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Abstract

In the paper we formulate a Covering Property Axiom CPAism,
which holds in the iterated perfect set model, and show that it implies
the following facts of which (a) and (b) are the generalizations of
results of Steprans [26].

(a) There exists a family JF of less then continuum many C* functions
from R to R such that R? is covered by functions from F in the
sense that for every (z,y) € R? there exists an f € F such that
either f(z) =y or f(y) = x.

(b) For every Borel function f:R — R there exists a family F of less
than continuum many “C'” functions (i.e., differentiable func-
tions with continuous derivatives, where derivative can be infi-
nite) whose graphs cover the graph of f.
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(¢) Forevery n > 0 and a D™ function f: R — R there exists a family
F of less than continuum many C” functions whose graphs cover
the graph of f.
We also provide the examples showing that in the above properties
the smotheness conditions are the best possible. Parts (b), (c), and
the examples are closely related to work of Olevskii [24].

1 Basic notation

Our set theoretic terminology is standard and follows that of [9]. In particu-
lar, | X| stands for the cardinality of a set X and ¢ = |R|. The Cantor set 2¢
will be denoted by a symbol €. We use term Polish space for a complete sep-
arable metric space without isolated points. A subset of a Polish space
is perfect if it is closed and contains no isolated points. For a Polish space X
symbol Perf(X) will stand for a collection of all subsets of X homeomorphic
to the Cantor set €. Thus, in general, Perf(X) is just a (coinitial) subfamily
of the family of perfect subsets of X, though these two collections coincide
if X is zero dimensional. For a fixed 0 < a < w; and 0 < 8 < a a symbol 7g
will stand for the projection from €% onto €. We will always consider €¢
with the following standard metric p: fix an enumeration {(fy, n):k < w}
of @ x w and for distinct =,y € € define

p(l', y> — 9~ min{k<w:x(ﬂk)(nk)#y(ﬁk)(nk)}. (1>

An open ball in €% with a center at z € €* and radius € > 0 will be denoted
by Ba(z,¢). Notice that in this metric any two open balls are either disjoint
or one is a subset of the other. Also for every v < «

7y[Ba(s,€)] = my[Ba(t,€)] for every s,t € €* with s [y =1 [ 7. (2)

It is also easy to see that any B,(z,¢) is a clopen set.

We will use standard notation for the classes of differentiable partial func-
tions from R into R. Thus, if X is an arbitrary subset of R without isolated
points we will write C°(X) or C(X) for the class of all continuous functions
f: X — R and D'(X) for the class of all differentiable functions f: X — R,
that is, those for which the limit

f/<x0) _ lim f(l’) — f('rO)

r—xg, t€X T — 2o
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exists and is finite for all 2o € X. Also, for 0 < n < w we will write D"(X)
to denote the class of all functions f: X — R which are n-times differentiable
with all derivatives being finite and C"(X) for the class of all f € D"(X)
whose n-th derivative f™ is continuous. Symbol C*(X) will be used for all
infinitely many times differentiable functions from X into R. In addition, we
say that a function f: X — R is in the class “D"(X)” if f € C"}(X) and
it has the n-th derivative which can be infinite; f is in the class “C™(X)”
when f is in “D"(X)” and its n-th derivative is continuous when its range
[—00, 0] is considered with the standard topology. “C*°(X)” will stand for
all functions f: X — R which are either in C*°(X) or, for some 0 < n < w,
they are in “C"(X)” and f™ is constant equal to oo or —oo. (Thus, in
general, “C*(X)” is not a subclass of “C™"(X).”) In addition we assume that
functions defined on a singleton are in the C* class, that is, C>°({z}) = R{=}.
We will use these symbols mainly for X’s which are either in the class Perf(R)
or are the singletons. In particular, C7\_ ; will stand for the union of all C"(P)
for which P C R is either in Perf(R) or a singleton. The classes Dy _,
Coart, and “Cg¢” are defined the similar way. We will drop parameter X if
X =R. In particular, D" = D™(R) and C" = C"(R). The relations between
these classes for n < w are given in a chart below, where arrows — indicate
the strict inclusions C.

Dn+1 Cn+1

|

Cn P (ch+177 <¢Cn+177

Chart 1.
In addition for FF C R? we define F~' = {(y,z):(z,y) € F} and for
F CP[R?) weput F ! ={F1FeF}

2  Axiom CPAyigm

Axiom CPA,ism 1s a simpler version of the axiom CPA which is described
in [13]. The main notion needed for the axiom is that of a prism and prism-
density.
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Let A be a non-empty countable set of ordinal numbers and let ®pyism(A)
be the family of all continuous injections f:@4 — ¢4 with the property that

f@)la=fy)la & zla=y |« forall o € A and z,y € € (3)

or, equivalently, such that for every a € A

Frla®{zlayla)(zy) e f}

is a one-to-one function from €47 into €47, Functions f from D prism (A)
were first introduced, in more general setting, in [19] where they are called
projection-keeping homeomorphisms. Note that

®rism (A) is closed under compositions (4)
and that for every ordinal number o > 0
if f € Pprism(A) then f ] a € @prigm(A N a). (5)
For 0 < a < wy let

P, = {range(f): f € Pprism()}-

Note that
if f € Pprism() and P € P, then f[P] € P,. (6)

Indeed, if P = g[€?] for some g € Ppyism(a) then, by condition (4), we have

fIP] = flgl€]] = (f o g)[€?] € P,.
We will write @i for (Jy., cor Qrism (@) and define

def
I[le = U0<a<w1 IP)O& - {range(f): f € (I)prism}'

Following [19] we will refer to elements of P, as iterated perfect sets.

The simplest elements of P, are cubes (in €4), that is, the sets of the
form C' =[], 4 Ca, where C,, € Perf(€) for each a € A. (This is justified by
a function f = (fo)aca € Pprism(A), where each f, is a homeomorphism from
¢ onto C,.) In particular, since any open ball B,(z,¢) (in the metric given
by (1)) is a cube in €%, it belongs to P,. In fact, more can be said:

if B, < {B C €% Bis clopen in €} then B, C P,. (7)
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This is the case, since any clopen F in €% is a finite union of disjoint open
balls, each of which belongs to P,, and it is easy to see that P, is closed
under finite unions of open balls.

In general, the structure of elements of P, can be considerably more
complex. However, there is only one non-trivial fact about P, that we will
use in this paper: the family P, satisfies the following fusion lemma.

Lemma 2.1 (Fusion Lemma) Let 0 < o < wy, A € {B,,P,}, and let
(D), C [A]=“:k < w) be such that for every k < w the following holds.

(P1) (Dy, is A-open) If {Ey, ..., E,} € Dy and E, ..., E! € A are such that
E! C E; for every i <n then {Ej,...,E]} € D.

(P2) (sequence splits) If {Ey, ..., E,} € Dy and {E}, Ei} € Dy for every
i <n is such that Ej U E} C E; then {E}:i <n & j < 2} € Dy

(P3) (Dy is nicely A-dense) For every E € A and v < « there are disjoint
Ey, Ey € Asuch that EUE, C E,{Ey, E1} € Dy, and 7, |Ey| = 7, [E1].

