are satisfied. g_α (m_α ) ∉ {f_α (m_α )}, i.e., such that (I_α ) m_α ∈ U_α , where U_α = {x ∈ R:f_α (x) ≠ g_α (x)}.

g_α (m_α ) ∉ {f_α (m_γ ):γ < α}, i.e., such that (II_α ) m_α ∉ � γ< α g − 1 α (f_α (m_γ )).

g_α (m_α ) ∉ {f_α (m_γ ):γ > α}, i.e., such that f_α (m_γ ) ≠ g_α (m_α ) for every α < γ. By interchanging α and γ in the last condition we obtain f_γ (m_α ) ≠ g_γ (m_γ ) for every γ < α. So, it is enough to choose (III_α ) m_α ∉ � γ< α f − 1 γ (g_γ (m_γ )).

To make such a choice possible, we will also require that (⋆_α ) f^{− 1}_α (g_α (m_α )) is nowhere dense in P_g for every g ∈ G. We will achieve this by making sure that g_α (m_α ) ∉ S^g_α for every g ∈ G, where S^g_α = {y ∈ R:f^{− 1}_α (y) ∩ P_g is not nowhere dense in P_g}.

Notice that each S^g_α is at most countable. So, we will guaran tee (⋆_α ) by choosing (IV_α ) m_α ∉ � g∈ G g − 1 α (S^g_α ).

Clearly it is enough to show that the choice of such m_α is possible. So, assume that for some α < c the construction is done till step α. We will choose m_α . Let V_α = � γ< α

[g^{− 1}_α (f_α (m_γ )) ∪ f^{− 1}_γ (g_γ (m_γ ))] ∪ � g∈ G � y∈ S^g_α

g^{− 1}_α (y)

and put T_α = U_α \ V_α . It is enough to show that T_α ∩ P_{gα} ≠ ∅ . But g_α is not a truncation of f_α . So, |g_α [U_α ]| = c and the set U_α ∩ P_{gα} is nonempt y and open in P_{gα} . Since V_α is a union of less than continuum many sets, it is enough to argue that each of these sets is nowhere dense in P_{gα} .

But sets f^{− 1}_γ (g_γ (m_γ )) are nowhere dense in P_{gα} by (⋆_γ ), i.e., the inductiv e assumption (IV_γ ). To finish the proof it is enough to notice that g^{− 1}_α (y) is nowhere dense in P_{gα} for every y ∈ R, which follows immediately from the definition of P_{gα} .

Pr oof of (C^′). Let h(x) = min{0,x^2 − 1}, g(x) = 0, and f (x) = max{h(x),x − 2} for every x ∈ R. Clearly f ≠ h ≠ g. It is enough to show that for every M ⊆ R either f [M] ⊆ h[M] or g[M] ⊆ h[M]. But if M \ (− 1,1) ≠ ∅ then g[M] = {0} ⊆ h[M]. Otherwise M ⊆ (− 1,1) and f [M] = h[M].

Pr oof of (D) . Apply Lemma 4.12 with κ = ℵ_1, g ∈ C and f ∈ C_n . Pr oof of (E) . Let f ∈ C. If there are a < b such that f is constan t on [a, b] it is enough to take M = [a, b].

So, assume that f ∈ C_n and let {g_α :α < c} = C_c. As in the proof of (C) it is enough to find M = {m_α :α < c} such that (I_α ) m_α ∈ U_α = {x ∈ R:f (x) ≠ g_α (x)}; (II_α ) m_α ∉ � γ< α g − 1 α (f (m_γ ));

(III_α ) m_α ∉ � γ< α f

− 1(g_γ (m_γ )).

But |f [U_α ]| = c, since U_α ≠ ∅ and f ∈ C_n . Also � � � γ< α g − 1 α (f (m_γ )) � �< c since |g^{− 1}_α (f (mγ ))| ≤ ℵ0. Thus, � � �f � � γ< α

g^{− 1}_α (f (m_γ )) � � �< c.

Moreover, f � � γ< α

f^{− 1}(g_γ (m_γ )) � = � γ< α

f [f^{− 1}(g_γ (m_γ ))] ⊆ {g_γ (m_γ ):γ < α}

has cardinalit y < c. So, the set

U_α \ � � γ< α

[g^{− 1}_α (f (m_γ )) ∪ f^{− 1}(g_γ (m_γ ))] �

is nonempt y. This finishes the proof of Theorem 6.5.

Remark 6.6 There is no set M ⊆ R such that for every f ,g ∈ C(R) (not necessarily nowhere constan t), if f [M] = g[M] then f = g.

Pr oof. Such a set M would be an SRU for C(R), so, by theorem 5.6, M is dense and is disjoint from a Cantor set K. But then we can build distinct Cantor-like functions f and g with f [R \ K] = g[R \ K] (a countable set).

References

[BS] A. Bella, S. Simon, Function spaces with a dense set of nowhere constant functions , Boll. Unione.

Mat. Ital. 7(4A) (1990), 121–124.

[BD] A. Berarducci, D. Dikranjan, Uniformly approachable functions and UA spaces, Rend. Ist. Matematico Univ. di Trieste 25 (1993), 23–56.

[Bü] J.R. Büchi, On the existence of total ly heterogeneous spaces, Fund. Math. 41 (1954), 97–102.

[CLO] K. Ciesielski, L. Larson, K. Ostaszewski, I-density Continuous Functions , Mem. Amer. Math. Soc.

vol. 107 no. 515, 1994.

[C] P. Corazza, The generalized Borel conjecture and strongly proper orders, Trans. Amer. Math. Soc.

316 (1989), 115–140.

[DPR] H.G. Diamond, C. Pomerance, L. Rub el, Sets on which an entire function is determine d by its range, Math Z. 176 (1981), 383–398.

[DM] B. Dushnik, E.W. Miller, Partial ly ordered sets, Amer. J. Math. 63 (1941), 600–610.

[En] R. Engelking, General Topology, Revised and Completed Edition , Sigma Series in Pure Mathematics, vol. 6, Heldermann Verlag, Berlin 1989.

[F] D.H. Fremlin, Measure-additive coverings and measurable selectors, Dissert. Math. 260 (1987).

[Je] T. Jech, Set Theory, Academic Press, New York, 1978. [Ju] W. Just, A modification of Shelah’s oracle-cc with applications , Trans. Amer. Math. Soc. 329 (1992), 325–356.

[Ku1] K. Kunen, Set Theory, North-Holland, 1983. [Ku2] K. Kunen, Random and Cohen reals, in Handb ook of Set-Theoretic Topology (K. Kunen and J.E. Vaughan, eds.), North-Holland (1984), 887–911.

[Mi1] A.W. Miller, Some properties of measure and category, Trans. Amer. Math. Soc. 266 (1981), 93–114. [Mi2] A.W. Miller, Special Subsets of the Real Line, in Handb ook of Set-Theoretic Topology (K. Kunen and J.E. Vaughan, eds.), North-Holland (1984), 201–233.

[Mi3] A.W. Miller, Mapping a set of reals onto the reals, J. Symbolic Logic 48 (1983), 575–584. [Ox] J.C. Oxtob y, Measure and Category, 2nd ed., Springer-Verlag, 1980. [Ro] H. L. Royden, Real Analysis, Pren tice Hall, 1988. [Ru] W. Rudin, Real and Complex Analysis, McGraw-Hill, 1987. [Sh] S. Shelah, Independence results, J. Symbolic Logic 45 (1980), 563–573. [Ta] F.D. Tall, The density topology, Pacific Math. J. 62(1) (1976), 275–284. [To] S. Todorcevic, Partition problems in topology, Contemp. Math. 84, Amer. Math. Soc. 1989.