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Abstract: The Z-density topology is a generalization of the ordinary density
topology to the setting of category instead of measure. This work involves func-
tions which are continuous when combinations of the Z-density, deep-Z-density,
density and ordinary topology are used on the domain and range. In the process
of examining these functions, the Z-density and deep-Z-density topologies are
deeply explored and the properties of these function classes as semigroups are
considered.
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Introduction

A persistent area of study in real analysis during the last half century is an
effort to explain the striking parallels between two sets of theorems on the real
line: those concerned only with sets of measure zero and those concerned only
with sets of the first category. Indeed, a general rule of thumb seems to be that
the following “substitutions” can be made in many theorems to result in another
theorem.

sets of measure zero first category sets
measurable sets — Baire sets
measurable functions Baire functions

An excellent overview containing many examples of this is contained in the book
Measure and Category by J. C. Oxtoby [55].

A natural question to ask is whether this parallel can be extended to a larger
class of sets. The major stumbling block in any such attempt seems to be the
Lebesgue Density Theorem, which has no obvious parallel in the category sense.
To see the difficulty here, recall that a point a is a Lebesgue density point of the
measurable set A if, and only if,

lim m((a —h,a+h)NA)
h—0+ 2h

:]_’

where m(S) is the Lebesgue measure of the set S. From this definition, one
can see that a is a density point of A if, in some sense, the set A dynamically
becomes of full measure nearby a as h — 0F. Until recently, there was no clear
parallel whereby A could “become full” in the category sense nearby a; a set is
either first or second category—there is no middle ground. This changed in 1985
when W. Wilczyriski [68, 57| introduced a category analogue of density which
he called “Z-density.”

Krzysztof Ciesielski was partially supported by a West Virginia University Foun-
dation grant supplemented by the West Virginia University College of Arts and
Sciences. Lee Larson and Krzysztof Ostaszewski received support from the Uni-
versity of Louisville.
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Lebesgue density plays a central role in the study of real functions, usually in
the form of approximate limits and the density topology. The density topology
consists of all sets S C R such that every point of S is a density point of
S. The limit induced by this topology is the approximate limit. Wilczynski
used these ideas to introduce the Z-density topology and the Z-approximate
limit, which have many properties in common with the ordinary density topology
and ordinary approximate limit. Since then, many other papers by Wilczynski
and others have appeared, exploring the parallels and differences between the
ordinary case and the category case more fully in the Z-density setting. Most of
those papers are listed in the bibliography at the end of this work.!

In fact, this work began with our efforts to extend some recent theorems
concerning the ordinary density topology to the Z-density topology. These theo-
rems concern what we call density continuous functions; i.e., functions f: R — R
which are continuous when both the domain and range are given the density
topology. Such functions are quite badly behaved and our exploration of their
properties in the ordinary case requires delicate arguments. The correspond-
ing Z-density continuous functions proved even more difficult to handle, and
new facts about the Z-density topology were needed to complete our objectives.
These new facts opened up new avenues of investigation, which required new
facts ... So, in that sense, this work is a “tale that grew in the telling.”?

We expect readers of this work to have a thorough knowledge of basic analysis
and topology on the real line. Much of this material is covered in the monograph
by Bruckner [7]. Given the nature of the material, this understanding must, of
course, include a comfortable familiarity with Lebesgue measure and the Baire
category theorem. In addition to this, we have included lengthy discussions of
several lesser-known topics which are used to motivate our work on the Z-den-
sity topology, such as the ordinary density topology, approximately continuous
functions and density continuous functions. However, much of this material is
stated without proof. Places where the proofs can be found are referenced.

Chapter 1 is a catch-all for material leading up to the definition of Z-den-
sity. It begins with a short section on an early, but naive attempt to generalize
the approximate limit to the category case, called the qualitative limit. The
next three sections contain a brief overview of the standard facts about ordinary
density which are needed in later chapters. In these sections most of the theorems
are stated without proof. Those which are proved are usually done so either
because the proof is different from the standard one, or because it sheds light on
a corresponding proof in the Z-density case given in Chapter 2. Chapter 1 ends
with the introduction of the very general [J-topologies on the real line. Some
theorems and examples show in a somewhat startling way how much care must

1Credit for particular results is given in bibliography sections at the end of each chapter
and sometimes in the text of the chapter.
2Borrowed from J. R. R. Tolkien.
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be taken when defining these topologies.

Chapter 2 is devoted to proving the basic parallels between the Z-density
topology and the ordinary density topology. It begins with some useful technical
lemmas which are applied heavily in later sections. The first six sections contain
a reasonably complete survey of everything known to date about the Z-density
topology and Z-approximately continuous functions, including a number of new
theorems. Everything is proved, even when the proposition has already been
proved elsewhere.

A deficiency of the Z-density topology is that, unlike the ordinary density
topology, it is not completely regular. This problem is examined in Section 2.6
with the introduction of the deep-Z-density-topology, a topology which is coarser
than the Z-density topology and is completely regular. Section 2.6 also contains
a short proof of the fact that the Z-density topology is not generated.

Section 2.4 is interesting in its own right as an alternative method, introduced
by L. Zajicek [72], of viewing the Z-density topologies from the viewpoint of
porosity. This porosity definition is not used very much in the later chapters,
but we consider it an excellent tool for obtaining an intuitive understanding of
the structure of Z-density open sets.

Chapter 2 ends with a presentation of the relationships between the ordinary,
density, Z-density and deep-Z-density topologies.

In Chapter 3, we finally begin the study promised in the title to this work.
Z-density continuous functions, deep-Z-density-continuous functions and Z-den-
sity preserving homeomorphisms are deeply examined. Virtually all properties
known about the functions in the corresponding ordinary case are extended to the
category case, when possible, and counter examples are given showing the limits
of the parallel between the ordinary and category cases. The chapter contains
an exhaustive examination of the containment relationships between the various
classes of continuous functions studied here. Of particular note is the deep study
of Z-density continuous and Z-density preserving homeomorphisms contained in
Sections 2 and 3 and the Baire classification methods in Section 5.

The purpose of Chapter 4 is to consider the semigroup properties of several
function classes introduced earlier. The basic question treated in this chapter
is whether any of the function classes introduced earlier, which also happen to
be semigroups under the composition operation, have the inner automorphism
property. In the process of doing this, some of the natural subsemigroups of
these spaces are also considered. In particular, the consequences of requiring the
functions in these classes to also be differentiable, approximately differentiable,
Z-approximately differentiable or homeomorphisms are examined. This material
has interest in the general theory of topological semigroups because of the result
from Chapter 2 that the Z-density topology is not generated. The spaces consid-
ered in Chapter 4 provide some of the few known examples of richly structured
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semigroups of continuous functions f : X — X, where the underlying topologi-
cal space X is not generated, but the semigroups have the inner automorphism

property.

There are people and institutions which should be thanked for helping us
with our work on this manuscript. Michael Evans and Clifford Weil examined
the manuscript at a late stage and offered valuable suggestions.

The referee did an admirable job in ferreting out our errors and making valu-
able suggestions. We give him much thanks for performing an often thankless
service so well.



CHAPTER 1

The Ordinary Density Topology

1.1. A Simple Category Topology

In studying the behavior of real functions, it is often helpful to redefine the
concept of limit in such a way that sets which are “small” in some sense can be
ignored. As a simple example, let QQ be the set of rational numbers and f: R — R
be a real function. If

i~ lim f(y) = lim f(y)
y—ox y—z,y¢Q
exists, then i—lim,_,, f(y) is the irrational limit of f at . With this limit, the
rational numbers are the small set which is ignored. Of course, the definition of
irrational continuity is natural from this definition.

To gain some insight into what is happening with limits like this, it is useful
to generalize this idea to a topological setting.

A nonempty family J C P(X) of subsets of X is an ideal on X if A C B and
B € J imply that A € J and if AUB € J provided A, B € J. Anideal J on X
is said to be a o-ideal on X if |J,,cyy An € J for every family {A,: n e N} C J.}

Let J be an ideal on R and 7p be the ordinary topology on R. The set

T(J)={G\J:GeTo,JeJ}

is a topology on R which is finer than 7». The following proposition is evident
from the definitions.

PROPOSITION 1.1.1. Let J be a o-ideal on R and T(J) be as above. For
f:R,T(T)) — (R, 70) and zo € R the following statements are equivalent to
each other.

(i): f is continuous at xg.
(ii): Given € > 0 there is a 6 > 0 such that

{z € (xo—d,20+0): |f(z) - fzo)| 2 e} € T.

1For more information on ideals see [33].
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(iii): There exists a J € J such that

f(zo) = lim f(z).

r—xo,x¢J
The continuity given by Proposition 1.1.1 is called J-continuity. As the fol-

lowing easy examples show, J-continuity can be used to define irrational conti-
nuity and ordinary continuity.

EXAMPLE 1.1.2. If P(Q) is the power set of Q, then P(Q)-continuity is the
same as irrational continuity.

ExampLE 1.1.3. If J = {0}, then J-continuity is just ordinary continuity.

For the following theorem, some new terminology is needed. Let [J be an
ideal of subsets of R. A proposition is said to be true J-a.e. if the set of points
at which it does not hold is a member of 7; more formally, a Boolean function
P is true J-a.e. if, and only if,

{z:-P(x)} e J.

THEOREM 1.1.4. Let J be a o-ideal and f: R — R. The following statements
are equivalent.
(1): The function f is J-continuous J-a.e.
(ii): There exists a set K € J such that the restricted function f|xe is
continuous.
Furthermore, if the ideal J contains no interval, then the following statement is
equivalent to (i) and (ii)
(iii): There exists a function g: R — R such that f = g J-a.e. and g
s continuous in the ordinary sense J -a.e.

PROOF. The fact that (ii) implies (i) is obvious. Suppose (i) is true and let
f be J-continuous on a set M = J¢ for J € J. For each n € N and z € M,
by Proposition 1.1.1(ii) there is an open interval I(n,z) and a J(n,x) € J such
that
z€1(n,x)\ J(n,z) C f7H((f(z) = 1/n, f(z) + 1/n)).

For each fixed n, there must be a countable sequence x,, ,,, € M such that

M C U I(n, Tn.m)-
meN

Let
K=JuU U J(n, Tpm) € J.

n,meN
If x € K¢ and € > 0, then there must exist natural numbers n and m such that
2/n <eand x € I(n,Zn,m). Then |f(z) — f(zn,m)| < 1/n so that

f(@) € (f(xnm) —1/n, f(@pm) +1/n) C (f(z) — ¢, f(z) +¢)
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and
I(n, 2p,m) VK C f7H((f(2) — ¢, f(z) +€)).

Hence, f|ke is continuous at x.

To prove the last part of the theorem, note first that (iii) implies (ii) even
without the restriction that J contains no interval. Now suppose that J contains
no interval and that f, K are as in (ii). Define

(1) G(z) = limsup f(t)

t—z,te K¢

G(z) when G(z) is finite,
g(x) = :
f(z) otherwise.

In particular, it follows from (ii) that f|xe = g|xe. Let z € K¢ and € > 0.
According to (ii) there is a § > 0 such that

(3) lg(y) —g(@)| = f(y) — f(x)] <e/2

whenever y € (z —d,z+ ) NK° If z € (x — 0,2+ 6) N K, then the assumption
that K can contain no nonempty open set implies the existence of a sequence

{zn:mneN}C (z—-d,z+)NK°

such that f(z,) — G(z). Hence, by (3), G(z) is finite, so g(z) = G(z) and
lg(2) — g(x)| < e/2 < e. Therefore, g is continuous at z. O

The following example is interesting in light of the previous theorem.

EXAMPLE 1.1.5. Let Z be the o-ideal consisting of all first category subsets of
R. Z-continuity is often called qualitative continuity [26]. It is well-known in

this case that f is a Baire function if, and only if, f is qualitatively continuous
T-a.e.

In particular, combining Example 1.1.5 with Theorem 1.1.4 yields the follow-
ing well-known corollary, which will be useful in the sequel.

COROLLARY 1.1.6. Let f: R — R. The following statements are equivalent.
(1): f is a Baire function.
(ii): There exists a residual set K such that f|x is continuous.
(iii): f is qualitatively continuous Z-a.e.

2

In the case of Lebesgue measure, the following is true.

2A set is residual if its complement is first category. This is often called comeager-
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EXAMPLE 1.1.7. If J = N, the o-ideal of Lebesgue measure zero sets, then
N -continuity corresponds to what is sometimes called measure continuity. There
are measurable functions which are not N -continuous a.e. An easy example of
this is the characteristic function of a mowhere dense perfect set with positive
measure.

If condition (i) in Theorem 1.1.4 is strengthened to everywhere, the following
corollary results.

COROLLARY 1.1.8. Let J be a o-ideal which contains no nonempty open set.
A function f: R — R is continuous everywhere if, and only if, it is [J -continuous
everywhere.

PROOF. If f is continuous, then it is clearly J-continuous. So, suppose f is
J-continuous everywhere, g € R and € > 0. Using Proposition 1.1.1(ii), there
must be an ordinary open neighborhood Gy of x( such that

Fo={z € Go:|f(x) - flzo)| >} €T.
Suppose there is an 1 € Fj. Choose § > 0 such that

0 < [f(z1) = flzo) —e.

As before, there exists an ordinary open neighborhood G; C Gy of z; such that
Fl = {CE € G1 : ‘f(.’tl) 7f(CE)| > 6} € .7

It is clear that G; C Fo U Fy € J, because |f(x1) — f(x0)| > € + d. But, this
implies J contains a nonempty open set, which contradicts the condition placed
on J in the statement of the corollary. This contradiction shows that Fy = (. [

The preceding corollary demonstrates that global J-continuity may not be a
very useful concept. In particular, it is worthwhile noting for future reference
that global Z-continuity and global N-continuity are no different than ordinary
continuity.

In the remainder of this work, we will introduce refinements of the ordinary
topology which are strictly finer than the 7(J) topologies introduced above.
These topologies are defined similarly to the ordinary density topology and have
a rich and complicated structure which is still not fully understood. In particular,
the functions continuous with respect to these topologies on the domain and
the range are not necessarily continuous in the ordinary sense. The primary
purpose of this book is to study the continuity properties of functions with
respect to two of these fine topologies, the Z-density topology and the deep-Z-
density topology. In the process of this investigation, many properties of both
topologies are presented.

Since many of the propositions concerning the Z-density topology and the
deep-Z-density topology are motivated by similar results concerning the ordinary
density topology, the next few sections are devoted to an overview of standard
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facts concerning that topology. Much of this material is not proved, although
the proofs can be found in several standard sources [7, 28, 70]. Finally, near
the end of this chapter, the definition of abstract density topologies is given.

1.2. Definition of the Density Topology

If A is a subset of the reals, we denote its inner (outer, ordinary) Lebesgue
measure by m;(A) (my(A), m(A)). Let £ stand for the family of Lebesgue
measurable subsets of R and let ' denote the ideal of subsets of R with Lebesgue
measure zero. A number x, not necessarily in A, is a density point of A if

@ o (AN (@ = hya 4 b))

=1.
h—0*t 2h

This definition is often made more tractible by the following proposition.
PROPOSITION 1.2.1. Let A C R. Equation (4) holds if, and only if,

o MAN @~ f T )
) A 2/n -

PROOF. It is obvious that (4) implies (5). For simplicity we prove the opposite
implication only for x = 0. Let h, < 1 be any sequence of positive numbers
converging to 0. For each n, let

h, =max{l/k:keN, 1/k < h,}

and

hp =min{l/k: k€N, 1/k > h,}.

It is easy to see that lim, o hyn/hy = 1 = lim, oo hn/hn. The proposition is
now an immediate consequence of (5) and

mi(AN (=P, hn))
I 2h,, = 2h,, '

2hy,

hn
< n
S

We let ®pr(A) be the set of all density points of A C R. It is a consequence
of the Lebesgue Density Theorem [64, p. 107] that a set A is measurable if, and
only if, almost every point of A is a density point of A. Therefore, whenever A
is measurable, then so is ®xr(A4) and m(AA®N(A4)) =02 O

Let Ty ={ACR: AC Py(A)}.

THEOREM 1.2.2. Ty is a topology on R. Further, if A € Ty, then A is
Lebesgue measurable; i.e.,

Tn={AeL:ACDy(A)} CL.

SAAB = (AU B) \ (AN B) is the symmetric difference between A and B.
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PROOF. It is obvious that ), R € 7y and that 7 is closed under arbitrary
unions. It is also easy to see that 7 is closed under finite intersections. There-
fore, 7y is a topology on R.

To show Ty C L, let A C R be such that A C ®p(A). Forz € Aand n e N
let F' C A be an F, set such that

1 1 1 1
Fn - N =m;(A4 - =M.
m(Fy N (z n,x+n)) m; (AN (z n,az—l—n))

Then, F, =,y Fy' is an Fy; set such that x is a density point of F,. Construct,
by transfinite induction on { < €, the first uncountable ordinal number, an

increasing sequence {F;: ¢ < Q} of F, subsets of A such that for { <

Fe=F,U|JFe
§<¢
provided there exists an z € A such that m(Fy \ Ug F¢) > 0 and put Fe =
U£<C F¢ otherwise. Notice, that there exists n < € such that F,, = F¢ for every
n < € < Q, since otherwise we would have an uncountable family {F¢ 1\ Fr: ( <
Q} of pairwise disjoint subsets of R with positive measure. Hence, m(F,\F,) =0
for every € A. But this means that © € ®p(F,) C Par(F),) for every x € A;
ie., F;, C A C ®yx(F,). But, by the Lebesgue Density Theorem, ®xr(F,) € L
and m(®n (Fy) \ F,) = 0. So A is Lebesgue measurable. [

Ty is called the density topology on R. The following theorem summarizes
some of its properties.

THEOREM 1.2.3. The topology Tns on R has the following properties:

(1): 7o C Ty [31] and the inclusion is proper; in particular Ty is Haus-
dorff [29];

(ii): a subset C' of R is closed and discrete with respect to Ty if, and
only if, C € N [61];

(iii): T is neither separable [61] nor does it have has the Lindeldf
property [29];

(iv): Ty is completely regular, but not normal [28];

(v): every subinterval of R is connected in Ty [29];

(vi): a set A is compact with respect to Ty if, and only if, it is finite
61];

(vii): Ty is not generated* [11]; and,

(viii): if the Continuum Hypothesis holds, then (R, Txs) is not a Blum-
berg space® [65].

4A topological space X is said to be generated provided the family
{(f_l({x}))c :x € X and f: X — X is continuous}

forms a subbase for X. (See Chapter 4.)
5A topological space X is Blumberg if for every function f: X — R there exists a dense set
D C X such that f|p is continuous [63, 65].
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Properties (vii) and (viii) of the density topology often serve as counterexam-
ples in general topology. In particular, the property that the density topology
is not generated is especially interesting in conjunction with the fact that the
semigroup of its continuous selfmaps has the inner automorphism property [54].
This particular topic will be explored more fully in Chapter 4.

For use in Chapter 2, it is desirable to reformulate the definition of the density
topology in a radically different, but equivalent manner. To do this let us consider
the following sequence of equivalences for a measurable set A [57].

(A): 0 is a density point of A;
(B): limp— 00 W =1;
(C): limy, 0o m(nAN(—1,1)) = 2;
(D): X, an(—1,1) converges to X(_y 1) in measure; and,
(E): for every increasing sequence {n, }men of natural numbers there
exists a subsequence {nm, }pen such that
pllﬂgo Xnp, AN(=1,1) = X(=1,1) &.C.

The equivalences (A)—(D) are straightforward.

The equivalence of (D) and (E) follows from a well-known theorem of Riesz
concerning convergence in measure (often called stochastic convergence) [2, The-
orem 2.11.6].

The equivalence from Proposition 1.2.1 can be used to slightly generalize these
five statements to the following equivalences.

(A): 0 is a density point of A;
(B’): for every sequence {t, }nen of positive numbers diverging to infin-
ity
m(AN (=1/t,, 1/t,))

li =1;
nLH;o 2/tn

(C'): for every sequence {t,}nen of positive numbers diverging to in-
finity
lim m(t, AN (-1,1)) =2;

n—oo

(D’): for every sequence {t,}nen of positive numbers diverging to in-
finity

X¢,An(—1,1) converges to X(_j ;) in measure; and,

(E'): for every sequence {t, }nen of positive numbers diverging to infin-
ity there exists a subsequence {t,, },en such that

lim X =X .e.
pglgo tn, AN(—1,1) (-1,1) &€

Using the translation invariance of Lebesgue measure, the same sequences of
equivalences can be rewritten for any density point of A.
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It is important to note that we argued for equivalence of (A), (E) and (E')
only in the case of measurable sets. It will be seen in Section 1.5 that for general
sets this equivalence is false.

The significance of the equivalences of (E) and (E’) with (A) is that it clearly
shows the measure function itself is not vital to the definition of a density point.
What are needed is the o-algebra £ of measurable sets and the o-ideal N of
measure zero sets. We will return to this idea in Section 1.5. Right now, some
more properties of the density topology will be examined.

1.3. Approximate Continuity

Using the various combinations of 7o and 7 on the domain and range, there
are four different ways that a function f: R — R can be continuous. Of course,
the most studied is when the ordinary topology is used on both the domain
and the range, giving ordinary continuity. The class of all ordinary continuous
functions will be denoted by Con. It is straightforward to show that if the
density topology is put on the range and the ordinary topology is put on the
domain, then only the constant functions are continuous.® If both the domain
and range have the density topology, we have density continuity, which is the
topic of Section 1.4. The remaining case is when the ordinary topology is used
on the range and the density topology is used on the domain. Any function
continuous under this setting is approximately continuous. The collection of all
functions f: R — R which are approximately continuous is denoted as Cyxro.

The notion of approximate continuity was introduced by Denjoy in 1915 [24],
surprisingly, several decades before the density topology was introduced. Denjoy
said that a function f is approximately continuous at a point z if given any ¢ > 0,
x is a density point of

{teR: f(t) € (f(z) —e fz) +e)}.

His definition implies the existence of a density neighborhood U of = such that
flu is continuous at . It allows one to ignore a set which has density 0 at x.
It is also easy to see from this definition that every continuous function is ap-
proximately continuous. The construction of functions which are approximately
continuous, but not continuous is relatively easy as can be seen from Example
3.6.4, so the inclusion Cop C Cye is proper.

The following theorem contains some of the most important properties of Caro
[7].

THEOREM 1.3.1. Following are some of the properties of Caro.
(1): Cno is closed under pointwise addition and multiplication.

S1f f : (R,70) — (R,Tx) is continuous and a < b, then f([a,b]) must be a nonempty
compact and connected set with respect to Zys. Parts (v) and (vi) of Theorem 1.2.3 show that
f([a,b]) is a single point. (See also Theorem 3.8.2.)
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(ii): Cno is closed under uniform convergence; hence, the bounded app-
roximately continuous functions form a Banach space.

(iii): If f € Cxo, then f is a Darbouz function of the first Baire class.

(iv): Every bounded approzimately continuous function is a derivative.

Approximate continuity has proved especially useful in the study of derivatives
and integrals. The deep study by Z. Zahorski [70] of the derivatives of real
functions is based around the twin ideas of approximate continuity and density
points. (Also see [7].)

Let F,, stand for the collection of measurable functions f: R — R. Theo-
rem 1.3.1(iii) shows that Cxro C Fp,. It is easy to see that this inclusion is
proper. The following theorem, due to Lusin, gives the full relationship between
approximate continuity and F,, [7, Theorem 5.2, p. 19].

THEOREM 1.3.2. A function f € F,, if, and only if, it is approximately con-
tinuous almost everywhere.

1.4. Density Continuity

Recall that a function f: R — R is density continuous, if it is continuous with
respect to the density topology on the domain and the range. We denote the class
of density continuous functions f: R — R by Carar. Since the density topology
is finer than the ordinary topology, it is immediate that Caar € Cayro. The
containment is proper, and density continuity is apparently a much more delicate
notion than approximate continuity. This statement is strikingly demonstrated
by the following example [13, 8].

EXAMPLE 1.4.1. There is a C* function which is not in Carpr.

There are several differences which make the density continuous functions
more intractible than the approximately continuous functions. For example,
Cyn is not closed under uniform convergence [54] (this follows immediately
from Example 1.4.1 and Theorem 1.4.3, given below) or pointwise addition. In
fact, there is a C* density continuous function f such that f(z)+x is not density
continuous [13, 8].

Some positive things can be proved about Carpnr. For example, since approxi-
mately continuous functions are Darboux and in the first Baire class, so are the
functions in Carar. This shows that every density continuous function must be
continuous on a residual set.

This result has been improved in the following manner.

In an effort to generalize a well-known characterization of the Baire 1 func-
tions, O’Malley [51] introduced the notion of a Baire*1 function. He defined a
function f to be in Baire*1 if for every perfect set P, there exists a portion”

"That is, a nonempty set of the form (a,b) N P.
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@ of P such that f|g is continuous. An equivalent notion, denoted [CG], and
known as generalized continuity, was used also by Ellis [25].

It is well-known that a function f is in Baire 1 if, and only if, for every perfect
set P, the restricted function f|p has a point of continuity [7]. The Baire*1
functions are clearly Baire 1 functions. It also follows from the definition of
Baire*1 that every Baire*1 function is continuous on a dense open set. The class
of the Darboux Baire*1 functions will be denoted by DB;.

We have the following theorem [21].

THEOREM 1.4.2. Cyrnr C DBY.

The relationship between the density continuous functions and the continuous
functions is somewhat difficult. It follows from Example 1.4.1 that Coo Z Carpr-
It is also not difficult to see that Carar & Coo- As noted above, every density
continuous function is continuous on a dense open set. But, it turns out that
if the continuous functions on [0, 1] are endowed with the uniform metric, then
CnvaNCoo is a first category subset of this Banach space. In fact, Carar with the
uniform metric turns out to be first category in itself. (See Theorem 3.7.5(N8).)
Furthermore, it can be proved that the “typical” continuous function® is nowhere
density continuous [21]. Nevertheless, it can be shown that several familiar
classes of functions are density continuous. Consider the following theorem [13].

THEOREM 1.4.3. If f is convex on an interval (a,b), then f is density contin-
uous on (a,b). In particular, polynomials and real analytic functions are density
continuous.

Another class of density continuous functions is obtained by the following
[6, 13].

THEOREM 1.4.4. If h is a homeomorphism such that h and ™' fulfill a local
Lipschitz condition, then h and ™' are density continuous.

All density continuous functions obtained from the above theorems are piece-
wise monotone. The existence of nowhere monotone density continuous function
is a consequence of the following example [20].

EXAMPLE 1.4.5. The first coordinate of the classical Peano area-filling curve
is continuous, density continuous and nowhere approximately differentiable.

8 A subset of a Baire topological space is “typical”, if its complement is first category.
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1.5. Abstract Density Topologies

Let us now return to the idea introduced at the end of Section 1.2. We use
this idea to introduce an entire class of fine topologies on R exhibiting behavior
which is more complicated than the standard density topology.

As before, let N denote the ideal of Lebesgue null sets. The sequence of
equivalences at the end of Section 1.2 shows that the Lebesgue density points
can be defined using only N and not the full machinery of Lebesgue measure
theory. This leads us to the following definitions, which are meant to mimic the
situation with ordinary density points.

Let J be an ideal of subsets of R. If f,, is a sequence of real-valued functions,
we say that f, converges (J) to a function f, if for every subsequence f,, of
fn, there exists a further subsequence fnpq such that fn,,q converges pointwise
to f J-a.e. In the case when J = A and all functions f,, are equal outside of
some set of finite measure, this is the usual notion of stochastic convergence, or
convergence in measure.

A point a is a J-density point of a set S C R if X;,(g_q)n(—1,1) converges (J)
to X(_1,1).- We let ®7(S) denote the set of all J-density points of the set S.

In this way we have defined a [J-density which is analogous to ordinary
Lebesgue density. In fact, when the ideal J is taken to be the ideal of Lebesgue
null sets, N, and the set S is measurable, we saw in Section 1.2 that the [J-
density points are precisely the points of ordinary Lebesgue density. To continue
the analogy, let

7={SCR:ScC®s(5)}

It is quite easy to see that the family ’]} is a topology on R and that in the case
J =N, it contains the ordinary density topology; i.e., that Ty C 7T};.

At this point, one might suspect that the analogy will continue and that the
properties of 7 could be developed very naturally along the same lines as the
ordinary density topology. The following example shows this is not the case [19].

EXAMPLE 1.5.1. There exists a nonmeasurable set A C R, which does not
have the Baire property, such that lim, oo Xp(a—a)n(-1,1) = X(=1,1) for every
a € A.

PROOF. Let B be a Hamel basis which is also a Bernstein set; i.e., a linear
basis of R over Q, such that B intersects every nonempty perfect set.” For z € R
let p'(z) = 37", |a;| where = anby + asba + ... + @by, is the representation
of z in the base B. Define

A={zx eR: p(z) < s},

9To construct such a basis B = {b¢: ¢ < ¢}, it is enough to define it by transfinite induction
on ¢. We can simply choose b from Pr \ Q({bg: § < (}), where {P;: ¢ < c} is a fixed
enumeration of the nonempty perfect subsets of R and Q({b¢: & < (}) stands for the subfield
of R generated by {b¢: £ < ¢}. Compare also [32].
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where s € (1/2,1) is any irrational number. Obviously, if P # () is perfect, then
2P # () is also perfect, so B intersects 2P and %B intersects P. But,

1
“BcA
2" &

so that A intersects every nonempty perfect set. Also, B C R\ A, and thus the
complement of A also intersects every nonempty perfect set. This proves that A
is neither Lebesgue measurable, nor does it have the Baire property.
Let a € A. We will prove that
lim X, a—a)n(-1,1) = X(=1,1)

n—oo

everywhere.
Let z € (—1,1). There is a natural number ng such that

1
—zrz+acA
n

for all n > ng, n € N. In fact, for x = (b1 + PBobs + ... + Orxbr and a =
a1b1 + agbs + ... + agby it suffices to choose ng such that
k 1 E
i — il < S.
;IalJrnO;\ﬁ\ s

Then, for every n > ny,

con((Bera) o) enta-o)

This ends the proof. O

Let O = {0}, the empty ideal. Using the notation of the previous proof, it is
easy to see that, by the irrationality of s, the complement A° of A satisfies the
same condition as A in the above example. Thus

COROLLARY 1.5.2. Let J be an arbitrary ideal. There exists a nonmeasurable
set A C R, which does not have the Baire property, such that A, A° € 1, C T7.
In particular, T; is disconnected.