Then there exists a sequence (£, € Dy:k < w) with the property that its
fusion @ = (., U &k belongs to P,.

Although the lemma looks quite complicated, it should be stressed that
in all its application we will be checking only condition (P3), since the other
two conditions will be trivially satisfied. The proof of Lemma 2.1 will be
postponed till the end of this paper.

The only other fact we will use on P, (or, more precisely, on cubes) is
the following

Claim 2.2 If G C €% is comeager in €“ then it contains a perfect cube
Hi<w Pl

Proor. It follows easily, by induction on coordinates, from the following
well known fact.

For every comeager subset H of € x € there are perfect set P C €
and a comeager subset H of € such that P x H C H.
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(See [20, Exercise 19.3]. Its version for R? is also proved in [14, condition
(%), p. 416].) |

To state CPApism we need a few more definitions. For a fixed Polish
space X let Fprigm(X) (or just Fppism, if X is clear from the context) be the
family of all continuous injections f: £ — X, where F € P,,. Each such
injection f is called a prism in X and is considered as a coordinate system
imposed on P = range(f).! We will usually abuse this terminology and
refer to P itself as a prism (in X) and to f as a witness function for P. A
function g € Fprism is subprism of f provided g C f. In the above spirit we
call Q = range(g) a subprism of a prism P. Thus, when we say that @ a
subprism of a prism P € Perf(X) we mean that @Q = f[E], where f is a
witness function for P, £ € P,,, and E C dom(f). A family £ C Perf(X) is
Fprism-dense provided

Vf € Forism 39 € Fprism (9 C f & range(g) € ).
Using (4) it is easy to show that
Fact 2.3 £ C Perf(X) is Fprism-dense if and only if
Va <wy Vf € Forism, [1€Y — X, 39 € Forism (g C f & range(g) € ).

Thus, to establish Fpism-density we can always assume that the witness
function f for the prism P is in a standard form, that is, defined on the
entire set €*.

Now we are ready to state the axiom.

CPAism: ¢ = wo and for every Polish space X and every Fpism-dense family
& C Perf(X) thereis an & C &€ such that || < wy and | X \|J & < wy.

The proof of the consistency of CPAsm can be found in [12, Prop. 4.2].
(See also [13].) We finish this section with yet another lemma which will be
used in our applications.

Lemma 2.4 For every 0 < a < wy, F € P,, a Polish space X, and a
continuous function f: E — X there exist 0 < § < a and P € P,, P C F,
such that f o ng is a function on mg[P| € Py which is either one-to-one or
constant.

Lemma 2.4 is a particular case of [19, Thm. 20]. It can be also easily
deduced from Lemma 2.1. (See also [13, Lemma 3.2.5].)

In a language of forcing a coordinate function f is simply a nice name for an element
from X.
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3 Covering results and their discussion

The main consequence of CPA iy, we discuss in this paper is the following
theorem.

Theorem 3.1 The following facts follow from CPA isn.

(a) For every Borel measurable function g: R — R there exists a family of
functions {fe € “C32;”: € < w1} such that

perf
g=U fe

E<wy

Moreover for each ¢ < w; there exists an extension fé—:R — R of fe
such that

(i) fe € “C'” and

(i) either fe € C* or fe is a homeomorphism from R onto R such that
fetech

(b) There exists a sequence { fe € R®: & < w;} of C! functions such that

R*= | J(feu £h).

E<wt

The essence of Theorem 3.1 lies in the following real analysis fact. Its
proof is combinatorial in nature and uses no extra set-theoretical assump-
tions.

Proposition 3.2 Let g:R — R be Borel and 0 < a < wy.

(a) For every continuous injection h: €* — R there exists an E € P, such
that g | h[E] € “Cie;” and there is an extension f:R — R of g | h[E]
such that f € “C'” and either f € C* or f is a self-homeomorphism of

R with f~! € CL.

(b) For every continuous injection h: € — R? there exists an E € P, such
that either F' = h[E] C R? or its inverse, F~!, is a function which can
be extended to a C' function f:R — R.
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With Proposition 3.2 in hand the proof of Theorem 3.1 becomes an easy
exercise.

PrOOF OF THEOREM 3.1. (a) Let g:R — R be a Borel function and let £
be the family of all P € Perf(R) such that

g | P € “Chy’ and there is an extension f:R — R of g [ P such
that f € “C'” and either f € C! or f is a self-homeomorphism of

R with f~ € C*.

By Proposition 3.2(a) family & is Fprism-dense: if P € Perf(R) is a prism and
h: €% — R from Fpism witnesses it then Q = h[E] as in the proposition is a
subprism of P with Q € €. So, by CPA s, there exists an & € [£]=“* such
that IR\ UJ&| < wy. Let & = E U {{r}:r € R\ J&}. Then the family
{g | P: P € &} satisfies the theorem.

(b) Let &€ be the family of all P € Perf(R?) such that either P or P! is
a function which can be extended to a C' function f:R — R. By Proposi-
tion 3.2(b) family &€ is Fusm-dense, so there exists an & € [E]“* such that
R\ U&| < wi. Let & = E U {{z}:x € R2\ &} For every P € & let
fp:R — R be a C! function which extends either P or P~!. Then family
{fp: P € &} is as desired. [ ]

The proof of Proposition 3.2 will be left to the next sections. Meanwhile
we like to present a discussion of Theorem 3.1.

First we like to reformulate Theorem 3.1 in a language of a covering
number cov defined below, where X is an infinite set (in our case X C R?

with | X| =¢) and A, F C P(X):
cov(A, F) = min ({,{; (VA € A)(3G € [FI=5) A C Ug} U {|X|+}) .

If A C X we will write cov(A,F) for cov({A},F). Notice the following
monotonicity of cov operator: for every A C B C X, A C B C P(X), and
FCGCPX)

cov(A,G) < cov(B,G) < cov(B,F) & cov(A4,G) <cov(B,G) < cov(B,F).

In terms of the cov operator Theorem 3.1 can be expressed in the following
form, where Borel stands for the class of all Borel functions f:R — R.
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Corollary 3.3 CPA,m implies that

(a) cov (Borel, “C32”) = w1 < ¢;

(b) cov (Borel, “C'7) = w; < ¢;
(c) cov (Borel CluChH™) =uw <
(R?

(d) cov uiChH ) =w <c.
PROOF. The fact that all numbers cov(A, G) listed above are < w; follows
directly from Theorem 3.1. The other inequalities follow from Examples 7.6

and 7.8. m

Theorem 3.1(b) and Corollary 3.3(d) can be treated as generalizations of
a result of Steprans [26] who proved that in the iterated perfect set model

we have cov (RQ, (“D¥)uU (“Dl”)_1> < wy. This clearly follows from Corol-

lary 3.3(d) since C* C “D'". (See survey article [4]. For more information
how to “locate” Steprans’ result in [26] see also [11, Cor. 9].)

