Small coveringswith smooth functions under the Covering Property Axiom

Krzysztof Ciesielski^∗

Departmen t of Mathematics, West Virginia University,

Morgantown, WV 26506-6310, USA

e-mail: K Cies@math.wvu.edu ; web page: http://www.math.wvu.edu/~kcies

Janusz Pawlikowski^†

Departmen t of Mathematics, University of Wrocław,

pl. Grun waldzki 2/4, 50-384 Wrocław, Poland; e-mail: pawlikow@math.uni.wro c.pl

Abstract In the paper we formulate a Covering Prop erty Axiom CPA_{prism} , which holds in the iterated perfect set model, and show that it implies the following facts of which (a) and (b) are the generalizations of results of Stepr āns [26]. (a) There exists a family F of less then continuum many C^1 functions from R to R such that R^2 is covered by functions from F in the sense that for every ⟨x, y⟩ ∈ R^2 there exists an f ∈ F such that either f (x) = y or f (y) = x.

(b) For every Borel function f :R → R there exists a family F of less than continuum many “ C^1” functions (i.e., differentiable functions with continuous derivatives, where derivative can be infinite) whose graphs cover the graph of f .

∗AMS classification numbers: Primary 26A24; Secondary 03E35. Key words and phrases: continuous, smooth, covering. The work of the first author was partially supported by NATO Gran t PST.CLG.977652 and 2002/03 West Virginia University Senate Research Gran t.

†The second author wishes to thank West Virginia University for its hospitalit y during 1998–2001, where the results presented here were obtained. 1

(c) For every n > 0 and a D^n function f :R → R there exists a family F of less than continuum many C^n functions whose graphs cover the graph of f .

We also provide the examples showing that in the above properties the smotheness conditions are the best possible. Parts (b), (c), and the examples are closely related to work of Olevskiǐ[24].

1 Basic notation

Our set theoretic terminology is standard and follows that of [9]. In particular, |X| stands for the cardinalit y of a set X and c = |R|. The Cantor set 2^ω will be denoted by a symbol C. We use term Polish space for a complete separable metric space withoutisolatedpoints. A subset of a Polish space is perfect if it is closed and contains no isolated points. For a Polish space X symbol Perf(X) will stand for a collection of all subsets of X homeomorphic to the Cantor set C. Thus, in general, Perf(X) is just a (coinitial) subfamily of the family of perfect subsets of X, though these two collections coincide if X is zero dimensional. For a fixed 0 < α < ω_1 and 0 < β ≤ α a symbol π_β will stand for the projection from C^α onto C^β . We will always consider C^α with the following standard metric ρ: fix an enumeration {⟨β_k,n_k⟩:k < ω } of α × ω and for distinct x, y ∈ C^α define

ρ(x, y) = 2^{− min {k< ω :x(βk )(nk )≠ y(βk )(nk )}}. (1)

An open ball in C^α with a center at z ∈ C^α and radius ε > 0 will be denoted by B_α (z,ε). Notice that in this metric any two open balls are either disjoint or one is a subset of the other. Also for every γ < α

π_γ[B_α (s, ε)] = π_γ[B_α (t, ε)] for every s, t ∈ C^α with s ↾γ = t ↾γ. (2)

It is also easy to see that any B_α (z,ε) is a clopen set.

We will use standard notation for the classes of differentiable partial functions from R into R. Thus, if X is an arbitrary subset of R without isolated points we will write C^0(X) or C(X) for the class of all continuous functions f :X → R and D^1(X) for the class of all differentiable functions f :X → R, that is, those for which the limit

f^′(x_0) = lim

x→ x_0, x∈ X

f (x) − f (x_0) x − x_0 exists and is finite for all x_0 ∈ X. Also, for 0 < n < ω we will write D^n (X) to denote the class of all functions f :X → R which are n-times differentiable with all derivatives being finite and C^n (X) for the class of all f ∈ D^n (X) whose n-th derivative f^{(n)} is continuous. Symbol C^∞ (X) will be used for all infinitely many times differentiable functions from X into R. In addition, we say that a function f :X → R is in the class “ D^n (X)” if f ∈ C^{n− 1}(X) and it has the n-th derivative which can be infinite; f is in the class “ C^n (X)” when f is in “ D^n (X)” and its n-th derivative is continuous when its range [− ∞ ,∞ ] is considered with the standard topology. “ C^∞ (X)” will stand for all functions f :X → R which are either in C^∞ (X) or, for some 0 < n < ω , they are in “ C^n (X)” and f^{(n)} is constant equal to ∞ or − ∞ . (Thus, in general, “ C^∞ (X)” is not a subclass of “ C^n (X).”) In addition we assume that functions defined on a singleton are in the C^∞ class, that is, C^∞ ({x}) = R^{{x}}. We will use these symbols mainly for X’swhich are either in the class Perf(R) or are the singletons. In particular, C^n_{perf} will stand for the union of all C^n (P ) for which P ⊂ R is either in Perf(R) or a singleton. The classes D^n_{perf} , C^∞_{perf} , and “ C^∞_{perf} ” are defined the similar way. We will drop parameter X if X = R. In particular, D^n = D^n (R) and C^n = C^n (R). The relations between these classes for n < ω are given in a chart below, where arrows −→ indicate the strict inclusions ⊊ .

C^n � “ D^{n+1} ” � “ C^{n+1} ” � � D^{n+1} � C^{n+1}

Chart 1.

In addition for F ⊂ R^2 we define F^{− 1} = {⟨y,x⟩:⟨x, y⟩ ∈ F } and for F ⊂ P (R^2) we put F^{− 1} = {F^{− 1}:F ∈ F }.

2 Axiom CPA_{prism}

Axiom CPA_{prism} is a simpler version of the axiom CPA which is described in [13]. The main notion needed for the axiom is that of a prism and prismdensity.

Let A be a non-empt y countable set of ordinal numbers and let Φ_{prism} (A) be the family of all continuous injections f :C^A → C^A with the property that f (x) ↾α = f (y) ↾α ⇔ x ↾α = y ↾α for all α ∈ A and x, y ∈ C^A (3) or, equivalently, such that for every α ∈ A f ↾↾α^{def}= {⟨x ↾α,y ↾α⟩:⟨x, y⟩ ∈ f } is a one-to-one function from C^{A∩ α} into C^{A∩ α} . Functions f from Φ_{prism} (A) were first introduced, in more general setting, in [19] where they are called projection-keeping homeomorphisms. Note that Φ_{prism} (A) is closed under compositions (4) and that for every ordinal number α > 0 if f ∈ Φ_{prism} (A) then f ↾↾α ∈ Φ_{prism} (A ∩ α). (5) For 0 < α < ω_1 let P_α = {range(f ):f ∈ Φ_{prism} (α)}.

Note that if f ∈ Φ_{prism} (α) and P ∈ P_α then f [P ] ∈ P_α . (6) Indeed, if P = g[C^α ] for some g ∈ Φ_{prism} (α) then, by condition (4), we have f [P ] = f [g[C^α ]]= (f ∘ g)[C^α ] ∈ P_α .

We will write Φ_{prism} for � 0< α< ω_1 Φ prism (α) and define

P_{ω 1}^{def}= � 0<α<ω_1 Pα = {range(f ): f ∈ Φ prism }.

Following [19] we will refer to elements of P_{ω 1} as iterated perfect sets.

The simplest elements of P_{ω 1} are cubes (in C^A), that is, the sets of the form C = � a∈ A Ca, where Ca ∈ Perf(C) for each a ∈ A. (This is justified by

a function f = ⟨f_a⟩_{a∈ A} ∈ Φ_{prism} (A), where each f_a is a homeomorphism from C onto C_a.) In particular, since any open ball B_α (z,ε) (in the metric given by (1)) is a cube in C^α , it belongs to P_α . In fact, more can be said:

if B_α^{def}= {B ⊂ C^α : B is clopen in C^α } then B_α ⊂ P_α . (7)

This is the case, since any clopen E in C^α is a finite union of disjoint open balls, each of which belongs to P_α , and it is easy to see that P_α is closed under finite unions of open balls.

In general, the structure of elements of P_{ω 1} can be considerably more complex. However, there is only one non-trivial fact about P_{ω 1} that we will use in this paper: the family P_{ω 1} satisfies the following fusion lemma.

Lemma 2.1 (Fusion Lemma) Let 0 < α < ω_1, A ∈ {B_α ,P_α }, and let ⟨D_k ⊂ [A]^{<ω} :k < ω ⟩ be such that for every k < ω the following holds.

(P1) (D_k is A-open) If {E_0,...,E_n } ∈ D_k and E^′_0,...,E^′_n ∈ A are such that E^′_i ⊂ E_i for every i ≤ n then {E^′_0,...,E^′_n } ∈ D_k.

(P2) (sequence splits) If {E_0,...,E_n } ∈ D_k and {E^i_0,E^i_1} ∈ D_{k+1} for every i ≤ n is such that E^i_0 ∪ E^i_1 ⊂ E_i then {E^i_j :i ≤ n & j < 2} ∈ D_{k+1} .

(P3) (D_k is nicely A-dense) For every E ∈ A and γ < α there are disjoint E_0,E_1 ∈ A such that E_0∪ E_1 ⊂ E, {E_0,E_1} ∈ D_k, and π_γ[E_0] = π_γ[E_1].

Then there exists a sequence ⟨E_k ∈ D_k:k < ω ⟩ with the property that its fusion Q = � k<ω � E_k belongs to P_α .