The set A in the previous example is a “universal” open and closed set in
all the topologies 77 as defined above. In particular, it allows us to conclude
v # Ty

So the logical question is, why is it avoided in the ordinary density topology?
A careful reading of the equivalences used in Section 1.2 shows that those equiv-
alences are only valid when the set is assumed to be Lebesgue measurable. Thus,
the ordinary density topology consists of all sets S such that S C ®xr(S) and S
is measurable, which excludes the set defined in Example 1.5.1. Theorem 1.2.2
shows that this restriction to measurable sets is a consequence of the normal
definition of the density topology, contained in (4), but it is lost with the more
general approach, based on ideals.
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The problem with the analogy extends even more deeply than this with the
fact that, in a sense, Proposition 1.2.1 may also fail. To see this, let {¢,} be
any sequence of positive numbers diverging to infinity. For any S C R, define
U7 (S, {tn}) to be the set of all @ € S such that X; (s_q)n(—1,1) converges (J)
to X(—1,1)- Then, set

Uy (8)= () ¥r(S {tn}).
{tn}
where the intersection is over all sequences {t,} of positive numbers diverging
to infinity. It is not hard to show that

7={SCR:S5CV¥4(S)}CT;
is a topology on R. This is termed an abstract J-density topology.

EXAMPLE 1.5.3. There exists a nonmeasurable set A C R, which does not
have the Baire property,such that A C Wz (A), where I, is the ideal of all sets
of cardinality less than c, the cardinality of the continuum.

PROOF. Let B = {b¢T!: ( < ¢} be a transcendental base of R over Q such
that B intersects every perfect set.'? For £ < ¢ let K¢ be the algebraic closure
of {b°: ¢ < &} in R and let B¢ be a linear base of K¢yq over K¢ containing 1
and b¢. For a € Key1 \ K¢ let p”(a) = |ao|, where a = agh® + aby + ... + agby
is the representation of a in the base B¢. Note that if = € K¢ and y ¢ K¢, then
P’ +y)=p"(y).

Define A = {a € R: p”(a) < 1}. As in Example 1.5.1,

%BCAandBC]R\A,

so that A is neither measurable, nor does it have the Baire property.

Let a € A and let {t,, }nen be an increasing sequence diverging to infinity. Let
¢ < ¢ be such that a,t, € K¢ for every n € N. We have card(K¢) < c. It suffices
to show that for every z € (—1,1) \ K¢

lim th(Afa)ﬁ(le)(m) = X(,lyl)(x) =1.

n—oo

It is enough to show that = € t,(A — a) for all but finitely many n. This is
equivalent to the fact that

z +a€ A.
tn
But
Lek
t, Y
so that
T
o E K

10For the definition of a transcendental base see [37]. The additional requirements are
obtained in the same way as described in the footnote for Theorem 1.5.1.
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and a € K¢. Therefore

w( _afz\_ (=)
g (tn”)‘p (m)‘ ]
If we choose n € N such that
1

— <
[t
then z € t,(A — a). This finishes the proof. [

L,

In the next chapters we will study these kinds of topologies for the ideal Z of
sets of the first category. In particular, the above Example implies

COROLLARY 1.5.4. If either the Continuum Hypothesis, or Martin’s Axiom is

assumed, then there is a nonmeasurable set A without the Baire property such
that A C Uz(A) N Wxr(A).

PROOF. If the Continuum Hypothesis holds, then
I.={B:card(B) < ¢} ={B:card(B) < Ro} CZNN.
Martin’s Axiom also implies Z. C ZNN. (See [35].) O

The above example shows that the topology 77 does not behave as well as the
ordinary density topology, even when J = A. Thus, to obtain a good analogy,
we must refine the definition somewhat. However, the topologies 77 perhaps
deserve closer scrutiny. For example the following open problems seem to be
interesting.

PROBLEM 1.5.5. Are the topologies T7, Ty;, T;' and T} on R regular? com-
pletely reqular? normal?

PROBLEM 1.5.6. Are the topologies T;' and Ty} disconnected?
To obtain the desired refinement of 777 and 7 let us notice that
In=TGNL=T,NL.
This suggests that the J-topology 77 should be defined as
T;=T;NSy

for some family Sz of subsets of R. The problem with this definition is how to
correctly choose the family S for the given ideal J. Our choice should at least
guarantee that the family

(6) T7 =T7 NSy is a topology on R.
It would also be very desirable to have the equation

(7) Tj:']}ﬂSj.
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We will see in the next chapters that for the ideal Z of sets of the first category,
the family S = B of sets with the Baire property leads to the satisfaction of
both conditions (6) and (7). Moreover, the qualitative topology 7g is strictly
contained in 77. However, for a general ideal 7, finding the natural and non-
trivial family S satisfying conditions (6) and (7) could be very difficult, if not
impossible.

The easiest example showing these difficulties comes from the ordinary topol-
ogy 7o, for which it is easy to see that

To = TY.

But, there is a decreasing sequence S converging to 0 such that S¢ € 7/ [19].
This implies that

T(IgﬁFUﬂG5§ZTO:T(g.

However, to see how bad things can be, let us consider the ideal Z,, of countable
subsets of R. In Lemma 2.1.8 we will prove the existence of a perfect set C such
that for every x € C the set {x} UC® € 77/ . Thus, the topology generated by
’TI”u N F, N G contains non-Borel sets. To make things worse we can construct,
with a little bit of effort, a perfect set P with 0 € P C [0, 1], such that {0}UP €
77 \ 77 [19, Theorem 3]. Hence,

7 NF,NGs ¢ T7 .

PROBLEM 1.5.7. Is it possible to prove, without additional set theoretical as-
sumptions, that T} # Tz and Ty} # T ?

1.6. Historical and Bibliographic Notes

The qualitative limit was defined by Marcus [47] in 1953. A deeper study of
this notion was done by Evans and Larson [26] in 1983. In particular, this last
paper contains the proof of Corollary 1.1.8 in the case when J = Z. A form
of Theorem 1.1.4 is given by Kuratowski [36] in the case when J = Z. The
topologies 7 (N) and 7 (Z) were also studied by Hashimoto [30] in 1976.

The class of approximately continuous functionswas defined by Denjoy [24] as
early as 1915. It was also extensively studied by Zahorski [70] in 1950 as part of
his deep work on the ordinary derivative. In Zahorski’s work, the approximately
continuous functions correspond to his class Mj5.

It was not until 1952 that the density topology was defined by Haupt and
Pauc [31] in a paper which seems to have had almost no impact. The first
real study of the density topology dates from the 1961 paper of Goffman and
Waterman [29]. Other important contributions can be found in the papers of
Goffman, Neugebauer and Nishiura [28] and Tall [61].

Density continuity is a more recent concept. Bruckner [6] and Niewiarowski
[50] discuss homeomorphic changes of variable which preserve approximate con-
tinuity. Such changes of variable must be density continuous, but neither author
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directly addresses density continuity in general. Bruckner does prove that a
homeomorphism h such that both & and h~! satisfy a local Lipschitz condition
is density continuous. Density continuity was explicitly introduced in Query
1 of the first issue of the Real Analysis Exchange. Later, in response to the
query, Maly [46] showed that the first coordinate of the classical Peano curve
is a density continuous function which does not satisfy Lusin’s condition (IN).
Ostaszewski [52, 53] studied the local behavior of density continuous functions
and called them d-continuous. It seems that the term density continuity was first
used in a letter from David Preiss to Krzysztof Ostaszewski. More recent deeper
investigations of density continuity are also available [11, 18, 13, 21, 54].

The equivalence of conditions (A) and (E) from Section 1.2 and the abstract
definition of [J-density points are due to Wilczynski [57, 66].

Essentially all results from Section 1.4 were proved by Ciesielski, Larson and
Ostaszewski in papers [13, 20, 21, 54] as marked in the text. Some of these
results were also proved independently by Burke in [8].

Essentially all the results from Section 1.5 were proved by Ciesielski and Lar-
son in [19]. An example similar to that from Corollary 1.5.4 could be also found
in the 1984 paper [67] of Wilczyniski. The subject of [67] is similar to that of
[19], however both papers were written independently.



CHAPTER 2

Category Analogues of the Density Topology

In this chapter, the definitions of the Z-density and deep-Z-density topologies
are introduced. Parallels between these topologies and the ordinary density
topology are explored, and the topological properties of the Z-density topologies
are examined.

2.1. J-density and J-dispersion Points.

Let J be an ideal of subsets of R. As in Section 1.5 we say that a point a
is a J-density point of a set A C R if X;,(4—q)n(—1,1) converges (J) to X(_q,1);
i.e., for each increasing sequence {n,,}men of natural numbers there exists a
subsequence {7, }pen With the property that

Jm X, (A-an-11) = X1, Jae.
We let @ 7(A) denote the set of all J-density points of the set A.

Similarly, we say that a point a is a strong J-density point of a set A C R if for
every sequence {t, }nen of positive numbers diverging to infinity, X; (a—a)n(-1,1)
converges (J) to X(_1,1); i.e., for every sequence {t,}nen of positive numbers
diverging to infinity there exists a subsequence {t,, },en such that

pli{{.lo X, (A—a)n(-11) = X(=1,1), J-a.e.

A point a is a (strong) J-dispersion point of A C R if, and only if, it is a
(strong) J-density point of A°.

For technical reasons it will often be convenient to use unilateral versions of
the definitions given above. So, for example, we say that a is a right J-density
point of A C R if, and only if, for each increasing sequence {n, };men of natural
numbers there exists a subsequence {1, },en such that

plijgo Xn,,, (A—a)n[0,1) = X[0,1), J-a.e.
The definitions of a point a being a left J-density point, strong right J -density
point and strong left J-density point of A are similar.

17



18 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

Notice that the definition of a non-zero number a being a (strong) J-density
or (strong) J-dispersion point of A C R is just a translation of the definition at
0. Thus, in many proofs involving these notions, it suffices to consider only the
case when a = 0.

The following is an easy, but useful characterization of the fact that 0 is a
J-density point.

LEMMA 2.1.1. Let J be an ideal of subsets of R and let A CR. Then 0 is a
J -density point of A if, and only if, for every increasing sequence {nm, tmen of
natural numbers there is a subsequence {nm, }pen such that

1,10 ) rm,A)° = (=1,1) N (liminf n,,, A)° € T.
qeNp=>q P
The next Lemma is a dual version of Lemma 2.1.1 and the definitions given
above.

LEMMA 2.1.2. Let J be an ideal of subsets of R and let B C R. The following
are equivalent:
(i): 0 is a J-dispersion point of B;
(ii): for every increasing sequence {Nuy,tmen of natural numbers there
exists a subsequence {ny,, tpen such that

pli>nolo X(nnzpB)ﬂ(_1>l) = 07 j_a'e';

(iii): for every increasing sequence {nm, tmen of natural numbers there
exists a subsequence {Nm, }pen such that

(-1,1)n ﬂ U N, B = (—1,1) Nlimsup(n,,,B) € J.
qeNp>q pmee
The lemmas given above can be restated substituting strong J-density and
strong J-dispersion points in place of the J-density and [J-dispersion points
used above. In particular, the following lemma, analogous to Lemma 2.1.2(iii)
will be needed.

LEMMA 2.1.3. Let J be an ideal of subsets of R and let B C R. Then 0 is
a strong J-dispersion point of B if, and only if, for every sequence {t, }nen of
positive numbers diverging to infinity there exists a subsequence {t,,}pen such
that
(-1, N () UJtn,B=(~1,1) Nlimsup(t,,B) € J.

gENp>q poe

To find nontrivial (strong) J-density and (strong) J-dispersion points, the
following definitions are needed.

Either of the sets (J,cy(a@n,bn) or U,cnl@n,bn] is a right interval set at a
point a € R if b,,41 < a, < by, for n € N and lim,,_,, a,, = a. In the case when
a = 0 it is simply called a right interval set. A left interval set at a point a € R
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is defined in the same way. The set F is an interval set if it is the union of a
right interval set and a left interval set at the same point.
Notice that if E' = |J,,cy[@n, bn] is an interval set at the point a, then int (E) =

UneN(an;bn) and
EAint (E) = E\int (E) = {a1,a9,... ;b1,ba,... } € T,.

In particular, if 7 is an ideal of subsets of R such that Z,, C J, then a point
a is a J-density (J-dispersion, strong J-density, strong J-dispersion) point of
E if, and only if, it is a J-density (J-dispersion, strong J-density, strong J-
dispersion, respectively) point of int (F). Thus, all the results proved below for
interval sets consisting of closed intervals, (J, cy[@n,bn], are also true for those
consisting of open intervals, [ J, cx(an, bn).

LEMMA 2.1.4. Suppose that J is an ideal of subsets of R such that Z, C J.
If
E = J[an, bn]

neN
is a right interval set such that
(1): limy,— oo (by, — an)/an =0, and
(ii): limsup,, . bni1/an, = c€0,1),
then 0 is a strong J-dispersion point of E. In particular, £ € T7.

PROOF. Let {t,}nen be a divergent increasing sequence of positive numbers
and define

(8) in, = min{k : thar € (0,1]}.

Since the sequence {t,a;, : n € N} is bounded, it must contain a convergent
subsequence. There is no generality lost with the assumption that

9) lim t,a;, = o € [0,1].
Using (i) and (8) it is apparent that

(10) limsup t, F N (v, 1) = 0.
(If ap = 1, then (ap,1) = 0.) If ap = 0, combining (10) with Lemma 2.1.3
immediately shows that 0 is a J-dispersion point of E. So, assume that ag # 0.
According to (ii) there exists a y; € [0, ¢] such that
limsup b;,, y1/a;, = 71-

n—oo

Then
bi, +1

limsuptyb;, 11 = limsuptya;,

n—oo n—oo

= 7oy < Qp.

in
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Therefore, there is an increasing sequence of natural numbers {n(1,k) : k € N}
such that

(11) kllilgo bn(1,k)Dip 1 +1 = MQ0-

Let a1 = 11ap. In light of (i), it is clear that, in addition,
kli—{r;o tn(l’k)ain(lyk)+1 = .

Equations (9) and (11) imply that

(12) lim sup t,, (1,1 E N (o1, a9) = 0.

k—o0

Assume that for some natural number m there exists an a,, € (0,a9) and an
increasing sequence n(m, k) of natural numbers such that

(13) k;lingo tn(m,k)ain(mvk)+m = Q-

Applying (ii) and (i) precisely as above, yields a subsequence n(m + 1,k) of
n(m, k) and a constant y,,+1 € [0, ¢] such that

kh—g)lo tn(m+1,k)ain(m+1,k)+m+1 = Ym+10¥m = Cm+1-
and
(14) lim sup tn(m+17k)E N (Oém+1, am) = @

k—oo

In this way we have inductively defined a nonincreasing sequence of numbers
{ar : k € N} C [0, ap) and a collection of increasing sequences of natural numbers
{n(j,k) : j,k € N} with {n(j + 1,k) : k € N} C {n(j,k) : k € N} for all j € N.
It is clear from the definition that «y < aoﬂé?:l'yj < agck. Hence

lim oy = 0.

k—o0
Let s = ty(g,k). From (10) and (14), a more-or-less standard diagonal argu-
ment shows that

limsupsgEN(0,1) C {ax : keN}y eI, C J.

k—oo

Now, an application of Lemma 2.1.3 finishes the proof. [

The preceding lemma is used many times in the following chapters, but usu-
ally it is used with the condition that the limit supremum in (ii) actually exists
as a limit and is 0. It provides a very powerful technique for constructing coun-
terexamples.

COROLLARY 2.1.5. Let J be an ideal of subsets of R such that T, C J. Then
(i): there is a right interval set E = |, cylan, bn] such that 0 is a strong
J -dispersion point of E;
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(ii): there is an open interval set U such that 0 is a strong J-density
point of U; in particular, {0} UU € T7.

PROOF. (i). By Lemma 2.1.4 it is enough to define

1
n-i-b

b, = —b,,.
n—+ 2

- d a, =
1) and a
(ii). Evidently 0 is a strong right J-density point of D = (0,00) \ E. Thus

U = —-DUD has 0 as a strong J-density point. [

The next two lemmas are easy consequences of Lemma 2.1.4.

LEMMA 2.1.6. Let J be an ideal of subsets of R such thatZ, C J. Moreover,
let {cp}nen be a decreasing sequence of positive numbers converging to zero and,
for each n € N, let (an,by) be an open interval centered at c,. If
by, — an,

. Cn+1 .
lim = =0 and lim =0,
n—oo  Cp n— 00 Cp,

then 0 is a strong J-dispersion point of
U [an, by)-
neN
PRrROOF. Since ¢, = (ay + by)/2 for all n, (i) and (ii) from Lemma 2.1.4 can
be established with a short calculation. O

LEMMA 2.1.7. Suppose that J is an ideal of subsets of R such that I, C J.
If U, enlan, bn] is a right interval set with

lim 7(1)" — an)

n— oo n

:0)

then there exists an increasing sequence {Num, }men of natural numbers such that
0 is a strong J-dispersion point of

U [an,.. bn,.J-

meN

PRrROOF. It suffices to choose {n, }men in such a way that {a,,, }men satisfies
(i) of Lemma 2.1.4; i.e., such that lim,, .o bp,,,,/an,, =0. O

We finish this section with the following

LEMMA 2.1.8. Let J be an ideal of subsets of R such that Z,, C J. There
exists a perfect set C' such that for every x € C there is an interval set E at x
with the property that C C EU{x} and x is a strong J -dispersion point of E. In
particular, {x} U C® € T4 for every x € C. Therefore, C is closed and discrete
with respect to T5.
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ProOOF. We define by induction on n a decreasing sequence of closed sets
{Cp}nen such that each C,, consists of 2™ pairwise disjoint closed subintervals
of [0,1] of equal length. Put Cy = [0,1]. To form C,4; from C,, we remove
from every component interval [a,b] of C,, the open interval (¢, d) with the same
center and such that

d—c (n+2)!-1
b—a  (n+2)!

Put C =,cn Cn-

It is not difficult to check that for every z € C there is a right interval set
E. D CnN(x,1] at = that satisfies the assumptions of Lemma 2.1.4. Thus,
x is a strong J-dispersion point of F,. Similarly, we can find a left interval
set B} D CN[0,z) at « for which x is a strong J-dispersion point. The set
E = E,. U Ej has the desired property. O

2.2. 7-density and Z-dispersion Points.

In this section, Z-density and Z-dispersion points for sets with the Baire prop-
erty are studied. We begin with some well-known properties which connect the
collection B of sets with the Baire property to the ideal Z of first category subsets
of R. For their proofs see [36] or [55].

LEMMA 2.2.1. For E C R, the condition E € B is equivalent to any of the
following:
(i): E=GAP, where G is open and P € T;
(ii): F = FAQ, where F is closed and Q € Z;
(iii): E = KU P, where K is a G5 set and P € T; and,
(iv): E=L\Q, where L is an F, set and Q € T.

An open subset G of R is regular if G = int (cl (G)). If we assume that the
open set in the first part of Lemma 2.2.1 is regular, then the decomposition given
there is unique ([55, Theorem 4.6]). This is, in fact, true in any Baire topological
space. For E € B, let F denote this unique regular open set. Note that E = E,
and the class of regular open sets is a complete Boolean algebra [34].

Now let Zy stand for the ideal of nowhere dense subsets of R. The following
theorem is one of the most important technical tools of this work. In the theorem
{tn} always denotes a sequence {t, },en of positive numbers diverging to infinity
and {ny} is always an increasing sequence {ny}ren of natural numbers.

THEOREM 2.2.2. Let B € B. The condition that 0 is an Z-dispersion point of
B is equivalent to any of the following:
(1): for every sequence {t,} there exists a subsequence {t,,} such that

lim sup (tnké) N(=1,1) € Zop;

k—o0
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(ii): for every sequence {t,} there ezists a subsequence {t,, } such that

lim sup (tnké) N(-1,1) e,

k—o0

(iii): for every sequence {t,} there exists a subsequence {t,,} such that

limsup (¢, B)N(-1,1) € T;

k—oo

(iv): for every sequence {ny} there exists a subsequence {ny,} such that

limsup (ng, B) N (—1,1) € T;

p—00
(v): for every sequence {ny} there exists a subsequence {ny,} such that
lim sup (nkpé) N(-1,1) e 7;
p—oo
(vi): for every sequence {ny} there exists a subsequence {ny,} such that
lim sup (nkpé) N(-1,1) € Zp;
p—oo

(vii): for every nonempty interval (a,b) C (—1,1) there exists a number
€ > 0 and ng € N such that for every n > ng there is an interval
(¢c,d) C (a,b) with the properties that

ld—c¢|>¢e and (c,d)NnB=0;

(viii): for every sequence {ny} and any nonempty open interval (a,b) C
(=1,1) there exists a nonempty subinterval (¢,d) C (a,b) and a subse-
quence {ny, } such that for every p € N

(¢,d) N nkpB = {;

(ix): for every sequence {t,} and every nondegenerate open interval
(a,b) C (—1,1) there exists a nonempty subinterval (¢,d) C (a,b) and
a subsequence {tn, } such that for every k € N

(¢,d) Nty B=0;

(x): for every sequence {t,} there is a subsequence {t,,} such that for
every nonempty interval (a,b) C (—1,1) there exists a kg € N and a
nonempty subinterval (¢, d) C (a,b) such that for all k > kg

(c,d) N tn, B = 0.

PrOOF. By Lemma 2.1.2(iii) condition (iv) is equivalent to the fact that 0 is
an Z-dispersion point of B. To finish the proof, it will be shown that (i) through
(ix) each imply the next item and that (x) implies (i).

(i)=(ii). This is obvious, because Zy C Z.
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(if)=(iii). It follows immediately from the fact that for any sequence {t,} of
positive numbers,

(15) lim sup(t, B)Alimsup(t, B) € Z.
n—oo n—oo

(iii)=-(iv). This is made obvious by taking t,, = ny,.

(iv)=(v). This follows immediately from (15).

(v)=(vi). Note that lim supp_,oo(nkpé) N(—1,1) is a G4 set, and a Gy set
belongs to 7 if, and only if, it belongs to Z.

(vi)=(vii). By way of contradiction, suppose that (vii) is not true. Then there
must exist a nonempty open interval I C (—1,1) such that for every k € N, there
is an increasing sequence of natural numbers {n¥ },,cn such that whenever J is
a subinterval of I with length greater then 1/k, then nlfné NJ # 0, for all
m € N. Choose a sequence {my} such that the numbers n;, = nf, form an
increasing sequence. Then, for every subsequence {ny, }pen of {ni}ren, the set
Uqu ng, BNI must be dense and open in I, for all ¢ € N. This clearly contradicts
(vi).

(vii)=(viii). Fix the sequence of natural numbers {n;} and any nonempty
interval (a,b) C (—1,1). By assumption there is an € > 0 and ng € N such that
whenever n > ng, then there is a nonempty interval (¢,,d,) C (a,b) \ n.B such
that d,, — ¢, > 2e.

Let ¢ be a natural number such that (b — a)/q < € and partition (a,b) into ¢
contiguous intervals Ji, ..., J; of equal length. From the choice of 0 < |J;| < ¢
for 1 <1 < g, it is apparent that each interval (¢, ,d,,) must contain at least
one of the J;. The Pigeon Hole Principle now yields the existence of the desired
subsequence.

(viii)=>(ix). There is no generality lost with the assumptions that ¢; > 1, that
tnt1 —tn, > 1for all n and (a,b) C [a,b] C (0,1). Let p, = |t,]. The sequence of
integers {p, } satisfies the conditions of (viii), so there must exist a subsequence
{pn,} of {p,,} and a nonempty (c,d) C (a,b) such that p,, BN (¢,d) = @ for all
keN.

Since ty,, /pn, — 1 as k — oo, there exists a ko such that

t d—
Ec14+ 87 forall k> k.
Dy, 3c

Let J = (c+ (d—¢)/3,d) and k > ko. Then

1<

theC tn,d

0= b ((c7 d) ﬂpnk1§> = (—

pnk pnk p’n;C

) Nt BDJNt,, B.

Part (ix) follows easily from this.

(ix)=(x). Without loss of generality we may assume that a and b are rational.
Let {(as,bs)}sen be an enumeration of all such intervals, and let us choose a
sequence {t,}. The idea of the proof is an application of (ix) infinitely many
times, and diagonalization.
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Let mg = k for k € N. We will, by induction on s € N, construct se-
quences {m}, }ren such that, for every s € N, {m] }xen will be a subsequence of
{mzfl}keN, and there will be a nonempty interval (¢, d) (possibly dependent on
s) contained in (as, bs) such that for all k € N

(C, d) n (tmié) = 0.

The construction is facilitated by (ix). Now, define ¢,, = tns - Then, for every
ko € N, there exists (¢, d) C (ag,, br,) such that for every k > ko

(¢;d) N (t,, B) = 0.
This proves (x).
(x)=(i). Fix {t,} and let {¢,,} be a subsequence given by (x). Then, for

every nonempty open interval (a,b) C (—1,1) we can find a nonempty subinterval
(¢,d) C (a,b) such that

(¢,d) Nlimsupt,, B = 0.

k—oo

This implies (i).

This finishes the proof of Theorem 2.2.2. [

The dual version of condition (iii) implies that for every B € B

0€ ®7(B) if, and only if, 0¢€ Uz(B).

Using the translation version of the above we infer the following corollary.

COROLLARY 2.2.3. For every B € B

®7(B) = Vz(B).

For the regular open sets there is one more characterization of Z-density
points.

LEMMA 2.2.4. Let A be a regular open set. Then the following are equivalent:
(1): 0 is an Z-density point of A;
(ii): there exists an interval set E C A consisting of closed intervals
such that 0 is an Z-density point of E.

PrROOF. 0 is an Z-density point of A if, and only if, 0 is an Z-dispersion point
of A¢. Thus, by Theorem 2.2.2(vii), condition (i) is equivalent to the statement
that

for every nonempty interval (a,b) C (—1,1) there exists a num-
ber ¢ > 0 and ng € N such that for every n > ng there is a
nonempty interval (¢, d) C (a,b) with the properties:

ld—c|>¢ and (c,d)NnAc=0.



26 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

Notice that in the above it is enough to only consider intervals (a, b) with rational
endpoints. Moreover, by the regularity of A, cl (1?“) = A° and so

(c,d)ﬂn;lvczg) — (¢, d)NnA° =10

1

= E(c,d)ﬁACZ(Z)
1

— —(e,d) C A.
n

Hence, we can conclude that (i) is equivalent to the statement
(*) for every nonempty interval I = (a,b) C (—1,1) with ratio-
nal endpoints there exists a number ¢; > 0 and n; € N such that
for every m > ny there is a nonempty interval (¢,d) C [¢,d] C
(a,b) with the properties:

1
|d—c| >er and —[c¢,d] C A.
n
Now we can construct E to satisfy (ii).
Replacing A by A N U, if necessary, where U is from Corollary 2.1.5(ii), we

can assume that
(16) A does not contain intervals of the form (r,0) and (0, r).

Let {Ix}ren be an enumeration of all nonempty subintervals of (—1,1) with
rational endpoints and let us assume that ny, > k for every k € N.

For k € N, let E}y, be a union of intervals %[cn, dy] for n > ny,, where [cy, dy]
is a subset of I satisfying (x); i.e., such that

1
|dn, — cn| > €1, and E[cn,dn] C A.

Let
E = U E}.
keN
Notice that
1 1 11

and that Ey \ (=1, 1) intersects only finitely many closed intervals forming Ej.
Then,
E\(_l 1) I UE
k' k , v
i<k
i.e., it intersects only finitely many closed intervals forming FE.

This, together with (16), implies that E is an interval set formed with closed
intervals. It is also easy to see that int (F) is an interval set obtained from E by
removing the endpoints of the constituent intervals. Hence, int (E) is a regular
open set and, by the construction, it is easy to see that it satisfies (x). Thus it
has been proved that 0 is an Z-density point of int (E) and so of E as well.
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This finishes the proof that (i) implies (ii). The converse implication is obvi-
ous. [

The next example will be used to show that in Lemma 2.2.4 the assumption
that A is regular open cannot be weakened to the assumption that A is open.

EXAMPLE 2.2.5. There exists a decreasing sequence S = {by tnen converging
to 0 such that 0 is not a right Z-dispersion point of any open set B O S.

PROOF. Let
D, = {2% i=1,2,... ,2”} c (0,1]
and let
1
S=J =D
J-p
neN

Notice that S C (0,1] and that S\ (0, 1] is finite for every n € N. Thus, S
is a decreasing sequence converging to 0. Moreover, Dy C D,, C nS for every
k < n. In particular, for every increasing sequence {ny }rcn of positive integers,
the set |, oy S contains |J, oy Drn and so is dense. Now, if B O S is open,
then lim sup;,_, . ni B is a dense G subset of (0,1). Thus, by Lemma 2.1.1(iii),
0 cannot be an Z-dispersion point of B. [

Now let S be as above and let A =R\ cl(S). Then A is open and evidently
0 is an Z-density point of A. However, condition (ii) of Lemma 2.2.4 fails for A,
as no matter how the right interval set F, C A is chosen, 0 cannot be a right
Z-density point of F, because the complement of E,. in (0,1) always contains an
open set B D S.

We finish this section with the following technical lemma.

LEMMA 2.2.6. If B =, cn(an,bn) C [—1,1] and there exists a positive num-
ber ¢ such that
—bn —an >c
max{|an|, |bn|} ’

for every n € N, then 0 is not an Z-dispersion point of B.

ProoF. Without loss of generality we may assume that B = J,, cy(@n, bn) C
[0,1]. Put t, = 1/b, for n € N. Then, for every subsequence {t,, }ren of

{tn}nGNa
(1—-¢,1) C limsup (t,, B) .

k—o0

Hence, by Theorem 2.2.2(iii), 0 is not an Z-dispersion point of B. [J
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2.3. The Z-density Topology
In Corollary 2.2.3 it was shown that

7/ NB=T/NB.
The purpose of this section is to prove that the family
Ir=T/NB=T/NB

forms a topology on R.

We start with a lemma which essentially says that the Z-density operator
O, restricted to B, is a lower density [29]. In particular, condition (iv) is an
analogue of the Lebesgue density theorem.

LEMMA 2.3.1. For A,B€ B
(i): if AC B then, 7(A) C d7(B);
(ii): int(A) C Pz(A) C cl(A); in particular, Dz(0) = 0 and Pz(R) =
R;
(ifi): if AAB € T, then d7(A) = &7 (B);
(iv): ¢z(A)ANA € T;
(v): ®2(AN B) = d1(A) N D2 (B).