The following proposition shows that Theorem 3.1 is, in a way, the best
possible. (Parts (i), (ii), and (iii) relate, respectively, to items (b), (c¢)&(d),
and (a) from Corollary 3.3.)

Proposition 3.4 The following is true in ZFC.
(i) cov (Borel,C') = cov (“C'”,C") = cov (“C'”, D}

perf) = ¢. Moreover,

cov(“C"7,C") = cov(“C"”, Dy ) = ¢ for every 0 <n < w.

perf
(i) cov (Borel C*U(C*)™) =cov (“C*”, D2 U (D2.) ") = ¢, and
cov (R?,C? U (C?)™!) = cov (“C*”, DZ.; U (Dperf)_l) = .

(iii) cov (Borel, C%¢) = cov (“C'7,C2%¢) = cov (“C'7, Dl ¢) = ¢, and

cov (Borel, “C*”) = cov (C!, “C*”) = cov (C!, “D*”) = ¢. Moreover,
(

cov (C™, “D™17) = ¢ for every 0 < n < w.

PRrROOF. (i) follows immediately from Examples 7.2 and 7.3.

(ii) follows from monotonicity of cov operator and Example 7.1.

The first part of (iii) follows from (i). The remaining two parts follow,
respectively, from Examples 7.4 and 7.5. [



Small coverings with smooth functions under CPA January 25, 2004 10

Corollary 3.3 and Proposition 3.4 establish the values of cov operator for
all classes in Chart 1 except for cov (D™, C") and cov (“D™”, “C™”). These are
established in the following theorem, which proof will be left to Sections 6.

Theorem 3.5 If CPAism holds then for every 0 < n < w
cov (D",C") = cov (“D"7, “C"") = wy < c.

With this theorem in hand we can summarize the values of the cov oper-
ator between the classes from Chart 1 in the following graphical form. Here
the mark “¢” next to the arrow means that the covering of the larger class
by the functions from the smaller class is equal to ¢ and that this can be
proved in ZFC. The mark “< ¢” next to the arrow means that it is consistent
with ZFC (and it follows from CPA,,sy,) that the appropriate cov number
is < ¢. (From Examples 7.6, 7.7, and 7.8 it follows that all these numbers
are greater than or equal to min{cov(M),cov(N)} > w. So under the con-
tinuum hypothesis CH or Martin’s Axiom MA all these numbers are equal
to ¢.)

Dl ~ Cl Dn+1 = Cn—i—l
CO uDln cccln Cn - an—l—ln -— cccn—l—ln
<¢c¢ <¢c¢ o <c¢

Chart 2. Values of cov operator: for n =0 (left) and n > 0 (right).

The values of cov next the vertical arrows are justified by cov(“C"”, D™) = ¢
(Proposition 3.4(i)), while marks “< ¢” below the upper horizontal arrows
and that directly below them follow from Theorem 3.5. The remaining arrow
of the right part of the chart is the restatement of the last part of Proposi-
tion 3.4(iii), while its counterpart in the left part of the chart follows from
Corollary 3.3(b): cov (C, “C'”) = cov (Borel, “C'”) < ¢ is a consequence of
CPA,ism- Finally let us mention that in Corollary 3.3(b) there is no chance
to increase family Borel in any essential way and keep the result. This follows
from the following fact

cov(Se, C) = cov (R¥,C) > cof(c), (8)
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where symbol Sc stands for the family of all symmetrically continuous func-
tions f:R — R which are, in particular, continuous outside of some set of
measure zero and first category. (See [10, Cor. 1.1] and the remarks below
on the operator dec.)

Number cov(A, F) is very closely related to the following decomposition
number

dec(A, F) = min({x > w: (VA € A)(3 a partition G € [F]* of A} U {|X]|"})

which was first studied by Cichon, Morayne, Pawlikowski, and Solecki [7] for
the Baire class a functions. (More information on dec(F, G) can be found in
a survey article [8, sec. 4].) It is easy to see that if 4 and F are some classes
of partial functions and F, denotes all possible restrictions of functions from
F then cov(A, F) = dec(A, F,). In particular, for all situations relevant to
our discussion above the operators cov and dec have the same values.

Our number cov is also related to the following general class of problems.
We say that the families A, F C P(X) satisfy Intersection Theorem, which
we denote by

IntTh(A, F),

if for every A € A there exists an F' € G such that |[ANF| = |X|. If A= {A}
we will write IntTh(A, F) in place of IntTh(A, F). This kind of theorems
have been studied for a big part of this century. In particular, in early 1940’s
Ulam asked in the Scottish Book [21, Problem 17.1] if IntTh(C, Analytic)
holds, that is, whether for every f &€ C there exists a real analytic func-
tion ¢g:R — R which agrees with f on a perfect set. (See [27].) In 1947
Zahorski [29] gave a negative answer to this question by proving that the
proposition IntTh(C*, Analytic) is false. In the same paper he also raised a
natural question, which has become known as Ulam-Zahorski Problem: Does
IntTh(C,G) hold for G = C*® (or G = C™ or G = D")? Here is a quick
summary of what is known on this problem. (See [4].)

Proposition 3.6 (a) (Zahorski [29]) =IntTh(C>, Analytic).
(b) (Agronsky, Bruckner, Laczkovich, Preiss [1]) IntTh(C,C").
(¢) (Olevskii [24]) IntTh(C!,C?).
(d) (Olevskii [24]) —=IntTh(C,C?) and —IntTh(C™,C"*!) for n > 2.
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We are interested in these problems since for the families A, F € P(R") of
uncountable Borel sets

-IntTh(A, F) = cov(A,F) =c¢ 9)

as, in this situation, if —=IntTh(.A, F) then there exists an A € A, |A| = «,
such that |[AN F| < w for every F' € F. Thus in the examples relevant to
Proposition 3.4 instead of proving cov(A, F) = ¢ we will be in fact showing
a stronger fact that —IntTh(Ag, F) for appropriate Ay C A € A.

4 Proof of Proposition 3.2

Proposition 3.2 will be deduced from the following fact, which is a general-
ization of a theorem of Morayne [23]. (Morayne proved his results for £ and
E; being perfect sets, that is, for « = 1.) For a set X we will use symbol
Ax to denote the diagonal in X x X, that is, Ax = {{x,z):z € X}. We
will usually write simply A in place of Ay, since X is always clear from the
context.

Proposition 4.1 Let 0 < a < wy, £ € P,, h: E — R be a continuous
injection, and G be a function from (h[E])*\ A into [0, 1] which is continuous
and symmetric, that is, such that G(x,y) = G(y,x) for all v,y € (h[E])*\ A.
Then there exists an F, € P,, Ey C F, such that G is uniformly continuous

n (h[E1])%\ A.

The proof of Proposition 4.1 will be presented in the next section. In the
proof of Proposition 3.2 we will also use the following lemma.

Lemma 4.2 Let g:R — R be Borel, 0 < o < wy, and E € P,. For every
continuous injection h: E — R there exist subset B, € P, of E and a “C'”
function f:R — R such that f extends g | h[E,].

In addition we can require that either f € C' or

(x) f" I h|E1] is constant equal to oo or —oo and f is a self-homeomorphism
of R such that f~! € Ch.

PRrROOF. First note that there exists an £’ € P,, E' C E, such that

g | h[E'] is continuous. (10)
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Indeed, let hy € Pppism be such that £ = hy [€%] and let U be a comeager
subset of h[E] = (h o hy) [€?] such that the restriction ¢ | U is continuous.
Then (h o hy) ! (U) is comeager in €~ and, by Claim 2.2, there is a perfect
cube Q C (hohg) Y (U). The set E' = ho[Q] € P, has the desired property
since h[E'| = hl[ho|Q]] C U.

Now let k:[—o00,00] — [0, 1] be a homeomorphism and let G be defined

n (h[E])* \ A by
Gleny) = k (g(x) — g(y)) ‘
r—y

Then, by Proposition 4.1, there exists an E] € P,, Ef C E’, such that
G is uniformly continuous on (h[E]])* \ A. So, there exists a uniformly
continuous extension of G | (h[E}])2\ A to G | (h[E}])%. Clearly k=*(G(x,z))
is the derivative (possibly infinite) of gy = g [ h[E]] for every x € h[E]], so
g0 € “C'(h[EY])".

Now, if (g§)*(R) is non-empty then, as in the argument for (10), we can
find an E, € P,, F; C E', such that h[F;] C (g5)"*(R). This obviously
implies g | h[E\] € C} But we also know that the difference quotient

function %j(y)

erf*
is uniformly continuous on (h[F;])* \ A. So, by Whitney’s
extension theorem [28] (see also Lemma 6.1), we can find a C' extension
f:R —=Rof g | h[Ey].

So, assume that (gy) ' (R) = 0. Then either (g)~!(c0) or (g§) ' (—o0) is
non-empty and open in A[E]]. Assume the former case. Similarly as above
we can find an EY € P,, Ef C E}, such that g{[h[E]]] = {oc0}. Then, by
a version of Whitney’s extension theorem from [3, Thm. 2.1], we can find a
“C1” extension fo:R — R of g [ h[EY].

But then there exists an open interval J in R intersecting h[E]] on the
closure of which f} is positive. So fi = fo | cl(J) is strictly increasing and
the derivative of f; ! is continuous, non-negative, and bounded. Thus there
exists a homeomorphism fy: R — R extending f; ' with f, € C'. Now put
f = f;" and take an E; € P, with E; C Ef/ N h™'(J). It is easy to see that
E; and f are as required. |

PROOF OF PROPOSITION 3.2(a). By Lemma 4.2 we can find an E, € P, for
which there is an extension f:R — R of g | h[Ep] such that f € “C'” and
either f € C! or f is a self-homeomorphism of R with f=! € C!. Thus, it is
enough to find a subset E € P, of Ej for which g [ h[E] € “C2,”.

perf
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If there exist a subset £ € P, of Ey and n < w such that

f=glhlE] € “C]," and £ has a constant value oo or —oo (11)

then this F is as desired. So assume that there is no such E. We will
use Fusion Lemma 2.1 with A = P, to find a subprism E of E, for which
g 1 hlE] € Cx

First notice that we can assume that Fy = €%, since we can replace h
with h o hg, where hy € @ppen is such that Ey = ho[€Y]. For k < w let
Dy, C [Po]<“ be the collection of all finite families £ of pairwise disjoint sets

each of the diameter less than 2% such that
g ARIEE € £} el (12)

We need to show that Dy’s satisfy the assumptions of Lemma 2.1.

It is obvious that the conditions (P1) and (P2) are satisfied. To see that
(P3) holds for k < w fix £ € P, and v < a. Applying Lemma 4.2 k-times
and using the fact that (11) is false we can find a sequence E = Py D --- D P,
from P, such that g | h[P] € C},; for each i < k. Take disjoint Ey, Ey € P,
subsets of Py, each of diameter less than 27% such that 7., [Eo] = 7, [E1]. Tt
is easy to see that Ey and E) satisfy the requirements of the condition (P3).

Now, by Lemma 2.1, there exist &, € Dy, such that £ =(,_ & € Pa.

Clearly g | h[E] € C; for such an FE. [ |

perf
PROOF OF PROPOSITION 3.2(b). Let 7, and 7, be the projections of R?
onto z-axis and y-axis, respectively, and consider functions h, = 7, o h and
h, = m, o h. Applying Lemma 2.4 two times we can find 3,3, < a and
E = P, C P, from P, such that h, o 73" is a function on 74, [P,] € Pg,,
hy o 7'('5; is a function on g, [P,] € Pg,, and each of these functions is either
one-to-one or constant. Notice that

either h, or h, is one-to-one on E. (13)
To see this first note that for every z € E we have
h(z) = (mz 0 h(2),my 0 h(2)) = ((ha 0 75, ) (75, (2)), (hy © 75, ) (7, (2))).

Since h is one-to-one this implies that max{f,, 5,} = a. By symmetry, we
can assume that o = 3,. Thus, h, = h, oﬂgml is either one-to-one or constant
on P, = mg, [P,]. If h, is one-to-one on P, then (13) holds. So, assume that
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h, is constant on P,. Then 7, o h = h, is constant on £ C P,, and so
h, = 7,0 h must be one-to-one on E, since h is one-to-one. Thus, (13) holds.

By symmetry, we can assume that h, is one-to-one on E. So 7, o h is a
one-to-one function from F onto 7,[h[E]] C R. In particular, Fy = h[E] C R?
is a function from m,[h[E]] into R. Then, by Lemma 4.2 used with g = Fj
and h = m, oh | E, we can find a subset F, € P, of F and a function
[:R — R extending h[E;] = g | h[E1] such that either f or f~! belongs
to C*. N

5 Proposition 4.1: a generalization of a the-
orem of Morayne

Our proof of Proposition 4.1 is based on the following lemmas, the first of
which is a version of a theorem of Galvin [16, 17]. (For the proof see [20,
Thm. 19.7] or [6]. Galvin proved his results for a = 1.)

Lemma 5.1 Forevery 0 < a < wy and every continuous symmetric function
h from (€%)?\ A into 2 = {0, 1} there exists a P € P, such that h is constant
on P?\ A.

PROOF. For j < 2 let G be the set of all s € €* such that
(VB<a)Ve>0)(Fte€)0<p(s,t)<e&s|[pf=t]F&h(s,t)=7
and notice that
each G; is a Gs-set and €% = GoUG. (14)

Indeed, to see that G is a Gs-set it is enough to note that for every 8 < «
and € > 0 the set

Gl ={seC(Hee)0<p(st)<c&s[B=t]B&h(st)=j}

is open in €% So let s € Gf’g and take t € €% witnessing it, that is, such
that 0 < p(s,t) <e,s | B =1t] S, and h(s,t) = j. We can choose basic open
neighborhoods U and V of s and ¢, respectively, such that Ux V\A C h71(j).
In addition we can assume that 73[U] = m3[V] and that each of the sets U
and V has diameter less than § = (¢ — p(s,t))/3. Then s € U C G?* since
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for every s’ € U there exists at' € V, t' # &', with &' | 8 =t | [ (since
mplU] = mp[V]), h(s', ') € h[U x V' \ A] = {;j} and

0<p(st) <p(s,s)+p(s,t)+p(t,t') <o+ p(s,t)+0 <e.

Thus each Gf’e is open and G; is a Gs-set.

To see the second part of (14) assume, by way of contradiction, that there
exists an s € €*\ (Go U Gy). Let By, g9 and 3y, €1 witness that s ¢ Gy and
s ¢ Gy, respectively. Put ¢ = min{eg, &1} > 0 and 8 = max{fy, 51} < a and
find t € € such that t | f=s | (3, p(s,t) < e, and t(5) # s(3). Then there
exists a j < 2 such that h(s,t) = j and this, together with ¢ [ §; = s [ §;
and p(s,t) < e; contradicts the choice of 3; and ¢;. This finishes the proof
of (14).

Next find a j < 2 and a basic clopen set U in € such that G is residual
in U. Replacing €* with U, if necessary, we can assume that G; is residual
in €¢. Using Fusion Lemma 2.1 with A = B, we will find a P € P, for which
P*\ A C ().

For each k < wlet Dy, C [B,]<“ be the collection of all families { P;:i < m}
of sets of the diameter less than 27% such that

P, x P, C h™'(j) forall i <n <m. (15)

It is obvious Dy’s satisfy conditions (P1) and (P2) from Lemma 2.1. Thus,
we need only to check (P3).

So, take ¥ € B, and v < a. It is enough to find disjoint Ey, £ € B,
subsets of E such that 7, [Ey] = 7, [E] and

Ey x By C h71(j). (16)

For this choose an s € ENG; and let g > 0 be such that B,(s,e0) C E.
By the definition of G; we can find a ¢ € €* for which 0 < p(s,t) < e,
s|v=t]~ and h(s,t) = j. In particular s,t € E and (s,t) € h71(j).
Since h is continuous we can find an € > 0 small enough that Ey = B,(s,¢)
and Ey = B,(t,¢) are disjoint subsets of E for which (16) holds.

Now, by Lemma 2.1, there exist & = {Pf@ < mk} € D, such that
P = Njew Uicm, PF € Po. It is enough to show that P>\ A C h™'(j). To
see this, take different s, € P and let £k < w be such that the distance
between s and t is greater than 27%. Then they must belong to different P}’s
from &, and so, by (15), (s,t) € h™(j). N

We will also need the following simple fact, which must be well known.
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Lemma 5.2 There exists a continuous function h: € — [0, 1] with the fol-
lowing property. If X is a zero-dimensional Polish space then for every con-
tinuous function f: X — [0, 1] there exists a continuous g: X — € such that

f=hog.

PRroOOF. Let {U,:0 € 2<¥} be an open basis for [0, 1] such that Uy = [0, 1]
and, for every o € 2%, U, = U,y U U,~; and diam(U,) < 21=F_ For every
s € 2¥ let h(s) € [0,1] be such that {h(s)} =, ., cl(Usn). It is clear that
h is continuous.

To see that h is as required take X and f as in the lemma. For every
o € 2<% choose an open set V, C f~1(U,) such that Vj = X, V,~o and V,~
are disjoint, and V,~g U V,~y = V. This can be easily done by induction on
the length of o using zero-dimensionality of X.? Thus for every n < w the
sets {V,:0 € 2"} form a clopen partition of X.

Define g(x) as the unique s € € for which z € (,_, Vi Clearly g is
continuous. Moreover, if g(z) = s then

n<w

n<w

ze () Vimc (ﬂ Cl(Usrn)> = /7 ({h(s)h) = F {Mg(@)})

n<w

so that f(x) € {h(g(z))}. Hence f =hog. [ ]

The next lemma is already a very close approximation of Proposition 4.1.

Lemma 5.3 If « < w; and H is a continuous symmetric function from a
set (€*)%\ A into € then there exists an E € P, such that H is uniformly
continuous on E?\ A.

PROOF. For n < w define h,: (€*)?>\ A — 2 by h,(s,t) = H(s,t)(n). Thus
each h, satisfies the assumptions of Lemma 5.1.

Using Fusion Lemma 2.1 with A = P, we will find an E € P, for which
each h,, is uniformly continuous on E? \ A. Then clearly H = (h,:n < w) is
also uniformly continuous on this set.

For k < w let Dy C [P,|=¥ be the collection of all families {P;:i < m} of
pairwise disjoint sets such that

hy is constant on P; x P;\ A for each i < m. (17)

2Recall that every second countable zero-dimensional space X is strongly zero-
dimensional, see e.g. [18, Thm. 6.2.7]. In particular, for every open cover {Wy, Wi}
of X there are disjoint clopen sets Vo C Wy and V3 C Wi such that VUV = X.
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Clearly sets Dy’s satisfy conditions (P1) and (P2) from Lemma 2.1. Thus,
we need to verify only (P3).

So, fix k < w, £ € P,, and v < «. It is enough to find disjoint subprisms
Ey, Ey of E such that m,[Ey] = 7, [E1] and

hy is constant on E; x E; \ A for each j < 2.

Let f € ®prism(a) be such that £ = f [€%] and let h: (€*)*\ A — 2 be defined
by h(s,t) = he(f(s), f(t)). Then h satisfies the assumptions of Lemma 5.1
so there exists a P € P, such that h is constant on P?\ A. Choose disjoint
subsets Ey, By € P, of P such that 7, [Ey| = m,[E1]. (If g € @prism () is such
that P = f[€*] and B; = {z € €*: x(y)(0) = i} then we can put E; = g[B;].)
Then Ey and E; satisfy (P3).

Now, by Lemma 2.1, there exist & = {sz < mk} € D, such that
E = MNicw Uicm, PF € Po. Notice that if {P}:i < my} belongs to Dy then
hi is uniformly continuous on

(U Pf)Q\Az (UPfo/;)u U (B x P\ A).

i<my, i#n <myg

So each hy, is uniformly continuous F? \ A C (UKmk Pf)2 \ A. u

PROOF OF PROPOSITION 4.1. Let fo € ®ppigm () be such that E = f; [€?]
and put

F=Go(ho fy,ho fo): (€*)*\ A — [0,1]. (18)

Note also that
F=hyoH (19)

for some continuous symmetric function from H:(€*)? \ A — € and con-
tinuous hy: € — [0,1]. This follows immediately from Lemma 5.2 used with
f=F 1 {{r,y) € €*x €z <y}, where < is the lexicographical order
on €*. (We use the lexicographical order in which €% is identified with 2***
and « X w is ordered in type w. Then the set {(z,y) € €* x €% x < y} is
open in €* x €*.)

Now, by Lemma 5.3, then there exists an Ey € P, such that H is uni-
formly continuous on (Ep)? \ A. So H can be extended to a uniformly con-
tinuous function H on (Ep)?. Then function

G=hooHo(hofo,hofo) ' =hgoHo((fo) ' oh™ (fo)  oh™)
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is also uniformly continuous on (h[fo[Ep]])?. Put Ey = fo[Fy] and notice that
it is as desired.

Indeed, clearly E; € P, and E; C E. Moreover, it is not difficult to see
that G [ (h[E1])2\ A = G | (h[E1])*>\ A. So G is uniformly continuous on
(R[EA])*\ A ]

6 Theorem 3.5: on cov (D" C") < ¢

In the proof we will use the following lemma.

Lemma 6.1 Forn < w let f € C™ and let P C R be a perfect set for which
the function F: P*\ A — R defined by

S (@) — f™(y)

F(r,y) = pr—

is uniformly continuous and bounded. Then f | P can be extended to a C"*!
function.

Proor. This follows from the fact that f [ P satisfies the assumptions
of Whitney’s extension theorem. To see this notice first that F' naturally
extends to a continuous function on P? with F(a,a) = f™*Y(a). Next, for
q=1,2,3,...and a € P let

F (@) — £ (a)

Tr —a

qu(a)—sup{ — f"(a) :0<|x—a\<$}.

In the second part of the proof of [15, Thm. 3.1.15] it is shown that if

lim sup{n,(a):a € P} =0 (20)
q—o0

then f | P satisfies the assumptions of Whitney’s extension theorem. How-
ever we have

f(x) — f(a)

— ft) () = F(z,a) — F(a,a
L= e a) = Fa) - Faa)

so uniform continuity of F' clearly implies (20). u
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PRrROOF OF THEOREM 3.5. The lower bound inequalities cov (D",C") > w
and cov (“D"”, “C"") > w follow from Example 7.7. So it is enough to prove
only that these numbers are < w;.

To prove cov (D™, C") < wy, take an f € D™ and note that, by CPA igm,
it is enough to show that the following set

£ ={E e Perf(R): (3h € C"(R)) h | E = f | E}

is Fprism-dense. So fix a prism P in R. Let k: [—00,00] — [0, 1] be a home-
omorphism. Applying n-times Proposition 4.1 in the same way as in the
proof of Lemma 4.2 we find a subprism E of P such that for each i < n the
function ko Fj: E*\ A — [0, 1] is uniformly continuous, where F;: E*\ A — R
is defined by
fO(z) — f9(y)

T—vy '
So each Fj can be extended to a continuous function Fj: E? — [—o0, 00].
Note also that since Fj(z,z) = f0*V(z) € R, as f € D", we in fact have
Fi[E?] CR.

Next, starting with fy = f we use Lemma 6.1 to prove by induction
that for every i < n there exists an f;,; € C"™(R) extending f; | E. Then
function h = f,, € C"(R) witnesses that E € £.

To prove cov (“D™”, “C™"”) < wy, take an f € “D"”. As before it is enough
to show that

Fi(z,y) =

g = {E' € Perf(R): (3h € “C"(R)") h | E' = f | E'}

is Fprism-dense. So fix a prism P in R and find E, F;’s, and F;’s as above.
Note that Fj’s are well defined since f € “D"” C C"!. By the same reason
we have that E[PQ] C R for all i < n — 1. However, F,,_; can have infinite
values.

Proceeding as in the proof of Lemma 4.2, decreasing F if necessary, we
can assume that either the range of F,_; is bounded or F,_; | P2N A is
constant equal to oo or —oo. If F,_; is bounded then, taking E' = E, we
are done as in the previous case. So, assume that F, ;[P?> N A] = {oc}.
(The case of —oo is handled by replacing f with —f.) Then f"~Y and E
satisfy the assumptions of Brown’s version of Whitney’s extension theorem |3,
Thm. 2.1]. So, we can find a “C'” extension g: R — R of f™~Y | E such that
JNE] = (f®VY[E] = {co} and ¢'[R\ E] C R. By (n — 1)-times integrating
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g we can find a G:R — R such that G = g. Then G € “C"”". Next
notice that G — f € C*(E), since (G — f)"V =g — fD =0 on E. Now,
proceeding as above for the case of f € C" we can find a subprism E’ of F
and a function h € C"*(R) extending G — f | E’. Then function h = G — h
belongs to “C™” as a difference of functions from “C™” and C". Moreover, h
extends f | B/ sinceh=G —h =G — (G—f)=fon E' So, h witnesses
Eef. N

7 Examples related to cov operator

We will start with the examples needed for the proof of Proposition 3.4 which
give ¢ as a lower bound for the appropriate numbers cov(A, F).

Example 7.1 There exist a homeomorphism h:RR — R and a perfect set
P C R such that h,h=' € “C*”, 1/ | P = oo, and (h™')" | h[P] = —oc0. In
particular —=IntTh (h | P, D2, U (D2.;)™") and

perf

cov (“C*7, D2+ U (D3

perf

)71> = cov (h7 Dlz)erf U <DI2)erf)71) - ¢

PRrooF. First notice that there exist a strictly increasing homeomorphism
ho from R onto (0,00) and a perfect set P C R such that

ho € “CY” and hj | P = oo. (21)

Indeed, let C' be an arbitrary nowhere dense perfect subset of [2,3) with
2 € C and let d(z) denotes the distance between z € R and C. Let
fo: (0,00) — [0, 00) be defined by fo(z) = 272 for € (0,1] and fo(z) = d(x)
for € [1,00). Then f; is continuous and fy(z) = 0 precisely when z € C.
Define a strictly increasing function f from (0,00) onto R by a formula
f(x) =[] fo(t)dt. Then f' = foand f(z) =1—1 on (0,1). It is easy to see
that hy = f~' and P = f[C] C (0, 00) satisfy (21).

Now put h(z) = [ ho(t)dt. Then clearly h is strictly increasing since
ho is positive. Also h is onto R as on (—o0,0) we have ho(z) = = and so
h(z) = —In(1 — z). Tt is easy to see that h' = hg so, by (21), h € “C?” and
h" | P = oo. Also, if g = h™! then ¢'(z) = 1/W (g(z)) = 1/ho(g(x)) > 0 is
strictly decreasing and h=! = g € C'. Thus, to see that h™! = g € “C?” and
that (h™1)” = —oo on h[P] = h[f[C]] it is enough to differentiate ¢'(z) (note
that the differentiation formulas are valid, if just one of the terms is infinite)



Small coverings with smooth functions under CPA January 25, 2004 22

to get g"(x) = —[I'(g(x))]*h"(g(x))g'(x) = —h"(g(x))(¢'(x))°. Thus, h and
P have the desired properties.

To see the additional part note first that for every f € D7 ; functions f
and h [ P may agree on at most countable set S since at any point x of a

perfect subset ) of S we would have

(h 1Q)"(z) =00 # (f 1 Q)"(x).

Similarly, [f N (A | P)| < w for every f € (D2,;)~". This clearly implies the
additional part. ]

Example 7.2 There exists a perfect set P C R and a function f € “C'”
such that f'(x) = oo for every x € P. In particular —IntTh (f I P, Déerf)
and

cov (Borel,C') = cov (“C'7,C") = cov (“C'”, Déerf) = cov (f, Drl,erf) =c.

PRrOOF. If f is a function hgy from (21) then it has the desired properties.
For such an f and any function g € Dll)erf the intersection f N g must be

finite. So
¢ > cov (Borel,Cl) > cov (“Cl”,D1 ) > cov (f,D1 ) > c.

perf perf

Monotonicity of cov operator gives the other equations. ]

Example 7.3 For every 0 < n < w there exists an f € “C"” and a perfect
set P C R such that —=IntTh (f | P, D" ) so that

perf

cov(“C"7,C") = cov(“C"7, D op) = cov(f, Dpos) = ¢.
PrROOF. For n =1 this is a restatement of Example 7.2. The general case
can be done by induction: If f is good for some n and F' is a definite integral
of f then F € “C"*'” and —IntTh(F | P,D"1) =«¢. |

perf

Example 7.4 There exists an f € C' and a perfect set P C R such that
(f I P)Ng| < w for every g € “D*”. In particular =IntTh (f | P, “D®”) and

cov (C', “D*”) = cov (f, “D*7) =c.
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PRrOOF. In [1, Thm. 22] the authors construct a perfect set P C [0, 1] and a
function f € C! which have the desired properties. The argument for this is
implicitly included in the proof of [1, Thm. 22] and goes like that.

Function f has the property that f'(xz) = 0 for all z € P. Now, assume
that some g € “D?” agrees with f on a perfect set Q C P. Then clearly we
would have (¢ | Q)" =[(g 1 Q)] =[(f 1 Q)] = [0/ = 0. On the other hand,
in [1, Thm. 22] it is shown? that for such a g we would have ¢"(z) € {£oo}
for every x € @), a contradiction. ]

Example 7.5 For every 0 < n < w there exist an f € C" and a perfect set
P C R such that =IntTh (f | P, “D"*'”) and

cov (an caDn+1v) = cov (f) chn—l—ln) =

PRrROOF. For n = 1 this is a restatement of Example 7.4. The general case
can be done by induction: If f is good for some n and F' is a definite integral
of f then F € C"*' and —IntTh(F | P,D"1!) = c. n

perf

Next we will describe the examples showing that the cov(A, F) num-
bers considered in Corollary 3.3 and Theorem 3.5 have values greater than
w. In what follows cov(M) (cov(N), respectively) will stand for the small-
est cardinality of a family F C P(R) of measure zero sets (nowhere dense,
respectively) such that R = |J F.

Example 7.6 There exists a function f € D' such that
cov (f,“C'”U (D)) > cov(M) > w.
In particular
cov (Borel, “Cl”) > cov (Dl, “Cl”) > cov(M) > w
and

cov (Borel,C' U (C")™") > cov (D',C'U(CH)™") = cov(M) > w.

3 Actually, the calculation in [1, thm. 22] is done under the assumption that g € C?,
but it works also under our weaker assumption that g € “D?”.
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ProoF. We will construct function f only on [0, 1]. It can be easily modified
to a function defined on R.

Let E C [0, 1] be an F,-set of measure 1 such that £ = [0, 1]\ F is dense
in [0, 1]. It is well known that there exists a derivative g: [0, 1] — [0, 1] such
that g[E] C (0,1] and g[E¢] = {0}. (See e.g. [5, p. 24].) Let f:[0,1] — R be
such that f" = g. We claim that this f is as desired.

Indeed, by way of contradiction assume that for some xk < cov(M) there
exists a family {he € R*:¢ < s} C “C'” U (D")~" such that f C U, he.
Since he are closed subsets of R? and the graph of f is compact, we see that
the xz-coordinate projections P = m,[f N he| are closed. So, [0, 1] is covered
by less than cov(M) closed sets Py. Thus, there exists an 1 < & such that
P, has non-empty interior U = int(DP,).

Now, if h, € “C'” then h, = f' = g on U, which is impossible, since
h;, is continuous, while g is not continuous on any non-empty open set. So
assume that h, € (D')~!. Note that f is strictly increasing as an integral of
function g which is strictly positive a.e. So f~! is a strictly increasing and
agrees with h = h;”* € D' on an open set f[U]. But then if 2 € U\ E then
R (f(x)) = (f1)(f(x)) = #~ = oo which contradicts h € D*. |

f'(x)
Note also that if f from Example 7.6 is replaced by its (n — 1)-st an-
tiderivative then we get also the following example.
Example 7.7 For any 0 < n < w, there exists an f € D" such that
cov (D", “C™”) > cov (f, “C™”) > cov(M) > w.
Example 7.8 There exists an f € C° such that

cov(CY, “DL ;) > cov(f, “Di ;7)) > cov(N) > w.

perf perf

Moreover, for every n < w if F € C" is such that F™) = f then

cov(C", “Dg;fl ”) > cov(F, “D;;% 7) > cov(N) > w

and

cov (Borel, “ gzrf”) > cov (C”, “ I‘jjrf”) > cov (F, “ ;fjrf”) > cov(N) > w.

PROOF. A continuous function f justifying cov(f, “D}.”) > cov(N) was

pointed by Morayne: just take any f € C for which there is a set A C R of
positive measure for which |f~!(a)| = ¢ for all a € A. (See [26, Thm. 6.1].)
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To see the additional part, let G = {g¢:€ < k} be an infinite subset of
“Dget%” U “Coe” such that F' C (JG. We need to show that k > cov(N). For
this first note that for every £ < k the domain of F'Nge can be represented as
a union of a perfect set Py (which can be empty) and a countable (scattered)
set Sg. Let S = U£<H Se and note that it has cardinality at most . Since
F | P = g | P, by an easy induction on ¢ < n we can prove that

FO | P:=(ge | Pe)® provided ge € “D!

perf

7 and P # 0. (22)
Thus,

if ge € “D'"1” and P # O then f | Pe=F™ | Pe = (ge | P:)™ € “D}_,".

perf perf

On the other hand,

if ge € “C2,7 \ “D*Y then Py = ().

perf perf

Indeed, otherwise there is an i < n such that g¢ € “D; ;" and géi) is constant
equal to 0o or —oo. So, by (22), for any 2 € P a real number F'(z) belongs
to {—o00, 00}, a contradiction.

Thus F = {f | Pe{ <k & P #0yU{f | {z}:2 € S} C “D}

” has
perf
cardinality at most x and it covers f. So, by the first part, K > cov(N). =

8 Proof of Fusion Lemma 2.1

Notice that if P € P, and 0 < 8 < « then
Pnn;'(P) eP, forevery P' € Ps with P’ C my[P]. (23)

Indeed, let f € @pusm(3) and g € @piam() be such that f[€P] = P’ and
(g

gle?] = P. Let Q = (g [T B)7![P] = (9 I )" o f[€]. Then, Q € Ps
since, by (5), (g [T B)™' o f € Ppigm(B). Thus ng(Q) belongs to P, and
PNyt (P') = glrs (Q)] € Pa.

For a fixed 0 < a < wy let {(Bk, nx): k < w} be an enumeration of o X w
used in the definition (1) of the metric p and let

A ={(Bi,ni): 1 <k}  for every k < w. (24)
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Lemma 8.1 (Master Fusion Lemma) Let 0 < a < w; and for every
kE<wlet & = {ES eP, s e 2Ak}. Assume that for every k < w, s,t € 24,
and 3 < o we have:

(i) the diameter of E is less than or equal to 27*,
(i) ifr e U,
(ili) if s [ (B xw)=1] (8 xw) then ng|Es] = ms[E}],
(iv)
Then @ = (-, U &k belongs to P,.

4 andr C s then E, C E,,

z<w

if s (B xw)#t] (0 xw) then ms[Es] Nwg[E] = 0.

PROOF. For x € €% let T € 2**¢ be defined by z(5,n) = z(08)(n).

First note that, by conditions (i) and (iv), for every k < w the sets in &
are pairwise disjoint and each of the diameter at most 27%. Thus, taking into
account (ii), function h: €* — €% defined by

hz)=r <<= {r}= ﬂ Ezia,

is well defined and is one-to-one. It is also easy to see that h is continuous
and that @ = h[€*]. Thus, we need to prove only that i € ®pim(a), that
is, that h is projection-keeping.
To show this fix § < «, put S = |
(iii), for every z € €* we have
{h@) 18} = w5 [(WBara <}
= [({mslEspa )k < w}
= ﬂ{ﬂ'g l:seS&scz}
= [({mslE:s€S&s | (Bxw)Ca}.

Now, if x [ =y [ 0 then for every s € S

i<, 2, and notice that, by (i) and

sl(Bxw)Cz & s|(fxw)C

so h(z) [ 3 =h(y) | 5.
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On the other hand, if = [ § # y [ 8 then there exists k < w big enough
such that for s =z | Ay andt =y | Ay wehave s [ (fxw) #t | (Bxw). But
then {h(z) | B} and {h(y) | B} are subsets of m3[E;] and mg[Ey], respectively,
which, by (iv), are disjoint. So, h(x) | § # h(y) | 5. ]

PROOF OF LEMMA 2.1. Let us define D_; = {{€*}}. It is enough to
construct a sequence (& € Dy_1:k < w) satisfying conditions (i)-(iv) from
Lemma 8.1. This will be done by induction on k£ < w.

We start with & = {€*}. Clearly at this stage (i)-(iv) are satisfied. So,
assume that for some k < w a sequence (£;:j < k) satisfying (i)-(iv) is
already defined. We will construct &, 1.

Let {s;:7 < 2} be an enumeration of 24%. Thus &, = {E,,:i < 2¥}. Also,
let v = max{f, ..., 3} < a, and for every i, m < 2* put

B =max{f <y:8; [ (BXw)=25n[(0xw)}
As a first step of the proof we will construct, by induction on m < 2%, the

sequences ({E7" € Ari < 2"}:m < 2F) and (P, € A:j <2 & m < 2*%) such
that for every n < m < 2% and i < 2%

(a) E™ & {Em™ e A:i < 2%} satisfies (iii),

(b) E5 D EF,

(c) P} and P, are disjoint subsets of E? such that {P?, P} € D and
T [P)] = m [Py] = my [EL .

We start with putting EY = E;, for every i < 2. So, (a)-(c) clearly hold.
Next, if for an m < 2% family €™ satisfying (iii) is already constructed apply
(P3) to find disjoint PY), P}, € Dy subsets of E" for which m,[P)] = m,[P,,].
Then for i < 2¥ we put

B = Bl N g (g [Pl) = {2 € Bl x| B € map[Ppl} - (25)

Notice that mgm[PR] C mgm[El | = mgm[ET] so, by (23), EI' € A. Also,
by the inductive assumption (a),
mon[Eq ] = mapn [ES] N wgn [ Po] = map (B ] 0 wgp [P] = o [Py

Since G = =, this implies immediately (c). It is clear that (b) holds. Thus,
it is enough to show that £™*! satisfies (iii). So, pick 8 < a and different



Small coverings with smooth functions under CPA January 25, 2004 28

i <j <2Fsuchthat s; | (3xw)=s; [ (6xw). If § <" then also § < 7"
and 73| BN = ms[ Py = m[EY Y. So, assume that 3> 6" and 8 > B,
Then G = G7" and

ﬁ/g[EZLH} = {Wg(:c): x € B & ma(x) | B € mpm [Pr%]}
= {Wﬂ(ff)il’ € E & mp(x) | ] € mam [sz]}
= Wﬁ[EZ+1].

So E™F1 satisfies (iii). This finishes the construction.

Next for i < 2% put E. = ESQk C E,, and notice that

(P3') for every n < 2F there are disjoint F, , F} € A such that F? UF} C
E. {F? F!} e Dy, and m,[FL ] = m,[F} | =, [E ].

Indeed, for j < 2 define F] = P} N *(m,[E] ]) and note that F/ € A by
(23), since m,[E. | C my[EXH] = m,[P!]. So, {F? ,F!} € Dy, by (P1). The
equations hold since, by (c),

m[F,] = {m(@)ze P &xyemnlE ]}
= {m(2):z € Bl &z |y eml[E,]}
= m[E]-

Finally, F/ = {xz € Pl:z | v € my[E. ]} is a subset of E! since P} C E*!
and, by (25), if x € EI"'\ E! then x | v ¢ m,[E. ]. So, (P3') holds.

Next, by induction on i < 2, choose a sequence (] € Fl:j<2&i< 2k)
such that for every j < 2 and m < i < 2%

2 | B =al | B, a2(B) # x} (), and «] | B =i, | 5. (26)

By (P3') it is easy to find 2 and z} satisfying (26). So, assume that for some
0 < i < 2F we already have defined (27 :j < 2 & m < i). To find 2? and
z; let f = max{f3™:m < i} and choose an n < i which witnesses it, that is
such that 3 = f7. Since, by (a) and (P3'), ms[F!] = ms[F! ], for j < 2, we
can find an 29 € F? extending x; [ §. Then af [ 57" = | f" = a0, | 3"
for all m < i.

Next, if B, < 3 as above we choose an z; € F, extending z, | § and
note that (26) is satisfied since this was the case for i = n. So, assume that
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B < Br <. Then, by (P3'), we can find an z} € F, extending z{ | f; such
that z}(8) # 2%(6k). Then (26) holds as well.
Finally, for s € 24 and j < 2 let 575 stand for s U {{(By,nx),j)} € 24%+1
and for 7 < 2F define
E,-; = FJ N By(a],27%).

Let &1 = {Eys € 2%%+1}. To finish the proof it is enough to show that
Ert1 satisfies (i)-(iv) from Lemma 8.1. Thus, (i) follows from the fact that
E,;; C By(2],27%); (ii) is justified by E,,-; C FJ C E! C E,,; while (ii)
and (iv) can be easily deduced from (P3'), (26), and (2). u
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