Although the lemma looks quite complicated, it should be stressed that in all its application we will be checking only condition (P3), since the other two conditions will be trivially satisfied. The proof of Lemma 2.1 will be postponed till the end of this paper.

The only other fact we will use on P_{ω 1} (or, more precisely, on cubes) is the following

Claim 2.2 If G ⊂ C^ω is comeager in C^ω then it contains a perfect cube � i<ω P_i.

Pr oof. It follows easily, by induction on coordinates, from the following well known fact.

For every comeager subset H of C× C there are perfect set P ⊂ C and a comeager subset Ĥ of C such that P × Ĥ ⊂ H.

(See [20, Exercise 19.3]. Its version for R^2 is also proved in [14, condition (⋆), p. 416].)

To state CPA_{prism} we need a few more definitions. For a fixed Polish space X let F_{prism} (X) (or just F_{prism} , if X is clear from the context) be the family of all continuous injections f :E → X, where E ∈ P_{ω 1} . Each such injection f is called a prism in X and is considered as a coordinate system imposed on P = range(f ).^1 We will usually abuse this terminology and refer to P itself as a prism (in X) and to f as a witness function for P . A function g ∈ F_{prism} is subprism of f provided g ⊂ f . In the above spirit we call Q = range(g) a subprism of a prism P . Thus, when we say that Q a subprism of a prism P ∈ Perf(X) we mean that Q = f [E], where f is a witness function for P , E ∈ P_{ω 1} , and E ⊂ dom(f ). A family E ⊂ Perf(X) is F_{prism} -dense provided

∀f ∈ F_{prism} ∃g ∈ F_{prism} (g ⊂ f & range(g) ∈ E).

Using (4) it is easy to show that

Fact 2.3 E ⊂ Perf(X) is F_{prism} -dense if and only if

∀α < ω_1 ∀f ∈ F_{prism} , f :C^α → X, ∃g ∈ F_{prism} (g ⊂ f & range(g) ∈ E).

Thus, to establish F_{prism} -density we can always assume that the witness function f for the prism P is in a standar d form, that is, defined on the entire set C^α .

Now we are ready to state the axiom. CPA_{prism} : c = ω_2 and for every Polish space X and every F_{prism} -dense family E ⊂ Perf(X) there is an E_0 ⊂ E such that |E_0| ≤ ω_1 and |X \ � E_0| ≤ ω_1.

The proof of the consistency of CPA_{prism} can be found in [12, Prop. 4.2]. (See also [13].) We finish this section with yet another lemma which will be used in our applications.

Lemma 2.4 For every 0 < α < ω_1, E ∈ P_α , a Polish space X, and a continuous function f :E → X there exist 0 < β ≤ α and P ∈ P_α , P ⊂ E, such that f ∘ π^{− 1}_β is a function on π_β [P ] ∈ P_β which is either one-to-one or constant.

Lemma 2.4 is a particular case of [19, Thm. 20]. It can be also easily deduced from Lemma 2.1. (See also [13, Lemma 3.2.5].)

1In a language of forcing a coordinate function f is simply a nice name for an element from X.

3 Covering results and their discussion

The main consequence of CPA_{prism} we discuss in this paper is the following theorem.

Theorem 3.1 The following facts follow from CPA_{prism} .

(a) For every Borel measurable function g:R → R there exists a family of functions {f_ξ ∈ “ C^∞_{perf} ”:ξ < ω_1} such that g = � ξ<ω_1

f_ξ.

Moreover for each ξ < ω_1 there exists an extension f̄_ξ:R → R of f_ξ such that

(i) f̄_ξ ∈ “ C^1” and (ii) either f̄_ξ ∈ C^1 or f̄_ξ is a homeomorphism from R onto R such that f̄^{− 1}_ξ ∈ C1.

(b) There exists a sequence {f_ξ ∈ RR:ξ < ω_1} of C^1 functions such that

R^2 = � ξ<ω_1

(f_ξ ∪ f^{− 1}_ξ ).

The essence of Theorem 3.1 lies in the following real analysis fact. Its proof is combinatorial in nature and uses no extra set-theoretical assumptions.

Prop osition 3.2 Let g:R → R be Borel and 0 < α < ω_1.

(a) For every continuous injection h:C^α → R there exists an E ∈ P_α such that g ↾ h[E] ∈ “ C^∞_{perf} ” and there is an extension f :R → R of g ↾ h[E] such that f ∈ “ C^1” and either f ∈ C^1 or f is a self-homeomorphism of R with f^{− 1} ∈ C^1.

(b) For every continuous injection h:C^α → R^2 there exists an E ∈ P_α such that either F = h[E] ⊂ R^2 or its inverse, F^{− 1}, is a function which can be extended to a C^1 function f :R → R.

With Prop osition 3.2 in hand the proof of Theorem 3.1 becomes an easy exercise.

Pr oof of Theorem 3.1. (a) Let g:R → R be a Borel function and let E be the family of all P ∈ Perf(R) such that

g ↾P ∈ “ C^∞_{perf} ” and there is an extension f :R → R of g ↾P such that f ∈ “ C^1” and either f ∈ C^1 or f is a self-homeomorphism of R with f^{− 1} ∈ C^1.

By Prop osition 3.2(a) family E is F_{prism} -dense: if P ∈ Perf(R) is a prism and h:C^α → R from F_{prism} witnesses it then Q = h[E] as in the proposition is a subprism of P with Q ∈ E. So, by CPA_{prism} , there exists an E_0 ∈ [E]^{≤ ω 1} such that |R \ � E_0| ≤ ω_1. Let E_1 = E_0 ∪ {{r}:r ∈ R \ � E_0}. Then the family {g ↾P :P ∈ E_1} satisfies the theorem.

(b) Let E be the family of all P ∈ Perf(R^2) such that either P or P^{− 1} is a function which can be extended to a C^1 function f :R → R. By Prop osition 3.2(b) family E is F_{prism} -dense, so there exists an E_0 ∈ [E]^{≤ ω 1} such that |R \ � E_0| ≤ ω_1. Let E_1 = E_0 ∪ {{x}:x ∈ R^2 \ � E_0}. For every P ∈ E_1 let f_P :R → R be a C^1 function which extends either P or P^{− 1}. Then family {f_P :P ∈ E_1} is as desired.

The proof of Prop osition 3.2 will be left to the next sections. Meanwhile we like to present a discussion of Theorem 3.1.

First we like to reformulate Theorem 3.1 in a language of a covering number cov defined below, where X is an infinite set (in our case X ⊂ R^2 with |X| = c) and A,F ⊂ P (X):

cov(A,F ) = min � κ:(∀A ∈ A)(∃G ∈ [F ]^{≤ κ}) A ⊂ � G � ∪ {|X|^+ } � . If A ⊂ X we will write cov(A,F ) for cov({A},F ). Notice the following monotonicit y of cov operator: for every A ⊂ B ⊂ X, A ⊂ B ⊂ P (X), and F ⊂ G ⊂ P (X)

cov(A,G) ≤ cov(B,G) ≤ cov(B,F ) & cov(A,G) ≤ cov(B,G) ≤ cov(B,F ).

In terms ofthe cov operator Theorem 3.1 can be expressed in the following form, where Borel stands for the class of all Borel functions f :R → R.

Corollary 3.3 CPA_{prism} implies that

(a) cov � Borel,“ C^∞_{perf} ” � = ω_1 < c;

(b) cov(Borel,“ C^1”) = ω_1 < c;

(c) cov(Borel,C^1 ∪ (C^1)^{− 1}) = ω_1 < c;

(d) cov(R^2,C^1 ∪ (C^1)^{− 1}) = ω_1 < c.

Pr oof. The fact that all numbers cov(A,G) listed above are ≤ ω_1 follows directly from Theorem 3.1. The other inequalities follow from Examples 7.6 and 7.8.

Theorem 3.1(b) and Corollary 3.3(d) can be treated as generalizations of a result of Steprāns [26] who proved that in the iterated perfect set model we have cov � R^2,(“ D^1”) ∪ (“ D^1”)^{− 1} � ≤ ω_1. This clearly follows from Corollary 3.3(d) since C^1 ⊊ “ D^1”. (See survey article [4]. For more information how to “ locate” Steprāns’ result in [26] see also [11, Cor. 9].)

The following proposition shows that Theorem 3.1 is, in a way, the best possible. (Parts (i), (ii), and (iii) relate, respectively, to items (b), (c)&(d), and (a) from Corollary 3.3.)

Prop osition 3.4 The following is true in ZFC.

(i) cov(Borel,C^1) = cov(“ C^1”,C^1) = cov � “ C^1”,D^1_{perf} � = c. Moreover, cov(“ C^n ”,C^n ) = cov(“ C^n ”,D^n_{perf} ) = c for every 0 < n < ω .

(ii) cov(Borel,C^2 ∪ (C^2)^{− 1}) = cov � “ C^2”,D^2_{perf} ∪ (D^2_{perf} )^{− 1} � = c, and

cov(R^2,C^2 ∪ (C^2)^{− 1}) = cov � “ C^2”,D^2_{perf} ∪ (D^2_{perf} )^{− 1} � = c.

(iii) cov � Borel,C^∞_{perf} � = cov � “ C^1”,C^∞_{perf} � = cov � “ C^1”,D^1_{perf} � = c, and cov(Borel,“ C^∞ ”) = cov(C^1,“ C^∞ ”) = cov(C^1,“ D^2”) = c. Moreover, cov(C^n ,“ D^{n+1} ”) = c for every 0 < n < ω .

Pr oof. (i) follows immediately from Examples 7.2 and 7.3.

(ii) follows from monotonicit y of cov operator and Example 7.1. The first part of (iii) follows from (i). The remaining two parts follow, respectively, from Examples 7.4 and 7.5.

Corollary 3.3 and Prop osition 3.4 establish the values of cov operator for all classes in Chart 1 except for cov(D^n ,C^n ) and cov(“ D^n ”,“ C^n ”). These are established in the following theorem, which proof will be left to Sections 6.

Theorem 3.5 If CPA_{prism} holds then for every 0 < n < ω

cov(D^n ,C^n ) = cov(“ D^n ”,“ C^n ”) = ω_1 < c.

With this theorem in hand we can summarize the values of the cov operator between the classes from Chart 1 in the following graphical form. Here the mark “ c” next to the arrow means that the covering of the larger class by the functions from the smaller class is equal to c and that this can be proved in ZFC. The mark “ < c” next to the arrow means that it is consistent with ZFC (and it follows from CPA_{prism} ) that the appropriate cov number is < c. (From Examples 7.6, 7.7, and 7.8 it follows that all these numbers are greater than or equal to min{cov(M ),cov(N )} > ω . So under the continuum hypothesis CH or Martin’s Axiom MA all these numbers are equal to c.)

C^{0 �} < c “ D^1”^� < c “ C^1” ? c ? c D^{1 �} < c C^1

C^{n �} c “ D^{n+1} ”^� < c “ C^{n+1} ” ? c ? c D^{n+1 �} < c C^{n+1}

Chart 2. Values of cov operator: for n = 0 (left) and n > 0 (right).

The values of cov next the vertical arrows are justified by cov(“ C^n ”,D^n ) = c (Prop osition 3.4(i)), while marks “ < c” below the upper horizontal arrows and that directly below them follow from Theorem 3.5. The remaining arrow of the right part of the chart is the restatemen t of the last part of Prop osition 3.4(iii), while its counterpart in the left part of the chart follows from Corollary 3.3(b): cov(C,“ C^1”) = cov(Borel,“ C^1”) < c is a consequence of CPA_{prism} . Finally let us mention that in Corollary 3.3(b) there is no chance to increase family Borel in any essential way and keep the result. This follows from the following fact

cov(Sc,C) = cov � RR,C � ≥ cof(c), (8) where symbol Sc stands for the family of all symmetrically continuous functions f :R → R which are, in particular, continuous outside of some set of measure zero and first category. (See [10, Cor. 1.1] and the remarks below on the operator dec.)

Number cov(A,F ) is very closely related to the following decomposition number

dec(A,F ) = min � {κ ≥ ω :(∀A ∈ A)(∃ a partition G ∈ [F ]^κ of A} ∪ {|X|^+ } � which was first studied by Cichoń, Morayne, Pawlikowski, and Solecki [7] for the Baire class α functions. (More information on dec(F ,G) can be found in a survey article [8, sec. 4].) It is easy to see that if A and F are some classes of partial functions and F_r denotes all possible restrictions of functions from F then cov(A,F ) = dec(A,F_r ). In particular, for all situations relevant to our discussion above the operators cov and dec have the same values.

Our number cov is also related to the following general class of problems. We say that the families A,F ⊂ P (X) satisfy Intersection Theorem, which we denote by IntTh (A,F ),

if for every A ∈ A there exists an F ∈ G such that |A∩ F | = |X|. If A = {A} we will write IntTh (A,F ) in place of IntTh (A,F ). This kind of theorems have been studied for a big part of this century. In particular, in early 1940’s Ulam asked in the Scottish Book [21, Problem 17.1] if IntTh (C,Analytic ) holds, that is, whether for every f ∈ C there exists a real analytic function g:R → R which agrees with f on a perfect set. (See [27].) In 1947 Zahorski [29] gave a negative answer to this question by proving that the proposition IntTh (C^∞ ,Analytic ) is false. In the same paper he also raised a natural question, which has become known as Ulam-Zahorski Problem: Does IntTh (C,G) hold for G = C^∞ (or G = C^n or G = D^n )? Here is a quick summary of what is known on this problem. (See [4].)

Prop osition 3.6 (a) (Zahorski [29]) ¬ IntTh (C^∞ ,Analytic ).

(b) (Agronsky, Bruckner, Laczkovich, Preiss [1]) IntTh (C,C^1).

(c) (Olevskiǐ[24]) IntTh (C^1,C^2).

(d) (Olevskiǐ[24]) ¬ IntTh (C,C^2) and ¬ IntTh (C^n ,C^{n+1} ) for n ≥ 2.

We are interested in these problems since for the families A,F ∈ P (R^n ) of uncountable Borel sets

¬ IntTh (A,F ) =⇒ cov(A,F ) = c (9)

as, in this situation, if ¬ IntTh (A,F ) then there exists an A ∈ A, |A| = c, such that |A ∩ F | ≤ ω for every F ∈ F . Thus in the examples relevant to Prop osition 3.4 instead of proving cov(A,F ) = c we will be in fact showing a stronger fact that ¬ IntTh (A_0,F ) for appropriate A_0 ⊂ A ∈ A.

4 Pro of of Prop osition 3.2

Prop osition 3.2 will be deduced from the following fact, which is a generalization of a theorem of Morayne [23]. (Morayne proved his results for E and E_1 being perfect sets, that is, for α = 1.) For a set X we will use symbol Δ_X to denote the diagonal in X × X, that is, Δ_X = {⟨x, x⟩:x ∈ X}. We will usually write simply Δ in place of Δ_X , since X is always clear from the context.

Prop osition 4.1 Let 0 < α < ω_1, E ∈ P_α , h:E → R be a continuous injection, and G be a function from (h[E])^2 \Δ into [0,1] which is continuous and symmetric, that is, such that G(x, y) = G(y,x) for all x, y ∈ (h[E])^2 \Δ . Then there exists an E_1 ∈ P_α , E_1 ⊂ E, such that G is uniformly continuous on (h[E_1])^2 \ Δ .

The proof of Prop osition 4.1 will be presented in the next section. In the proof of Prop osition 3.2 we will also use the following lemma.

Lemma 4.2 Let g:R → R be Borel, 0 < α < ω_1, and E ∈ P_α . For every continuous injection h:E → R there exist subset E_1 ∈ P_α of E and a “ C^1” function f :R → R such that f extends g ↾h[E_1].

In addition we can require that either f ∈ C^1 or

(⋆) f^′ ↾h[E_1]is constant equal to ∞ or −∞ and f is a self-homeomorphism of R such that f^{− 1} ∈ C^1.

Pr oof. First note that there exists an E^′ ∈ P_α , E^′ ⊂ E, such that

g ↾h[E^′] is continuous. (10)

Indeed, let h_0 ∈ Φ_{prism} be such that E = h_0 [C^α ] and let U be a comeager subset of h[E] = (h ∘ h_0) [C^α ] such that the restriction g ↾ U is continuous. Then (h ∘ h_0)^{− 1}(U) is comeager in C^α and, by Claim 2.2, there is a perfect cube Q ⊂ (h ∘ h_0)^{− 1}(U). The set E^′ = h_0[Q] ∈ P_α has the desired property since h[E^′] = h[h_0[Q]]⊂ U.

Now let k:[− ∞ ,∞ ] → [0,1] be a homeomorphism and let G be defined on (h[E^′])^2 \ Δ by

G(x, y) = k � g(x) − g(y) x − y � . Then, by Prop osition 4.1, there exists an E^′_1 ∈ P_α , E^′_1 ⊂ E^′, such that G is uniformly continuous on (h[E^′_1])^2 \ Δ . So, there exists a uniformly continuous extension of G ↾(h[E^′_1])^2\Δ to Ĝ ↾(h[E^′_1])^2. Clearly k^{− 1}(Ĝ(x, x)) is the derivative (possibly infinite) of g_0 = g ↾ h[E^′_1] for every x ∈ h[E^′_1], so g_0 ∈ “ C^1(h[E^′_1])”.

Now, if (g^′_0)^{− 1}(R) is non-empt y then, as in the argument for (10), we can find an E_1 ∈ P_α , E_1 ⊂ E^′_1, such that h[E_1] ⊂ (g^′_0)^{− 1}(R). This obviously implies g ↾ h[E_1] ∈ C^1_{perf} . But we also know that the difference quotient function^{g(x)− g(y)}_{x− y} is uniformly continuous on (h[E_1])^2 \ Δ . So, by Whitney’s extension theorem [28] (see also Lemma 6.1), we can find a C^1 extension f :R → R of g ↾h[E_1].

So, assume that (g^′_0)^{− 1}(R) = ∅ . Then either (g^′_0)^{− 1}(∞ ) or (g^′_0)^{− 1}(− ∞ ) is non-empt y and open in h[E^′_1]. Assume the former case. Similarly as above we can find an E^{′′}_1 ∈ P_α , E^{′′}_1 ⊂ E^′_1, such that g^′_0[h[E^{′′}_1 ]] = {∞ }. Then, by a version of Whitney’s extension theorem from [3, Thm. 2.1], we can find a “ C^1” extension f_0:R → R of g ↾h[E^{′′}_1 ].

But then there exists an open interval J in R intersecting h[E^{′′}_1 ] on the closure of which f^′_0 is positive. So f_1 = f_0 ↾ cl(J ) is strictly increasing and the derivative of f^{− 1}_1 is continuous, non-negativ e, and bounded. Thus there exists a homeomorphism f_2:R → R extending f^{− 1}_1 with f_2 ∈ C^1. Now put f = f^{− 1}_2 and take an E_1 ∈ P_α with E_1 ⊂ E^{′′}_1 ∩ h^{− 1}(J ). It is easy to see that E_1 and f are as required.

Pr oof of Pr oposition 3.2(a). By Lemma 4.2 we can find an E_0 ∈ P_α for which there is an extension f :R → R of g ↾ h[E_0] such that f ∈ “ C^1” and either f ∈ C^1 or f is a self-homeomorphism of R with f^{− 1} ∈ C^1. Thus, it is enough to find a subset E ∈ P_α of E_0 for which g ↾h[E] ∈ “ C^∞_{perf} ”.

If there exist a subset E ∈ P_α of E_0 and n < ω such that

f = g ↾h[E] ∈ “ C^n_{perf} ” and f^{(n)} has a constant value ∞ or −∞ (11)

then this E is as desired. So assume that there is no such E. We will use Fusion Lemma 2.1 with A = P_α to find a subprism E of E_0 for which g ↾h[E] ∈ C^∞_{perf} .

First notice that we can assume that E_0 = C^α , since we can replace h with h ∘ h_0, where h_0 ∈ Φ_{prism} is such that E_0 = h_0 [C^α ]. For k < ω let D_k ⊂ [P_α ]^{< ω} be the collection of all finite families E of pairwise disjoint sets each of the diameter less than 2^{− k} such that g ↾ � {h[E]:E ∈ E} ∈ C^k_{perf} . (12)

We need to show that D_k’s satisfy the assumptions of Lemma 2.1.

It is obvious that the conditions (P1) and (P2) are satisfied. To see that (P3) holds for k < ω fix Ē ∈ P_α and γ < α. Applying Lemma 4.2 k-times and using the fact that (11) is false we can find a sequence Ē = P_0 ⊃ ···⊃ P_k from P_α such that g ↾h[P_i] ∈ C^i_{perf} for each i ≤ k. Take disjoint E_0,E_1 ∈ P_α subsets of P_k, each of diameter less than 2^{− k}, such that π_γ[E_0] = π_γ[E_1]. It is easy to see that E_0 and E_1 satisfy the requirements of the condition (P3).

Now, by Lemma 2.1, there exist E_k ∈ D_k such that E = � k< ω � E_k ∈ P_α .

Clearly g ↾h[E] ∈ C^∞_{perf} for such an E.

Pr oof of Pr oposition 3.2(b). Let π_x and π_y be the projections of R^2 onto x-axis and y-axis, respectively, and consider functions h_x = π_x ∘ h and h_y = π_y ∘ h. Applying Lemma 2.4 two times we can find β_x,β_y ≤ α and E = P_y ⊂ P_x from P_α such that h_x ∘ π^{− 1}_{βx} is a function on π_{βx} [P_x] ∈ P_{βx} , h_y ∘ π^{− 1}_{βy} is a function on π_{βy} [P_y] ∈ P_{βy} , and each of these functions is either one-to-one or constant. Notice that

either h_x or h_y is one-to-one on E. (13)

To see this first note that for every z ∈ E we have

h(z) = ⟨π_x ∘ h(z),π_y ∘ h(z)⟩ = ⟨(h_x ∘ π^{− 1}_{βx} )(π_{βx} (z)),(h_y ∘ π^{− 1}_{βy} )(π_{βy} (z))⟩.

Since h is one-to-one this implies that max{β_x,β_y} = α. By symmetry, we can assume that α = β_x. Thus, h_x = h_x ∘π^{− 1}_{βx} is either one-to-one or constant on P_x = π_{βx} [P_x]. If h_x is one-to-one on P_x then (13) holds. So, assume that h_x is constant on P_x. Then π_x ∘ h = h_x is constant on E ⊂ P_x, and so h_y = π_y ∘h must be one-to-one on E, since h is one-to-one. Thus, (13) holds.

By symmetry, we can assume that h_x is one-to-one on E. So π_x ∘ h is a one-to-one function from E onto π_x[h[E]]⊂ R. In particular, F_0 = h[E] ⊂ R^2 is a function from π_x[h[E]] into R. Then, by Lemma 4.2 used with g = F_0 and h = π_x ∘ h ↾ E, we can find a subset E_1 ∈ P_α of E and a function f :R → R extending h[E_1] = g ↾ h[E_1] such that either f or f^{− 1} belongs to C^1.

5 Prop osition 4.1: a generalization of a theorem of Mora yne

Our proof of Prop osition 4.1 is based on the following lemmas, the first of which is a version of a theorem of Galvin [16, 17]. (For the proof see [20, Thm. 19.7] or [6]. Galvin proved his results for α = 1.)

Lemma 5.1 For every 0 < α < ω_1 and every continuous symmetric function h from (C^α )^2 \Δ into 2 = {0,1} there exists a P ∈ P_α such that h is constant on P^2 \ Δ .

Pr oof. For j < 2 let G_j be the set of all s ∈ C^α such that

(∀β < α)(∀ε > 0)(∃t ∈ C^α ) 0 < ρ(s, t) < ε & s ↾β = t ↾β & h(s, t) = j

and notice that

each G_j is a G_δ-set and C^α = G_0 ∪ G_1. (14)

Indeed, to see that G_j is a G_δ-set it is enough to note that for every β < α and ε > 0 the set

G^{β,ε}_j = {s ∈ C^α :(∃t ∈ C^α ) 0 < ρ(s, t) < ε & s ↾β = t ↾β & h(s, t) = j}

is open in C^α . So let s ∈ G^{β,ε}_j and take t ∈ C^α witnessing it, that is, such that 0 < ρ(s, t) < ε, s ↾β = t ↾β, and h(s, t) = j. We can choose basic open neighborhoods U and V ofs and t, respectively, such that U× V\Δ ⊂ h^{− 1}(j). In addition we can assume that π_β [U] = π_β [V] and that each of the sets U and V has diameter less than δ = (ε − ρ(s, t))/3. Then s ∈ U ⊂ G^{β,ε}_i since for every s^′ ∈ U there exists a t^′ ∈ V, t^′ ≠ s^′, with s^′ ↾ β = t^′ ↾ β (since π_β [U] = π_β [V]), h(s^′,t^′) ∈ h[U × V \ Δ] = {j} and

0 < ρ(s^′,t^′) ≤ ρ(s^′,s) + ρ(s, t) + ρ(t, t^′) ≤ δ+ ρ(s, t) + δ < ε.

Thus each G^{β,ε}_j is open and G_j is a G_δ-set.

To see the second part of (14) assume, by way of contradiction, that there exists an s ∈ C^α \ (G_0 ∪ G_1). Let β_0, ε_0 and β_1, ε_1 witness that s /∈ G_0 and s /∈ G_1, respectively. Put ε = min{ε_0,ε_1} > 0 and β = max{β_0,β_1} < α and find t ∈ C^α such that t ↾ β = s ↾ β, ρ(s, t) < ε, and t(β) ≠ s(β). Then there exists a j < 2 such that h(s, t) = j and this, together with t ↾ β_j = s ↾ β_j and ρ(s, t) < ε_j contradicts the choice of β_j and ε_j . This finishes the proof of (14).

Next find a j < 2 and a basic clopen set U in C^α such that G_j is residual in U. Replacing C^α with U, if necessary, we can assume that G_j is residual in C^α . Using Fusion Lemma 2.1 with A = B_α we will find a P ∈ P_α for which P^2 \ Δ ⊂ h^{− 1}(j).

For each k < ω let D_k ⊂ [B_α ]^{< ω} be the collection ofall families {P_i:i < m} of sets of the diameter less than 2^{− k} such that

P_i × P_n ⊂ h^{− 1}(j) for all i < n < m. (15)

It is obvious D_k’s satisfy conditions (P1) and (P2) from Lemma 2.1. Thus, we need only to check (P3).

So, take E ∈ B_α and γ < α. It is enough to find disjoint E_0,E_1 ∈ B_α subsets of E such that π_γ[E_0] = π_γ[E_1] and

E_0 × E_1 ⊂ h^{− 1}(j). (16)

For this choose an s ∈ E ∩ G_j and let ε_0 > 0 be such that B_α (s, ε_0) ⊂ E. By the definition of G_j we can find a t ∈ C^α for which 0 < ρ(s, t) < ε_0, s ↾ γ = t ↾ γ, and h(s, t) = j. In particular s, t ∈ E and ⟨s, t⟩ ∈ h^{− 1}(j). Since h is continuous we can find an ε > 0 small enough that E_0 = B_α (s, ε) and E_1 = B_α (t, ε) are disjoint subsets of E for which (16) holds.

Now, by Lemma 2.1, there exist E_k = � P^k_i :i < m_k � ∈ D_k such that P = � k< ω � i<m_k P k i ∈ P_α . It is enough to show that P^2 \ Δ ⊂ h^{− 1}(j). To see this, take different s, t ∈ P and let k < ω be such that the distance between s and t is greater than 2^{− k}. Then they must belong to different P^k_i ’s from E_k and so, by (15), ⟨s, t⟩ ∈ h^{− 1}(j).

We will also need the following simple fact, which must be well known.

Lemma 5.2 There exists a continuous function h:C → [0,1] with the following property. If X is a zero-dimensional Polish space then for every continuous function f :X → [0,1] there exists a continuous g:X → C such that f = h ∘ g.

Pr oof. Let {U_σ :σ ∈ 2^{< ω} } be an open basis for [0,1] such that U_∅ = [0,1] and, for every σ ∈ 2^k, U_σ = U_{σ^0} ∪ U_{σ^1} and diam(U_σ ) ≤ 2^{1− k}. For every s ∈ 2^ω let h(s) ∈ [0,1] be such that {h(s)} = � n< ω cl(Usμn ). It is clear that

h is continuous.

To see that h is as required take X and f as in the lemma. For every σ ∈ 2^{< ω} choose an open set V_σ ⊂ f^{− 1}(U_σ ) such that V_∅ = X, V_{σ^0} and V_{σ^1} are disjoint, and V_{σ^0} ∪ V_{σ^1} = V_σ . This can be easily done by induction on the length of σ using zero-dimensionalit y of X.^2 Thus for every n < ω the sets {V_σ :σ ∈ 2^n } form a clopen partition of X.

Define g(x) as the unique s ∈ C for which x ∈ � n< ω Vsμn . Clearly g is

continuous. Moreover, if g(x) = s then x ∈ � n< ω

V_{sμn} ⊂ f^{− 1} � � n< ω

cl(U_{sμn} ) � = f^{− 1}({h(s)}) = f^{− 1}({h(g(x))})

so that f (x) ∈ {h(g(x))}. Hence f = h ∘ g.

The next lemma is already a very close approximation of Prop osition 4.1.

Lemma 5.3 If α < ω_1 and H is a continuous symmetric function from a set (C^α )^2 \ Δ into C then there exists an E ∈ P_α such that H is uniformly continuous on E^2 \ Δ .

Pr oof. For n < ω define h_n :(C^α )^2 \ Δ → 2 by h_n (s, t) = H(s, t)(n). Thus each h_n satisfies the assumptions of Lemma 5.1.

Using Fusion Lemma 2.1 with A = P_α we will find an E ∈ P_α for which each h_n is uniformly continuous on E^2 \ Δ . Then clearly H = ⟨h_n :n < ω ⟩ is also uniformly continuous on this set.

For k < ω let D_k ⊂ [P_α ]^{< ω} be the collection of all families {P_i:i < m} of pairwise disjoint sets such that

h_k is constant on P_i × P_i \ Δ for each i < m. (17)

2Recall that every second countable zero-dimensional space X is strongly zerodimensional, see e.g. [18, Thm. 6.2.7]. In particular, for every open cover {W_0,W_1} of X there are disjoint clopen sets V_0 ⊂ W_0 and V_1 ⊂ W_1 such that V_0 ∪ V_1 = X.

Clearly sets D_k’s satisfy conditions (P1) and (P2) from Lemma 2.1. Thus, we need to verify only (P3).

So, fix k < ω , E ∈ P_α , and γ < α. It is enough to find disjoint subprisms E_0,E_1 of E such that π_γ[E_0] = π_γ[E_1] and

h_k is constant on E_j × E_j \ Δ for each j < 2.

Let f ∈ Φ_{prism} (α) be such that E = f [C^α ] and let h:(C^α )^2 \Δ → 2 be defined by h(s, t) = h_k(f (s),f (t)). Then h satisfies the assumptions of Lemma 5.1 so there exists a P ∈ P_α such that h is constant on P^2 \ Δ . Choose disjoint subsets E_0,E_1 ∈ P_α of P such that π_γ[E_0] = π_γ[E_1]. (If g ∈ Φ_{prism} (α) is such that P = f [C^α ] and B_i = {x ∈ C^α :x(γ)(0) = i} then we can put E_i = g[B_i].) Then E_0 and E_1 satisfy (P3).

Now, by Lemma 2.1, there exist E_k = � P^k_i :i < m_k � ∈ D_k such that E = � k< ω � i<m_k P k i ∈ P_α . Notice that if � P^k_i :i < m_k � belongs to D_k then h_k is uniformly continuous on � � i<m_k

P^k_i

�_2

\ Δ = � � i≠ n

P^k_i × P^k_n � ∪ � i<m_k � P^k_i × P^k_i \ Δ � .

So each h_k is uniformly continuous E^2 \ Δ ⊂ � i<m_k P k i �_2

\ Δ .

Pr oof of Pr oposition 4.1. Let f_0 ∈ Φ_{prism} (α) be such that E = f_0 [C^α ] and put F = G ∘ ⟨h ∘ f_0,h ∘ f_0⟩:(C^α )^2 \ Δ → [0,1]. (18)

Note also that F = h_0 ∘ H (19)

for some continuous symmetric function from H:(C^α )^2 \ Δ → C and continuous h_0:C → [0,1]. This follows immediately from Lemma 5.2 used with f = F ↾ {⟨x, y⟩ ∈ C^α × C^α :x < y}, where < is the lexicographical order on C^α . (We use the lexicographical order in which C^α is identified with 2^{α× ω} and α × ω is ordered in type ω . Then the set {⟨x, y⟩ ∈ C^α × C^α :x < y} is open in C^α × C^α .)

Now, by Lemma 5.3, then there exists an E_0 ∈ P_α such that H is uniformly continuous on (E_0)^2 \ Δ . So H can be extended to a uniformly continuous function Ĥ on (E_0)^2. Then function

Ĝ = h_0 ∘ Ĥ ∘ ⟨h ∘ f_0,h ∘ f_0⟩^{− 1} = h_0 ∘ Ĥ ∘ ⟨(f_0)^{− 1} ∘ h^{− 1},(f_0)^{− 1} ∘ h^{− 1}⟩ is also uniformly continuous on (h[f_0[E_0]])^2. Put E_1 = f_0[E_0] and notice that it is as desired.

Indeed, clearly E_1 ∈ P_α and E_1 ⊂ E. Moreover, it is not difficult to see that G ↾ (h[E_1])^2 \ Δ = Ĝ ↾ (h[E_1])^2 \ Δ . So G is uniformly continuous on (h[E_1])^2 \ Δ .

6 Theorem 3.5: on cov(D^n,C^n) < c

In the proof we will use the following lemma.

Lemma 6.1 For n < ω let f ∈ C^n and let P ⊂ R be a perfect set for which the function F :P^2 \ Δ → R defined by

F (x, y) = f^{(n)}(x) − f^{(n)}(y) x − y

is uniformly continuous and bounded. Then f ↾P can be extended to a C^{n+1} function.

Pr oof. This follows from the fact that f ↾ P satisfies the assumptions of Whitney’s extension theorem. To see this notice first that F naturally extends to a continuous function on P^2 with F (a, a) = f^{(n+1)} (a). Next, for q = 1,2,3,... and a ∈ P let

η_q(a) = sup � � �f^{(n)}(x) − f^{(n)}(a) x − a

− f^{(n+1)} (a) � � �:0 < |x − a| < 1 q � . In the second part of the proof of [15, Thm. 3.1.15] it is shown that if

lim_{q→ ∞} sup{η_q(a):a ∈ P } = 0 (20)

then f ↾ P satisfies the assumptions of Whitney’s extension theorem. However we have

f^{(n)}(x) − f^{(n)}(a) x − a

− f^{(n+1)} (a) = F (x, a) − F (a, a),

so uniform continuity of F clearly implies (20).

Pr oof of Theorem 3.5. The lower bound inequalities cov(D^n ,C^n ) > ω and cov(“ D^n ”,“ C^n ”) > ω follow from Example 7.7. So it is enough to prove only that these numbers are ≤ ω_1.

To prove cov(D^n ,C^n ) ≤ ω_1, take an f ∈ D^n and note that, by CPA_{prism} , it is enough to show that the following set

E = {E ∈ Perf(R):(∃h ∈ C^n (R)) h ↾E = f ↾E}

is F_{prism} -dense. So fix a prism P in R. Let k:[− ∞ ,∞ ] → [0,1] be a homeomorphism. Applying n-times Prop osition 4.1 in the same way as in the proof of Lemma 4.2 we find a subprism E of P such that for each i < n the function k∘F_i:E^2 \Δ → [0,1] is uniformly continuous, where F_i:E^2 \Δ → R is defined by

F_i(x, y) = f^{(i)}(x) − f^{(i)}(y) x − y . So each F_i can be extended to a continuous function F̄_i:E^2 → [− ∞ ,∞ ]. Note also that since F̄_i(x, x) = f^{(i+1)} (x) ∈ R, as f ∈ D^n , we in fact have F̄_i[E 2] ⊂ R.

Next, starting with f_0 = f we use Lemma 6.1 to prove by induction that for every i < n there exists an f_{i+1} ∈ C^{i+1} (R) extending f_i ↾ E. Then function h = f_n ∈ C^n (R) witnesses that E ∈ E.

To prove cov(“ D^n ”,“ C^n ”) ≤ ω_1, take an f ∈ “ D^n ”. As before it is enough to show that

E^′ = {E^′ ∈ Perf(R):(∃h ∈ “ C^n (R)”) h ↾E^′ = f ↾E^′}

is F_{prism} -dense. So fix a prism P in R and find E, F_i’s, and F̄_i’s as above. Note that F_i’s are well defined since f ∈ “ D^n ” ⊂ C^{n− 1}. By the same reason we have that F̄_i[P^2] ⊂ R for all i < n − 1. However, F̄_{n− 1} can have infinite values.

Proceeding as in the proof of Lemma 4.2, decreasing E if necessary, we can assume that either the range of F̄_{n− 1} is bounded or F̄_{n− 1} ↾ P^2 ∩ Δ is constant equal to ∞ or − ∞ . If F̄_{n− 1} is bounded then, taking E^′ = E, we are done as in the previous case. So, assume that F̄_{n− 1}[P^2 ∩ Δ] = {∞ }. (The case of − ∞ is handled by replacing f with − f .) Then f^{(n− 1)} and E satisfy the assumptions ofBrown’sversion ofWhitney’s extension theorem [3, Thm. 2.1]. So, we can find a “ C^1” extension g:R → R of f^{(n− 1)} ↾E such that g^′[E] = (f^{(n− 1)})^′[E] = {∞ } and g^′[R \ E] ⊂ R. By (n − 1)-times integrating g we can find a G:R → R such that G^{(n− 1)} = g. Then G ∈ “ C^n ”. Next notice that G − f ∈ C^n (E), since (G − f )^{(n− 1)} = g − f^{(n− 1)} ≡ 0 on E. Now, proceeding as above for the case of f ∈ C^n we can find a subprism E^′ of E and a function ĥ ∈ C^n (R) extending G − f ↾ E^′. Then function h = G − ĥ belongs to “ C^n ” as a difference of functions from “ C^n ” and C^n . Moreover, h extends f ↾ E^′ since h = G − ĥ = G − (G − f ) = f on E^′. So, h witnesses E^′ ∈ E^′.

7 Examples related to cov op erator

We will start with the examples needed for the proof of Prop osition 3.4 which give c as a lower bound for the appropriate numbers cov(A,F ).

Example 7.1 There exist a homeomorphism h:R → R and a perfect set P ⊂ R such that h, h^{− 1} ∈ “ C^2”, h^{′′}↾ P ≡ ∞ , and (h^{− 1})^{′′}↾ h[P ] ≡ −∞ . In particular ¬ IntTh � h ↾P,D^2_{perf} ∪ (D^2_{perf} )^{− 1} � and cov � “ C^2”,D^2_{perf} ∪ (D^2_{perf} )^{− 1} � = cov � h, D^2_{perf} ∪ (D^2_{perf} )^{− 1} � = c.

Pr oof. First notice that there exist a strictly increasing homeomorphism h_0 from R onto (0,∞ ) and a perfect set P ⊂ R such that

h_0 ∈ “ C^1” and h^′_0 ↾P ≡ ∞ . (21)

Indeed, let C be an arbitrary nowhere dense perfect subset of [2,3) with 2 ∈ C and let d(x) denotes the distance between x ∈ R and C. Let f_0:(0,∞ ) → [0,∞ ) be defined by f_0(x) = x^{− 2} for x ∈ (0,1] and f_0(x) = d(x) for x ∈ [1,∞ ). Then f_0 is continuous and f_0(x) = 0 precisely when x ∈ C. Define a strictly increasing function f from (0,∞ ) onto R by a formula f (x) =

�_x 1 f_0(t) dt. Then f^′ = f_0 and f (x) = 1−^1_x on (0,1). It is easy to see that h_0 = f^{− 1} and P = f [C] ⊂ (0,∞ ) satisfy (21).

Now put h(x) =

�_x 0 h_0(t) dt. Then clearly h is strictly increasing since h_0 is positive. Also h is onto R as on (− ∞ ,0) we have h_0(x) =^1_{1− x} and so h(x) = − ln(1 − x). It is easy to see that h^′ = h_0 so, by (21), h ∈ “ C^2” and h^{′′}↾ P ≡ ∞ . Also, if g = h^{− 1} then g^′(x) = 1/h^′(g(x)) = 1/h_0(g(x)) > 0 is strictly decreasing and h^{− 1} = g ∈ C^1. Thus, to see that h^{− 1} = g ∈ “ C^2” and that (h^{− 1})^{′′}≡ − ∞ on h[P ] = h[f [C]]it is enough to differentiate g^′(x) (note that the differentiation formulas are valid, if just one of the terms is infinite) to get g^{′′}(x) = − [h^′(g(x))]^{− 2}h^{′′}(g(x))g^′(x) = − h^{′′}(g(x))(g^′(x))^3. Thus, h and P have the desired properties.

To see the additional part note first that for every f ∈ D^2_{perf} functions f and h ↾ P may agree on at most countable set S since at any point x of a perfect subset Q of S we would have

(h ↾Q)^{′′}(x) = ∞ ≠ (f ↾Q)^{′′}(x).

Similarly, |f ∩ (h ↾P )| ≤ ω for every f ∈ (D^2_{perf} )^{− 1}. This clearly implies the additional part.

Example 7.2 There exists a perfect set P ⊂ R and a function f ∈ “ C^1” such that f^′(x) = ∞ for every x ∈ P . In particular ¬ IntTh � f ↾P,D^1_{perf} � and cov � Borel,C^1 � = cov � “ C^1”,C^1 � = cov � “ C^1”,D^1_{perf} � = cov � f ,D^1_{perf} � = c.

Pr oof. If f is a function h_0 from (21) then it has the desired properties.

For such an f and any function g ∈ D^1_{perf} the intersection f ∩ g must be finite. So

c ≥ cov � Borel,C^1 � ≥ cov � “ C^1”,D^1_{perf} � ≥ cov � f ,D^1_{perf} � ≥ c.

Monotonicit y of cov operator gives the other equations.

Example 7.3 For every 0 < n < ω there exists an f ∈ “ C^n ” and a perfect set P ⊂ R such that ¬ IntTh � f ↾P,D^n_{perf} � so that

cov(“ C^n ”,C^n ) = cov(“ C^n ”,D^n_{perf} ) = cov(f ,D^n_{perf} ) = c.

Pr oof. For n = 1 this is a restatemen t of Example 7.2. The general case can be done by induction: If f is good for some n and F is a definite integral of f then F ∈ “ C^{n+1} ” and ¬ IntTh (F ↾P,D^{n+1}_{perf} ) = c.

Example 7.4 There exists an f ∈ C^1 and a perfect set P ⊂ R such that |(f ↾P )∩ g| ≤ ω for every g ∈ “ D^2”. In particular ¬ IntTh (f ↾P,“ D^2”) and cov � C^1,“ D^2” � = cov � f ,“ D^2” � = c.

Pr oof. In [1, Thm. 22] the authors construct a perfect set P ⊂ [0,1] and a function f ∈ C^1 which have the desired properties. The argument for this is implicitly included in the proof of [1, Thm. 22] and goes like that.

Function f has the property that f^′(x) = 0 for all x ∈ P . Now, assume that some g ∈ “ D^2” agrees with f on a perfect set Q ⊂ P . Then clearly we would have (g ↾Q)^{′′}≡ [(g ↾Q)^′]^′ ≡ [(f ↾Q)^′]^′ ≡ [0]^′ ≡ 0. On the other hand, in [1, Thm. 22] it is shown^3 that for such a g we would have g^{′′}(x) ∈ {± ∞ } for every x ∈ Q, a contradiction.

Example 7.5 For every 0 < n < ω there exist an f ∈ C^n and a perfect set P ⊂ R such that ¬ IntTh (f ↾P,“ D^{n+1} ”) and cov � C^n ,“ D^{n+1} ” � = cov � f ,“ D^{n+1} ” � = c.

Pr oof. For n = 1 this is a restatemen t of Example 7.4. The general case can be done by induction: If f is good for some n and F is a definite integral of f then F ∈ C^{n+1} and ¬ IntTh (F ↾P,D^{n+1}_{perf} ) = c.

Next we will describe the examples showing that the cov(A,F ) numbers considered in Corollary 3.3 and Theorem 3.5 have values greater than ω . In what follows cov(M ) (cov(N ), respectively) will stand for the smallest cardinalit y of a family F ⊂ P (R) of measure zero sets (nowhere dense, respectively) such that R = � F . Example 7.6 There exists a function f ∈ D^1 such that cov � f ,“ C^1” ∪ (D^1)^{− 1} � ≥ cov(M ) > ω .

In particular cov � Borel,“ C^1” � ≥ cov � D^1,“ C^1” � ≥ cov(M ) > ω and cov � Borel,C^1 ∪ (C^1)^{− 1} � ≥ cov � D^1,C^1 ∪ (C^1)^{− 1} � ≥ cov(M ) > ω .

3Actually, the calculation in [1, thm. 22] is done under the assumption that g ∈ C^2, but it works also under our weaker assumption that g ∈ “ D^2”.

Pr oof. We will construct function f only on [0,1]. It can be easily modified to a function defined on R.

Let E ⊂ [0,1] be an F_σ -set of measure 1 such that E^c = [0,1]\E is dense in [0,1]. It is well known that there exists a derivative g:[0,1] → [0,1] such that g[E] ⊂ (0,1] and g[E^c] = {0}. (See e.g. [5, p. 24].) Let f :[0,1] → R be such that f^′ = g. We claim that this f is as desired.

Indeed, by way of contradiction assume that for some κ < cov(M ) there exists a family {h_ξ ∈ RR:ξ < κ} ⊂ “ C^1” ∪ (D^1)^{− 1} such that f ⊂ � ξ< κ hξ.

Since h_ξ are closed subsets of R^2 and the graph of f is compact, we see that the x-coordinate projections P_ξ = π_x[f ∩ h_ξ] are closed. So, [0,1] is covered by less than cov(M ) closed sets P_ξ. Thus, there exists an η < κ such that P_η has non-empt y interior U = int(P_η).

Now, if h_η ∈ “ C^1” then h^′_η = f^′ = g on U, which is impossible, since h^′_η is continuous, while g is not continuous on any non-empt y open set. So assume that h_η ∈ (D^1)^{− 1}. Note that f is strictly increasing as an integral of function g which is strictly positive a.e. So f^{− 1} is a strictly increasing and agrees with h = h^{− 1}_η ∈ D^1 on an open set f [U]. But then if x ∈ U \ E then h^′(f (x)) = (f^{− 1})^′(f (x)) =^1_{f ′(x)} = ∞ which contradicts h ∈ D^1.

Note also that if f from Example 7.6 is replaced by its (n − 1)-st antiderivative then we get also the following example.

Example 7.7 For any 0 < n < ω_1 there exists an f ∈ D^n such that

cov(D^n ,“ C^n ”) ≥ cov(f ,“ C^n ”) ≥ cov(M ) > ω .

Example 7.8 There exists an f ∈ C^0 such that

cov(C^0,“ D^1_{perf} ”) ≥ cov(f ,“ D^1_{perf} ”) ≥ cov(N ) > ω .

Moreover, for every n < ω if F ∈ C^n is such that F^{(n)} = f then

cov(C^n ,“ D^{n+1}_{perf} ”) ≥ cov(F,“ D^{n+1}_{perf} ”) ≥ cov(N ) > ω and cov � Borel,“ C^∞_{perf} ” � ≥ cov � C^n ,“ C^∞_{perf} ” � ≥ cov � F,“ C^∞_{perf} ” � ≥ cov(N ) > ω .

Pr oof. A continuous function f justifying cov(f ,“ D^1_{perf} ”) ≥ cov(N ) was pointed by Morayne: just take any f ∈ C for which there is a set A ⊂ R of positive measure for which |f^{− 1}(a)| = c for all a ∈ A. (See [26, Thm. 6.1].)

To see the additional part, let G = {g_ξ:ξ < κ} be an infinite subset of “ D^{n+1}_{perf} ”∪ “ C^∞_{perf} ” such that F ⊂ � G. We need to show that κ ≥ cov(N ). For this first note that for every ξ < κ the domain of F ∩ g_ξ can be represented as a union of a perfect set P_ξ (which can be empty) and a countable (scattered) set S_ξ. Let S = � ξ< κ Sξ and note that it has cardinalit y at most κ. Since

F ↾P_ξ = g_ξ ↾P_ξ, by an easy induction on i ≤ n we can prove that

F^{(i)} ↾P_ξ = (g_ξ ↾P_ξ)^{(i)} provided g_ξ ∈ “ D^i_{perf} ” and P_ξ ≠ ∅ . (22)

Thus,

if g_ξ ∈ “ D^{n+1}_{perf} ” and P_ξ ≠ ∅ then f ↾P_ξ = F^{(n)} ↾P_ξ = (g_ξ ↾P_ξ)^{(n)} ∈ “ D^1_{perf} ”.

On the other hand,

if g_ξ ∈ “ C^∞_{perf} ” \ “ D^{n+1}_{perf} ” then P_ξ = ∅ .

Indeed, otherwise there is an i ≤ n such that g_ξ ∈ “ D^i_{perf} ” and g^{(i)}_ξ is constant equal to ∞ or − ∞ . So, by (22), for any x ∈ P_ξ a real number F^i(x) belongs to {− ∞ ,∞ }, a contradiction.

Thus F = {f ↾ P_ξ:ξ < κ & P_ξ ≠ ∅ } ∪ {f ↾ {x}:x ∈ S} ⊂ “ D^1_{perf} ” has cardinalit y at most κ and it covers f . So, by the first part, κ ≥ cov(N ).

8 Pro of of Fusion Lemma 2.1

Notice that if P ∈ P_α and 0 < β < α then

P ∩ π^{− 1}_β (P^′) ∈ P_α for every P^′ ∈ P_β with P^′ ⊂ π_β [P ]. (23)

Indeed, let f ∈ Φ_{prism} (β) and g ∈ Φ_{prism} (α) be such that f [C^β ] = P^′ and g[C^α ] = P . Let Q = (g ↾↾ β)^{− 1}[P^′] = (g ↾↾ β)^{− 1} ∘ f [C^β ]. Then, Q ∈ P_β since, by (5), (g ↾↾ β)^{− 1} ∘ f ∈ Φ_{prism} (β). Thus π^{− 1}_β (Q) belongs to P_α and P ∩ π^{− 1}_β (P^′) = g[π^{− 1}_β (Q)] ∈ P_α .

For a fixed 0 < α < ω_1 let {⟨β_k,n_k⟩:k < ω } be an enumeration of α × ω used in the definition (1) of the metric ρ and let

A_k = {⟨β_i,n_i⟩:i < k} for every k < ω . (24)

Lemma 8.1 (Master Fusion Lemma) Let 0 < α < ω_1 and for every k < ω let E_k = � E_s ∈ P_α :s ∈ 2^{Ak} � . Assume that for every k < ω , s, t ∈ 2^{Ak} , and β < α we have:

(i) the diameter of E_s is less than or equal to 2^{− k},

(ii) if r ∈ � i<ω 2^{Ai} and r ⊂ s then E_s ⊂ E_r ,

(iii) if s ↾(β × ω ) = t ↾(β × ω ) then π_β [E_s] = π_β [E_t],

(iv) if s ↾(β × ω ) ≠ t ↾(β × ω ) then π_β [E_s]∩ π_β [E_t] = ∅ .

Then Q = � k<ω � E_k belongs to P_α .

Pr oof. For x ∈ C^α let x̄ ∈ 2^{α× ω} be defined by x̄(β,n) = x(β)(n).

First note that, by conditions (i) and (iv), for every k < ω the sets in E_k are pairwise disjoint and each of the diameter at most 2^{− k}. Thus, taking into account (ii), function h:C^α → C^α defined by

h(x) = r ⇐ ⇒ {r} = � k< ω

E_{x̄μAk}

is well defined and is one-to-one. It is also easy to see that h is continuous and that Q = h [C^α ]. Thus, we need to prove only that h ∈ Φ_{prism} (α), that is, that h is projection-keeping.

To show this fix β < α, put S = � i< ω 2

A_i , and notice that, by (i) and

(iii), for every x ∈ C^α we have

{h(x) ↾β} = π_β � {E_{x̄μAk} :k < ω } � = � {π_β [E_{x̄μAk} ]:k < ω } = � {π_β [E_s]:s ∈ S & s ⊂ x̄} = � {π_β [E_s]:s ∈ S & s ↾(β × ω ) ⊂ x̄}.

Now, if x ↾β = y ↾β then for every s ∈ S

s ↾(β × ω ) ⊂ x̄ ⇔ s ↾(β × ω ) ⊂ ȳ

so h(x) ↾β = h(y) ↾β.

On the other hand, if x ↾ β ≠ y ↾ β then there exists k < ω big enough such that for s = x̄ ↾A_k and t = ȳ ↾A_k we have s ↾(β× ω ) ≠ t ↾(β× ω ). But then {h(x) ↾β} and {h(y) ↾β} are subsets of π_β [E_s] and π_β [E_t], respectively, which, by (iv), are disjoint. So, h(x) ↾β ≠ h(y) ↾β.

Pr oof of Lemma 2.1. Let us define D_{− 1} = {{C^α }}. It is enough to construct a sequence ⟨E_k ∈ D_{k− 1}:k < ω ⟩ satisfying conditions (i)-(iv) from Lemma 8.1. This will be done by induction on k < ω .

We start with E_0 = {C^α }. Clearly at this stage (i)-(iv) are satisfied. So, assume that for some k < ω a sequence ⟨E_j :j ≤ k⟩ satisfying (i)-(iv) is already defined. We will construct E_{k+1} .

Let {s_i:i < 2^k} be an enumeration of 2^{Ak} . Thus E_k = {E_{si} :i < 2^k}. Also, let γ = max{β_0,...,β_k} < α, and for every i, m < 2^k put

β^m_i = max{β ≤ γ:s_i ↾(β × ω ) = s_m ↾(β × ω )}.

As a first step of the proof we will construct, by induction on m ≤ 2^k, the sequences ⟨{E^m_{si} ∈ A:i < 2^k}:m ≤ 2^k⟩ and ⟨P^j_m ∈ A:j < 2 & m < 2^k⟩ such that for every n < m ≤ 2^k and i < 2^k

(a) E^{m def}= {E^m_{si} ∈ A:i < 2^k} satisfies (iii),

(b) E^n_{si} ⊃ E^m_{si} ,

(c) P^0_n and P^1_n are disjoint subsets of E^n_{sn} such that {P^0_n ,P^1_n } ∈ D_k and π_γ[P^0_n ] = π_γ[P^1_n ] = π_γ[E^{n+1}_{sn} ].

We start with putting E^0_{si} = E_{si} for every i < 2^k. So, (a)-(c) clearly hold. Next, if for an m < 2^k family E^m satisfying (iii) is already constructed apply (P3) to find disjoint P^0_m ,P^1_m ∈ D_k subsets of E^m_{sm} for which π_γ[P^0_m ] = π_γ[P^1_m ]. Then for i < 2^k we put

E^{m+1}_{si} = E^m_{si} ∩ π^{− 1}_βm_i (π_βm_i [P^0_m ]) = � x ∈ E^m_{si} :x ↾β^m_i ∈ π_βm_i [P^0_m ] � . (25)

Notice that π_βm_i [P^0_m ] ⊂ π_βm_i [E^m_{sm} ] = π_βm_i [E^m_{si} ] so, by (23), E^{m+1}_{si} ∈ A. Also, by the inductiv e assumption (a),

π_βm_i [E^{m+1}_{si} ] = π_βm_i [E^m_{si} ]∩ π_βm_i [P^0_m ] = π_βm_i [E^m_{sm} ]∩ π_βm_i [P^0_m ] = π_βm_i [P^0_m ].

Since β^m_m = γ, this implies immediately (c). It is clear that (b) holds. Thus, it is enough to show that E^{m+1} satisfies (iii). So, pick β < α and different i < j < 2^k such that s_i ↾(β × ω ) = s_j ↾(β × ω ). If β ≤ β^m_i then also β ≤ β^m_j and π_β [E^{m+1}_{si} ] = π_β [P^0_m ] = π_β [E^{m+1}_{sj} ]. So, assume that β > β^m_i and β > β^m_j . Then β^m_i = β^m_j and

π_β [E^{m+1}_{si} ] = � π_β (x):x ∈ E^m_{si} & π_β (x) ↾β^m_i ∈ π_βm_i [P^0_m ] � = � π_β (x):x ∈ E^m_{sj} & π_β (x) ↾β^m_j ∈ π_βm_j [P^0_m ] � = π_β [E^{m+1}_{sj} ].

So E^{m+1} satisfies (iii). This finishes the construction.

Next for i < 2^k put E^′_{si} = E^{2k}_{si} ⊂ E_{si} and notice that

(P3^′) for every n < 2^k there are disjoint F^0_{sn} ,F^1_{sn} ∈ A such that F^0_{sn} ∪ F^1_{sn} ⊂ E^′_{sn} , {F^0_{sn} ,F^1_{sn} } ∈ D_k, and π_γ[F^0_{sn} ] = π_γ[F^1_{sn} ] = π_γ[E^′_{sn} ].

Indeed, for j < 2 define F^j_{sn} = P^j_n ∩ π^{− 1}_γ (π_γ[E^′_{sn} ]) and note that F^j_{sn} ∈ A by (23), since π_γ[E^′_{sn} ] ⊂ π_γ[E^{n+1}_{sn} ] = π_γ[P^j_n ]. So, {F^0_{sn} ,F^1_{sn} } ∈ D_k by (P1). The equations hold since, by (c),

π_γ[F^j_{sn} ] = � π_γ(x):x ∈ P^j_n & x ↾γ ∈ π_γ[E^′_{sn} ] � = � π_γ(x):x ∈ E^{n+1}_{sn} & x ↾γ ∈ π_γ[E^′_{sn} ] � = π_γ[E^′_{sn} ].

Finally, F^j_{sn} = {x ∈ P^j_n :x ↾ γ ∈ π_γ[E^′_{sn} ]} is a subset of E^′_{sn} since P^j_n ⊂ E^{n+1}_{sn} and, by (25), if x ∈ E^{n+1}_{sn} \ E^′_{sn} then x ↾γ /∈ π_γ[E^′_{sn} ]. So, (P3^′) holds.

Next, by induction on i < 2^k, choose a sequence ⟨x^j_i ∈ F^j_{si} :j < 2 & i < 2^k⟩ such that for every j < 2 and m ≤ i < 2^k

x^0_i ↾β_k = x^1_i ↾β_k, x^0_i (β_k) ≠ x^1_i (β_k), and x^j_i ↾β^m_i = x^j_m ↾β^m_i . (26)

By (P3^′) it is easy to find x^0 and x^1_0 satisfying (26). So, assume that for some 0 < i < 2^k we already have defined ⟨x^j_m :j < 2 & m < i⟩. To find x^0_i and x^1_i let β = max{β^m_i :m < i} and choose an n < i which witnesses it, that is such that β = β^n_i . Since, by (a) and (P3^′), π_β [F^j_{si} ] = π_β [F^j_{sn} ], for j < 2, we can find an x^0_i ∈ F^0_{si} extending x^0_n ↾ β. Then x^0_i ↾ β^m_i = x^0_n ↾ β^m_i = x^0_m ↾ β^m_i for all m < i.

Next, if β_k < β as above we choose an x^1_i ∈ F^1_{si} extending x^1_n ↾ β and note that (26) is satisfied since this was the case for i = n. So, assume that β ≤ β_k ≤ γ. Then, by (P3^′), we can find an x^1_i ∈ F^1_{si} extending x^0_i ↾ β_k such that x^1_i (β_k) ≠ x^0_i (β_k). Then (26) holds as well.

Finally, for s ∈ 2^{Ak} and j < 2 let s^j stand for s ∪ {⟨⟨β_k,n_k⟩,j⟩} ∈ 2^{Ak+1} and for i < 2^k define E_{si ^j} = F^j_{si} ∩ B_α (x^j_i ,2^{− k}).

Let E_{k+1} = {E_s:s ∈ 2^{Ak+1} }. To finish the proof it is enough to show that E_{k+1} satisfies (i)-(iv) from Lemma 8.1. Thus, (i) follows from the fact that E_{si ^j} ⊂ B_α (x^j_i ,2^{− k}); (ii) is justified by E_{si ^j} ⊂ F^j_{si} ⊂ E^′_{si} ⊂ E_{si} ; while (iii) and (iv) can be easily deduced from (P3^′), (26), and (2).

References

[1] S. Agronsky, A. M. Bruckner, M. Laczkovich, D. Preiss, Convexity conditions and intersections with smooth functions, Trans. Amer. Math. Soc. 289 (1985), 659–677.

[2] T. Bartoszy ński, H. Judah, Set Theory, A K Peters, 1995.

[3] J. B. Brown, Differentiable restrictions of real functions, Proc. Amer.

Math. Soc. 108 (1990), 391–398.

[4] J. B. Brown, Restriction theorems in real analysis, Real Anal. Exchange 20(1) (1994–95), 510–526.

[5] A. M. Bruckner, Differentiation of Real Functions , CMR Series vol. 5, Amer. Math. Soc., 1994.

[6] J. P. Burges, A selector principle for Σ^1 equivalence relations, Michigan Math. J. 24 (1977), 65–76.

[7] J. Cichoń, M. Morayne, J. Pawlikowski, S. Solecki, Decomposing Baire functions, J. Symbolic Logic 56(4) (1991), 1273–1283.

[8] K. Ciesielski, Set theoretic real analysis, J. Appl. Anal. 3(2) (1997), 143–190. (Preprin t^⋆ available.^4 )

4Preprin ts marked by^⋆ are available in electronic form from Set Theoretic Analysis Web Page: http://www.math.wvu.edu/~k cies/ST A/ST A.html

[9] K. Ciesielski, Set Theory for the Working Mathematician , London Math.

Soc. Stud. Texts 39, Cambridge Univ. Press 1997.

[10] K. Ciesielski, Decomposing symmetrically continuous functions and Sierpiński-Zygmund functions into continuous functions, Proc. Amer. Math. Soc. 127 (1999), 3615–3622. (Preprin t^⋆ available.)

[11] K. Ciesielski, T. Natkaniec, On Sierpiński-Zygmund bijections and their inverses, Topology Proc. 22 (1997), 155–164. (Preprin t^⋆ available.)

[12] K. Ciesielski, J. Pawlikowski, Crowded and selective ultrafilters under the Covering Property Axiom, J. Appl. Anal. 9(1) (2003), 19–55. (Preprin t^⋆ available.)

[13] K. Ciesielski, J. Pawlikowski, Covering Property Axiom CPA. A combinatorial core of the iterated perfect set model, version of October 2003, work in progress^⋆.

[14] K. Ciesielski, J. Wojciechowski, Sums of connectivity functions on R^n , Proc. London Math. Soc. 76(2) (1998), 406–426. (Preprin t^⋆ available.)

[15] H. Federer, Geometric measure theory, Springer, New York 1969.

[16] F. Galvin, Partition theorems for the real line, Notices Amer. Math. Soc.

15 (1968), 660.

[17] F. Galvin, Errata to “ Partition theorems for the real line”, Notices Amer. Math. Soc. 16 (1969), 1095.

[18] R. Engelking, General Topology, Polish Sci. Publ. PWN, Warszawa, 1977.

[19] V. Kanovei, Non-Glimm–Effros equivalence relations at second projective level, Fund. Math. 154 (1997), 1–35.

[20] A. S. Kechris, Classical Descriptive Set Theory, Springer-Verlag, Berlin 1995.

[21] R. D. Mauldin, The Scottish Book, Birkhäuser, Boston 1981.

[22] A. W. Miller, Mapping a set of reals onto the reals, J. Symbolic Logic 48 (1983), 575–584.

[23] M. Morayne, On continuity of symmetric restrictions of Borel functions, Proc. Amer. Math. Soc. 98 (1985), 440–442.

[24] A. Olevskiǐ,Ulam Zahorski problem on free interpolation bysmooth functions, Trans. Amer. Math. Soc. 342 (1994), 713–727.

[25] J. Steprāns, Sums of Darboux and continuous functions, Fund. Math.

146 (1995), 107–120.

[26] J. Steprāns, Decomposing Euclidean space with a small number of smooth sets, Trans. Amer. Math. Soc. 351 (1999), 1461–1480. (Preprin t^⋆ available.)

[27] S. Ulam, A Collection of Mathematical Problems, Interscience, New York, 1960.

[28] H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans. Amer. Math. Soc. 36 (1934), 63–89.

[29] Z. Zahorski, Sur l’ensamble des points singuliére d’une fonction d’une variable réele admettand des dérivées des tous orders, Fund. Math. 34 (1947), 183–245.