PROOF. (i) is obvious from the definition.

(ii) and (iii) follow easily from Lemma 2.1.1.

(iv). Let A ~ B stand for the equivalence relation AAB € Z. Then (iv)
is justified by the equivalences A ~ A ~ ®7(A) ~ ®7(A) where the third
equivalence follows from (iii) and the second by the inclusions A ¢ ®7(A) C

cl(A).

For (v), first notice that the inclusion ®7(AN B) C ®7z(A) N &z (B) follows
from (i). To prove ®7(A)NPz(B) C ®z(A N B) assume that a € dz(A)NP7(B).
Without loss of generality we can assume that a = 0. Choose an increasing
sequence {N;,}men of natural numbers. Then, by Lemma 2.1.1, there exists a
subsequence {7, }pen such that

p—o0

(-, 1)n (liminf nmpA> el
We can find a further subsequence {nmpi }ien such that

(~1,1) 0 (liminf B)C eT.

71— 00
Now Lemma 2.1.1 and

(~1,1)N (liminfnmpi (An B))C

11— 00

=(-1,1)N KliminfnmpiA)C U (liminfnmpi B)C} el

1—00 1—00

imply that 0 € &z(ANB). O
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The next theorem follows immediately from the observation that the Boolean
algebra of regular open sets is complete [34]. However, we would like to provide
an elementary proof of it, since this proof gives significant insight to the subject.

THEOREM 2.3.2. 77 is a topology on R.

PrOOF. Lemma 2.3.1 implies that the empty set and R are elements of 77,
and that the class 77 is closed under finite intersections.

Let us assume that a class {A,: v € I'} of elements of 77 is given and write
A=, er Ay It is obvious that A C ®7(A). Thus, it suffices to show that A is
a Baire set.

Let {A,, : n € N} be a countable subcover from {A,: v € I'} of the open set
G' = U,er4y. Put G = U,y Ay, Then GAG” € Z. Moreover, by Lemma
2.3.1(iii) and the fact that A, C ®7(A,) for every v € T,

Gca=JAa, c [Joz(4)

yel yel’

But, G € B and, by Lemma 2.3.1(iv),
ANG=A\GC Pz(G)\GeT.
Thus, A is Baire. This proves that 77 is a topology. [

The topology 77 is called the Z-density topology.

2.4. The P*-topology.

In this section, an alternative definition of the Z-density topology due to L.
Zajicek [72], called the P*-topology, is introduced. Although, with only a few
exceptions, the P*-topology is not used directly in later sections, it is useful for
developing intuition about the Z-density topology.

Let AC R and € R. For R > 0 let

~v(z, R, A) =sup{e > 0: Jy € R such that
(y—e,y+e) C(x—R,z+ R)NA°N{z}}.
The porosity of A at x is defined to be

p(z, A) = limsup 2y(z, R, A)/R.
R—0*t
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The notions of right and left porosity of A at x can be defined in an obvious
way. The set A is porous at x if p(xz, A) > 0. If M is porous at each of its points,
then it is called a porous set.

A set which is porous at a point x is, in some sense, “full of holes” nearby =x.
If two sets are porous at x, this does not guarantee that their union is porous
at x. A simple example of this is A = [-1,0] and B = [0,1]. Both A and B are
porous at 0, but their union is obviously not porous at 0. A more complicated
example, which is more instructive for our purposes is as follows. Let

A= U (—2_2”’ _2—2"—1) U U (2—2n—1’ 2—2n)

neN neN

and
B=J (=27, 27 u (@222,
neN neN
It is clear that )
p(0,4) = (0, B) = 5 >0,

but
p(0,AUB) =0.

Examples such as the above motivate the following definition.

The set A C R is superporous at x if AU B is porous at & whenever B is
porous at x. The set A is simply termed to be superporous, if it is superporous
at every point. Any such set is obviously porous.

These definitions imply at once that if {Ay: A € A} are each superporous
(porous) at x, then [, Ax is also superporous (porous) at  and if the sets
{A4;: 1 <i < n} for n € N are superporous at z, then | J;,.,, 4; is also super-
porous at x. Using this, the P-topology is defined as o

P ={G C R: G° is superporous at every point of G}.
Finally, the P*-topology is defined as
P*={G\N:GePand N € I}.
It will be proved that P* = 77. To do this, several lemmas are needed.
LEMMA 2.4.1. P* C B.

PROOF. It is easy to see that any G € P contains an open set H € 7» such
that H C G C cl(H). Thus, G = HU(G\H) € B,asG\H Ccl(H)\H €Z. O

LEMMA 2.4.2. The following conditions are equivalent:

(1): the set A is superporous at z; and,

(ii): given s € (0,1) there exists Dy > 0 and Rs € (0,1) such that
whenever 0 < D < Dg and (y — 6,y +0) C (z — D,z + D) \ {z}
with 26/D > s, then there is an interval J C (y — d,y + §) N A with
m(J)/28 > Rs.
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PROOF. Since porosity is translation invariant, it may be assumed that z = 0.
First, assume (i) is true, but (ii) fails for some s € (0, 1). This implies that for
each R € (0,1) and each D > 0, there is a closed interval I(R, D) C (—D, D)\ {0}

such that
m(/(R, D))

D
but every component of I(R, D) N A° can have measure at most

Rm(I(R, D)).

> s,

Using this, we will construct a set B, which is porous at 0, such that AU B
is not porous at 0. This contradiction of (i) will show that (ii) must be true.
To do this, let R, = 27" and I; = I(R;,1). Inductively define

In+1 - I(Rn+17 dlSt(Ina {O}))

Let B = (Unen In)c. Then p(B,0) > s > 0, but the definition of I,, implies
p(AU B,0) =0.

Next, suppose (ii) is true and B C R such that p(B,0) > s > 0. There is
no generality lost in assuming that the right porosity of B at 0 is greater than
s. Then, it is easy to construct a right interval set £ = (J, cy(@n,bn) such
that E C B¢ and (b, — a,)/b, > s for every n € N. Choose Dg and Ry as in
(ii). We may further assume 0 < by < D,. Then, for each n € N, there is an
interval J,, C (an,by) N A€ such that m(J,)/(b, — a,) > Rs. This easily implies
p(AUB,0) > sRs > 0, and (i) holds. O

The notion of unilateral right superporosity set can be defined in a very natural
way. Using this definition, Lemma 2.4.2 can be reformulated in the following way.

COROLLARY 2.4.3. The following conditions are equivalent:
(1): the set A is unilaterally right superporous at 0; and,
(ii): for every ¢ € (0,1) there exist € > 0 and dg > 0 such for any
x € (0,00) there exists a closed interval J C A° N (cx,z) such that
m(J) > xe.

PrOOF. It is not difficult to see from Lemma 2.4.2 that A is right superporous
at 0 if, and only if,

(%) given s € (0,1) there exists Dy > 0 and R, € (0,1) such
that whenever 0 < D < Dy and (y — d,y + 0) C (0, D) with
20/D > s, then there is an interval J C (y — d,y + 6) N A° with
m(J)/20 > Rs.

To prove that (x) implies (ii), it is enough to choose s < 1 —¢, define g = Dy,
e=(1—-c¢)Rsand take D =z < g = D, and (y—0,y+9) = (cz,z) C (=D, D)\
{0}. Then, 26/D = z(1 —¢)/x > s and so, there exists J C A°N(y—d,y+0) =
A°N (cx,x) such that m(J) > 20R; = (1 — ¢)e/(1 — ¢) = ze.

To prove that (ii) implies (x), choose ¢ such that 1 — ¢ < s and define Dy = d¢
and Ry =¢/2. For D < D; and (y — 0,y + 0) C (0, D) such that 20 > sD take
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x=y+06 <D< Dg =20dg. Then, (1 —c)z < (1 —-¢)D < sD < 2 and so,
cx,x) C (x —20,2) = (y — d,y + J). Thus, there exists J C A°N (cz,x) C
A°N(y — 0,y + 0) such that

—~

m(J)/28 > xe/20 > 0e/26 = Ry,
since > y + § > 0. This finishes the proof. [
In the proof of the next theorem, the following easy fact is needed.

PROPOSITION 2.4.4. Let e, M > 0 and let {(an,bn)}nen be a sequence of
subintervals of [— M, M] such that b, —a,, > ¢ for everyn € N. Then there exists
a nonempty interval (a,b) C [—M, M) and an increasing sequence {ny}ren of
positive numbers such that (a,b) C (an,,bn, ) for every k € N.

PRroOOF. Let ¢, be center of (a,,b,) for every n € N and let —M = dy <
dy <...<dp = M be such that d; —d; 1 < 5 for every i = 1,2,... ,m. Then,
by the Pigeon Hole Principle, there exists i < m and a sequence {ny }ren such
that d; € (an,,cn, ) for every k € N. Then the sequence {ny }ren and an interval
(a,b) = (d;,d; + §) suffice. O

The main conclusion of this section is a consequence of the following theorem.

THEOREM 2.4.5. Let A € B and z € R. Then, A is superporous at x if, and
only if, x is an I-dispersion point of A.

PROOF. Since AAA € T, z is an Z-dispersion point of A if, and only if, x is
an Z-dispersion point of A. Thus, without loss of generality we may assume that
A = A. We can also assume, without loss of generality that z = 0, because the
notions of superporosity and Z-dispersion are translation invariant.
Before we start the main part of the proof let us rephrase condition (ii) of
Lemma 2.4.2 for = 0 in the following way:
for every s € (0,1) there exist Dg > 0 and R € (0,1) such that
for every 0 < D < Dy and any open interval I C (—D, D)\ {0}
with m(I)/D > s, there is an open interval J C TN A€ such that
m(J)/m(I) > Rs.

This can be rewritten as
for every s € (0,1) there exist Dy > 0 and R € (0,1) such that
for every 0 < D < D, and any open interval 51 C 4(—D, D)\
{0} with m(%1I) > s, there is an open interval +.J C &I such
that 5JN 5A =0 and m(5J)/m(51) > R,.

The last version, in turn, is equivalent to
(x) for every s € (0,1) there exist Dy > 0 and Ry € (0,1)
such that for every 0 < D < Dy and any open interval (a,b) C
(—1,1)\{0} with b—a > s, there is an open interval (¢, d) C (a,b)
such that (¢,d) N 5A4 =0 and (d—c)/(b—a) > R,.
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Now we are ready to prove the theorem by proving that condition () implies
Theorem 2.2.2(viii) and that Theorem 2.2.2(ix) implies condition (x).

So, assume that A is superporous at 0. Choose an increasing sequence of
natural numbers {ny}ren, a nonempty open interval (a,b) C (=1,1) \ {0} and
a number p € N. Put s = b — a and use condition () to choose Dy > 0 and
R, € (0,1). We can assume that D' = ny, > n,. Then, since b—a = s, there is
an interval (c,, d,) C (a,b) such that d,—c, > s R, and (cp, dp)Nng, A = 0. Now,
we can assume that the sequence {n4, },cn is increasing and, using Proposition
2.4.4, if necessary, that there is a nonempty open interval (¢, d) C (¢p,d,) C (a,b)
for every p € N. This implies (¢,d) N ny, A = () for every p € N. Theorem
2.2.2(viii) is proved.

To prove the converse, assume that condition (x) is false for some s > 0.
Then for every n € N and D; = Ry = % there are numbers 0 < D < Dy and
t, = 3 and an interval (a,,b,) C (=1,1)\ {0} such that b, — a, > s and for
every interval (c,d) C (an,by) with the property that (c,d) Nt,A = @ we have
d—c < Ry(b—a) < . Now, by Proposition 2.4.4, we can choose an increasing
sequence {ny}ren of natural numbers and a nonempty interval (a,b) such that
(a,b) C (an,,by,) for every k € N and the sequence {t,, }ren is increasing and
diverging to infinity. In other words, we have found a nonempty interval (a,b) C
(—1,1) and an increasing sequence {t,, }ren of positive numbers diverging to
infinity such that whenever (c,d) C (a,b) is such that (¢, d) Nt,, A = 0, then
d—c< nl—k This contradicts Theorem 2.2.2(ix). This contradiction forces the
conclusion that (¥) must be true. O

Combining the previous theorem with Lemma 2.4.1 and the definition of P*
yields to the folloving corollary.

COROLLARY 2.4.6. P* = T17.

2.5. Z-approximate Continuity

A function f: R — R is Z-approximately continuous, if it is continuous with
respect to the Z-density topology 77 on the domain, and the natural topology 7o
on the range. The class of all Z-approximately continuous functions is denoted
by Czo». This is analogous to the definition of the approximately continuous
functions Cyo.

A Baire function f: R — R is Z-approxzimately continuous at a point x if for
any € > 0, z is an Z-density point of {t: |f(t) — f(z)| < e} € B. Pointwise right
and left Z-approximate continuity are defined in the obvious way.

The following propositions serve to give some insight into the structure of the
Z-approximately continuous functions.

LEMMA 2.5.1. If f is right T-approximately continuous at each of its points,
a €R and A={z: f(x) > a}, then int(A) is dense in A.
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PrOOF. It may be supposed without loss of generality that « = 0. Let A,, =
{z: f(x) > 1/n} € Band let A = (J,cny4n. If 2 € A, then, by Lemma
2.1.1, z is an Z-density point of A,, as A,AA, € Z. The definition of right
Z-approximate continuity shows that f(xz) > 1/n. It follows that A, C A,.
Therefore, G = J,,cn A, C Unen An = A. To see that G is dense in A, let
x € A and choose n € N such that 1/n < f(z). Then z is a right Z-density point
of {w: f(w) > 1/n} and it is apparent that z must be a limit point of A,. From
this, we see that G is dense in A. [

THEOREM 2.5.2. Every right Z-approximately continuous function is of the
first Baire class.

PROOF. Let f be right Z-approximately continuous on R. It suffices to show
that {x : f(z) > 0} is a Gy set. To do this, for each p € N, let U, = {x: f(z) >
—1/p} and, for p,q,r, k € N, define

(17) A(p,q,r,k):{xeR: (%,S)ﬂr(Up—x)#ﬁ)}
and

q
(18) A(p,q,r [W (g, 7 k).

It is easy to see that each A(p,q,r) is an open set.
Next, define

(19) v= "N UAwaqr
peNgeNr>q

It is clear that U is a G set. We will show that U = {z: f(z) > 0}.
To show that U C {x: f(z) > 0}, fix p € N and let

VP = ﬂ U A(p,q,?“)
qeNr>q

Suppose that 0 € V,,. For each ¢ € N there is an 7, € N, r4 > ¢, such that

when 1 <k <g, then( = 7q)ﬁ?"qU # (). From this and Lemma 2.5.1 we see
that
k—1 k k—1 k
20 —— — | Nryint (T int| | ——,— ) Nr,U, ) #0
(20) ( q Q> ot (Up) = << q Q> qp)

fork=1,2,... ,q

Let {ry, }ien be an increasing subsequence of {r,},en and put n; = ry, for
i € N. From (20) it follows that |J;cy 7, int (Uy) is a dense open subset of (0,1)
for every subsequence {n;, }jen of {n;}ien. Therefore,

lim sup n;; U, N (0, 1)

Jj—oo
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is a residual subset of (0,1). It follows from Lemma 2.1.2; that 0 is not a right
Z-dispersion point of U, and the right Z-density continuity of f shows that
0 € {z: f(z) > —1/p}. This same argument can be done with any other x € V,,
showing that V,, C {z: f(z) > —1/p}. Therefore,

U=V, C{z: flx) > 0}.

peEN

To show that {z: f(x) > 0} C U, fix  such that f(z) > 0. As previously, we
consider only the case when x = 0. The other cases are similar.

So, suppose f(0) > 0 and p,q € N. We must show there is an r € N, r > ¢,
such that 0 € A(p, q,r). If not, for every r > ¢ there must be an integer k,, with

1 <k, < ¢, such that
kr—1 k,
( ,—)ﬂrUpzﬁ.
q q

There must exist an increasing sequence of natural numbers r; such that k., = k
for some 1 < k < ¢q. This gives

k-1 k
(“ ) o, =0
g q

for all i so that for any subsequence {r;, }jen of {r;}ien

k-1 k
(—, —) N liminfr;, U, = 0.
qa q Joo

Therefore, 0 is not a right Z-density point of U,. But, this is impossible because
f(0) > 0 and f is right Z-approximately continuous at 0.

We are forced to conclude U D {x : f(z) > 0} and consequently U = {z :
f(z) > 0}, which finishes the proof of the theorem. [

COROLLARY 2.5.3. If f is Z-approzimately continuous on R, then f is a Dar-
boux Baire 1 function.

PROOF. Since sets which are open in the Z-density topology are bilaterally c-
dense in themselves, this is an immediate consequence of the preceding theorem
and Young’s criterion. (See Bruckner [7, p. 9].) O

The properties of the Z-approximately continuous functions given so far have
concentrated on showing that they behave like the ordinary approximately con-
tinuous functions. But, as can be expected, all the widely used properties of the
approximately continuous functions do not translate to the case of Z-approximate
continuity. For example, it was noted in Theorem 1.3.1(iv) that any bounded
approximately continuous function is a derivative. The following example shows
this is not true of bounded Z-approximately continuous functions.
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EXAMPLE 2.5.4. There exists a bounded T-approximately continuous func-
tion' which is not a derivative.

PrOOF. Let P C (0,1] be a nowhere dense closed set with positive measure.
Choose a sequence {ny }ren of natural numbers satisfying limy_, o ng /N1 = 0

and define )
E= —P.
It will be shown in Lemma 2.8.1 that there is an open set G O E such that 0 is
an Z-dispersion point of G. Moreover, by Corollary 2.7.4, G can be chosen as an
open interval set.
On the other hand, for all £ € N,

m(G N (0,1/ng)) S m(E N (0,1/n))
1/nk - l/nk

so 0 is not a dispersion point of G.
Define the function f on EUG® by

(21)

m(P) > 0,

1 z€eF
f(as)—{ 0 zeG°

and extend f on G\ F in such a way that it is piecewise linear on (0,00) and
bounded by 1. Since 0 is an Z-dispersion point of G, it is apparent that f is
Z-approximately continuous.2 On the other hand, f cannot be a derivative. To
see this, suppose F' is any primitive function for f and define

G(x)/owf.

Since f is continuous on R \ {0}, we see that F' — G must be constant on both
(—00,0) and (0,00). Since both F and G are continuous, this implies that F— G
is constant on R and therefore GG is differentiable on R. But, this is impossible
since, by (21),

D~G(0) = 0<m(P)
< liminf m(E 0 (0,1/n4))
- k—oo 1/nk
< limsup G /m) < E+G(O). O
k—o00 /’I’Lk

Now, we are ready to state some of the most important properties of Czp,
similar to those from Theorem 1.3.1.

THEOREM 2.5.5. The following are some properties of Czo.
(i): Czo s closed under pointwise addition and multiplication.

1In fact, the constructed function is also Z-density continuous. Z-density continuity is
defined in Chapter 3.
2In fact, by Corollary 3.4.4, it is also Z-density continuous.
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(ii): Czo is closed under uniform convergence; hence, the bounded Z-
approzimately continuous functions form a Banach space.

(iii): If f € Czo, then f is a Darboux function of the first Baire class.

(iv): There is a bounded f € Czo which is not a derivative.

Proor. (i). If f,g € Czo then f + g is a composition of the continuous
function +: (R?,70) — (R,70), +(x,y) = = + y, and the continuous functions
frg: (R, 77) — (R,70). Hence, f 4+ g € Czo. Similarly, fg € Cz0.

(ii). Assume that the sequence { f,, }nen of Z-approximately continuous func-
tions converges uniformly to f. We prove that f € Czo. Let U € Tp, x € f~1(U)
and choose € > 0 such that (f(z) — 2e, f(x) + 2¢) C U. Moreover, let n € N be
such that |f,(z) — f(z)| < e for every z € R. Then,

v € £, 1 ((f(2) —e, f(z) +€) C fH(f(@) - 2¢, f(z) +2¢)) C f7H(U)

and f,1((f(z) — e, f(z) +¢)) € Tz. Thus, f € Czo.
(i) is a restatement of Corollary 2.5.3.
(iv) is a restatement of Example 2.5.4. [

We finish this section with the following analog of Theorem 1.3.2.

THEOREM 2.5.6. The function f: R — R is a Baire function if, and only if,
it is L-approrimately continuous I-almost everywhere.

PRrROOF. If f is a Baire function then, by Example 1.1.5, f is Z-continuous
T-a.e. and so it is Z-approximately continuous Z-a.e.

If f is Z-approximately continuous Z-a.e., then there must be a set K € 7
such that f|xe is Baire. So, f is Baire.

2.6. Topological Properties of the Z-density Topology

This short section summarizes the topological properties of the Z-density
topology.
We start with the following easy lemma.

LEMMA 2.6.1. If D C R is dense with respect to To, then no point x € R can
be separated in Tz from D.

Proor. By Lemma 2.1.2,if z € A € 77, then (x —e,z+¢)NA & T for every
e > 0. In particular, by Lemma 2.2.1(iii), any set G € 77 containing D must
be residual and any set H € 77 containing x must be a second category set.
Therefore G and H cannot be disjoint. [J

THEOREM 2.6.2. The topology 77 on R has the following properties:
(1): 7o C Tz and the inclusion is proper; in particular Tz is Hausdor(f;
(ii): a subset C' of R is closed and discrete with respect to Tz if, and
only if, C € T;
(iii): 77 is neither separable nor has the Lindeldf property;
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(iv): 7z is not regular;

(v): every subinterval of R is connected in Tz;

(vi): a set A is compact with respect to Tz if, and only if, it is finite;
(vii): 77 is not generated; > and

(viii): if the Continuum Hypothesis holds, then Tr is not a Blumberg

space.

PROOF. (i) follows immediately from Lemma 2.3.1(ii) and Corollary 2.1.5(ii).

(ii). If A € Z, then A°AR € 7 and, by Lemma 2.3.1(ii) and (iii), A° C R =
D7 (R) = &7 (A°), i.e., A is closed in Tz. So is every subset of A. Thus A closed
and discrete.

On the other hand, if A is discrete in 7z, then ®7(A°) = R. Hence, by Lemma
2.3.1(iv), A = A°AR = A°AD7(A°) € .

To see first part of (iii) it is enough to notice that, by (ii), any countable set
is closed in 77. To see that 77 does not have Lindel6f property it is enough to
consider the Z-density open cover U = {{z} U C°} cc where C is the Cantor
set.

Condition (iv) is established by noticing that the set Q is closed with respect to
77 while, by Lemma 2.6.1, it cannot be separated in 77 from any point € R\ Q.

(v) follows immediately from Corollary 2.5.3.

(vi). Evidently any finite set is compact.

To argue the other direction, let A be an infinite set and let {a, }nen be any
sequence of distinct points from A. The set {a, }nen is closed and discrete with
respect to 7z. Thus, the sets G,, = R\ {ax : £ > n} form a 7z7-open cover of A
without a finite subcover.

(vii). We have to show that the family

F= {(ffl({x}))P cze€Rand f: (R,77) — (R, 77) is continuous}

is not a subbase for 77. But F C {(f~'({2})) : 2 € Rand f € Czo} and the
second family obviously is not a subbase for 77, as 77 is not regular.
(viii) is obvious by the above properties and the following theorem of White
[65]:
Let X be a Baire space with cardinality of continuum such that
: (a) X satisfies the countable chain condition,
: (b) the weight and the character of X is that of the
continuum,?

3Compare to the footnote for Theorem 1.2.3 and Chapter 4.
4Compare to the footnote for Theorem 1.2.3 or [63, 65].
5For a topological space X it’s weight is defined by

w(X) = min{card () : U is a base of X}
and it’s character by x(X) = sup{x(X,z): x € X}, where
X(X,z) = min{card () : U is a base of X at z}.
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: (c) every set of first category in X is nowhere dense in
X.
Then X is not Blumberg. [

2.7. The Deep-Z-density Topology

As seen in Theorem 2.6.2(iv) the topology 77 on R is not regular, so, the weak
topology generated by Cze is strictly smaller than 77. In this section this weak
topology is described and some of its properties are examined.

A point a € R is said to be a deep-Z-density point of a set A € B if, and only
if, there exists a closed set FF C A U {a} such that a is an Z-density point of
F. A point a € R is said to be a deep-Z-dispersion point of an A € B if, and
only if, it is a deep-Z-density point of A°. Similarly defined are left and right
deep-I-density and deep-Z-dispersion points.

Notice that for a closed set the notions of an Z-density point and a deep-
Z-density point coincide. Similarly, the notions of an Z-dispersion point and a
deep-Z-dispersion point coincide for open sets.

We first present the following easy equivalences.

LEMMA 2.7.1. Let A C R. The following are equivalent:
(i): 0 is a deep-I-density point of A;
(ii): there is a reqular open set V. C A such that 0 is an I-density point
of V;
(iii): there exists an interval set E C A composed of closed intervals
such that 0 is an T-density point of E.

PRrROOF. (i) implies (ii). If FF € AU {0} is a closed set such that 0 is an
Z-density point of F', then W = int (F') is a regular open and WAF € Z, so, by
Lemma 2.3.1(iii), 0 is an Z-density point of .

If0¢ W, then W C A and V = W satisfies (ii).

If 0 € W, then V=W NU works, where U is from Corollary 2.1.5(ii).

(ii) implies (iii). £ C V from Lemma 2.2.4(ii) works.

(ili) implies (i). F = EU{0} ¢ AU {0} has the desired property. [

COROLLARY 2.7.2. The notions of Z-density point and deep-Z-density point
coincide on reqular open sets. In particular, they coincide on open interval sets.

Define

Op(A) ={z € R: z is a deep-Z-density point of A},
and let
Tp={AeB: AC ®p(A)} C T7.

Notice that ®p(A) C ®7z(A) and that properties (i), (ii) and (v) of Lemma
2.3.1 remain true if we replace ®7 by ®p. Thus, the following Theorem is an
easy consequence of Theorem 2.3.2.

THEOREM 2.7.3. Tp is a topology on R.
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The topology 7p on R is called the deep-Z-density topology.
The following theorem is an immediate consequence of Lemma 2.7.1.

COROLLARY 2.7.4. For every x € R the family
U(z) ={UU{z}: U is an open interval set at x and x € Pp(U)}
forms a base of Tp at the point x.

A function f: R — R is deep-Z-approzimately continuous, if it is continuous
with respect to the natural topology 7o on the range, and the deep-Z-density
topology 7p on the domain. The class of all deep-Z-approximately continuous
functions is denoted by Cpo.

As the next step the following theorem is needed.

THEOREM 2.7.5. Tp is completely regular.

PROOF. Let x € A € Tp. Assume for simplicity that x = 0. We must define
a deep-Z-approximately continuous function f: R — R such that f(0) = 1 and
A¢ C f710). By Corollary 2.7.4 and Lemma 2.7.1 we can find an open interval
set V' C A and an interval set £ C V composed of closed intervals such that 0 is
an Z-density point of E. Define

1 z=0
dist(x, V°)+dist(z, E) .

It is easy to see that f(0) =1, A° C V¢ C f71(0) and that f is continuous on
R\ {0}. Moreover, f is deep-Z-approximately continuous at 0 as E C f~1(1). O

We are ready to prove the main theorem of this section.

THEOREM 2.7.6. Tp is the weak topology generated by Czo; i.e., Tp is equal
to the topology T generated by the family

{f*((a,b)): f € Czo0 and a,b € R}.

Proor. Evidently 7p C T as Tp is completely regular. To prove the reverse
inclusion, fix a < b, f € Czo and x € f~1((a,b)). It must be proved that z is a
deep-Z-density point of f~1((a,b)).

Let ¢ < d be such that f(z) € (c,d) C [¢,d] C (a,b) and define E = f~1([c, d)]).
Thus, E¢ = f~1([e,d]¢) € Tz while

z € f7((e,d)) C EC f7((a,)).

So, « is an Z-density point of E and, by Corollary 2.7.2, x is also a deep-Z-density
point of E. Moreover, ENFE® € IN7z. Thus, ENE°={;ie, FCE. O

Theorem 2.7.6 immediately implies
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COROLLARY 2.7.7. A function f is T-approximately continuous if, and only
if, it is deep-I-approximately continuous; i.e.,

Czo =Cpo.
The next theorem summarizes the topological properties of 7p.

THEOREM 2.7.8. The topology Tp on R has the following properties:

(1): 7o C Tp C 77 and the inclusions are proper;

(ii): there exists a set S € Iy which is not closed with respect to Tp;
however, there also exists a perfect set C' which is discrete with respect
to TD s

(iii): 7p is separable; moreover, every set D which is dense with respect
to To is also dense with respect to Tp;

(iv): Tp is completely reqular but not normal;

(v): every subinterval of R is connected in Tp;

(vi): a set A is compact with respect to Tp if, and only if, it is finite;

(vii): Tp is generated;®

(viii): 7p is a Blumberg space.”

PROOF. (i). The inclusions are obvious. The first inclusion is proper by
Corollary 2.1.5(ii). The second inclusion is proper because 7p is regular, but 77
is not.

(ii). For the first part it is enough to take the set S from Example 2.2.5. For
the second part, the set C from Lemma 2.1.8 works.

(iii). By Lemma 2.6.1, a set D which is dense with respect to 7» cannot be
separated in 77, and so in 7p, from any point € R\ D. Thus, by the regularity
of 7p, the set D is dense with respect to 7p.

(iv). The first part is a restatement of Theorem 2.7.5.

To prove the second part let us notice that the set C' from Lemma 2.1.8 is
closed and discrete with respect to 7p and has cardinality equal to the continuum
c. Thus, by the following theorem (see [23, Theorem 8.10])

If X is a separable normal space and E is a subset of X with
cardinality at least equal to the continuum, then E has a limit
point in X.

Tp cannot be normal.

(v) follows immediately from (i) and Theorem 2.6.2(v).

(vi). Evidently, any finite set is compact. To argue the other direction, let A
be an infinite set. It must be shown that it is not compact with respect to 7p.
As in Theorem 2.6.2(vi) it is enough to prove that A has an infinite subset D
which is closed and discrete with respect to 7p.

If A is closed and discrete with respect to 7o then D = A works.

6See the footnote for Theorem 1.2.3 and Chapter 4.
7See the footnote for Theorem 1.2.3 or [63, 65].
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Otherwise, there is a monotone sequence {c, }nen C A converging to a point
x € R. Without loss of generality, assume that = 0 and that the sequence
{¢n }nen is decreasing. Choosing a subsequence, if necessary, we can also assume
that lim, o ¢ny1/¢n = 0. Now, using Lemma 2.1.6, it is not difficult to argue
that the set D = {¢, }nen is closed and discrete with respect to Tp.

(vii). Let x € A € Tp and let f: R — R be as in the proof of Theorem 2.7.5.
Then z € (f_l(O))C C A. So, it is enough to argue that f is continuous with
respect to 7p both on the domain and the range.® But, f is continuous at 0 in
this sense by the same argument as in Theorem 2.7.5. Moreover, at points # 0, f
is unilaterally linear and so obviously satisfies the desired continuity. (Compare
Proposition 3.1.7.)

(viii). Let f: R — R be a function. Then, by Blumberg’s theorem [4, 5],
there exists a set D C R dense with respect to 7o such that f|p: (D, 7o) —
(R,70) is continuous. But, by (iii), D is dense with respect to 7p and, by (i),
flp: (D,7p) — (R, 7o) is continuous. [

There is yet one more advantage that 7p has over 77. The examples from
Section 1.5 do not apply to 7p, as can be seen from the following theorem.

THEOREM 2.7.9. Tp = {ACR: AC ®p(A)}.

PRrROOF. If A C ®&p(A) then, by Lemma 2.7.1(ii), int (4) C A C cl(int (4)).
Hence Ae B. O

As a final remark in this section, notice that it follows easily from Theorem
2.4.5 that for a regular open set A and z € R, A¢ = cl <A0> is superporous at x

if, and only if, x is an Z-dispersion point of A¢. This means that the sets of the

form {z} U A where A is regular open and x is an Z-density point of A form a

base for the topology P as well as for 7p. This immediately implies
COROLLARY 2.7.10. P =Tp.

and

COROLLARY 2.7.11. A is superporous at the point x if, and only if, x is a
deep-I-dispersion point of A.

2.8. 7-density Topologies Versus the Density Topology

The purpose of this section is to discuss the relations between the Z-density
topologies and the density topology. For this, we need the following lemma.

8Such functions will be termed deep-I-density continuous. Compare also Chapter 3.
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LEMMA 2.8.1. Let P C (0,1] be closed and nowhere dense and let {by }nen
be a sequence of positive numbers such that lim, oo byy1/bn = 0. Then 0 is a
deep-I-dispersion point of the set

Q= |JbnP.

neN

In particular, Q° € Tp.

ProOOF. By Corollaries 2.4.3 and 2.7.11 suffices to prove that for every ¢ €
(0,1) there exist € > 0 and & > 0 such for any = € (0,6) there exists a closed
interval I C Q°N (cx,x) such that m(I) > ze.

Let ¢ € (0,1), p = min P and let 6 > 0 be such that

bn+1
bn
Moreover, let 9 > 0 be a number such that for every interval K C (0,1) of
length > p(1 —¢)/2 there exists a closed interval J C K\ P of length > £9. Such
a number can be found, by partitioning (0, 1) into intervals Ji, ... , Ji, of length
< p(1 —¢)/4 and defining

(22) < pc for every m € N for which pb, <.

g0 < min{sup{b —a: [a,b] C J;\ P}: 1 <i < k}.

Put e = min{eo/2, (1 —¢)/2}.
Now, let € (0,0) and define

m = min{n: pb, < z}.
Then, by (22), b1 < pbme < xe. In particular,
Q° N (cx,x) = (cx,x) \ by P.

Let a be the middle point of (cz,z). If pb,, > a, then I = [zc,a] works, as
m(l) = z(1 — ¢)/2 > xe. Similarly, if b,,, < a, then I = [a, z] works.

So, let us assume that pb,, < a < b,,. Then z < 2a < 2b,, and pb,, < x =
2 (z —a), as 2(x — a) = (z — zc). In particular, (z — a)/by, > p(1 — ¢)/2.
Thus, by the definition of e¢, there exists a closed interval J C bim(a,x) \ P of
the length > ¢y. Hence,

I=0b,JC(a,2)\bnP C (cx,z)\ bpyP = Q°N (cz,x)

has length > eob,,, = (2¢0) (b, /2) > ex = xe. This finishes the proof of Lemma
281. O

Now we are ready to prove
THEOREM 2.8.2. If P(R) stands for the discrete topology on R, then

ToNTy C TpNTy C TrNTy C Iy
| n n n
To C b C Tz c P(R)
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Moreover, all the inclusions are proper.

ProOOF. All the inclusions follow immediately from Theorems 2.7.8(i) and
1.2.3(1).

To show that the horizontal inclusions are proper, it is enough to argue for
the inclusions in the first row. Thus, it is enough to prove that 7p N7y ¢ 7o,
Tr NIy ¢ Tp and Ty ¢ T7. To show that the vertical inclusions are proper we
will show that 7p ¢ Ty

Tp NIy ¢ To. If U is from Corollary 2.1.5(ii), then obviously {0} UU €
Tr N Ty, as Z, C ZNN. Moreover, U is an interval set. So, by Corollary 2.7.2,
{0} UU € Tp. Evidently, {0} UU & To.

Tt NIy ¢ Tp. Let E = R\ Q. By Theorems 2.6.2(ii) and 1.2.3(ii), Q is
nowhere dense in 77 and 7y and so E € 77 N 7Tys. But, by Theorem 2.7.8(iii),
Q is dense in 7p. Hence, F & Tp.

Tn ¢ T7. Let C be a nowhere dense set of positive Lebesgue measure. By
the Lebesgue Density Theorem, D = C N &5 (C) € Tyr and D # (. Moreover,
by Theorem 2.6.2(ii), D is nowhere dense in 77, so D & Tr.

Tp ¢ Ty Let C C [%, 1] be a closed nowhere dense set with positive Lebesgue
measure and let {b, },en be a decreasing sequence of positive numbers such that

lim byy1 /by = 0.

Then, by Lemma 2.8.1, 0 is a deep-Z-dispersion point of £ = J b, C and

E€ € Tp. On the other hand, for every n € N,

neN

m(EN(0,b,))

; —m (b;'EN(0,1)) > m(C) > 0.

Thus, 0 is not a dispersion point of £ and E° & Ty. O

2.9. Historical and Bibliographic Notes

Lemma 2.1.8 is new, although the set exhibited there, in a similar setting,
was used earlier by Natkaniec [48]. Other results from Section 2.1 can be found
in Wilczyriski’s survey paper [68] in the case of J = Z, although Lemma 2.1.4
was proved there only in the case when limsup,, ,. bp+1/an, = 0. In a slightly
more general setting some of those results were proved in the earlier papers from
Wilczyriski [66], Poreda, Wagner-Bojakowska, Wilczyriski [58, 57] and Aversa,
Wilezynski [1].

Theorem 2.2.2 generalizes the results obtained by Poreda, Wagner-Bojakowska
and Wilczynski [57, Theorem 1]. Condition (vii) of Theorem 2.2.2 is due to
Lazarow [38]. The notion of regular open sets in this setting was first used
by Lazarow, Johnson and Wilczyniski [40] and, independently, by Ciesielski and
Larson [17, 15].
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Lemma 2.2.4 and Example 2.2.5 has been proved by Ciesielski and Larson in
[14] and [15], respectively. Lemma 2.2.6 was originally proved by Aversa and
Wilczyniski [1, Lemma 4].

Lemma 2.3.1 and Theorem 2.3.2 were originally proved by Poreda, Wagner-
Bojakowska and Wilezyniski [57], although Theorem 2.3.2 was first stated, with-
out any proof, by Wilezyniski [66].

Essentially all the results from Section 2.4 are interpretations of results due
to Zajicek [72]. Related results are contained in [71].

The class of Z-approximately continuous functions was defined by Poreda,
Wagner-Bojakowska and Wilezyriski [57]. In the same paper they also prove
the two-sided version of Theorem 2.5.2. The version of this theorem presented
here has been proved by Ciesielski and Larson [17]. The same authors presented
Example 2.5.4 [14]. Properties from Theorem 2.6.2 can be found in [57] in the
cases of (i), (iii) (for separability), (iv) and (v), in [58] in the case of (ii), in [15]
in the case of (vi) and in [22] in the case of (vii). Part of (iii), concerning the
Lindel6f property, and (viii) have never been published before.

The deep-Z-density topology was first introduced by Lazarow [38] and, in-
dependently, by Poreda and Wagner-Bojakowska [56]. Both these papers es-
sentially contain Theorems 2.7.3, 2.7.5, 2.7.6, Corollaries 2.7.4, 2.7.7 and the
equivalence of (i) and (iii) from Lemma 2.7.1. The equivalence of condition (ii)
of this lemma with the remaining condition seems not to have been previously
published.

Properties from Theorem 2.7.8 can be found in [38] and [56] in the cases of
(i), (iii) and (iv) (for regularity), in [56] in the case of (iv) (for normality), in
[15] in the cases of (ii) and (vi) and in [22] in the case of (vii). Condition (viii)
has never been published before.

Lemma 2.8.1 and Theorem 2.8.2 have been proved by Ciesielski and Larson
[15]. The examples showing that Ty ¢ 77 and 77 ¢ Ty can be also found in
1].
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CHAPTER 3

Z-density Continuous Functions

In this chapter, the Z-density continuous and deep-Z-density continuous func-
tions are defined and some of their properties are explored. In particular, the
relationships between these classes and the classes of continuous, C*°and analytic
functions are presented.

3.1. Z-density and Deep-Z-density Continuous Functions

A function f: R — R is Z-density continuous if it is continuous with respect
to the Z-density topology 77 on both the domain and the range. The class
of all Z-density continuous functions is denoted by Czz. Similarly, a function
f: R — R is deep-Z-density continuous, if it is continuous with respect to the
deep-Z-density topology 7pon both the domain and the range. The class of all
deep-Z-density continuous functions is denoted by Cpp.

The following definitions will be needed for technical reasons. The function
f: R — R is Z-density continuous at the point x if whenever f(x) € B € B such
that f(z) is an Z-density point of B, then x is an Z-density point of f~!(B). By
only requiring x to be a left or right Z-density point of f~1(B), the definitions
of pointwise left and right Z-density continuity are obtained. Right, left and
bilateral deep-T-density continuity of f at the point x are defined similarly.

The following propositions are clear from the definitions.

PROPOSITION 3.1.1. The function f: R — R is Z-density (deep-I-density)
continuous at a point x € R if, and only if, f is simultaneously right and left
Z-density (deep-Z-density) continuous at x.

ProrosITION 3.1.2. Let f: R — R and x € R. The following conditions are
equivalent.
(1): f is Z-density (deep-I-density) continuous at x.
(ii): For every B € B, if f(x) € B and f(x) is an Z-density (deep-Z-
density) point of B, then x is an I-density (deep-I-density) point of
F\(B).
(iii): For every B € B, if f(x) & B and f(x) is an Z-dispersion (deep-
ZI-dispersion) point of B, then x is an I-dispersion (deep-Z-dispersion)

47
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point of f~1(B).

To find relationships between the classes Czz and Cpp, the following lemma
is needed.

LEMMA 3.1.3. Let X be a completely regular topological space and'Y any topo-
logical space. The following are equivalent:
(i): the function f: Y — X is continuous;
(ii): the function go f:' Y — [0,1] is continuous for every continuous
g: X —[0,1].

ProOF. The implication (i)=-(ii) is obvious. (ii)=(i) follows immediately
from the fact that, for a completely regular space X, the family

1
{g([o, 5)) :g: X —[0,1] is continuous}
is a base for X. O

In particular, because 7p is completely regular (Theorem 2.7.5) and Czp =
Cpo (Corollary 2.7.7), we obtain

COROLLARY 3.1.4. For every function f: R — R
f€Cpp if, and only if, gof € Czo for every g€ Czo.
Now we are ready to prove

THEOREM 3.1.5. Every I-density continuous function is deep-I-density con-
tinuous; i.e.,

Crzr CCpp C CDO = CIO-
PRrROOF. To prove the first inclusion let f € Czz. Then, evidently, go f € Czo
for every g € Czop. Hence, by Corollary 3.1.4, f € Cpp. The second inclusion is

an immediate consequence of the definitions. The equation is a restatement of
Corollary 2.7.7. O

In particular, as a consequence of Corollary 2.5.3 we obtain

COROLLARY 3.1.6. If f € Czz or f € Cpp, then f is a Darbour Baire 1
function.

Easy examples of deep-Z-density continuous functions are obtained from the
following propositions. Others will follow in the next sections.

PROPOSITION 3.1.7. Linear functions, f(x) = ax+b, are deep-Z-density con-
tinuous.
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PRroOF. Translations of x such as f(x) = x + b are evidently deep-Z-density
continuous, as the deep-Z-density topology is translation invariant. Thus, since
the class Cpp is closed under composition, it is enough to argue for functions
like f(z) = ax. But the proposition now follows from known properties of Z-
dispersion points, such as those contained in Theorem 2.2.2(iii). O

We say that a function f is piecewise linear, if every point of its domain has
right and left neighborhoods on each of which f is linear. More generally, a
function f satisfies a condition P piecewise if every point of its domain has right
and left neighborhoods on each of which f satisfies condition P.

Notice that Propositions 3.1.1 and 3.1.7 immediately imply the following corol-
lary.

COROLLARY 3.1.8. FEvery piecewise linear function is Z-density continuous.

3.2. Homeomorphisms and Z-density

In this section Z-density continuous homeomorphisms are examined. We also
introduce and investigate the functions which preserve Z-density and deep-Z-
density points.

Let H be the class of all homeomorphisms from R (or any subinterval) to R
(or any subinterval). It will be shown that the inclusion Czz C Cpp is proper
(even in the class of continuous functions) and that H ¢ Cpp. However, first we
present the following theorem.

THEOREM 3.2.1. Let f: R — R be such that f~*(E) € T for every E € T.
Then f is deep-I-density continuous if, and only if, f is IT-density continuous.
In particular,

HNCzz = HNCpp.

PRrROOF. The inclusion Cz7 C Cpp follows from Theorem 3.1.5.

To prove the converse, choose f € Cpp satisfying the assumption and let f(x)
be an Z-density point of E € B with f(z) € E. Then, f(z) is an Z-density point
of E and, by the regularity of E, f(z) is also a deep-Z-density point of E. (See
Corollary 2.7.2.) Thus, z is a deep-Z-density point of f~(E). Moreover, by the
assumption,

fTUE)Af~YE) = fY(EAE) € T.

So, by Lemma 2.3.1(iii), « is an Z-density point of f~1(E).
The additional part follows easily from the fact that homeomorphisms satisfy
the assumption. O

Let A denote the class of all analytic functions from R (or any subinterval)
to R. It is easy to see that Theorem 3.2.1 implies that AN Czz = AN Cpp.
However, it will be shown in the following sections that A C Czz, which makes
this observation trivial.
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Now consider the following notions dual to those of Z-density and deep-Z-den-
sity continuity at a point. A function h: R — R preserves Z-density points, if for
every B € B, h(z) is an Z-density point of h(B) whenever x is an Z-density point
of B. Similarly defined are functions that preserve deep-Z-density points. The
notions of preserving Z-dispersion points and deep-Z-dispersion points are similar
to the above. The left-hand and right-hand versions of the above definitions are
defined in the obvious way.

The following lemma is an easy consequence of Theorem 3.2.1 and Proposition
3.1.2.

LEMMA 3.2.2. If h € 'H is a homeomorphism, then the following are equiva-
lent:
(i): h~! is T-density continuous;
(ii): h~! is deep-I-density continuous;
(iii): h preserves Z-density points;
(iv): h preserves deep-I-density points;
(v): h preserves Z-dispersion points;
(vi): h preserves deep-I-dispersion points.

COROLLARY 3.2.3. If f is piecewise homeomorphic, then f preserves I-den-
sity points if, and only if, [ preserves deep-I-density points.

The following lemma shows that piecewise homeomorphisms which preserve
Z-density points form a lattice. Similar results for Z-density and deep-Z-density
continuous functions will be proved in Proposition 3.2.15.

LEMMA 3.2.4. If f and g are piecewise preserving I-density points, then both
min{f, g} and max{f, g} also preserve I-density points.

PROOF. Let f and g be piecewise homeomorphic functions that preserve Z-
density points. It is clear that a function h preserves Z-density points if, and
only if, —h preserves Z-density points. Thus, by Lemma 3.2.2 and the fact that
min{ f, g} = — max{—f, —g}, it is enough to prove that h = max{f, g} preserves
deep-Z-dispersion points.

So, let B € B and let p ¢ B be a deep-Z-dispersion point of B. It is enough
to prove that h(p) is an Z-dispersion point of h(B).

Without any loss of generality it may be assumed that p = f(p) = g(p) =
h(p) = 0 and that B C (0,00), as the left hand case is similar. By Lemma 2.7.1
we may also assume that B = (J,,cn(a@n,bn) is a right interval set such that f
and g are strictly monotone on (0, by).

We use Theorem 2.2.2(viii) for this proof. Fix an increasing sequence {ny, }ren
of natural numbers and a nonempty interval (a,b) C (—1,1). We must find a
nonempty subinterval (c,d) C (a,b) and a subsequence {ny,}pen of {ni}ren
such that for every p € N

(c.d) Ny, max{ f, g} (B) = 0;
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i.e., such that

(23) (e d) nmax{ £,g}(B) = 0.

P
Using Theorem 2.2.2(viii) twice, once for each of the functions f and g, we
can find a nonempty subinterval (c,d) C (a,b) and a subsequence {ny, }pen of
{ng }ren such that for every p € N

ni(c,d) Nf(B)=0 and i(c, d)ng(B) = 0.

P kP
But it is easy to see that

ni(c, d)N f((an,by)) =0 and L(c, d) N g((an,bn)) =0

P kP
implies

ni(c7 d) Nmax{f, g}((an,bn)) =0

P

for every p,n € N. Condition (23) and Lemma 3.2.4 follow. O

The next theorem is used to establish the existence of several interesting
examples.

THEOREM 3.2.5. Let f € C* be such that for everyn >0
F™0)=0 and ,f™((0,e,)) C (0,00) for some &, > 0.

Then f is not deep-I-density continuous and does not preserve deep-L-density
points.

Before proving this theorem we state three immediate consequences.

COROLLARY 3.2.6. There exists a C*>° homeomorphism which is not I-density
continuous and does not preserve L-density points. In particular,

HNC>® ¢ Cpp.
PROOF. Define
—2
e " x>0
flx)=¢ 0 x=0
—e® " 1<0
It is known that f € C> and that f(™(0) = 0 for all n € N. It is also easy to

see that for every n € N there exists €, > 0 such that (™ (z) > 0 for every
x € (0,&,). Use of Theorem 3.2.5 finishes the proof. [

The next corollary shows that the full analogue of Theorem 1.4.3 for Z-density
continuous functions cannot be proved.

COROLLARY 3.2.7. There exists a convexr C*° function which is not deep-Z-
density continuous and does not preserve L-density and deep-I-density points.



52 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

PROOF. Define g: (—00,0.5) — R by

o(&) = { ez € (0,0.5)

0 x € (—00,0]

Examining the second derivative of g it is easy to see that ¢ is convex on
(—00,0.5). The other properties follow as in Corollary 3.2.6. [

Corollary 3.1.8 and the existence of a continuous function which is not Z-den-
sity continuous (Corollary 3.2.6) imply immediately

COROLLARY 3.2.8. The classes Cz7 and Cpp are not closed under uniform
convergence.

The following lemma is needed for the proof of Theorem 3.2.5.
LEMMA 3.2.9. Let f € C* be such that for everyn >0
f™0)=0 and fM™((0,e,)) C (0,00), for some &, > 0.

Then
lim flax)
z—0t+ f(x)

=0,
for every a € (0,1).

PROOF. Let a € (0,1) and n € N. Moreover, choose ¢ > 0 such that 0 < & <
ex for every k < n+ 1. In particular, f is increasing on (0, &), and so

(n)
’fn—(a;))‘ <1 forevery ¢&¢€(0,¢e).

Now let © € (0,¢) and let g(z) = f(ax). Using Cauchy’s Generalized Mean
Value Theorem n-times we can find 5 € (0,z) such that

flaz)| _ |g(a) 7 a€
‘ ‘f(m) " e

e
Thus,
lim f(az)
z—0t+ f(x)
PROOF OF THEOREM 3.2.5. Any function f with the described properties is a
homeomorphism in a right neighborhood of 0. So, by Theorem 3.2.1, it is enough
to prove that f is not right Z-density continuous at 0 and does not preserve 0 as
a right Z-density point.
We start with a proof that f is not right Z-density continuous at 0. Let
= {2% 1=1,2,...,2"} for n € N. First notice that if a sequence {n}ren
satisfies

=0. O

(24) ngr1 > 280y, for every k € N,
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then ) L1 ) )
min — Dy = —F > = max Di41.
N ng 2 Nk+1 Nk+1

This means that if {s;};>1 is a decreasing ordering of D = J, oy nLka, then

1

— Dy = {s;: 2F <i < 2k

N
A sequence {ny}ren will be defined by induction on k such that it will satisfy
condition (24) and for every k > 0

flsi) _ 1
f(sic1) — k
Put n;y = 1 and assume that ni_; has already been chosen for some k£ > 1.
Choose nj, > 2¥=1n;_; such that

2k_1
ICer o) < 1, for all z € (0, i).
Such a choice is possible by Lemma 3.2.9. Then, the above condition obviously
implies condition (25) for 2% < i < 2¥+1. Increasing ny, if necessary, we can also
obtain condition (25) for 4 = 2¥. This finishes the construction of D.
Now let {(an,bn)}nen be a sequence of pairwise disjoint intervals such that
every interval (an,by,) is centered at ¢, = f(s,) and that

(25) for 28 <i < 2FFL,

lim 22T g
n—oo Cn ’

By (25),
lim L —

n—oo  Cp
so, by Lemma 2.1.6, 0 is an Z-dispersion point of the interval set
E = (an,bn).
neN
On the other hand, as in Example 2.2.5, we notice that for every subsequence
{nki}ieN of {nk}keN, the set
U nklf_l(E) o U Dy,
€N S
is dense and open in [0, 1]. So, 0 is not a right Z-dispersion point of f~!(E) and
f is not Z-density continuous at 0.
To prove the second part of the theorem, define a right interval set £ =
Unen(@n, byn) such that
lim (b, —an)/a, =0

n—oo

(26) fbn) = %f(an), for every n € N.
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Such a choice can be made by Lemma 3.2.9. Then, by Lemma 2.1.7, there
exists an increasing sequence {n,,}men of natural numbers such that 0 is an
Z-dispersion point of

U (@ s b ),s

meN

while, by Lemma 2.2.6 and (26), 0 is not an Z-dispersion point of

f < U (anm’bnrn)> .

meN

This finishes the proof of Theorem 3.2.5. [
To prove the next theorem and find more Z-density continuous homeomor-
phisms we need the following

LEMMA 3.2.10. Let f,h: [0,+00) — [0,+00) be homeomorphisms such that

@)
A () T

Then for every 0 < ¢ < ¢ < d' < d there exists e9 > 0 such that for every
€€ (Oa EO);

f((ed ed)) € h((ec,ed)).

PROOF. Since ¢/¢’ < 1 and d/d’ > 1 there exist a dy > 0 such that for every
S (0760)

(27)

Using the continuity of f~! at 0, we can find gy > 0 such that

F((0,e0d)) C (0,d0)-
Now let € € (0,e0) and

z € f((ed,ed")) C f((0,e0d)) C (0,60).

So, (27) holds and f~!(z) € (ec,ed); i.e.,

ecd < fHzx) <ed.
Multiplying the above inequality by (27), we obtain

ec < h™*(z) < ed,

which implies x € h ((ec,ed)). O
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THEOREM 3.2.11. Let f,h: [0,400) — [0, +00) be homeomorphisms such that
—1
lim h <$) =
2 )

Then h is right Z-density continuous at 0 if, and only if, f is right Z-density
continuous at 0.

PRrROOF. Without loss of generality we may assume that both functions are
increasing, as the decreasing case is essentially the same.

So assume that A is right Z-density continuous at 0. It will be shown that
f is right Z-density continuous at 0. This will finish the proof, as the converse
implication follows by exchanging f with h.

Choose B € B, 0 ¢ B, which has 0 as an Z-dispersion point. By the right hand
side versions of Theorem 3.2.1 and Corollary 2.7.4 we may assume that B is an
open right interval set. We will use condition (viii) of Theorem 2.2.2 to prove that
0 is a right Z-dispersion point of f~(B). So, choose an increasing sequence of
positive integers {ny }ren and a nonempty interval (a,b) C (0,1). Because 0 is a
right Z-dispersion point of h~1(B), there exists a nonempty interval (c,d) C (a, b)
and a subsequence {ng, }pen of {nx}ren such that for every p € N

(¢,d) Ny, h~"(B) = 0.

But this last condition is equivalent to
1 1
h (<_ —d)> nB=0.
Nk, Nk,
Now let 0 < ¢ < ¢/ < d’ < d. Then, by Lemma 3.2.10,

1 1 1 1
f (—c’, —d/) Ch (—c, —d>
’I’Lkp nkp nkp nkp

for almost all p € N. This implies that for almost all p € N

/(b))
ng, ng,

(¢, d') Ny, f~H(B) = 0.
Therefore, Theorem 2.2.2(viii) is satisfied. This finishes the proof of Theorem
3.2.11. O

or

COROLLARY 3.2.12. If h is a differentiable function on R, or on any subin-
terval of R, with nonzero derivative everywhere, then h is T-density continuous.

PROOF. It is enough to prove that h is right Z-density continuous at 0, while
h(0) = 0. For this case, let a = h'(0) and let f(x) = ax. An elementary
calculation shows that the assumption of Theorem 3.2.11 is satisfied. O

We can also conclude
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COROLLARY 3.2.13. The classes Czz, Cpp, Czz NC*> and Cpp NC> are not
closed under addition.

PRrROOF. Let f be as in Corollary 3.2.6. Define g(z) = f(z)+x and h(z) = —z.
Then, by Corollary 3.2.12, the functions g and h are C* Z-density continuous
homeomorphisms, while f = g + h is not. [

The same example as in Corollary 3.2.13 also gives the following corollary,
which contradicts a theorem of Aversa and Wilczyniski [1, Theorem 4]. Thus,
the oversight in their proof cannot be repaired.

COROLLARY 3.2.14. The class of all C*° homeomorphisms preserving Z-den-
sity points is not closed under addition.

We will finish this section with the following proposition, similar to Lemma
3.2.4, which will be used in the next section.

PROPOSITION 3.2.15. The classes Cz7 of I-density continuous functions and
Cpp of deep-I-density continuous functions are closed under the supremum and
infimum operation applied to a finite number of functions.

PrOOF. We prove this only for Czz. For Cpp the same proof works. Only
two functions need be considered in the proof.

Let f,g € Czz, h = max{f,g} and g € R. Assume first that h(zy) =
f(zo) > g(xo) and that m € (g(zg), f(x0)). If G is an Z-density neighborhood
of f(xo) contained in (m, o), then H = f~1(G)N g~ ((—o0,m)) is an Z-density
neighborhood of xg with the property that h|H = f|H. This implies that h
is Z-density continuous at xg. A symmetrical argument handles the case when
h(zo) = g(z0) > f(xo).

Now, assume f(z9) = g(zg) = h(z) and let G be an Z-density neighborhood
of h(zo). Both f~1(G) and g~ !(G) are Z-density neighborhoods of xq, so H =
f~YG) N g7Y(G) is also an Z-density neighborhood of xo. If x € H, then
f(x) € G and g(x) € G, so h(z) = max(f(z),g(x)) € G. From this, it follows
that h=1(G) D H and h is Z-density continuous at x.

Therefore Cz7 is closed under the operation of taking the maximum of two
functions. Since min(f(z),g(z)) = —max(—f(z), —g(x)), we see Czz is also
closed under the minimization operation. []

3.3. Addition within HNCzz

In the previous section we concluded that the classes Cz7, Cpp and the class of
functions preserving Z-density points are not closed under addition. In fact, we
found an increasing homeomorphism g € Czz NCarpar such that h(z) = g(x) —x is
a homeomorphism which does not preserve Z-density points and h € Czz UCprpr-
However, there are some positive things which can be proved in this direction.

The purpose of this section is to prove that the sum of two increasing Z-density
continuous homeomorphisms is Z-density continuous and that the sum of two
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increasing homeomorphisms preserving Z-density points is a homeomorphism
that preserves Z-density points.
To prove the first of these theorems we need the following lemmas.

LEMMA 3.3.1. Let D € B be such that 0 is not a right Z-dispersion point of D.
Then there exists an increasing sequence {tx}ren of positive numbers diverging
to infinity and a nonempty interval (a,b) C (0,1) such that

<likminftkD) is dense in (a,b).

PROOF. Since 0 is not a right Z-dispersion point of D then, by Theorem
2.2.2(iii), there exists an increasing sequence {s,}nen of positive numbers di-
verging to infinity such that for each of its subsequences {s,, }ren

(28) (lim sup snkD> N(0,1) ¢Z.

k—oo

Let (pr,qr) C (0,1) be a sequence containing all nonempty intervals with
rational endpoints. Let us construct, by induction on k, sequences {s*}, <y such
that {s%},en = {8n tnen and {s¥},,cn is a subsequence of {s¥~1}, cy such that

(29) <lim sup sﬁD) N (pk,qe) =0 or (lim inf sﬁD) N (pg, qr) # 0.

n—oo n—0o0

To see that this is possible, suppose that the left-hand equation from (29) cannot
be satisfied with any subsequence of {s¥~1}, cn. Then,

N U sw'Dn o) # 0.

n=1m=n

This implies there is an x € (pg,qr) such that for each n € N there exists an
my > n with x € sffn_nlD. There is no generality lost with the assumption that

my, is an increasing sequence. Define s¥ = s%-1. Then

x € ﬂ s*D ¢ (hnnigf SZD) N (P, qx),
n=1

and the right-hand expression from (29) is satisfied.
Put t;, = s¥. Then, by (28), (limsup,_, . txD) N (0,1) & T; i.e., there exists a
nonempty interval (a,b) C (0,1) such that

(lim sup tkD> is dense in (a,b).
k—oo

But this, together with (29), guarantees also
(likm inf tkD> is dense in (a, b).

This finishes the proof of Lemma 3.3.1. O
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LEMMA 3.3.2. Suppose h: R — R is an increasing Z-density continuous home-
omorphism such that h(0) = 0 and let {t}ren be an increasing sequence of pos-
itive numbers diverging to infinity. Then for every nontrivial interval [a,b] C
(0,1) there exists a nonempty interval (¢,d) C (a,b) and a subsequence {tx, }ien
of {tr}ren such that the limit

L e/t
5 Bd/t,)

exists and s positive.

PrOOF. By way of contradiction assume that it cannot be done; i.e., that

: h(c/tr)
30 1
(30 TP /)
We will show that this contradicts the Z-density continuity of h.
So, let {qx: k € N} be an enumeration of @ = [a,b] NQ and for each i € N let
dy,...,d; be a decreasing enumeration of gy, ... ,q;. Choose {tg, };cn such that

=0 forevery a<c<d<b.

h(b/thips) _ Pdj1/tr,)
h(a/ty,) — h(dj/ts,)

This can be done by (30). Let

U; = | n(d;/tx,) <1 - % b %)

J<i

(31) :

< - forevery j<i, i€N.

and put U = (J;cy Ui Then, by (31) and Lemma 2.1.6, 0 is an Z-dispersion point
of U. But 0 is not an Z-dispersion point of h=1(U), since for any subsequence
{tm }men of {tk, }ien the open set

U tmh™'(U) 2 @Q

m>mg

is dense in (a, b) for every mgy € N, and so,

(=1,1) Nlimsup(t,,h~1(U)) ¢ T.

m—00

This finishes the proof of Lemma 3.3.2. [

LEMMA 3.3.3. Let a < b, Hy: [a,b] — R be a sequence of increasing homeo-
morphisms such that there exists a dense subset Q of [a,b] containing a and b
such that the limit H(q) = limg_. Hi(q) exists for every q € Q. If H(Q) is
dense in [H(a), H(b)] and H(z) = inf H(Q N [z,00)) for every x € [a,b], then
Hy, converges uniformly to H.
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PROOF. It can be proved that the functions Hj, are equicontinuous. Then an
appropriate version of the Ascoli-Arzelda Theorem implies the lemma. However,
the proof showing the equicontinuity of Hy is essentially as complicated as the
elementary proof presented below.

First notice that the function H(q) = limg_~ Hi(g) on @ is nondecreasing,
so H(q) = inf H(Q N [g,00)) for every ¢ € Q.

Let us fix ¢ > 0. For z € [a, b] choose distinct ¢1,¢2 € Q, ¢1 < & < o, such
that ¢1 < x < g2 for = € (a,b) and

|H(q2) — H(q1)| <e/5.

Let N, € N be such that
|H(q:) — Hn(q:)| <e/5

for every n > N, and i = 1,2. Put U, = (q1,q2) for = € (a,b), U, = [q1,¢2) for
x = a and U, = (q1,¢q2] for x = b. Thus, U, is an open neighborhood of x in
[a,b] and, for every y € U, and n > N,

H(q1) < H(y) < H(gz) and Hyn(q1) < Hn(y) < Hn(ge),

so that

[H(y) — Hn(y)| < [H(y) — H(q2)| + [H(q2) — Hn(q2)| + [Hn(g2) — Hn(y)|
<|H(q) — H(q2)| +¢/5 + [Hn(q2) — Hn(q1)|
<e/b+¢e/b+[Hn(g2) — H(q2)| + [H(g2) — H(q1)]

+ [H(q1) — Hn(q1)]
<e/S+¢e/b+e/b+e/5+e/b=c¢.

Choose a finite subcover {U,,,...,Us, } of the open cover {U,},efq, Of [a,b]
and put N = sup{N,,,..., Ny, }. Then we obtain

[H(y) — Ha(y)| <e
for every y € [a,b] and n > N. The proof of Lemma 3.3.3 is finished. O

LEMMA 3.3.4. Suppose h: R — R is an increasing Z-density continuous home-
omorphism such that h(0) = 0 and let [a,b] C (0,1) be a nontrivial interval. If
{sk}ren and {tr}ren are increasing sequences of positive numbers diverging to
infinity such that Hy(z) = sph(z/ty) € [0,1] for every x € [a,b], then there exists
a nonempty interval (¢,d) C (a,b) and a subsequence {Hy, }ien of {Hy}ren such
that the sequence Hy,|(c,qy converges uniformly to a function H: [c,d] — [0,1].

Moreover, if liminfy, Hi(a) > 0, then the function H is one-to-one.

PROOF. First notice that the functions Hy, are increasing.
Let Q@ = {¢:: i € N} be a dense subset of [a,b] containing a and b. The
functions Hy|q are elements of the compact metric space [0, 1]9. So, there exists
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a subsequence {Hy, }ien of {Hy, }ren that converges in [0, 1]%; i.e., such that for
every j € N there exists H(g;) € [0, 1] with the property that

Jlim Hy, (g5) = H(g;)-

If H(g.) = 0 for some g, € (a,b) then, by Lemma 3.3.3, the interval [c,d] =
[a,q-] and a function H = 0X[. 4 suffice. So, decreasing [a, b], if necessary, we
can assume that H(a) > 0. The same is true when liminfy, Hy(a) > 0.

We prove that

(32) P=c(H(QnNId,V]) C (0,1]

is not nowhere dense for every nonempty interval (a/,b’) C (a,b) such that a’,t’ €
(. Notice that this will finish the proof, because it implies the existence of a
nontrivial interval [c,d] C [a,b], ¢,d € @, such that H(Q N [c,d]) is dense in
[H(c), H(d)]. So, Lemma 3.3.3 gives the desired uniform convergence. Moreover,
condition (32) guarantees that H will be one-to-one on [c, d].

By way of contradiction assume condition (32) fails; i.e., that P is nowhere
dense for some nonempty interval (a’,b") C (a,b) such that a’, " € Q. Choosing
a subsequence, if necessary, we can assume that
if?o Sky/Skiys = 1151010 51;11/31;1 = 0.

7

Then, by Lemma 2.8.1, there exists an open set W O [J; oy s,;_lP such that 0
is an Z-dispersion point of W. We will construct a set V such that 0 is not an
Z-dispersion point of V', while h(V) C W; i.e., h(0) = 0 is an Z-dispersion point
of h(V'). This contradicts the assumption that h is Z-density continuous.

So, choose a countable base {I;};en of [a/,b] and for every i,5 € N, j < 4,
choose g; j,¢; ; € Q such that q; ; < g ;, [¢i7, 4 ;] C I, and

(33) H([gi5,4; ;1) C sp,W.

This can be done, since P C s, W, so the distance d; between P and the comple-
ment of si, W is positive and any interval [g; ;, ¢; ;] for which H(q; ;) — H(qi ;) <
d; satisfies condition (33). Moreover, choosing a subsequence of {k;};en, if nec-
essary, we can also assume that for every i, € N, j <1, Hy,(gi,;) and Hg,(q; ;)
are closer to H(g; ;) than d;. This means that

(34) Hy, ((9i,5,4; 7)) C sp,W for every 4,5 €N, j <.

Let V; = Ujgi(qi,j’qg,j) and

Then, by (34),

() - e (29)] - e -
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for every i € N and, indeed, h(V) C W.

On the other hand, 0 is not an Z-dispersion point of V, since for any subse-
quence {ty, }tpen of {ty, bien the set U,>, tr, V O U,s,, Vi, is open and dense
in (a’,b') for every pg € N, and so,

(=1,1) Nlimsup(ty,, V) ¢ Z.

p—0o0

This finishes the proof of Lemma 3.3.4. O

It is necessary in Lemma 3.3.4 to impose some condition such as Z-density
continuity on the function h. To see this, let f,, be a sequence of increasing
homeomorphisms from [1/2, 1] onto itself which converge pointwise to a function
f, which is discontinuous on a dense subset of [1/2,1]. (Such a sequence is a bit
tedious to construct and will be left as an exercise for the reader.) For n € N
and z € [2177,277] let

a2 2)
Apparently, if s, = ¢, = 2¥~! and (a,b) = (1/2,1), then the conclusion of
Lemma 3.3.4 cannot be satisfied.

LEMMA 3.3.5. Let f and g be increasing homeomorphisms such that f(a) =
g(a) for some a € R. If g(x) < f(x) for every x > a and f is right T-density
continuous at a then f + g is also right I-density continuous at a.

Proor. Without loss of generality we may assume that a = f(a) = g(a) = 0.
Let D be an open interval set for which 0 is not an Z-dispersion point. By Lemma
2.7.1(iii) (or Corollary 2.7.4) it is enough to prove that 0 is not an Z-dispersion
point of (f + g)(D).

By Lemma 3.3.1, there is an increasing sequence {tj }ren of positive numbers
diverging to infinity and a nontrivial interval [a,b] C (0,1) such that

(35) Q= likm inftxD N (a,b) is dense in (a,b).

Now, by Lemma 3.3.2 used for the function f, the sequence {t;}ren and the
interval [a, b], we may find a subsequence {tx, }ien of {tx tren, and a nonempty
interval (¢,d) C (a,b) such that

T f(c/t)/£(d/t) > 0.

Without loss of generality we may assume that {tx, };en = {tx }ren and [c,d] =
[a,b]; i.e., that

. fla/ty)
dm )

(36)
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Let s = 1/(f + ¢9)(b/tr), Fr(z) = spf(x/tr) and Gr(x) = spg(x/ty) for
x € [0,1]. Then,

(37)  (Fn+Gr)(@) = su(f + g)(x/ty) € [0,1] for z € [a,b], k €N,

sk(f +9)(0/tr) = (Fr + Gi)(b) = 1
and, by condition (36) and the inequality g(z) < f(x) for > 0,

liminf Fi,(a) = liminfsgf(a/ty)
0o k—o00

k—

lim inf 7f(a/tk)
k—oo (f +g)(b/tr)
lim inf M
S b
> 0.

(38)

%

Using Lemma 3.3.4 twice, we can find a nonempty interval (¢,d) C (a,b)
and a sequence {k;};en of natural numbers such that {F},|(cq)}ien converges
uniformly to some function I and {G¥, [[,q) }ien converges uniformly to a function
G. Moreover, by (38), we can also assume that F and F 4+ G are increasing
homeomorphisms on [¢, d]. Without loss of generality we may assume that [c,d] =
[a, b].

Let (A,B) = ((F + G)(a), (F + G)(b)) C (0,1]. By (35), the set (F + G)(Q)
is dense in (A, B). But if ¢ € @ then, by (35), ¢/tx € D for almost all k € N.
So, for every sequence {k;};en of natural numbers and every j € N,

(F +G)(q) = Jim s (f +9)(a/tr.) €l | U sr(F +9)(D) |,
i>j
which implies that the set ;- sk, (f + ¢)(D) is dense in (A, B). Thus, the Gs
set

(—1,1) Nlimsup sg, (f + 9)(D) = (=1, 1) N () | sk (f + 9)(D) £ T.
e jENi>j
So, 0 is not an Z-dispersion point of (f+g¢)(D). This finishes the proof of Lemma
3.35. O

THEOREM 3.3.6. If f and g are increasing I-density continuous homeomor-
phisms then f + g is T-density continuous.

PROOF. Let f and g be the increasing Z-density continuous homeomorphisms
and let @ € R. It is enough to prove that f + g is right Z-density continuous at a.
Without loss of generality we may assume that f(a) = g(a). But, by Proposition
3.2.15, max{f,g} is an increasing Z-density continuous homeomorphism and
min{f, g} < max{f,g}. Hence, by Lemma 3.3.5,

f+g=min{f, g} +max{f, g}
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is right Z-density continuous at a. Theorem 3.3.6 is proved. [

COROLLARY 3.3.7. If f and g are positive and increasing I-density continu-
ous homeomorphisms, then their product fg is also T-density continuous.

ProoF. By Corollary 3.2.12, functions exp and In are Z-density continuous.
So, In f and Ing are Z-density continuous, as composition of Z-density contin-
uous increasing homeomorphisms is an Z-density continuous increasing homeo-
morphism. Thus, by Theorem 3.3.6,

fg=exp(lnf+Ing)
is also Z-density continuous. [

It might seem that in the above corollary the assumption that functions f and
g are positive is unnecessary, since it was not used in Theorem 3.3.6. However,
in general, the product of two increasing homeomorphisms does not to be a
homeomorphism. This can be used to construct the following example.

EXAMPLE 3.3.8. There are two I-density continuous and increasing homeo-
morphisms f and g such that their product is not Z-density continuous. In fact,
functions f and g also preserve T-density points, while their product does not.

PROOF. Let g : (0,00) — R be defined by g(x) = —1/2. Then, by Corollary
3.2.12, g is Z-density continuous. To construct f : (0,00) — R let | J, cn(ar,br)
be a right interval set at 1 and put ¢, = 1+ 1/(k!). Define f on [ag,bx] by
f(z) = cpx and extend it on the remaining set in linear way. It is easy to see
that f is increasing. Also, (fg)(x) = —¢y, for all © € [a, bg]. So,

(f9) " ({=ex: k€ N} O | (an, br)
kEN
what easily implies that fg is not Z-density continuous. The fact that f is Z-
density continuous follows immediately from Theorem 3.4.3 (used with uy =1
and K =L=2) O

To prove the theorem that f + g preserves Z-density points, provided f and
g are increasing homeomorphisms preserving Z-density points, we need the fol-
lowing lemma, analogous to Lemma 3.3.4.

LEMMA 3.3.9. Let h: R — R be an increasing homeomorphism which pre-
serves I-density points such that h(0) = 0 and let {sk}ren and {ty}ren be in-
creasing sequences of positive numbers diverging to infinity such that Hy(x) =
sph(x/ty) € [0,1] for every x € [0,1]. Then for every nontrivial interval [a,b] C
(0,1), there exists a nonempty interval (¢,d) C (a,b) and a subsequence { Hy, }ien
of {Hp}ren such that the sequence Hy,
H: [¢,d] — [0,1].

Moreover, if limsupy, (Hy (b) — Hi(a)) > 0, then we can assume that the func-
tion H 1is one-to-one.

[c,d) converges uniformly to a function
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PrROOF. Let Q = {¢;: i € N} be a dense subset of [a,b] containing a and
b. The functions Hg|g are elements of the compact metric space [0,1]%. So,
there exists an increasing sequence {k;};en of natural numbers such that Hy,|g
converges in [0,1]9; i.e., for every j € N there exists H(g;) € [0, 1] such that

Jim Hi,(q;) = H(gj)-
Moreover, if lim sup, (Hy(b) — Hy(a)) > 0, then we can also assume that
H(a) < H(b).

If H(a) = H(b) then, by Lemma 3.3.3, the interval [¢,d] = [a,b] and the
function H = H(a)X[. q work. So, we can assume that H(a) < H(b).

By Lemma 3.3.3 in order to prove the first part of Lemma 3.3.9 it is enough
to show that H(Q) is dense in [H (a), H(b)] C [0, 1]. So, by way of contradiction,
assume that H(Q) is not dense in [H(a), H(b)]. Then, there exists a nonempty
interval (A, B) C [H(a), H(b)] such that H(Q) N [A4, B] = (), and we can find
ai,b; € Q, 0 < b; —a; < 1/i, such that H(a;) < A < B < H(b;) for every i € N.
Now, taking a subsequence of {k; };cn, if necessary, we can conclude that

skih(ai/tki) = Hki(ai) <A< B< HIQ(bz) = Sklh(bz/tkl)

for every ¢ € N.
Let U = U;en t,;l (a;,b;). Then, by Lemma 2.1.4, 0 is an Z-dispersion point
of U. But,

[A, B] C (Hg, (a:), Hy, (b:)) = sk, h (" (ai, b)) C s, h(U)

i

for every i € N. So, by Theorem 2.2.2(viii), 0 is not Z-dispersion point of h(U).
This contradicts the assumption that h preserves Z-density points.

To prove the additional condition let us assume, by way of contradiction, that
H is not one-to-one on any nonempty interval (¢,d) C (a,b). Then, the set

U = J{(e.d) C (a,b): H(c) = H(d)}

is dense in (a, b) and the set H(U) is countable. In particular, the set P = [a, )]\U
is nowhere dense in [a, b], while H(P) is dense in [H (a), H(b)]. We will show that
this implies h does not preserve right Z-density at 0.

Choosing a subsequence of {k; };en, if necessary, we may assume that

. BT -1 -1 _
At = B B =0

Then, by Lemma 2.8.1, there exists an open set V O [J;cy t,;_lP such that 0 is
an Z-dispersion point of V. We will show that 0 is not an Z-dispersion point of
the open set h(V).
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So, let {kp}pen be an arbitrary subsequence of {k; };en. Then, for every z € P,

H(w) = lim Hy,(x) = lim sg,h(z/ty,) € c] U sk h(V) |,
r>p

which implies that the set | J
Thus, the G set

(0,1) Nlimsup s, h(V) = (0,1) N ﬂ U se,M(V) €T,
p=ee reNp>r

because it is dense in (H(a), H(b)) # . Now, by Theorem 2.2.2(iii), 0 is not an
Z-dispersion point of (V). This finishes the proof of Lemma 3.3.9. O

sk, h(V') is dense in [H (a), H ()] for every p € N.

r>p

THEOREM 3.3.10. If f and g are increasing homeomorphisms which preserve
I-density points, then f + g also preserves I-density points.

PROOF. Let f and g be increasing homeomorphisms which preserve Z-density
points and let a € R. It is enough to prove that f 4 g preserves right Z-density
at a. Without loss of generality we may assume that a = f(a) = g(a) = 0.
Suppose E is a right interval set such that 0 is a right Z-density point of E.
Let {si}ren be an increasing sequence of positive numbers diverging to infinity
and let 0 < A < B < 1. By Theorems 2.2.2(viii) and 3.2.1 and Corollary 2.7.4,
it suffices to prove that there exists a subsequence {si,}ien of {sk}ren and a
nonempty open interval J C (A, B) such that

J C s, (f +9)(E)

for every ¢ € N.
Define
te=1/(f+9)""(B/sk), ar=1/(f+9)""(A/sp),
Fi(z) = spf(x/ty) and Gr(z) = skg(x/ty)
and
Hy(x) = (F + Gi)(x) = si(f + g)(x/t)-
Then, t; < ag, A = si(f + 9)(1/ax) and B = si(f + g)(1/tx). In particular,

() = (& [ ) -

Let {k;}ien be a sequence of natural numbers such that the following limits

exist ‘
a= lim - € [0,1],
71— 00 a‘ki
F(a) = lim Fy,(a) and G(a)= lim Gg,(a).

We will show that

(39) (F+G)(a) = A.
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By way of contradiction, assume that this is not the case. We will assume
that

(4 9)(1ar) = A< (F+ G)(a) = lim s, (f +6)(a/t).
The other inequality is similar. Let A < C' < (F' + G)(a). Then,

(40) sk (f +9)(Vak,) = A< C < sp,(f + g)(a/tr,)
for almost all ¢ € N. Assume that (40) is true for all ¢ € N. Then,

f(]‘/a’ki)+g(]‘/aki) _ Sk’i(f+g)(1/a’ki) < é <1
f(a/tki) + g(a/tkz‘) Sk (f + g)(a’/tki) C '

Hence, for every i € N, either

f(ar,) _ A g(1/ax,)

A
< = or —— < —.
fla/ty,)) = C g(a/te,)) — C
Without loss of generality, passing to a subsequence, if necessary, we can assume

that for alln € N

Fe)  s/m)
f(a) T/

Let ug, = f (%a) Then

A
< — <1
So <

ie.,

A (1t
@ (&) s (5 (o)

for every ¢ € N. But, choosing a subsequence, if necessary, we can assume that

lim "/t =0

i— 00 kit
and hence, by Lemma 2.1.4, 0 is an Z-dispersion point of

1 tr,
D= — . .
U L (ak"a>

i

On the other hand, by (41),

A _
(5’ 1) - “kilf(D)
for every i € N; i.e., 0 is not an Z-dispersion point of f(D). This contradicts the

assumption that f preserves Z-density points. Condition (39) is proved.
Notice that condition (39) implies, in particular, that a < 1, since

hm (Fki + qu)(l) =B>A= hm (Fkl + le)(a)
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Using Lemma 3.3.9 twice for the functions Fj, and Gy,, and passing to a
subsequence, if necessary, we can find a nontrivial interval [¢,d] C (a, 1) such
that {Fkl
uniformly to a function G. Notice also that condition (39) implies that either
limsupy,_, oo (Fi(1) — Fi(a)) > 0 or limsupy,_, .. (Gr(1) — Gi(a)) > 0, since

.d| fieN converges

lim sup(Fi(1) = Fe(@)) + (Gr(1) = Gi(a) = H(1) = H(a)
B—-—A>0.

Thus, we can also assume that the function H = F 4+ G is a homeomorphism on
e, d].

By Theorem 2.2.2(viii), choosing a subsequence of {k;};cy and a subinterval
of (¢, d), if necessary, we may also assume that

(c,d) C ty, E for every i € N.

This implies

((Fk; + Gi,)(c), (Fk, + Gi,)(d)) = (Fi, + Gr,)((c, ))
C (P, +Gi,)(tr, E
= si(f+g) (% ty, E) >
= su(f+9)(E).

Now, if c < ¢/ < d' < d, then
A<(F+G@) (o)< (F+G) ()< (F+G)(d)< (F+G)d)<B
so,
J=((F+G)),(F+G)d)) c (A B)
and
J C((Fr, + Gi)(€), (Fk;, + Gr,)(d)) C 51, (f + 9)(E)

for i's large enough, since {Fy, + Gy, } converges to F'+G. Thus, we may assume
that

J Cosp (f +9)(E)N (A, B)

for every ¢ € N. This finishes the proof of Theorem 3.3.10. [

COROLLARY 3.3.11. If f and g are positive and increasing homeomorphisms
preserving I-density points then their product fg also preserves I-density points.

PRrROOF. See the proof of Corollary 3.3.7. O
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3.4. More Z-density Continuous Functions

In this section we show that functions from several classes are Z-density con-
tinuous.

The next theorem is the main step in the proof that the analytic functions
are Z-density continuous. However, it is of independent interest.

THEOREM 3.4.1. The function f: R = R, f(x) = x%, is T-density continuous
for any o € R.

PRrOOF. By Corollary 3.2.12 it suffices to prove that, for o > 0, f is Z-density
continuous from the right at 0. For those values of « for which = is defined on
(—00,0), the left-hand argument is similar.

Let B € B and let 0 be an Z-dispersion point of B. By Corollary 2.7.4 and
Theorem 3.2.1 we may assume that B is a regular open interval set. We will
show that f~!(B) satisfies condition (viii) of Theorem 2.2.2. Let {nj}ren be
an arbitrary increasing sequence of natural numbers and let (a,b) C (0,1) be
a nonempty interval. We will find a nonempty interval (¢,d) C (a,b) and a
subsequence {ng,, }men such that

(42) (c,d) N (ng,, f~H(B)) = 0.

For every t > 0,

) = bt = (@) =/ <f<1%>”5>'

This means that (42) is equivalent to

(c,dyn f! B| =0,
r()
which in turn is equivalent to
1
(43) fle,d)n B| =0
£()
Let (a/,v') = f((a,b)) and
1

th, - (n%)

Then {t,, }ren is an increasing sequence diverging to infinity. Since 0 is an Z-
dispersion point of B, we can use condition (ix) of Theorem 2.2.2 with (a’, ')
and {tn,} to find a nonempty subinterval (¢/,d’) of (a’,b') and a subsequence
{tny, } of {tn, } such that

(. d)N (tn B) = 0.
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Let
(c,d) = f1(,d)c f 1, b) = (a,b).
Then (43) is satisfied. This finishes the proof of Theorem 3.4.1. O

THEOREM 3.4.2. Analytic functions are Z-density continuous; i.e.,

AcCCrr.

ProoF. Let h € A. It is enough to prove that h is Z-density continuous at
0. We prove that h is right Z-density continuous at 0. As usual, the left-hand
argument is similar.

Let h(z) = Y ." janz™. We can assume that ag = 0. Moreover, by Propo-
sition 3.1.7 and the fact that the class Czz is closed under composition, we can
also assume that for i = min{n: a,, # 0} we have a; = 1. Now let f(z) = z".
Because h is analytic, h~! exists on some right neighborhood of 0. Assume that
h~! is positive on this neighborhood, the other case being similar. Then

g M), MO
L= lm = AT )y

()

“1\

<a:lgg+ £—1§x§> '
()

lim ———2 =
om0+ f1(z)

and, by Theorems 3.4.1 and 3.2.11, h is Z-density continuous at 0. [

Hence,

The last theorem of this section is the following.

THEOREM 3.4.3. Let 0 be a right Z-density point of a right interval set E =
Uren(ar, by) € [0,1] and let h: [-1,1] — [=1,1] be such that the restricted func-
tion h|(a, b, i a homeomorphism for every k € N. Moreover, let us assume that
there exists a nondecreasing sequence {uy }ren of positive numbers and constants
K, L > 0 such that for every k € N the functions

h = ukhl{O}U(ak,bk) : {0} @] (ak, bk) — [7K, K]

and [hk|(ak7bk)]_1 satisfy the Lipschitz condition with constant L. Then h is
right Z-density continuous at 0.

Before proving the theorem we state some immediate corollaries. First, recall
that a real function f satisfies a local Lipschitz condition, if for every point a
from the domain of f there is an open neighborhood U of a and a constant L > 0
such that |f(z) — f(y)| < L|z — y| for every =,y € U. The next corollary is a
generalization of Corollary 3.2.12.
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COROLLARY 3.4.4. If h is a homeomorphism such that h and h=' fulfill a
local Lipschitz condition, then h and h™' are I-density continuous.

Proor. To see that h is right Z-density continuous at 0, use Theorem 3.4.3
with an arbitrary right interval set F having 0 as a right Z-density point and
with ug = 1 for all k. The other cases can easily be reduced to this one. [

The following corollary is also needed. It can be considered an Z-density
analogue of Theorem 1.4.3. (Also compare it with Corollary 3.2.7.)

COROLLARY 3.4.5. Suppose 0 is a right T-density point of the right interval
set Upen(ar,bx) and let h: [—1,1] — [=1,1] be a convex function such that the
restricted functions h|(q, p,) are linear homeomorphisms for every k € N. Then
h s right T-density continuous at 0.

PROOF. Let ¢, = h'((ay +bi)/2) for k € N. Then, by the convexity of h, the
sequence {ci} is nonincreasing. Let ¢ = infyey ¢i. Notice that ¢ # —oo, because
this would contradict the convexity of A on (—1,1). If ¢ # 0, then h and h~*
satisfy a Lipschitz condition on a right neighborhood of 0 and, by Corollary 3.4.4,
this implies that h is Z-density continuous at 0. If ¢ = 0, we may also assume
that h(0) = 0. Then, evidently, the sequence uj = c,?l is nondecreasing and the
derivative of ugh on (ag, bx) equals 1. Moreover, the convexity of h implies that
hi = urhl{oyu(ag.be): 10} U (ax, bx) — [0,1]. An application of Theorem 3.4.3
finishes the proof. [

Notice that the assumption that h is convex in Corollary 3.4.5 is essential. To
see this, let 0 be an Z-dispersion point of the right interval set £ = (J, cy[ax, bx] C
(0,1) and let (0,1] \ B = J,en(cr, dr). The homeomorphism h: [0,1] — [0, 1]
transforming [cy, di;] onto [ag, bk in a linear way is not right Z-density continuous,
even though it satisfies all the assumptions of Corollary 3.4.5, except convexity.

PROOF OF THEOREM 3.4.3. Let h be as in the assumptions. Replacing h(x)
by (h(z) — h(0))/K, if necessary, it may be assumed that A(0) =0 and K = 1.
For k,n € N, let

1 1
hign(x) =nhy <Ex) =nuih (Ea:> with domain {0} U (nay, nby).

Then, the functions hy , and [hk,n|(mk7nbk)] ~! also satisfy a Lipschitz condition
with L as the constant.

To prove that h is right Z-density continuous at 0, let B € B, 0 ¢ B, be
such that 0 is an Z-dispersion point of B. It suffices to prove that 0 is a right
Z-dispersion point of D = h~'(B) N E. Notice that D = h~*(B) N E. Thus, it
may as well be assumed from the beginning that B is regular open and so is D.

It will be shown that 0 is an Z-dispersion point of h~1(B) N E by using
Theorem 2.2.2(viii).



I-DENSITY CONTINUOUS FUNCTIONS 71

So, let {ni}ren be an increasing sequence of integers and let (a,b) C [—1,1]
be a nonempty interval. We must find a nonempty interval (c,d) C (a,b) and a
subsequence {n, }pen of {n}ren such that for every p € N

(44) (c,d)Nny, ("HB)NE) = 0.

Evidently, we may now assume that (a,b) C (0, 1), since otherwise condition
(44) is obviously satisfied. Moreover, by the fact that 0 is a right Z-density point
of E, we may also assume, choosing a subsequence of {ny }ren and a subinterval
of (a,b), if necessary, that (a,b) C niE; i.e., that for every k € N there exists
an my, such that (a,b) C ng(am,,bm,). In particular, (a,b) is a subset of the

domain of every h,, n, and my < mg; for every k € N.
-1
But the functions A, », and |:hmk»nk|(nkll7nk7nkbmk):| satisfy a Lipschitz

condition with constant L. So, the intervals A, n,((a,0)) C A, o, ({0} U
(a,b)) C [-L,L] must have length at least (b — a)/L and, using Proposition
2.4.4, we may also assume, passing to a subsequence, if necessary, that for some
nonempty interval (a’,b") C [-L, L] and every k € N

(a/, b/) C hmk,nk ((a, b))

Now, according to Theorem 2.2.2(ix) used with B, (a’,b") and the divergent
sequence {um, Nk }ren, it may be assumed, by passing to a subsequence, if nec-
essary, that for some nonempty interval (¢/,d’) C (a/,b') and every k € N

(c,d") Ny, np B = 0.

This is equivalent to

nph ! < ! (c’,d’)) Nnih™ ' (B) = 0.
umknk

-1
Mk ,Nk?

1
ht = R, :
™ () = )

Thus, the above is equivalent to

But, for z in the domain of h we have

ot o (¢, d))Nngh™ (B) = 0.

MmNk
But,
Ry ((€d)) C b, ((0,0)) € (a,b)
for every k € N. Thus, using once again Proposition 2.4.4 and the fact that
the functions h,,, n, satisfy a Lipschitz condition with the same constant L, we

may choose an increasing sequence {k, }pen of natural numbers and a nonempty
interval (¢, d) such that for every p € N

(c,d) C h,,} ((c,d) C (a,b) C [-1,1].

Moy, Nk,
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The last three conditions easily imply (44). The proof of Theorem 3.4.3 is fin-
ished. O

b

o n+1l “n+l an ap bn

F1GURE 3.1. Homeomorphism h from Example 3.4.6.

The last example of this section shows that there are Z-density continuous
homeomorphisms which do not preserve Z-density points. It also shows that in
Corollary 3.4.4 the local Lipschitz condition cannot be replaced by the analogous
property at each point.

EXAMPLE 3.4.6. There is a homeomorphism h € Czz which does not preserve
T-density points at 0. Moreover, for every x € R

21o1 < Vh(a) — b(O)| < Jal.
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PrOOF. For n € N, n > 2, let b, = #, an = %(bn+1 + b,), and a/, =

by, — ﬁ Define the function h: R — R by putting h(z) = = for x < 0 and
x> %, h(b,) = by, h(a),) = ay, and let h be linear on every interval [a,, b,] and
[brt1,a,]. (See Figure 3.1.)

It is easy to see that h satisfies the desired inequality. Moreover, by Lemma
2.1.4, 0 is an Z-dispersion point of E = |J,,cy(ar,, bn) while, by Lemma 2.2.6, 0
is not an Z-dispersion point of h(E) = |J,,cn(@n,bn). Thus, h does not preserve
Z-density points at 0.

The fact that h is Z-density continuous follows immediately from Corollary
3.1.8 and Theorem 3.4.3 used with K =uip =1and L=2. O

3.5. Z-density Continuous Functions are Baire*1

To prove the theorem of the title we need the following definition and lemma
[33, Lemma 29.1].

A partition of a set E is a pairwise disjoint family II = {E;: i € A} such
that (J;co £ = E. Note that with any partition IT we can associate a function
F: E — A such that F(z) = F(y) if, and only if, z and y belong to the same
FE; € II. Conversely, any function F': E — A determines a partition of F.

For a set A and n € N define

[A]"* ={B C A: card(B) =n}.

IfII = {E;: i € A} is a partition of [A]", then a set H C A is homogeneous for
the partition II if, for some i € A, [H]™ C E;. That is, all n-element subsets of
H are in the same piece of the partition II.

LEMMA 3.5.1. (Ramsey’s Theorem) If n,k € N, then every finite partition
II ={E1, Es,... ,E;} of [N]™ has an infinite homogeneous set. In other words,
for every F: [N]" — {1,2,... ,k} there ezists an infinite H C N such that F is
constant on [H]™.

The following theorem is an analogue of Theorem 1.4.2.

THEOREM 3.5.2. If f: R — R is deep-Z-density continuous, then f belongs to
Baire*1.

It will be convenient to extract the main step of the proof of the previous
theorem in the form of the following lemma.

LEMMA 3.5.3. Let z € R and let {I,,}nen be a sequence of open intervals and
{Jn}tnen a sequence of compact intervals with I, C J, and I, centered in J,
such that for all i > 1

(A): JioiNJ; = @,‘
(B): m(J;) < 3 min{dist(Jy, Jr11): k € Nk <i—1}; and,
(C): 0 < m(l;) <27 m(J;).
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Then, there exists a sequence {n;};en such that z is a deep-I-dispersion point of
Usen Zn:-

Proor. Without loss of generality we may assume that z = 0.
We will consider two cases.

Case 1°. There exists an increasing sequence {n; };cy of natural numbers such
that the sets {J,,} are pairwise disjoint.

If sup;cn{maxJy,,} = oo or inf;en{maxJ,,} = —oo, then we can choose a
subsequence of {.J,,} tending monotonically to oo or —oo. In this case it is clear
that this subsequence satisfies the conclusion of the lemma. Otherwise, by taking
a subsequence of {n;};cn, if necessary, we may assume that

U,
ieN
is either a right or left interval set at some point @ € R. For simplicity, we assume

it is a right interval set.
Let J,, = [¢i,d;] and I, = (o, 5;). We have

a<di_1 <ci<ai<ﬁi<di

for all 4. If a # 0 = z then the choice of | J,c In, is obvious. So, assume that
a =0 = z. Condition (C) states that
ﬁi — Q4 _ m(Inl) < 1
d; — ¢; N m(,]m) oni

Let z, be the common center of I,, and J,, for n > 0. We have

B; — B; — B; — B; —
. 3 3 . 1 1 . (] 3 . 1 7
lim < lim < lim — =2 lim =0
17— 00 52 1—00 Zn; 17— 00 Zn; — Ci 1—00 dz — C;

By Lemma 2.1.7 we can choose a subsequence of {n;};ey with the property
that 0 is an Z-dispersion point of the right interval set J;c In,. Therefore, by
Corollary 2.7.2, z is a deep-Z-dispersion point of (J;cy In,-

Case 2°. Assume there is no pairwise disjoint subsequence {J,, }ien of the
sequence {J, }nen.

First consider the subsequence {Ja;,41 }nen, indexed by the odd numbers, of
the sequence {J,, }nen. Define a partition function F': [N]?2 — {0,1} by

F({n,m})=1 if and only if, Jopi1 N Jomy1 # 0.

By Lemma 3.5.1 (Ramsey’s Theorem) there exists an infinite homogeneous sub-
set {n;}ien of N ie., a sequence {n;};cn of natural numbers such that there
exists a k € {0, 1} with F' ({n;,n;}) = k for all positive integers ¢ # j. But k =0
would contradict the definition of case 2°, which is currently being considered.
Thus k£ = 1. So,

(45) Joni+1 0 J2p; 1 # 0
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for all nonnegative integers i # j.
Now we repeat the Ramsey-type argument given above for the even-numbered
counterparts of {Jap,11}ien. Define G: [N]2 — {0,1} by

G({i,7}) =1 if, and only if,  Ja,, N Jan, # 0.

Lemma 3.5.1 (Ramsey’s Theorem) gives the existence of a subsequence {n;_}sen
of {n;}ien such that

(46) Jon,, N Jon,, #0

for all nonnegative integers s # t, while the condition (45) is still preserved, or
more precisely

(47) Jznis+1 n J2nit+1 7é @

for s # t. Define ¢ = dist (Jzni07J2niO+1). By (A), € > 0. Moreover, by (B),
(46) and (47)

So = U Iy, C U Jon,, C {x: dist (SC,JQni(]) < %}
5>0 seEN
and
S = U I2nis+1 C U JQnis+1 C {J}: dist (w,JQniO_H) < g} .
>0 seN
Hence

dist (S0, S1) > % >0,

which implies that either dist(z, Sp) > 0 or dist(z,S1) > 0. This clearly means
that z is a deep-Z-dispersion point of either Sy or Sy.
This finishes the proof of Lemma 3.5.3. [

We now begin the proof of Theorem 3.5.2. Assume to the contrary that for
some perfect set P the set

Z ={x € P: f|p is not continuous at z}

is dense in P.

We will construct sequences: {2, }nen of points of P, {(an,bs)}nen of open
intervals, {J,}nen of compact intervals, and {I,},en of open intervals having
the same midpoint as the corresponding .J,,, and contained in that corresponding
Jn. The construction is inductive, and aimed at having all the objects obtained
satisfy the conditions (a) through (f) listed below.

For the reminder of this proof let f*vl(A) stand for B, where B = f~1(A).

We start by choosing zg € Z, (ag,by) = (xo — 1,20 + 1) and Iy = Jy = 0.
Assume that for all n € N and all 1 € N, ¢ < n, we have:

(a): f(xz;) € I;;
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(b): Ji—1NJ; =0 and, for i > 2,
1
m(J;) < 3 min{dist(Jx, Jp+1): k € NJk <i—1};

(c): m(J;) < w(f|p,x;) and 0 < m(I;) < 27'm(J;);
(d): x; € (ai,bi) NnZc [ai,bi] - (ai_l,bi_l) and |b, — ai‘ <27%
(e): for every k € N, 2¢ < k < 4%,

(bi ixz (fA:l(Ii) _x’)> M <§’ %) # 0;

(f): for every z € [a;,b;] and every k € N, 2071 < k < 4771,

(b% (7 x)) n (g?> L4

Let us present the inductive construction. Assume it is done for some n > 0.
We will show the next step. Start with the condition (f). If n +1 > 1, then, by
(e), the set

e e (5 () ) (5 5) 40

contains x,, for every k € N, 2" < k < 4™. It is also not difficult to see that the
sets Uy, are open. Therefore

U:ﬂUk

2n<k<4n

is also open and contains z,. It is easy to see that condition (f) is satisfied for
x €U. For n+1=1, (f) is void and we ignore it by defining U = R.
Now, find
ye PN I N ((an,by) NU).

The existence of such a y is guaranteed because U is open, x,, € (an,b,)NU and
(¢). Ity € Z, let 41 = y. Otherwise f|p is continuous at y. In this case, the
fact that Z is dense in P and U is open guarantees the existence of

Tpr1 € PO (I N ((an, b)) NU)N Z.

Since f(zp+1) ¢ Jn and z,41 € Z, we can easily find a small interval J,,41
centered at f(zn41) satisfying conditions (b) and (c). Choosing I,,+1 centered
at f(zp41) of length
m(Jn1)
on+2
guarantees (a), (b), and (c).
Defining (aj, 1, ,1) to be centered at ;41 and such that

1
[a/rL+1ab;1+1] C (an,bp,)NU and b, —al, 4 < TEE]
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guarantees (d) and (f) for the interval [a],,,b],,,]. However, we still need
to make certain that the condition (e) is satisfied. We will do it by choosing
(@nt1,bn41) C (a40,0041)

Note that @, is an Z-density point of f~! (I,,41), so that 0 is an Z-density
point of F (In+1) —%n+1. Therefore, by Lemma 2.1.1, there exists an increasing
sequence {n; };en of natural numbers such that the set

S = lim inf (nz (F(In-‘rl) - $n+1>> n(-1,1)

71— 00

is residual in (—1,1). Define

Wi =n; (f_l(InJrl) - $n+1> :

The set

(@

ol
i>r

is residual in (—1,1). In particular, for every k € N, 2nt1 < k < 47 +1

> Eok+1
Unw “(W’W)ﬂ‘

r=1i{>r

r=1

The sequence {ﬂpr Wz} is increasing. Thus, there is an rg € N such that
= reN

Eook+1
Wm(m’m)%@

for every i > rg and k € N, 2"+ < k < 4"*!, But

p—— 1 —

Wi =n; (f’1(1n+1) - In+1) = (f’l(fnﬂ) - 1’n+1) :

1
Tntl + 57 = Tntl

1 1
Tnt1 — ;,$n+1 + o
1 1

where i > 19 and [ap41,bn41] C [ag,41,0,,41]. The desired condition (e) is
satisfied. This ends the inductive construction.

Define (an+1,bn+1) as

We will show now how the conclusion of the theorem follows from the con-
struction.
Let
{z} = ﬂ [an,bn) = ﬂ ([an,br] N Z) .
neN neN
We will show that f is not Z-density continuous at x. To be more specific, we
will find a sequence {n;};en such that
(1): f(z) is a deep-Z-dispersion point of | J;cy In,, and
(2):  is not a deep-Z-dispersion point of f~* (U, ey In, )-
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We will first show z is not an Z-dispersion point of f~! (UiEN In) for every
sequence {n;}ien.

Let {n;}ien be any increasing sequence of natural numbers. By the definition
of z, the condition (f) implies

b (3L —2) ) (2 EELY 4y
(v DRICE

for every k € N, 2" < k < 4", where t,, is defined as 1/(b, — x). Note that
sequence {t,}nen is increasing and diverging to infinity. Thus, the open set
U, =t (f—l(ln) = m) intersects every interval (2%, £tL) c [1,1] . This implies
that for every increasing sequence {n;};en of natural numbers and for every
s € N the set ;5 Uy, is dense in [3.1]. Hence,

limsupt,, (]751 <U Im) —a:) D limsup Uy, &7

J—oo ieN J—reo

for every subsequence {n;; }jen of {n;}icn. Thus, by Theorem 2.2.2(ii), x is not
an Z-dispersion point of f~ (U;ey In:)-

Condition (1) follows immediately from Lemma 3.5.3 for z = f(z) since (A),
(B) and (C) from the lemma follows from (b) and (c).

This finishes the proof of Theorem 3.5.2. J

As a corollary we obtain the following theorem. (We also refer the reader to

the comments following Theorem 1.4.2.)

THEOREM 3.5.4. The spaces Cpp and Czz, equipped with the topology of uni-
form convergence, are of the first category in themselves.

PrOOF. We prove this only for the class Cpp as the other case is essentially
the same.

Let {I,}nen be the sequence of all open intervals with rational endpoints
and let C, be the family of all deep-Z-density continuous functions that are
continuous on I, in the ordinary sense. By Theorem 3.5.2, Cpp = UneN Ch.
Also, it is evident that the sets C), are closed in the uniform convergence topology.
Finally, for any function f € C), and any of its neighborhoods U, it is easy to
slightly modify the function g from Corollary 3.2.7 in such a way that g € U\Cpp.
Thus, the sets C,, are nowhere dense. [

3.6. Inclusions and Examples

Before stating the main theorem of this section, several examples are con-
structed. The first two are technical and are used to construct other examples.

EXAMPLE 3.6.1. Let {c,}nen be a sequence of positive numbers. For every
right interval set E = |, cylan, bn] C [0,1] for which 0 is a right Z-density point
there exists an T-density continuous, C>, convex increasing homeomorphism
h:[0,b1] — [0,00) such that
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(1): A™(0) = 0 for every n >0, and
(2): for every n € N there exists a positive number d,, < ¢, such that
N (x) =dy for every x € (an,by).

PrOOF. Let D = |J,cn(lns7n) = (0,01] \ £ and let f be a nonnegative C*
function such that f(z) = 0 for x € D¢ while f(z) > 0 for x € D. To choose
such a function, it is enough to define f on [l,, r,] by

£ (@) = et e,

which is known to be C> with poles at [,, and r,, and in which the constants
un < ¢, are chosen in such a way that f() () < 1/n for every i < n and
x € [ln,Tn].

Let g(z) = [§ f(y)dy and h(z) = [ g(y) dy.

Evidently h is a C*°, convex homeomorphism satisfying (1). It is also easy
to see (2) holds because f(z) < u, < ¢, for all z € [0,b,] C [0,1]. Also, by
Corollary 3.2.12, h is Z-density continuous at every point # 0 and, by Corollary
3.4.5, h is right Z-density continuous at 0. O

EXAMPLE 3.6.2. Let k <l < m < a < b < c¢. There exists an I-density

continuous, C* function g: [k, c] — R constant on [m,a] and such that g(z) = x
forx € [k, 1] U[b,c]. (See Figure 3.2.)

y=9(¥

FIGURE 3.2. The function g from Example 3.6.2.
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Proor. Without loss of generality we may assume that m < 0 < a. It suffices
to define g on [0, ¢], because defining g on [k, 0] merely involves homothetically
altering the odd extension of g.

Let ag, by be such that a < ag < by < b and choose h: [0,a9 — a] — [0,00) as
in Example 3.6.1 in such a way that h(ap — a) < by. Define go: [0,¢] — R by
putting go(x) = 0 for x € [0,a], go(x) = z for x € [by, |, go(x) = h(z — a) for
x € [a,ao] and extend go on [ag, bp] in a continuous manner as a linear function.

Evidently gg is Z-density continuous. It is also C*° at all points with the
exception of ag and bg. To obtain the desired function g we will modify go
on [a,b] by “rounding its corners” at the points ag and by. But notice that gg
is increasing and linear on some left and right-hand neighborhoods of ay and
bo. Using an appropriate homothetic transformation of a function L(x) 4+ rh(x),
where L is a linear function, » € R and h is from Example 3.6.1, gy can readily
be modified to be a C* function g with the property that ¢’(z) > 0 on the set
where the modification takes place. Thus, g is Z-density continuous. [J

EXAMPLE 3.6.3. There exists a C*° function f which is deep-Z-density con-
tinuous and density continuous but is not Z-density continuous; i.e.,

Cyn NCpp NC™® ¢ Crz.

PRrROOF. Let g: [0,1] — [0,1] be as in Example 3.6.2, with 0 =k <l <m <
1/2 < a <b<c=1. Choose constants ¢, <  such that crg™ (z) < 1 for every
x €1]0,1] and i < k.

Choose a right interval set £ = (J,cn[pr,qx] C [0,1] for which 0 is a right
Z-density point Let h and {d,} be chosen as in Example 3.6.1 for the sequence
{ck} and the set E. Let us also extend h onto R by putting h(xz) = 0 for < 0
and as a linear function on [g1, 00) by the same formula as on [p;, ¢1]. Then, by
Theorem 1.4.3, it is easy to see that

h € Cyn NCzz NC.

Notice also that for every ¢ > 0 the function gx: [0,¢] — [0,¢] defined by
gr.¢(x) = tdrg(x/t) has the properties that

g,(:l(a:) < — for every z € [0,t] and i < k

B

and
9kt (z) = dizx for every z € £ ([0,1] U [b,1]).

Moreover, let {s, }nen be a decreasing enumeration of the set S from Example
2.2.5. Without loss of generality we may assume that S C int (E), as 0 is a right
deep-Z-density point of F. Notice, that each component of E contains only
finitely many points from S. Denote the component of E' which contains s, by

[Pk(n), Qk(n)]'
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Choose nonempty pairwise disjoint intervals

(anvbn) C [anabn} c (pk(n)vqk(n))v

centered at s, such that 0 is a dispersion point of P =, .x[@n, bn] and

neN

=0.
noe h{ay)

Define hn(r) = gi(n)bp—a,(® — an) for x € (an,b,), with the interval in
(an, byn) on which h, is constant denoted by I,,. Notice that s,, € I,,. Define f
by putting f|pe = h|pc and f(x) = h,(z) + h(a,) for z € (an,b,). (See Figure
3.3)

Obviously f is C*°, Z-density continuous and density continuous at any point
# 0. It is also clear, by the choice of the constants cg, that f is infinitely
differentiable at 0.

To see that f is density continuous at 0 it is enough to notice that

f|(—oo,0]UPC = h|(—oo,0]UPC7

while h € Cyrar and (—00,0] U P € Ty
It is also easy to see that f & Czz, as 0 is an Z-dispersion point of the countable
set f(S), while, by Example 2.2.5, 0 is not an Z-dispersion point of

N> Unos
neN
It remains to prove that f is right deep-Z-density continuous at 0, as the left
hand case is obvious. So, let 0 be an Z-dispersion point of a right interval set
B =, en(tn, wn).
We claim that the lengths of some of the intervals (v, w,) can be increased
slightly to satisfy the condition

(49) (h(ag),h(br)) N (v, wy) =0 or  (h(ag),h(by)) C (vp,wn),

while still preserving the property that 0 is an Z-dispersion point of B.
To see this, define

B' = J{(h(ax), h(br)): (h(ax), h(by)) N B # 0} UB.

Evidently, B’ satisfies (49). It must only be shown that 0 is an Z-dispersion
point of B’.

So, let (a,b) C (0,1) and {ny}ren be an increasing sequence of natural num-
bers. Using Theorem 2.2.2(viii), it is possible to find an increasing subsequence
{nk, }pen and a nonempty interval (c,d) C (a,b) such that

(c,d)Nny,B=0 forall peN.



K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

82

o
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ \\A‘bn
clF
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ le—o
—
=
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ | ¢
— — °
+ +
c c
ErE
+
\\\\\\\\\\\\\\\\\\\\\\\ -
\\\\\\\\\\\\\\ o
-
\\\\\\\\\\\\ *
(o
o N
+
c
c= 0\ — \A‘bn
= N~
T O + +
85 3 B
...nlu - __vS o
-5y v
2 | N b
o5
B'SX - o
nW.w
285 —
[OReN ) +
ey S N X

Ficure 3.3. This is a section of the function f from Example 3.6.3.

According to (48), there is a pg € N such that

for all p > pyg.

h(ankp )
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Hence, if (h(an,, ), (bn,,)) C B’ and (c,d) N ny, (A(an,, ), h(bny,)) # O then
ng,h(an,,) <1 and

h(bnkp) - h’(a’nkp) < d—
h(ank,,)

nkp(h(bnkp) - h(ankp)) < for all p > po.

Moreover, (h(an,, ), M(bn,,)) Z (c,d). Hence,

d— d—
(c+ Tc,d— Tc)ﬂnkpB' =0 forall p>pg.
So, by Theorem 2.2.2(viii), 0 is an Z-dispersion point of B’.
But (49) implies that h=1(B) = f~!(B). Therefore, because h is deep-Z-den-
sity continuous, 0 is a deep-Z-dispersion point of f~!(B). O

EXAMPLE 3.6.4. There exists an Z-density continuous function which is not
continuous; i.e.,

Czz ¢ C.

PROOF. Let E = |J,cnlan,bn] be a right interval set such that 0 is an Z-
dispersion point of E (see Corollary 2.1.5) and define f: R — R by

fuz bhuo G+l Bui by

FI1GURE 3.4. The function f from Example 3.6.4.
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for x € [an, by].

0 ifzdE
(50) flx) = { dist({z}, (an, b,)°)

n — n

See Figure 3.4.

By Corollary 3.1.8, f is Z-density continuous at every point z # 0. Also, f is
Z-density continuous at 0 as it is constant on the Z-density open neighbourhood,
E°, of 0. Finally, f is not continuous as the value of f equals % at the center of
every (an,by), while f(0)=0. O

EXAMPLE 3.6.5. There exists an I-approximately continuous and approxi-
mately continuous function which is not in Baire*1. In particular,

CrzoNCyxo ¢ DBj.

PrROOF. Let {g,: n € N} be an enumeration of Q. Let f be as in (50) and
put

hn(x) = S%f(x = qn)-

Then it is easy to see that h,(R) = [0,1/3"] and that h,, is piecewise linear at
points # ¢, while w(hy,, g,) = 1/3". Define g,, = X;<,h; and let g be a limit of
{gn}. Notice that

11
|g_gn|<__

2 3n
0, {gn} converges to ¢g uniformly. The same argument as in Example 3.6.4 shows
that g, € Czo Cxro. Thus, by Theorems 1.3.1(ii) and 2.5.5(ii), g € Czo Cno-
Notice also that, for every n € N,

1 1
hanZ hnan_ — Yn Z__ >0
w(h; qn) = w(hn, qn) igg(gtv) 9n(2) 2 35~ 3o

so, g is discontinuous at every rational number. But, Baire*1 functions are
continuous on a dense open set. Thus, g € DBf. O

All of the following charts use the convention that, for the classes of functions
X and Y, the symbol X' Y stands for the class X N')). The results of this section
can be summarized in the following theorem.
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THEOREM 3.6.6. The chart below shows the relationships between the follow-
ing classes.

CIO C DBl

U U
Crz C Cpp c Czo 'DBT C ,DBT
@] @] U
CzzC C CppC C C
@] @] U
CII C>® C CD’D C>® C C>
@]
A

All the containments are proper.

PROOF. The vertical containments follow immediately from the obvious con-
tainments A C C>*° C C C DBy € DBy, C C Czo and from A C Czz, which is
a restatement of Theorem 3.4.2. The horizontal inclusions follow from Czz C
Cpp C Czo (Theorem 3.1.5), Cpp C 'DBT (Theorem 3.5.2) and CI(Q C DB;
(Corollary 2.5.3).

The fact that all the horizontal inclusions are proper follows from the following
observations.

e Cpp C*® ¢ Czz — see Example 3.6.3;

e C™ ¢ Cpp — see Corollary 3.2.7;

e DB} ¢ Czo — construct a function f as in Example 3.6.4, but with 0
not an Z-dispersion point of E. (We could also use Example 3.7.1.)

For the vertical inclusions it is enough to notice that:

e Cz7 C° ¢ A — is easily seen using any C* non analytic function with
nonzero derivative everywhere (Corollary 3.2.12); for example, if f is
from Corollary 3.2.6, then h(x) = f(z) + « has the desired property;

e Cz7 C ¢ C* —is easily shown with f(z) = ||, which is a continuous,
nondifferentiable and piecewise linear function (Corollary 3.1.8);

e C1z7 ¢ C — see Example 3.6.4;

o Czo ¢ DB} — see Example 3.6.5.

This finishes the proof of Theorem 3.6.6. [

We finish this section with the following theorem in which C ([0, 1]) is equipped
with the topology of uniform convergence.

THEOREM 3.6.7. Let Cz denote the class of continuous functions f: [0,1] — R

which have at least one point of I-density continuity. Then Cz is a first category
subset of C ([0,1]).

Proor. We will show that there exists a dense G4 subset E of C = C ([0, 1])
such that every f € F is nowhere Z-density continuous.
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For every n € N denote by D, the set of all f € C such that for every
i=1,2,...,2" f is linear and nonconstant on every interval [(i — 1)27",i27"].
Note that D, 11 D D, for every n € N and

D= UD”

neN

is a dense subset of C.
For f € C define

I flln = max |Fi27™) = f((i = 1)27™)] .

We claim that for each open set U in C, there exists an n € N and a function
f € D, such that the open ball in C centered at f of radius ||f||,, is entirely
contained in U. To see this, first find an m € N and an f € D,, such that f € U.
Since U is open, there is a > 0 such that the open ball of radius § centered at
f is contained in U. Using the uniform continuity of f, we can find an n > m
such that if |x —y| < 277, then |f(z) — f(y)| < J. From this it is clear that
f € D, and ||f||n <. The claim becomes evident.

We now start the construction of the Gs set E as an intersection of dense
open sets W.

Let £ > 1 be an integer and let U be a nonempty open subset of C. Choose
n=n; >kand f € D, as above. For j =0,1,2,...,2""! define

9 (QnJ-H) =f (27;7+1> :

27 <2l (4127 < (i 4+ 1)27,
where i € {0,1,2,...,2" — 1}, put

If

L;=(27",(i+1)27"),
My = (27" LG+ 127
and let K; = [a;,b;] be an interval centered in the center of M; and such that

m(k;) _, 1 _ 2m(Kj)
m (M) 20 m(L;)

Let us choose I = [¢j,d;] centered in the center of the interval f(M;) and

such that
m(I9) 1

m(f(M;)) — 2n
Define the function g to be monotone on L; and linear on each of the intervals

[j27n713 aj}v [aja bj]ﬂ and [ij (.7 + 1)277171]

in such a way that
g (laj, bs]) = [, dj] = I}
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(See Figure 3.5.)

FicUre 3.5. This is a section of the function g from Theorem 3.6.7.

Thus, if
Jj= f(Mj) = g(Mj)a
then
m(g(Ky) _mi7) _ 1
m(g(M;))  m(J;) 2n
and
m(g~'(f})) m(K;) 1
m(g~'(J;)  m(M;) 2

Note that g is contained in the open ball centered at f of radius || f||,. Thus,
geU.
Let W{} be the open ball centered at g of radius

a) (5 >0

where n = ny, is as above. Obviously

1 =2""""  mi
G B o

Wi = U {W(]} U is open and nonempty in C}
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is open and dense in C, so that

E= (W
keN
is a residual set in C. We will show that if h € E then h is nowhere Z-density
continuous.

Let z € [0,1] be arbitrary. We will choose intervals I,,,, m € N, such that
h(z) is an Z-dispersion point of | J,,cy
h™ (U,nen Im)- This will prove that h is not Z-density continuous at .

Let m € N. We have h € W,,, so there exists a set U, open in C, such that h €
Wit Let g be the center of W', n > m be the number given in the construction
of Wi and let ¢ € {0,1,2,...,2" — 1} be such that z € [127", (i + 1)27"].

Put

I,,, but z is not an Z-dispersion point of

Lo = [i27", (i +1)27"].
Let
M' = ((20)27"7, (20 +1)27" 1),
M? = ((2i+1)27" 1 2(i +1)27"7 1),
and let M,, € {M', M?} be such that h(z) ¢ g(M,,). This can be done, since g
is monotone on L,,. Put J,, = g(M,,) and let 19, = [c;,d;], Ky = [aj,b;] be as
in the construction of g.
Thus we have
m(K,,) 1 1

m(12) 1 1
m) _ <~ and 1l >1—
m(Jp) 20 = 2m (M) on = gm

Define
Im =[¢; —em,d;j + eml,

where ¢,,, is the radius of W/ defined by (51). As h(x) ¢ J,,, and m(M,,) — 0,
we can choose a subsequence {I,, }ien of {1 fmen such that | J;cy I, is a left
or right interval set at h(x). Without loss of generality we may assume that it is
a right interval set at h(z). For each ¢ € N, I,,,, and J,,,, have a common center
and, by (51),

=0.

Thus, according to Lemma 2.1.7, there is a subsequence {Imij Yien of {In, }ien
such that h(z) is an Z-dispersion point of |J;cy I, -
On the other hand, since |h(z) — g(z)| < &, for all z € [0,1],

Ky =g ([ej ds]) C h™H(In).
Thus, using Lemma 2.2.6, the fact that x € L,, for every m € N and

g ) ) 1
j—oo m(LmJ) o j—o0 2m(Mn17) - 2
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we conclude that z is not an Z-dispersion point of UjeN KnJ Thus « is not

an Z-dispersion point of h~! (UjEN Inij). This finishes the proof of Theorem
3.6.7. O

3.7. Z-density Versus Density Continuous Functions

The purpose of this section is to discuss the inclusions of Theorem 3.6.6 in
connection with the class of density continuous functions and to summarize the
comparison of different properties of the classes Czz, Cpp and Carpr.

We start with the following three examples, the first two of which are done
similarly to Example 3.6.4.

EXAMPLE 3.7.1. There exists a density continuous function which is not Z-
approrimately continuous; i.e.,

Cyn € Cro.

PROOF. Let S = {s,}nen be as in Example 2.2.5 and let E = (J, cy[an, by
be a right interval set such that s, is the center of each interval [a,,b,] and 0 is
a dispersion point of E. (For example, taking b, — a, = s,/(n!).) Define f as
in (50) by

for x € [an, by].

0 ife g E
f(z) = { dist({z}, (an, bn)°)
n — Qn
(See Figure 3.4.)
Then, by a method similar to that in Example 3.6.4, we can show that f is
density continuous. But, f is not Z-approximately continuous at 0, as f~1(0) =
0€ f1((—o00,1/4)) and 0 is not an Z-dispersion point of the open set

B = f1((1/4,00)) C f~H((~00,1/4))",
which contains S. [

EXAMPLE 3.7.2. There exists a function which is T-density continuous, but
not approximately continuous; i.e.,

Czz ¢ Cyo.

PRrROOF. Let C' C [%, 1] be a closed nowhere dense set with positive Lebesgue
measure and let {d,, }»en be a decreasing sequence of positive numbers such that
lim,, oo dpt1/dn, = 0. Then, by Lemma 2.8.1, 0 is a deep-Z-dispersion point
of @ = U,en@nC. Thus, there exists an open set U D @ such that 0 is an
Z-dispersion point of U. Since every set d,,C is compact, we can decrease U, if
necessary, in such a way that, for some sequence {&, }nen of positive numbers,
U = Upen(@n + €n,bp — €,) and 0 is a deep-Z-dispersion point of the right
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interval set D = J,,cyl@n,bn]. Then, D¢ € 7z. Moreover, as in Theorem 2.8.2
(Tp & Tnr), 0 is not a dispersion point of Q. Define f: R — R by

0 ifx gD
f(z) = distUaoh(enb))  for 3 € [a,, bn).

Then, as in Example 3.6.4, f is Z-density continuous. But, f is not approxi-
mately continuous at 0, as f~1(0) =0 € f~!((—o0,1)) and 0 is not a dispersion
point of the set f~1([1,00)) DU D Q. O

EXAMPLE 3.7.3. There exists a function which is C*° and Z-density continu-
ous, but is not density continuous; i.e.,

C*NCzz  Cnn-

PrROOF. We will proceed in a method similar to Example 3.6.3.

Let g: [0,1] — [0,1] be as in Example 3.6.2 such that g is constant on
[1/3,2/3]. Choose constants ¢; < 1 such that crg@(z) < 1 for every z € [0,1]
and i < k.

Choose a right interval set £ = [, cn[pPr,qx] C [0,1] for which 0 is a right
density and Z-density point. Let h and {d,,} be chosen as in Example 3.6.1 for
the sequence {¢x} and the set E. Extend h onto R by putting h(xz) = 0 for x < 0
and as a linear function on [g;,00) by the same formula as on [p1, ¢1]. It is easy
to see that

h € Cyn NCzz NC™.

Notice also that for every ¢ > 0 the function gg.: [0,¢] — [0,¢] defined by
gkt (x) = tdrg(x/t) has the properties that

; 1
(52) g,(;)t(a:) <+ for every z € [0,¢] and i < k
and
(53) grt(x) = dia for every x € t ([0,]] U [b,1]).

Moreover, let D = J, cylan,bn] be a right interval set as in Example 3.7.2,
i.e., such that D¢ € Tp \ Ty. Without loss of generality we may assume that
D C int (E), as 0 is a right density and deep-Z-density point of E. Notice, that
each component of F contains only finitely many intervals [a,, b,]. Denote the
component of £ which contains [a,, bn] by [Pr(n), Ti(n)]-

Let hn = Gk(n),b—a,» With the interval in (0, b, — a,,) on which h,, is constant
denoted by I,. Define f by putting f‘(UneN(“mbn))c = h'(Un c and

f(@) = hp(z — an) + h(a,) for x € [ay,, by].

Obviously f is C*, Z-density continuous and density continuous at any point
# 0. It is also clear, by the choice of the constants cg, that f is infinitely
differentiable at 0. Also, f is Z-density continuous at 0 as f|pe = h|pc, while
h € Czz and D° € T7.

(anvbn))
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Finally, f is not density continuous at 0, as 0 is a dispersion point of the
countable set f (U, ey In), while 0 is not a dispersion point of £~ (f(U,.en In)) =
Unen In- This last statement is correct, as |J, oy In is obtained by taking the

middle third from every component of D = J, cylan, bn]. O
THEOREM 3.7.4. The chart from Theorem 3.6.6

Czo C DBl

U U
Crr C Cpp C CIO 'DBiF C 'DBT
@] @] U
CzzC C CppC C C
@] @] U

Crz C*® C Cpp(C>® C C>
U
A
relativized to (i.e., intersecting each of the element of the chart by) Cyo and

Cnn gives respectively

Czo Cno - Cno

U U
Crz Cno C CppCno C Czo DBT Cno C 'DBT Cno
U U U
Czr C C Cpp C C C
U U U
Czz C*® C CppC™ C C>®

U
A
and

Czo Chnv C  Cnw
| |

CzzCun C  CppCyn C CzoCuyn C Can

U U U
CzzCCyny C CppCCun C  CCan
U U U
Crz C®Cnyn C CppC®Cyn C C*®Cuan
U
A

Moreover, the inclusions in the charts and the nontrivial inclusions between cor-
responding parts of the charts, i.e.,

XCnoCX and Y Cyn CY Chno
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for
X € {Czz1,Cpp,Cz0 DB, DB},C10,DB}
and
Y € {Czz C>*,Cpp C>*,C*,Cz1 C,Cpp C,C,Cz1,Cpp,Cz0 DBI, DB},
are proper.

ProoF. All the inclusions follow immediately from Theorem 3.6.6 and the
inclusion Carpr C Caro- The fact that the second and third charts are appropriate
relativizations follows from the inclusion C C Caro and Theorems 1.4.2 and 1.4.3.

To prove the inclusions in the main charts are proper it is enough to reduce
our task to the following inclusions. To argue for the inclusions between first
and second rows it is enough to show that Czo Cxyo ¢ DBj. For the other
inclusions it is enough to consider the inclusions in the third chart. Vertical
containments are proper on the basis of Czz C*° Cyn € A, Czz C Cyn ¢ C
and Czz Carn € C. To prove that the horizontal inclusions are proper it is enough
to show that Carnr & Czo, C° Cyn € Cop and Cpp C° Carn € Czz. To argue
the additional part it is enough to show that Czz ¢ Caxro and Czz C° & Carnr-

Czo Cno ¢ DBj is a restatement of Example 3.6.5.

Czz C*® Cyn ¢ A by the same function as used in the proof of C* Czzr ¢ A
in Theorem 3.6.6.

Czz C Carnr € C is easily shown by f(x) = |z|.

Czz Cyn € C by the function f from Example 3.6.4, if we additionally make
sure that 0 is a dispersion point of E. (See Corollary 2.1.5.)

Cnn ¢ Czo is a restatement of Example 3.7.1.

C> Cnn ¢ Cpp follows from Corollary 3.2.7 and Theorem 1.4.3.

Cpp C*° Cyn € Cz7 is a restatement of Example 3.6.3.

Czz ¢ Cno is a restatement of Example 3.7.2.

Czz C* ¢ Carn is a restatement of Example 3.7.3.

This finishes the proof of Theorem 3.7.4. O

We finish this section with the following theorem, which compares several
properties of the Z-density and deep-Z-density continuous functions with the
class of density continuous functions.

THEOREM 3.7.5. The following statements show relationships between various
function classes discussed above.
(N1): ACCnn CDBF; C® ¢ Carws
(Il): A CCzz CCpp CDB}; C® ¢ Cpp; HNCzz = HNCoppy
(N2): if h and h=" fulfill a local Lipschitz condition, then h € Carp;
(Z2): if h and b= fulfill a local Lipschitz condition, then h € Crz;
(NV3): locally convex functions are density continuous;
(Z3): there is a C*° convezx function which is not deep-Z-density contin-
Uous;
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(N4): the class Carar is not closed under uniform convergence;

(Z4): the classes Czz and Cpp are not closed under uniform conver-
gence;

(N'5): the class Carns is closed under the supremum and infimum oper-
ations; thus, it forms a lattice;

(Z5): the classes Czz and Cpp are closed under the supremum and in-
fimum operations; thus, they form lattices;

(N6): the class Carps is ot closed under addition; and also,

(Z6): the classes Czz and Cpp are not closed under addition; however,

(NT): if f and g are increasing homeomorphisms such that f,g € Carn
(f~h 9 ' €Cnn), then f+geCnn (f+9)" €Crn);

(Z7): if f and g are increasing homeomorphisms such that f,g € Czz
(f~',97" €Czz), then f +g € Cpp ((f+9)~" €Cpp);

(NV8): the space Cnrar, equipped with the topology of uniform conver-
gence, is of the first category in itself;

(Z8): the spaces Czz and Cpp, equipped with the topology of uniform
convergence, are of the first category in themselves;

N9): Se{ft{z}):z€R and f€Cnn} if, and only if,

S € F,N Gs N1y

(NM10): Z = {z € R: f is discontinuous at x} for some f € Can if,
and only if, Z is nowhere dense F, set.

PRrROOF. The proofs can be found as follows: for (A1) and (Z1) in Theorem
3.7.4 and, for C* ¢ Cpp, in Theorem 3.2.1; for (M2) in Theorem 1.4.4; for (Z2)
in Corollary 3.4.4; for (M3) in Theorem 1.4.3; for (Z3) in Corollary 3.2.7.

(N4) follows from Example 1.4.1 and Theorem 1.4.3. Similarly, (Z4) follows
from Corollary 3.2.7 and Theorem 3.4.2. (A5) can be found in [18], while (Z5)
is a restatement of Proposition 3.2.15. (Z6) is proved in Corollary 3.2.13. (N6)
can be proved in a much the same way. Its proof can be found in [13].

The proofs of the condition (N'7) can be found in [9] and in [50], respectively.
(Z7) is a restatement of Theorems 3.3.6 and 3.3.10. The proof of (M8) is exactly
the same as that of (Z8) which, in turn, is a restatement of Theorem 3.5.4.

The proofs of (M9) and (M10) can be found in [18] and in [21]. O

PROBLEM 3.7.6. Find characterizations for the classes Czz and Cpp similar

to (N'9) and (N'10).

3.8. Other Continuities

For J,K € {N,Z,D, 0} let C7x stand for the family of all continuous func-
tions

fr (R, T7) — (R, Tx).
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It is easy to see that there are sixteen different classes:

Coo Cpp Czo Cno
Cop Cpp Czp Cnxp
Cor Cpr Crr Cnr
Con Cpn Czn CywN

that represent different continuities formed with respect to the ordinary, density,
Z-density and deep-Z-density topologies on the domain and range of functions.
In the charts of Theorem 3.7.4 only six of those classes are considered: Cop = C,
Cnns Czz, Cpp, Caro and Czo. In this short section it is shown that all the
other classes are either trivial or coincide with one of the classes listed above.

THEOREM 3.8.1. CDO = CIO and CID = CDD-

PrOOF. The first equation is a restatement of Corollary 2.7.7.

To argue the second equation let f € C'zp. We must prove that f is continuous
as a function from (R,7p) to (R,7p). But, evidently, g o f € Czo = Cpe for
every g € Cpo. Hence, by Lemma 3.1.3, f € Cpp. So, Czp C Cpp. The
opposite inclusion is obvious. [

THEOREM 3.8.2. If Const stands for the class of all constant functions then,
Cop = Cor = Con = Cp; = Cpny = Czy = Cxp = Cnp = Const.

PROOF. It is obvious that the constant functions are members of all these
classes, as they are universally continuous. Thus, the only thing left to show is
that the functions from the above classes C 7k are constant.

By way of contradiction, assume that there is a non-constant function f in
some class C' 7 from the theorem.

Case 1°. Cyx € {Cop,Cor,Con}. By assumption there are a < b such
that f([a,b]) has more than one point. But, by Theorems 1.2.3(vi), 2.6.2(vi) and
2.7.8(vi), f([a,b]) is finite, being the continuous image of a compact set. This
means that f([a,b]) is disconnected, which is impossible because the interval
[a,b] is connected in 7o.

Case 2°. Cyx € {Cpr,Cpn}. Let D be a countable dense subset of (R, 7o)
such that A = f(D) has more that one point. By Theorems 1.2.3(ii) and 2.6.2(ii),
A is closed and discrete in 77 and Zys. We show that B = f~1(A) is not closed
in 7p. First notice that A, as a discrete set having more that one element, is
disconnected and thus, B is disconnected as the continuous preimage of discon-
nected set. So, by Theorem 2.7.8(v), B # R. But, B D D is dense in 7p, by
Theorem 2.7.8(iii). Hence, B is not closed in 7p.

Case 3°. C7x = Czn. As in the previous case, let D be a countable dense
subset of (R, 7p) such that A = f(D) has more than one point and let a € B =
f~1(A). Without loss of generality we may assume that a = 0 = f(a). Let S =
{8n}nen be as in Example 2.2.5 and, for every n € N, let d,, € BN[sy,+1, sn]. Now,

choose a,, < f(d,) < by such that 0 is a dispersion point of E = J, cy[an,bn].
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Let U € Ty be such that 0 € U C E¢. Then, f~*([a,,b,]) is of second category
at every interval [s,1, s,]. Hence, the same argument as in Example 2.2.5 shows
that 0 is not an Z-dispersion point of f~1(E) C f~1(U); i.e., f~1(U) & T1.

Case 4°. C7x € {Cnp,Cnr1}. As Cnr C Cyp we may assume that Crx =
Cxrp- The proof of this case is quite complicated and will take the rest of this
Section. For this we need the following lemmas.

LEMMA 3.8.3. Let f: R — R be a measurable function such that f(0) = 0
and let c € (0,1). If E =, cylan, bn] is a right interval set such that, for every
n €N, a, > cb, and {d,}nen is a sequence from (0,1) such that

(54) m(fil([an» bn]) N (0,dy,)) > dn/2,
then f & Cnp.

PROOF. The sets f~([an,b,])N(0,1) are bounded and pairwise disjoint. This
implies lim,, oo m(U,>,, £~ ([ak, bx]) N (0,1)) = 0. From this and (54) it follows
that lim, o dy, = 0.

Taking a subsequence, if necessary, we can assume that

lim by1 /by = 0.

We may also assume that a,, = cb,, because decreasing a,, does not change (54).
There are two cases to consider:
(1): there is a point = € (¢, 1) and an € > 0 such that such that for
every nontrivial interval I C (¢,1) containing = and for every k € N
there is ny, > k with m(f=1(b,, 1) N (0,d,,)) > edy, ; and
(2): forevery z € (¢,1) and every € > 0 there exists an interval I C (c,1)
containing = and a k € N such that m(f~*(b,1) N (0,d,)) < ed,, for
every n > k.
Case (1). Let z and € be as in the assumption. Put ng = 0 and, by induction
on k € N, define a closed interval I}, C (x—1/k,z+1/k)N(c, 1) and an ny > np_1
such that

(55) m(f_l(bnkfk) N(0,dy,)) > edp, .

Then, by Lemma 2.1.4, 0 is a deep-Z-dispersion point of the interval set D =
Usken bnLi, while 0 is not a density point of f~*(D¢), because

g (D) N (0, d,)

k—o0 dnk

>e>0.

Hence, D¢ € Tp and f~Y(D¢) & Ty; ie., f € Cnp.
Case (2). Let {¢;: ¢ € N} be a dense countable subset of (¢, 1) such that

m(f 1 ({bng;})) =0 for every i,n €N
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and let § € (0,1/2). For every i € N choose an open interval I; containing g;
and k; € N such that

m(f~ (b, 1;) N (0,dy)) < %dn for every n > k;.

Now, since for every n < k;

i (74 (0 (6 vt ) ) 1000 ) <7 () =0

m— 00

we can decrease I;, if necessary, to obtain
)
m(f~1(b,L;) N (0,d,)) < ?dn for every n € N.

Let C = [c, 1]\ U;cy Li- Then, C is closed and nowhere dense. By Lemma 2.8.1,
0 is a deep-Z-dispersion point of £ = |J, .y 0,C. So, E¢ € Tp. On the other
hand, 0 is not a dispersion point of f~*(E), since for every n € N

m(fTH(E) N (0,dn)) _ m(fTH(BaC) N (0, dn))

d, - dyn
_ m(f_l ([an, bn] \ UieN ani) N (07 dn))
dn
1 ) 1
> - - = = — .
= 2 5 = 3 6>0

Thus, f~H(E°) ¢ Ty and f ¢ Cyp. O
LEMMA 3.8.4. CNCyxp = Const.

PRrOOF. Evidently, Const C C N Cxyxp. To prove the opposite inclusion, let
f € C\ Const. We will show that f ¢ Cnp by using Lemma 3.8.3. Let a < b be
such that f(a) # f(b). We may assume that f(a) < f(b) and, by the continuity
of f, that f((a,b)) = (f(a), f(b)). We may also assume, by modifying f in a
linear way, if necessary, that f(a) =a = —1 and f(b) = b = 1. Then, we obtain
F(=1) = -1, £(1) = L and f((~1,1)) = (~1,1).

We construct, by induction on n € N, the sequences: {a,}, {b.}, {c,} and
{dn} of real numbers and sequences {I,} and {J,} of intervals. We start by
putting ag = ¢g = —1, bg = dp = 1 and Iy = [—1,1]. Then we proceed inductively
to obtain the following conditions:

(a): I, = [an, byl;

(b): f(cn) = an and f(dy) = bn;

(©): f((en,dn)) = (an, bn);

(d): In € {{an—1,(an—1 +bn-1)/2], [(@n-1 +bp-1)/2,bn1]};
(e): Jp=cl(ln_1\ I);

(f): m(fil(Jn) Nlen-1,dn-1]) > (dn—1 — cn-1)/2.
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The inductive step is self-explanatory. First, select I,, as in (d) to satisfy
(f). If I, = [an—1, (an—1 + bp—1)/2] then we put ¢, = ¢,—1 and d,, = min{x €
[en—1,dn—1]: f(x) = (an—1 + bn—1)/2}. In the other case, proceed similarly.

Let 2 € (,enlcn, dn]. Then, f(z) € N,y In- We may assume, translating f,
if necessary, that z = 0 = f(z).

Evidently, m(1,,) = 2m(l,41). A simple argument shows that for every n € N
either dist(J,,I;) > m(J,)/4 or dist(Jpq1,1;) > m(Jpq1)/4 for all j > n+ 2.
This allows us to choose a subsequence {nj} such that

(56) dist(J,,,0) > m(J,, )/4

for all k € N. It is easy to assume that the subsequence {ny} is chosen in such a
way that the intervals {.J,,, } are monotone and on one side of 0. For simplicity,
assume that £ = |J; oy Jn, is a right interval set. Then, condition (56) implies
that minJ,, > (1/5) max.Jy,,. Thus, the first of the assumptions from Lemma
3.8.3 is satisfied for the set E with ¢ = 1/5. To finish the proof we will show
that the second part is satisfied as well.

First notice that for infinitely many k& we have either

m(f "~ (Jn) N[0, dny—1]) . m(f ™ (Tne) O [Eni=1,0])

dnk—l _an-—l

>

(57)

or the converse inequality (where, 0/0 is considered to be 0.) Without loss of
generality we may assume that (57) holds for every k. But this, together with
(f), implies that

m(f_l(Jnk) N [07d7lk_1]) 2 dnk—1/2'

Thus, the assumptions from Lemma 3.8.3 are satisfied and Lemma 3.8.4 has been
established. O

The next lemma combines the proofs of the Theorems 1.4.2 and 3.5.2.

LEMMA 3.8.5. Cyp C Baire*1.

PROOF. Assume to the contrary that for some perfect set P the set
Z ={x € P: f|p is not continuous at x}

is dense in P.

We will construct sequences: {x,}nen of points of P, {(an,by)}nen of open
intervals, {J,}nen of compact intervals, and {I,},en of open intervals having
the same midpoint as the corresponding J,, and contained in that corresponding
Jn. The construction is inductive, and aimed at having all the objects obtained
satisfy the conditions (a) through (f) listed below.

Start by choosing zg € Z, (ag,bp) = (xg— 1,20+ 1) and Iy = Jo = (). Assume
that for all n € N and all ¢ € N, i < n, it holds that:

(a): f(z) eI, C Jy;
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(b): Ji—1NJ; =0 and, for i > 2,
1
m(J;) < 3 min{dist(Jg, Jg+1): k € Nk <i—1};

(c): m(J;) <w(flp,=;) and 0 < m(I;) < 27 'm(J;);
(d): x; € (ai,bi) NZc [ai7bi] C (aifl,bifl);
(e): (bi —a;) <27% and,
(f): m(ffl(IZ) n (ai, bl)) > (]. — 271)(@ — ai).
To continue with the inductive step, note that by (c) and (d), we are able to
choose
yeprn fﬁl(Jch) N (an, by).

If y € Z, then let z,,41 = y. Otherwise, f|p is continuous at y. In this case, the
fact that Z is dense in P guarantees the existence of

Tny1 € PN fﬁl(‘]ﬁ) N (ana bn) nZz.

Because J,, is closed and z,4+; € Z, there is a closed interval J,;; centered
at f(xn41) such that

Jn+1 nJ, = (Z), 0< m(Jn+1) < w(f‘p, (En+1)

and, for i > 2,
1
m(J;) < 3 min{dist(Jx, Jp+1): k € NJk <i—1}.

If I,,11 is the closed interval centered at f(z,41) with length equal m(J,,41)/2" 1,
it follows that (a), (b) and (c) are true with ¢ = n+1. Next, use the approximate
continuity of f at x,+1 to find an interval (apn+1,bpt1) C (an, by) containing x,, 11
such that (d), (e) and (f) are satisfied. The induction is complete.
Let
{2} = ﬂ [an,bn) = ﬂ ([an,br] N Z) .
neN neN
We show that there is an increasing sequence {n;};en of natural numbers such
that
(1): f(z) is a deep-Z-dispersion point of | J;cy In,, and
(2): z is not a dispersion point of =1 (U, ey In, )-
This implies that f & Cyp.
First notice that z is not a dispersion point of f~! (UZ—GN Ini) for every se-
quence {n;};en as, by condition (f),

lim m(f_l(lm) N (an,;bn,))

=1.

Condition (1) follows immediately from Lemma 3.5.3 for z = f(z) since (A),
(B) and (C) from the lemma follows from (b) and (c).
This finishes the proof of Lemma 3.8.5. O
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Now, we are ready to finish the proof of Theorem 3.8.1.

Evidently, Const C Cyrp. To prove the opposite inclusion, let f € Cyrp. By
Lemma 3.8.5 the set

U =int ({x € R: f is continuous at z})

is dense. Let {(an,bn): n € N} be an enumeration of all components of U.
Notice that, by Lemma 3.8.4, f is constant on any interval (a,,b,). Moreover,
f is approximately continuous, so f has the Darboux property. Hence, f is also
constant on any interval [a,,b,]. This immediately implies that U°¢ does not
have any isolated points; i.e., the set P = U¢ is perfect. We prove that P = ().

By way of contradiction, assume that P # () and use Lemma 3.8.5 for f and
P. Then, there is a nonempty portion @ = P N (¢,d) on which f is continuous.
The set P is nowhere dense, so there exists an n such that (¢,d) N (an,b,) #
(). Then, (c,d) U (an,b,) is an interval properly containing (a,,b,). We will
obtain a contradiction with the assumption that (a,, b,) is a component of U by
showing that f is continuous on J = (¢,d) U (an,by). So, let x € J. If © € U,
then evidently f is continuous at z. If x € P, then choose a sequence {z;};en
converging to x and define

vi = ay, for x; € (ag,b).

Then, y; € P, f(z;) = f(y;) for i € N and lim; ., y; = . Moreover,
Zlglolo flxi) = Zlifgo fyi) = f(z)

as f|p is continuous at . Hence, f is continuous at z.
This finishes the proof of 3.8.1. O

3.9. Historical and Bibliographic Notes

Homeomorphisms preserving Z-density points were studied by Aversa and
Wilczyniski [1]. In particular, they proved Lemma 3.2.4, Example 3.4.6 and the
equivalence of (i) and (ii) in Lemma 3.2.2. Because the rest of Lemma 3.2.2 is a
pure translation of their result, we can also attribute to them Proposition 3.1.7,
Corollary 3.4.4 and the part of Theorem 3.2.1 that concerns homeomorphisms.
The general form of Theorem 3.2.1 has been proved by Ciesielski and Larson in
[14].

All the results from Section 3.3 were proved by Ciesielski [9]. Ciesielski [10]
also proved the part of Theorem 3.8.2 which states that Cyp = Const. Es-
sentially all the other results from this Chapter were proved by Ciesielski and
Larson in papers [16, 17, 12, 15].

Lemma 3.1.3 is a compilation of Theorems 14.12 and 8.10 from [69].
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CHAPTER 4

Semigroups

In this chapter we examine the classes Czz of Z-density continuous functions
and Cpp of deep-Z-density continuous functions as semigroups with composition
as the operation. We also analyze some of their subsemigroups. In particu-
lar, we are interested in showing that the semigroups considered have the inner
automorphism property.

4.1. Preliminaries

For a topological space X, let S(X) be the set of all continuous selfmaps of
X; i.e., continuous functions f : X — X. If there is no topology defined on X,
then the discrete topology is used in the definition of S(X) so that S(X) = XX.

It is apparent that S(X) is a semigroup! with composition as the oper-
ation. In particular, the classes Czz = S((R,77)), Cpp = S((R,7p)) and
Cnvn = S((R, Ty)) form semigroups.

For a semigroup G we denote by Aut(G) the group of all automorphisms of
G.

We say that a subsemigroup G of S(X) has the inner automorphism property,
if for every automorphism ¥ € Aut(G) there is an h € G such that U(g) =
hogoh™! for every g € G.

For a topological space X the property that S(X) has the inner automorphism
property is strongly related to the following definitions and facts.

Two topological spaces X and Y are said to belong to the same S-admissible
class if whenever there exists an isomorphism ® : S(X) — S(Y), then there
must exist a homeomorphism A : X — Y which induces ® in the sense that
O(f)=hofoh L

Of course, it is always true that the topology on a space X determines the
structure of S(X'), but the converse need not be true. For example, let X = {0,1}
and suppose 77 is the discrete topology on X and 75 = {X,0}. Then (X,77)
is not homeomorphic to (X, 73), but S((X, 7)) = S((X,72)) = XX. Within an

1By a semigroup we understand a set with a binary associative operation and an identity
element.

101
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S-admissible class, the algebraic structure of S(X) determines the topology on
X. For more information on this subject see Magill [44].

It is clear that a necessary condition for a space X to belong to any S-
admissible class is that S(X) must have the inner automorphism property.

The basis for studying the inner automorphism property of subsemigroups G
of S(X) is given by the following theorem of Schreier [59]. For completeness
sake, we include an easy proof.

PROPOSITION 4.1.1. Let X be a set and let G be a subsemigroup of S(X) such
that every constant mapping is in G. Then, for every U € Aut(G) there exists a
unique bijection h of X such that ¥(g) = hogoh™! for every g € G.

PROOF. For a € X let f, € S(X) be the constant function defined by f,(z) =
a. Choose an arbitrary zp € X and define h by h(a) = U(f,)(zo) for a € X.

We must prove that U(g) = hogoh™?! for every g € G. So let us fix g € G.
Then ¥(g) = ho goh~!is equivalent to the fact that (¥(g) oh)(a) = (hog)(a);
e, U(g)(h(a)) = h(g(a)) for every a € X. But,

U(g)(h(a)) = ¥(g)(¥(fa)(zo))
(W(g) o ¥(fa))(wo)
W(g o fa)(zo)
U(fg(a))(z0)
= h(g(a)).
Thus, ¥(g) =hogoh™! for every g € G.

To prove the of uniqueness of h, assume that for some h; € S(X) we also have
U(g) = hiogohy* for every g € G. Then, for every a € X,

h(a) = ¥(fa)(wo) = (h1 o fa o hy*)(wo) = ha(fa(hy " (20))) = ha(a),
because f,(hy!(x0)) = a. This finishes the proof of Proposition 4.1.1. [J

Every semigroup considered in this chapter contains all constant functions.
In particular, if ¥ is an automorphism of a semigroup G C S(X) containing all
constant functions then the unique bijection h of X given by Proposition 4.1.1
for which W(g) = hogoh™! for all g € G is called the generating bijection of W.

A topological space X is generated if it is T7 and the collection of complements
of level sets for its continuous selfmaps

{(F7 D) v € X and [ € 8(X)}

forms a subbase for X. (Compare also [62].)
It is known that the class of all generated spaces is S—admissible [44, Theorem
2.3, p. 198]. In particular, there is the following.

PROPOSITION 4.1.2. If a topological space X is generated, then S(X) has the
inner automorphism property.
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4.2. Density Continuous Functions

Let A be the class of all differentiable functions from R to R. Extending this
notation, let AX) stand for the class of all approximately differentiable functions
and let A/(\j/\/) be the class of all almost everywhere approximately differentiable
functions.

The classes defined above are connected to the class Carar of density continuous

functions by the following theorem.

THEOREM 4.2.1. If F,, stands for the class of measurable functions, then

A C AN C AQ) C Fn
U U U u

ANCyny C AMNINCyy C AE\//\[) NCyn C Can
and all the inclusions are proper.

PROOF. The inclusions are obvious. The vertical inclusions are proper be-
cause there is even a C* function which is not density continuous. (See Example
1.4.1.)

Cnvn € A/(\Jy) follows immediately from Example 1.4.5.

Aﬁ\jfv) NCxn ¢ AN is proved by the function h(z) = |z|.

AW N Crrar ¢ A s easily justified by the function f defined by f(x) = 0 for
x € E° and

(= an)?(xz—by)?
f($) - (bn _ an)4
for x € [a,,b,] and n € N, where E = (J,,cylan, bn] is a right interval set for
which 0 is a dispersion point. [

The motivation for the study of the inner automorphism property of these
classes was taken from the following theorem of Magill [43].

THEOREM 4.2.2. The semigroup A of all differentiable functions has the inner
automorphism property.

Following this path, Ostaszewski [54] proved the following.

THEOREM 4.2.3. The semigroups Carns, A/(\Jy) NCans AN NCun and AN
Cnn have the inner automorphism property.

Notice that in the above theorem the fact that Cara has the inner automor-
phism property cannot be deduced from Proposition 4.1.2, as the density topol-
ogy is not generated (Theorem 1.2.3(vii)). In fact, the real numbers equipped
with the density topology is the only example known to us of a completely reg-
ular topological space which is not generated such that the semigroup of its
continuous selfmaps has the inner automorphism property.

Theorem 4.2.3 is proved by showing the following facts: h is a generating bi-
jection of ¥ € Aut(CNN)UAut(A(NN) N Cary) if, and only if, b, h=1 € HNCarar C
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AW “and h is a generating bijection of ¥ € Aut(AWN) N Carar) UAut(A NCarar)
if, and only if, h,h™' € H N Cyx N A. In particular, the observations listed
above allow us to identify the automorphisms of the function classes listed with
certain groups of homeomorphisms. This implies the following theorem.

COROLLARY 4.2.4. The following relations hold:

Aut(ANCry) = Aut(AWN) NCuy)
c Aut(A) neyw) = AutCury),

and the inclusion is proper.

Theorems 4.2.2 and 4.2.3 imply that the classes A, A N Caar, AN N Carpr,
Aj(\j,v) NCaxn and Carar have the inner automorphism property. For the remaining
three classes of Theorem 4.2.1 the question about their inner automorphism
property makes no sense because these classes do not form semigroups. For the
class AN this is shown by Example 4.3.15. For the other two classes it follows
from the example below.

EXAMPLE 4.2.5. There exist almost everywhere differentiable functions f and
g such that g o f is not measurable. In particular, the classes AJ(O/) and Fp, are
not closed under composition.

PrOOF. Let P C R be any perfect nowhere dense set with positive measure,
S C P be nonmeasurable and let C' be a Cantor set of measure 0. Let f be
a homeomorphism such that f~1(C) = P and let ¢ = Xg o f~!. Then, f is
differentiable almost everywhere, as a homeomorphism and ¢ is differentiable
almost everywhere, as g = Xj(g) and f(S) C C has measure 0. On the other
hand, gof = Xgof 'of = Xg is not measurable, because S is nonmeasurable. [J

4.3. The Z-approximate Derivative

In this section we introduce the notions of the Z-approximate derivative and
the deep-Z-approximate derivative as category analogues of the approximate
derivative and examine their properties.

We begin with the following definitions. A function f: R — R is said to be
T-approzimately differentiable at the point x, if there exists a number D(I)f(x),
called the Z-approzimate derivative of f at x, such that for every ¢ > 0, x is an
Z-density point of some Baire subset of

t—ax

(58) {t eR: ft) = f(z) € (DB f(z) —e, DD f(x) + 5)} )

(Compare also [41] and [68, Definition 8].) Similarly, we say that f: R — R is
deep-I-approzimately differentiable at a point x whenever there exists a number
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D) f(z), called the deep-I-approzimate derivative of f at x, such that for every
e > 0, x is a deep-Z-density point of

(59) {t er: {O=IE) ¢ (p®) 40y - e D) 42 +g)} .

If a function f: R — R is Z-approximately differentiable at every point, then
it is said to be Z-approzimately differentiable. The definition of a (deep-Z-
approximately differentiable) function is similar. The class of all Z-approximately
differentiable (deep-Z-approximately differentiable) functions is denoted by A
(A®)).

The function f: R — R is Z-approximately differentiable Z-almost everywhere
(or deep-I-approximately differentiable T-almost everywhere) if there is a set
A € T such that f is Z-approximately differentiable (deep-Z-approximately dif-
ferentiable) at every point of A¢. The class of all functions Z-approximately dif-
ferentiable Z-almost everywhere (deep-Z-approximately differentiable Z-almost
everywhere) is denoted by A(II) (A(ID)).

To compare these classes we need the following facts.

ProrosiTION 4.3.1. If a function f: R — R is Z-approzimately differentiable
(deep-T-approzimately differentiable) at the point x then f is T-approximately
continuous (deep-I-approximately continuous) at x.

PROOF. We prove this only for f being Z-approximately differentiable at x.
The proof of the other case is essentially the same.

Let d = D®) f(x) and choose ¢ > 0. We must prove that z is an Z-density
point of the set {¢t € R: |f(t) — f(x)| € (—e,e)}. But, if we choose 6 > 0 such
that § (d —e,d +¢) C (—¢,¢), then

{teR:|f(t) — f(2)| € (—&,6)} D
{teR:[t—z|<d&|f{t)— f(z)|€d(d—e,d+e)} D
{teR:jt—z|<d&|f(t)— flx)|et—x|(d—¢e,d+e)} =
{teR: W —de (—E,E)} N(xz—9d,z+9).

By the assumption, x is an Z-density point of some Baire subset of the last set.

This finishes the proof. [

ProrosiTION 4.3.2. If f is Z-approzimately differentiable T-almost every-
where, then f is a Baire function.

PROOF. This is an immediate consequence of Proposition 4.3.1 and Theorem
2.5.6. O

PROPOSITION 4.3.3. Let f be an T-approximately continuous function. Then
f is deep-T-approximately differentiable at x if, and only if, f is T-approzimately
differentiable at x. In this case, DP) f(x) = DP) f(x).
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PROOF. The only nontrivial part is to prove that the existence of D@ f (2)
implies the existence of DP) f(z). So assume that DZ) f(z) exists. We will
prove that D(P)f(x) exists. The proof is essentially the same as the proof of
Theorem 2.7.6.

Define g: R\ {z} — R by

£ = f(z)

t—x

g(t) =

It is easy to see that g is Z-approximately continuous on R\ {z}. Let us choose
a < DD f(x) < b. We must prove that 2 is a deep-Z-density point of

f(t) = =)

t—x

s (an) = {rer: <)

Let ¢ < d be such that D@ f(z) € (¢,d) C [c,d] C (a,b) and define E =
g ([c,d]). Then, E¢\ {z} = g '([c,d]®) € Tz. Moreover, x is an Z-density
point of g~1((¢,d)) C E and so x is a deep-Z-density point of E and of E \ {z}
as well. But, EN(E°\{z}) € ZNTz so E°NE\{z} = 0); i.e.,, E\{z} C E. Hence,
x is a deep-Z-density point of E C g~1((a,b)). This finishes the proof. [J

As an immediate corollary of Propositions 4.3.1 and 4.3.3 we obtain
COROLLARY 4.3.4. A C AP = A@ c AP c AP

Because of Corollary 4.3.4 we need not work with the class A(®) and instead
concentrate on the classes

ACA® c AP c AP,

We will prove that the inclusions given above are proper. For this purpose it
will be convenient to construct the following example.

EXAMPLE 4.3.5. For every a < b < ¢ < d there exists a C* I-densilty con-

tinuous and density continuous function f: R — [0,1] such that f(xz) = 0 for
x € (a,d)¢ and f(x) =1 for x € [b,c]. (See Figure 4.6.)

PROOF. It is sufficient to construct the portion of the function f which is
defined on the interval ((b+¢)/2, +00), as the portion of it defined on (—oo, (b+
¢)/2) can be obtained via symmetry. Also, without loss of generality, we can
assume that ¢ = 0 and d = 1. In view of that, it is enough to show that there is
a C>™ deep-Z-density continuous and density continuous function g: R — [0, 1]
such that

(60) g(z) =1for x <0 and g(z) =0 for z > 1.
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1- ,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 4.6. The function f from Example 4.3.5

To see this let &: [0, 1] — R be as in Example 3.6.1 such that h(1) = 1 and let
us extend h by putting h(z) = 0 for < 0. Define

gl(g;):h(%—m> —%

for x > 0 and put g1(z) = —g1(—2z) for z < 0. Then, it is easy to see that

g(x) = g1(x — %) + % satisfies condition (60). O

The previous example easily implies the existence of the following.

EXAMPLE 4.3.6. There exists an approximately and Z-approximately differ-
entiable, density continuous and Z-density continuous function which is not con-
tinuous. In particular,

AN N A@D N Cpear NCor ¢ C.

PrOOF. Let E = (J,cylan,dn] be an interval set for which 0 is both a dis-
persion and Z-dispersion point. For each n, let f, be as in Example 4.3.5 with
[a,d] = [an,dy,]. (The choice of b and ¢ can be arbitrary.) Define f(z) = 0 on E°
and f = f, on [an,d,]. The rest is obvious. [

Now we are ready to prove
THEOREM 4.3.7. The following containments are true:
AcAD c AP c AP,

Moreover, they are all proper.
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Proor. A@) ¢ A follows from Example 4.3.6.
A(ID) ¢ AD is justified by the function f(z) = |z|.
A(II) 4 A(ID) is shown by the characteristic function Xg. O

In what follows we will need also the following example.

EXAMPLE 4.3.8. There exists a continuous, density continuous and Z-density
continuous function [ which is nowhere approzimately and I-approximately dif-
ferentiable. In particular,

CooNCnn NCzz ¢ A UAD.

PROOF. We begin by defining a version of the classical Peano area-filling
curve P : [0,1] — [0,1] x [0,1]. To do this, a sequence of continuous paths
P, :[0,1] — [0,1] x [0,1] for n =0, 1,..., are defined which converge uniformly
to P. This definition is facilitated by the following basic construction, which will
be referred to as BCP.

Given a square [a, b] X [¢, d] with one of its diagonals a parametrized constant
speed path A : [a, 8] — [a,b] X [¢,d], we construct a new path \; : [, ] —
[a, b] X [c,d] as shown in Figure 4.7, where the speed of the new path is constant
and three times the speed of A.

d d

BCP 2N

FIGURE 4.7. Basic construction BCP.

Using symmetries, BCP can be applied to either of the two diagonals of any
square with either path orientation. Also, if |G|l = sup, |G(x)|, then it is clear
that

(61) 1A= Nlloo < V(b —a)? + (d - )2

for every X : [, 8] — [a,b] X [c,d].
To construct the Peano curve, let Py(t) = (t,t) and define P; by applying
BCP to Py. The image of P; consists of a diagonal from each of the nine squares

i P41 joj+1 o
- = =0,1,2.
L] =,
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(See Figure 4.7 with a = ¢ =0 and b = d = 1.) Construct P» by applying BCP
to each of the diagonals of these squares as shown in Figure 4.8.

dr—=—n —

FIGURE 4.8. Construction of P.

This process can be continued inductively in the obvious way to form the
sequence P, n € N. From (61) it follows that

||Pn _ Pm”oo < \/53— min(n,m)-

This shows that P, converges uniformly to P. It is also easy to see that the
image of P is a dense, compact subset of [0,1] x [0,1], so P is an area-filling
curve.

If P = (p1,p2), where p; : [0,1] — [0,1], ¢ = 1,2 are the coordinate functions
for P, then we claim f = p; is a function satisfying the conditions of Example
4.3.8.

To see this, it might be helpful to see how f can be defined directly as a
uniformly convergent sequence of continuous functions f, : [0,1] — [0, 1], where
each f, is the first coordinate of P,,. The first coordinate of BCP can be repre-
sented by the construction shown in Figure 4.9. A similar construction can be
done with either diagonal via an obvious reflection. This construction is denoted
BCX.

Notice that Figure 4.9(B) also represents f1 : [0,1] — [0,1], if we take a =
a=0and b =0 =1. To form f; it is enough to apply BCX to each linear
segment of fi. Then, apply BCX to each linear segment of fy to arrive at fs,
etc.

Evidently, f is continuous, as the first coordinate of the continuous function
P. Also, by Example 1.4.5, it is density continuous and nowhere approximately
differentiable.

In the rest of the proof, we will need the following easy observations.

The function P is self-similar in the sense that for every n € N and every
i=0,1,...,9" — 1, there exist I(i), (i) € {0,1,...,3™ — 1} such that the image

(62) P([gin’i;lb _ [léz)l(z?l} y [%T(Z;Jrl}
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BCX

g

FIGURE 4.9. Basic construction BCX.

and the path followed is a scaled and reflected copy of the entire path of P in
[0,1] x [0, 1]. Since f is a first coordinate of P, condition (62) implies also that
for each integer i € {0,1,...,9™ — 1}, there is an integer {(i) € {0,1,... ,3" -1}
such that

o () e

Also notice the following easy geometrical fact.

For every ¢t € N, ¢ > 1, and nonempty interval (a,b) C [0,1] there are i,n € N
such that
m(K) < 1
b—a — 2

(64) K[z i+ 1

e tT:| C (a,b) and

<

To see this, let n be the smallest natural number such that 1/t" < (b—a)/2.
Thus, 2/t"~! > (b— a) and there exists i such that i/t" € (a, (b+ a)/2). Hence,
K =[i/t",(i+1)/t"] C (a,b) and m(K)/(b—a) > (1/t")/(2/t"~1) = 1/2t. This
finishes the proof of (64).

Notice that (63) implies f~!(E) is nowhere dense for every nowhere dense set
E. So,

J7YE) €T forevery E€Z.

Thus, by Theorem 3.2.1, to show that f is Z-density continuous it is enough to
prove that f is deep-Z-density continuous.
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Let z € [0,1] and let A C R\ {f(z)} be a set such that f(z) is a deep-Z-
density point of A. By Corollary 2.7.11, A€ is superporous at f(x). It must be
shown that x is a deep-Z-dispersion point of (f~1(A))¢; i.e., that (f~1(A4))¢ is
superporous at z. This will be done with the aid of Lemma 2.4.2.

Let s = 1/9% € (0,1). We must find Dy, > 0 and R, € (0,1) such that
whenever 0 < D < Dy and an interval I C (z—D,z+ D)\ {x} with m(I)/D > s,
then there is an interval J C I N f~1(A) with

m(J)
(65) 0 > R;.

Let s’ = s/93. Using Lemma 2.4.2 with A¢ and f(z), there exists Dy > 0
and Ry = 1/3' € (0,1) such that

e whenever 0 < D’ < D, and an interval

I'c (f(@) - D', f(&) + D)\ {f(@)}
with m(I")/D’ > ¢, then there is an interval J' C I’ N A with
(66) m(J')/m(I") > Ry
Let Dy > 0 be such that
(67) |f(z) = f(y)| < Dy for |z —y| < D,

and let Ry = 1/9"%°. Let 0 < D < D, and choose an interval I C (x — D,z +
D)\ {z} with m(I)/D > s. We will find an interval J C I N f~1(A) with
m(J)/m(I) > Rs.

Assume that I C (z,z + D). The other case is similar.

Using (64), we can find Iy = [j/9"7 1, (j +1)/9" '] C I such that

m(Ip)

(68) m(l)

1
> —.
18
Moreover, using (62), it is easy to find I} = [i/97, (i + 1)/9"] C Iy such that
f(z) & f(I1). Thus,

_ 1 > 1 s
D ~9 D ~918 D ~ 9

In particular, there exist p = (s’)~! contiguous intervals I, I%,... | I? of length
1/9™, one of which is I; and such that z € I*UT?U... U IP.
Define

D" = max{|f(z) = f(i/9")],f(x) = f((i +1)/9")[} > 0

and I’ = f(I;). By (67) we see that D' < D, and, by (62), f(i/9™) and
F((i+1)/9™) are the end points of I’ so that I' C [f(z)— D', f(z) + D'\ {f(2)}.
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Moreover, since x,i/9™, (i +1)/9™ € I' UT? U... U I? then, by (63), we have

D <m(f{UP ] ] <Y m) = pm(r).

Hence,

Thus, by (66), there is an interval J' C I’ N A such that m(J’)/m(I’) > Ry.
Using (64), we can find an interval

Ji=1jo/3™, (o +1)/3™] C J'
such that m(J7)/m(J") > 1/6 > 1/9. Hence,

m() _w() _ wm) 11
m(f(l))  m(I')  m(J)mI) " 9T 3
and J| = [jo/3™, (Jo+1)/3™] C f(I1) = f([¢/9™, (i4+1)/9"]). But now condition
(62) implies easily that there exists an interval J = [§/9™,(j +1)/9™] C I =
[i/9™, (i + 1)/9™] such that f(J) = Jj and

m(/) (1) _ L
m(1) 32 ) g2
Hence, by (68),

m(J) m(J) 1 m(J) 11
m([) & 18m(Iy) 9 18m(Iy) > gz = L

Condition (65) is proved. This finishes the proof that f is Z-density continuous.

To see that f is not Z-approximately differentiable at a point z € [0,1] let
us do the following construction for each n € N. Choose i € N such that
© € [i/9", (i +1)/9"]. Then, by (63), £([i/9", (i + 1)/9"]) = [j/3", (j + 1)/3")
for some j € N. It is also not difficult to see that condition (62) implies that

9% 9i+1 99+8 99+9
Pl g | ) F\ | o gort
735 3j+17 [3j+2 3j+3
- 3n+1’ 3n+1 ? 3n+1 ? 3n+1 :
This implies, in particular, that for every y € [9i/9"1 (9i + 1)/9"T!] and

y' € [(9i + 8)/9" L (9i + 9)/9" ] we have

fy) = fW) . 1/3m
ly—yl 1/

Hence, an easy geometrical argument implies that for one of the intervals

=3

[9/9™ % (95 4+ 1)/9" T or [(9i + 8)/9™ T, (9i 4+ 9) /9" 1],
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which we denote by [ay,b,], we have z ¢ [a,,, b,] and

[f(y) — f(@)]
ly — |
But, by Lemma 2.2.6, = is not an Z-dispersion point of |J,,cy[an, bn]. Thus, for
every Z-density open set U containing x, for every € > 0 and n € N there is an
ye(r—ez+e)NUNU,,snl@m,bm] for which
@)~ F@) g0
ly — =

This implies that f is not Z-approximately differentiable. Also notice that the

construction of the intervals [a,, b,]| given above also implies that f is not ap-
proximately differentiable. This finishes the proof of Example 4.3.8. O

> 3""! for every y € [an,by].

Notice that Proposition 4.3.3 immediately gives the following corollary.
COROLLARY 4.3.9. A(ID) NCpp = A(II) NCpp and A(ID) NCrr = A(II) NCrz.

Because of the corollary given above we no longer need consider the classes
A(ID) N Czz and A(ID) NCpp.
Now, we are ready to discuss the inclusions between the other classes.

THEOREM 4.3.10. If F. stands for the Baire functions, then

A C AD c N2 c Fe

@] @] @] @]
ANCpp C AD N Cpp C A(II) NCpp C Copp
U U U U

ANCrr C AD) NCzzr C A(II) NCzzr C Czr
and all the inclusions are proper.

PRrROOF. The inclusions are obvious.

The vertical inclusions are proper because A N Cpp ¢ Czz (Example 3.6.3)
and A ¢ Cpp (Corollary 3.2.6).

The fact that the horizontal inclusions are proper follows from A NCzr ¢ A
(Example 4.3.6), from A(II) NCrz ¢ AD) which is proved by f(z) = |z| and from
Crzz ¢ A(II) (Example 4.3.8).

This finishes the proof. [

To prove the next theorem we need the following two lemmas. The first one is
a version of the chain rule. The analogous theorem for approximate derivatives
can be found in [53].

LEMMA 4.3.11. Let f,g: R — R be functions such that for some xq, DD f(xq)
and DD g(f(x0)) both exist, then D) (g o f)(xo) also exists and

(69) D@ (go f)(zo) = DB g(f(x0)) DD f(o).
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PROOF. First assume that D@ g(f(zg)) > 0 and D@ f(2¢) > 0. Put zp =
f(zo) and let wuy,us,v1,ve be arbitrary positive numbers such that 0 < u; <
D@ f(20) < ug and 0 < v; < D@ g(zy) < va. Then, there exist sets U,V € Tp,
xg € U, 29 € V, such that

T — X -
for all z € U and
(71) vy < 9(2) = g(%0) < vy
zZ— 20

for all z € V. Since, by Proposition 4.3.1, f is Z-density continuous at z, there
exists W € 7z such that g € W C f=3(V). If f(xo) is not an Z-dispersion
point of f=1(f(zo)), then DP f(z4) = 0 contradicting our assumption. So, we
can assume that f(x) # f(xzo) for every x € W, x # x¢. In particular, by (71),
for x € W\ {z0} we have z = f(z) € V\ {f(z0)} and

9(f(@) — 9(f(xo)) _

" NS = S S

Multiplying (70) by (72) gives

9(f(z)) — 9(f(x0)) f(x) = f(x0)
f(@) = f(o) T = Zo

u1v < < UgV2;
i.e.

vy < @) — ()
Tr — X

for every z € U NW € 77. But then,
w1 < D(I)g<f(.’1,‘0)) D(I)f(l‘o) < U2V

where the numbers u;v; and usve can be chosen as close to the value of

D@ g(f(xo)) DD f (o)

as desired. This implies (69).

The remaining cases, when D@ g(f(xg)) < 0 or D@ f(zo) < 0, are very
similar, modulo some little technical problems with the signs of the inequalities.
This finishes the proof. [

LemMmA 4.3.12. If f € Cop NAY) and g € AP, then go f € AP,

PROOF. Let A, B € T be F,, sets such that f is Z-approximately differentiable
on A€ and g is Z-approximately differentiable on B€.
Let E, = f~!(x) for every z € R. Note that

(73) E, C E, for every z €R.

This is true because any point y € Ez is an Z-density point of the set F, on
which f is equal z. So f(y) = z. Hence, g o f is Z-approximately differentiable
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on every set Ez € 77 because g o f is constant on this set. This implies that
g o f is Z-approximately differentiable on the set £ = (J g Ez Moreover, by
Lemma 4.3.11 the function go f is also Z-approximately differentiable on the set
D = A°n f~1(Be).

To finish the proof it is enough to show that (D U E)¢ € Z. But

(DUE)*=D°NE*=[AUfYB)|NnE°C AU (fY(B)\ E),

so it is enough to show that P = f~1(B)\ E € Z.

By way of contradiction let us assume that P ¢ Z. Then, there exists a
nontrivial closed interval I C P. By Theorem 3.5.2, choosing a subinterval of I, if
necessary, we can assume that f is continuous on I. But (f|;)"1(B) = f~Y(B)nI
is residual in I, while B € Z. The only way it can happen for a continuous
function f|; is when (f|;)"Y(F) = f~Y(F) N1 ¢ T for some closed nowhere
dense set ' C B. But this easily implies that there exists x € F' such that
(fl1)~Y(x) = f~1(x)NT has a nonempty interior. This yields a the contradiction
to the fact that

fYz)NnICE,NPel,
which follows from P N E, € PN E = (). This finishes the proof. [J

As a corollary we obtain

THEOREM 4.3.13. The classes A, Czz, Cop, ANCzz, ANCpp, AD NCrz,
AD N Cpp, A(II) NCzz and A(II) N Cpp are closed under composition. In par-
ticular, they form semigroups.

PRrROOF. The classes A, Cz7 and Cpp are obviously closed under composition.

The classes A N Czz and A N Cpp form semigroups, as A is closed under
composition.

For the classes A®) NCzz and AP NCpp the conclusion follows immediately
from Lemma 4.3.11, while for the classes A(II) N Czz and A(II) N Cpp it follows
from Lemma 4.3.12. O

PROBLEM 4.3.14. Are the classes A(ID) and A(II) closed under composition?
If so, do they have the inner automorphism property?

We finish this section by showing that the remaining classes A and F, of
Theorem 4.3.10 are not closed under composition.

EXAMPLE 4.3.15. There exists a C*° function f and a function g which is
approzimately differentiable and Z-approzimately differentiable such that go f is
neither approximately nor Z-approrimately continuous. In particular, the classes
AN and AD are not closed under composition.
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PROOF. Let D = J,,cn[Pn> n] be a right interval set for which 0 is a disper-
sion and Z-dispersion point. Let us define h: R — R by putting h(zx) = 0 for

z € D¢ and
h(z) = Up e~ @=Pn) P = (r=an) ™)

for & € [pn,qn], where u, are chosen in such a way that h()(z) < 1/n for
x € [pn,qn] and i < n. Define f by f(z) = fox h(y)dy. Tt is easy to see that f
is C*> and constant on each interval contained in D€¢. Decreasing the constants
Uy, if necessary, we may also assume that lim, o f(pn+1)/f(pn) = 0.

Choose intervals (ay,by) centered at f(py,) such that 0 is a dispersion and
Z-dispersion point of a right interval set E = | __y[an,bn]. Define g(z) = 0 for
x € E° and

neN
g(m) — vne(*(I*an)_zf(m*bn)_g)

for z € (ay,by), where the v, are chosen in such a way that g(f(p,)) = 1. Then
g has derivatives of all orders at every point # 0 and g constantly equals 0 on
E° € Ty NTy. Hence, g € AN N AD | On the other hand, go f = 1 on the set
D¢N(0,q1) while, go f(0) =0. Thus, go f ¢ AN UAD, O

EXAMPLE 4.3.16. The class F. is not closed under composition.

PROOF. Let h be an embedding of the irrationals R \ Q into the Cantor set
C C [0,1]. Put f(q) =2for g € Q and f(x) = h(z) for z € R\ Q. Then, f € F..
Moreover, let S C R\ Q be a set without the Baire property and let g be the
characteristic function of f(S); i.e., g = Xs(g). Then g € F¢, since f(S) C C
and go f =Xg & F.. O

4.4. Semigroups of Z-density Continuous Functions

For the remainder of this section let £ stand for any of the semigroups of
Theorem 4.3.13 except for A; e.g., for one of the classes Czz, Cpp, A N Cr7,
AN Cpp, AD N Crz, AD N Cpp, A(II) N Czz or A(II) N Cpp. In particular,
ANCzz C &€ C Cpp. We will show that these semigroups, with the possible
exception of A(II) NCzz and A(II) N Cpp, have the inner automorphism property.

We start with the following

LEMMA 4.4.1. If h is a generating bijection of an automorphism ¥ of £, then
h is T-approzimately continuous.

PROOF. Let 7 € R and € > 0 be arbitrary. We will show that h is Z-
approximately continuous at r.

Let f: R — R be as in Example 4.3.5 for a = h(r) — e, b = ¢ = h(r) and
d = h(r) +e. Let g: R — R with g(z) = f(z) + h(r). It is easy to see that
geANCzz CE.

¥ is an automorphism of &, thus there is an « € £ C Cpp such that ¥(«a) = g.
We have hoa = goh. Note that h(a(r)) = g(h(r)) = f(h(r)) + h(r) = 1+ h(r).
Therefore, h(a(r)) # h(r). But, h is a bijection, so a(r) # r.
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The function « is deep-Z-density continuous. Thus, there exists a set U € Tp
such that a(x) # r for all x € U. Then, for all x € U, f(h(x)) + h(r) =
g(h(z)) = h(a(x)) # h(r), which implies f(h(z)) # 0; ie., h(z) € (a,¢) =
(h(r) —e,h(r)+¢). So |h(xz) — h(r)| < € for x € U. This means precisely that h
is Z-approximately continuous at r. [

COROLLARY 4.4.2. If h is a generating bijection of an automorphism ¥ of £,
then h is a homeomorphism.

PRrROOF. h is an Z-approximately continuous bijection of R. Since h is also a
Darboux Baire one function, it must be a homeomorphism. [

As a next step we need the following

LEMMA 4.4.3. Let h: R — R be an increasing homeomorphism which is not
I-density continuous at 0. Then there exists a function f € C*° NCzz C E such
that h=' o f o h is not deep-I-density continuous.

Proor. Without any loss of generality we may assume that h(0) = 0.

As h is a homeomorphism, A is also not deep-Z-density continuous at 0. Again,
without any loss of generality we may further assume that h is not right deep-
Z-density continuous at 0. The left-hand side argument is essentially the same.

Thus, there exists a right interval set £ = J, cylan,bn] such that 0 is an
Z-dispersion point of E, while 0 is not an Z-dispersion point of

D = [J[h " (an), A= (b))-
neN
Using the definition of a deep-Z-dispersion point, it is possible to choose se-
quences «,, and 3, such that h=!(a,) < ap, < B3, < h=1(b,) for n € N and 0 is
still not an Z-dispersion point of (J,,y[n, Bn], while 0 is an Z-dispersion point
of
U [h(en), h(Bn)] C U [an, bp].
neN neN
For each n € N, let f,, € Czz N C™ be a function such that f,(z) = 0 for
x & (an,by) and f,(x) =1 for z € [h(ay), h(B,)]. This can be done by Example
4.3.5.
Define f(xz) = 0 for € E° and f(z) = cpfn(x) for x € [ay,b,] and n € N,
where ¢, > 0 are choosen in such a way that

; 1
enf9(2) < - for every x € [an,b,] and i<n
and

(74) lim (1)

n— oo h_l(cn) - 0

Then f is a C*> function. It is also easy to see that f is Z-density continuous,
because 0 is an Z-dispersion point of F.
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On the other hand

T:h_loth<U(an,ﬂn)> = U ht(en).

neN neN

Now, by (74) and Lemma 2.1.6, it is apparent that there is a right interval
set containing 7" which has 0 as a deep-Z-dispersion point, while 0 is not an
I-dispersion point of | J,, cy[on, B,]. Hence, h~' o f o h is not deep-Z-density
continuous. [

COROLLARY 4.4.4. If h is a generating bijection of an automorphism of &,
then h and h™' are I-density continuous homeomorphisms of R.

PROOF. If h is a generating bijection for ¥, then h~! is a generating bijection
for U1, Thus, by Corollary 4.4.2, h and h~! are the homeomorphisms of R.
So, by Lemma 4.4.3 they must be Z-density continuous.

As an immediate corollary we obtain the following.

THEOREM 4.4.5. The semigroups Czz and Cpp have the inner automorphism

property. Moreover,
Aut(CII) = Aut(CDD). O

Let us notice also that we can also use Proposition 4.1.2 and Theorem 2.7.8(vii)
to conclude immediately that the class Cpp has the inner automorphism prop-
erty. However, this argument does not work for Czz.

To discuss the inner automorphism properties of the other semigroups we need
the following two lemmas.

LEMMA 4.4.6. The operations ordinary diffferentiation, approximate differ-
entiation and I-approximate differentiation coincide on the class of all homeo-
morphisms. In other words, if f: R — R is a homeomorphism and x € R then
f'(x) = DD f(z) = DW) f(z) whenever any of the three quantities in this equa-
tion exists.

PROOF. There is no generality lost with the assumption that f is an increasing
homeomorphism, = 0 and f(0) = 0. It is obvious that if f’(0) exists, then
both the other derivatives exist and are equal to it. It suffices to show that if
DD £(0) or DY) £(0) exists, then so does f(0).

So, suppose that D) £(0) exists, but f’(0) fails to exist. At least one of the
four Dini derivatives of f at 0 must be unequal to D) f (0). So, for example,
assume there are constants M > m > 0 such that

D f(0) > M >m > DD f(0) > 0.

There must exist a sequence of numbers z,, decreasing to 0 such that f(x,) >
Mz, for all n. Since f is nondecreasing, an elementary calculation shows that

(75) f(x) > ma for all x from the interval [z,,, Mz, /m].
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Let E = {z : f(z) < mz}. By assumption, 0 is an Z-density point of E. Consider

the sequence of sets
m

Mz,
An easy calculation with (75) shows that E, N[m/M, 1] = () for all n. Therefore,
liminf, . Fy, cannot be residual in (0,1). Since m/Mz, increases monoton-
ically to infinity with n, this violates the fact that 0 is an Z-density point of
E. This contradiction shows that 5+f(0) = D@ £(0). The arguments with the
other three Dini derivatives are essentially the same.

The proof in the case of the approximate derivative is similar. [

E, E.

It is interesting to note that the proof of Lemma 4.4.6 is true with almost no
change in the case of the generalized density topologies of Chapter 1, as long as
the underlying ideal contains no intervals.

LEMMA 4.4.7. Let ¥ be an automorphism of AN Czz, ANCpp, AT NCrz
or A NCpp and let h be its generating bijection. Then h is differentiable; i.e.,
h e A.

PRroOF. It is already known that h is a homeomorphism. Thus A is differen-
tiable almost everywhere [7]. