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Abstract

We will show that if the cofinality of the ideal of Lebesgue mea-
sure zero sets is equal to ω1 then there exists a Boolean algebra B of
cardinality ω1 which is not a union of strictly increasing ω-sequence
of its subalgebras. This generalizes a result of Just and Koszmider
who showed that it is consistent with ZFC+¬CH that such an algebra
exists.

1 Preliminaries

For an infinite Boolean algebra B its cofinality cof(B) is defined as the least
infinite cardinal number κ such that B is a union of strictly increasing se-
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quence of type κ of subalgebras of B; its homomorphism type h(B) is the
least cardinality of an infinite homomorphic image of B.

In [6] Koppelberg proved that

(a) ω ≤ cof(B) ≤ h(B) ≤ c, and

(b) if Martin’s Axiom holds then cof(B) = ω for every Boolean algebra B
with |B| < c; in particular h(B) ∈ {ω, c} for every Boolean algebra B.

(See also [5] and [4].)
In [5] Just and Koszmider examined a question whether in (b) the as-

sumption of Martin’s Axiom is important. They gave a positive answer to
it by showing that there exists a model of ZFC (obtained by adding Sacks
reals side-by-side) in which there is a Boolean algebra B such that |B| =
cof(B) = ω1 < c. Clearly for this algebra we have also h(B) = ω1 /∈ {ω, c}
since cof(B) ≤ h(B) ≤ |B|.

The goal of this paper is to prove the following theorem, in which N
denotes the ideal of Lebesgue measure subset of R and cof(N ) its cofinality,
that is,

cof(N ) = min{|B|:B ⊂ N generates N}.

Theorem 1 cof(N ) = ω1 implies that there exists a Boolean algebra B of
cardinality ω1 such that cof(B) = ω1.

This generalizes the result of Just and Koszmider since in the model they
worked with cof(N ) = ω1 holds. However, cof(N ) = ω1 holds in many other
models as well. (For example, it follows from the Covering Property Axiom
CPA as shown by the authors in [3].) Moreover, the argument presented here
is considerably simpler than the one from [5].

Our set theoretic terminology is standard and follows that of [2]. In
particular, |X| stands for the cardinality of a set X and c = |R|. In what
follows we will use the following characterization of cof(N ), in which CH

stands for the family of all subsets
∏

n<ω Tn of ωω such that Tn ∈ [ω]≤n+1 for
all n < ω.

Proposition 2 (Bartoszyński [1, thm. 2.3.9])

cof(N ) = min
{
|F|:F ⊂ CH &

⋃
F = ωω

}
.
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2 The proof

The proof of Theorem 1 will be based on the following lemma.

Lemma 3 If cof(N ) = ω1 then for every infinite countable Boolean algebra
A there exists a family {aξ

n ∈ A:n < ω & ξ < ω1} with the following
properties.

(i) aξ
n ∧ aξ

m = 0 for every n < m < ω and ξ < ω1.

(ii) For every increasing sequence 〈An:n < ω〉 of proper subalgebras of A
with A =

⋃
n<ω An there exists a ξ < ω1 such that aξ

n /∈ An for all
n < ω.

Proof. In the argument that follows every sequence Ā = 〈An:n < ω〉 as
in (ii) will be identified with a function fĀ = f ∈ ωA for which f−1(n) =
An \

⋃
i<n Ai. We will denote the set of all such functions by X. Also, let

{bn:n < ω} be an enumeration of A and for each n < ω let Bn be a finite
algebra generated by {bi: i < n}. Thus, A =

⋃
i<n Bi.

Since cof(N ) = ω1, the dominating number

d = min {|K|:K ⊂ ωω & (∀f ∈ ωω)(∃g ∈ K)(∀n < ω) f(n) < g(n)}

is equal to ω1. (See e.g. [1].) So, there exists a dominating family K ⊂ ωω

of cardinality ω1. We can also assume that the sequences in K are strictly
increasing and that for every g ∈ K function ḡ defined by ḡ(n) =

∑
i≤n g(i)

also belongs to K.
Next note that for every f ∈ X there are d̄ = 〈dk: k < ω〉 ∈ K and

r̄ = 〈rk: k < ω〉 ∈ K such that for every k < ω

(a) f(b) < rk for all b ∈ Bk; and

(b) there are disjoint b0, . . . , b2k ∈ Bdk
with rdk−1

< f(b0) < · · · < f(b2k).

Indeed, the existence of r̄ satisfying (a) follows directly from the definition
of a dominating family. Moreover, since all algebras An = f−1({0, . . . , n})
are proper, for every number d < ω there exist disjoint b0, . . . , b2d ∈ A such
that rd < f(b0) < · · · < f(b2d). Let h ∈ ωω be such that b0, . . . , b2d ∈ Bd+h(d)

for every d < ω and let g ∈ K be a function dominating h. Then d̄ = ḡ is as
required.
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The above implies, in particular, that for every f ∈ X there are d̄, r̄ ∈ K
such that f satisfies (b) and the sequence f r̄ = 〈f � (Bdk

\ Bdk−1
): k < ω〉

belongs to

X(d̄, r̄) =
∏
k<ω

(rdk
)Bdk

\Bdk−1 .

Now, since cof(N ) = ω1, by Proposition 2 (applied to
∏

k<ω ω
Bdk

\Bdk−1

in place of ωω) we can find an ω1-covering of X(d̄, r̄) by sets T of the form
∏

k<ω Tk, where Tk ∈
[
ωBdk

\Bdk−1

]≤k+1

for all k < ω. Since the total number

of these sets T (for different d̄, r̄ ∈ K) is equal to ω1, to finish the proof it
is enough to show that for any such T there is one sequence 〈an:n < ω〉
satisfying (i) and such that (ii) holds for every for every Ā = 〈An:n < ω〉 for
which f r̄

Ā belongs to T and fĀ satisfies (b).
So, let T be as above and let T ∗ be the set of all functions fĀ satisfying

(b) for which f r̄
Ā ∈ T . By induction on k < ω we will construct a sequence

〈ck ∈ Bdk
\Bdk−1

: k < ω〉 such that

(∗) f(ck) > rdk
≥ k for every k < ω and f ∈ T ∗.

So fix a k < ω and let {fi: i < k} be such that

{fi � Bdk
\Bdk−1

: i < k} = {f � Bdk
\Bdk−1

: f ∈ T ∗} ⊂ Tk.

We show inductively that for every m < k

there is a c ∈ Bdk
such that fj(c) > rdk

for all j ≤ m. (1)

So, fix an m < k and let a ∈ Bdk
such that fj(a

c) = fj(a) > rdk
for

all j < m. If fm(a) > rdk
then c = a satisfies (1). Thus, assume that

fm(ac) = fm(a) ≤ rdk
. By (b) we can find b0, . . . , b2k ∈ Bdk

such that
rdk−1

< fm(b0) < · · · < fm(b2k). By Pigeon Hole Principle we can find an
I ∈ [{0, . . . , 2k}]k+1 and a b ∈ {a, ac} such that fm(b ∧ bi) = fm(bi) for all
i ∈ I. Without loss of generality we can assume that I = {0, . . . , k} and
b ∧ bi = bi for all i ≤ k. Then

fm(bc ∨ bi) > rdk
for all i ≤ k.

Moreover, for every j < m there is at most one ij ≤ k for which

fj(b
c ∨ bij) ≤ rdk
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since for different i, i′ ≤ k we have fj((b
c ∨ bi) ∧ (bc ∨ bi′)) = fj(b

c) > rdk
.

Thus, by Pigeon Hole Principle, there is an i ≤ k such that c = bc∨bi satisfies
(1). This finishes the proof of (∗).

Clearly the sequence 〈ck ∈ Bdk
\Bdk−1

: k < ω〉 satisfies (ii) for every Ā
with fĀ ∈ T ∗. Thus, we need only to modify it to get also the condition (i).

To do it, use the fact that

rdk
< f(ck) < rdk+1

for every k < ω and f ∈ T ∗

to construct the sequences: ω = I0 ⊃ I1 ⊃ · · · of infinite subsets of ω,
increasing 〈kj ∈ Ij: j < ω〉, and 〈c∗kj

∈ {ckj
, cc

kj
}: j < ω〉 such that for every

j < ω

• f(ākj
∧ cl) > rdl

for every f ∈ T ∗ and l > kj with l ∈ Ij,

where ākj
= c∗k0

∧ · · · ∧ c∗kj
. Then the sequence 〈ākj

: j < ω〉 is a strictly

decreasing sequence satisfying (ii) and it is now easy to see that by putting
aj = ākj

∧ āc
kj+1

we obtain the desired sequence.

Proof of Theorem 1. Algebra B we construct will be a subalgebra of the
algebra P(ω) of all subsets of ω. First, let K ⊂ ωω be a dominating family
with |K| = ω1 and fix a partition {Dk: k < ω} of ω into infinite subsets.

For every sequence ā = 〈an:n < ω〉 of pairwise disjoint subsets of ω and
k < ω put a∗k =

⋃
{an:n ∈ Dk}. In addition, for every h ∈ K we put

ah =
⋃

{anh(k): k < ω}

where nh(k) = min{n ∈ Dk:n > max{h(k), k}}. We also put

F (ā) = {a∗k: k < ω} ∪ {ah:h ∈ K} ∈ [P(ω)]≤ω1 .

Next, we will construct an increasing sequence 〈Bξ ∈ [P(ω)]ω1 : ξ ≤ ω1〉 of
subalgebras of P(ω) aiming for B = Bω1 . Thus, we choose B0 as an arbitrary
subalgebra of P(ω) with |B0| = ω1 and for limit ordinal numbers λ ≤ ω1 we
put Bλ =

⋃
ξ<λ Bξ. The algebra Bξ+1 is formed from Bξ in the following way.

Let {bη: η < ω1} be an enumeration of Bξ and for η < ω let Aξ
η be a

subalgebra of Bξ generated by {bζ : ζ < η}. For each such algebra we apply
Lemma 3 to find the sequences āγ = 〈aγ

n:n < ω〉, γ < ω1, satisfying (i) and
(ii) and let

G(Aξ
η) =

⋃
γ<ω1

F (āγ).
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Bξ+1 is defined as the algebra generated by Bξ ∪
⋃

η<ω1
G(Aξ

η). This finishes
the construction of B.

Clearly, |B| = ω1. To prove that cof(B) = ω1 it is enough to show
that B is not a union of an increasing sequence B̄ = 〈Bn:n < ω〉 of proper
subalgebras. So, by way of contradiction, assume that such a sequence B̄
exists. For every n < ω choose bn ∈ B \ Bn and find ξ, η < ω1 such that
{bn:n < ω} ⊂ Aξ

η. Then the algebras An = Bn ∩ Aξ
η form an increasing

sequence of proper subalgebras of A = Aξ
η. Thus, one of the sequences āγ

satisfies (ii) for Ā. So, if we put āγ = ā = 〈an:n < ω〉 we conclude that
{a∗k: k < ω} ∪ {ah:h ∈ K} ⊂ B. Let f(k) = min{n < ω: a∗k ∈ Bn} and let
h ∈ K be such that f(k) < h(k) for all k < ω.

The final contradiction is obtained by noticing that ah cannot belong to
any Bk. Indeed, if ah ∈ Bk for some k, then ah ∩ a∗k = anh(k) belongs to
Bmax{f(k),k}, since a∗k ∈ Bf(k). But max{f(k), k} ≤ max{h(k), k} < nh(k) so
we get anh(k) ∈ Bnh(k) contradicting the fact that anh(k) belongs to Ā\Anh(k),
which is disjoint with Bnh(k).
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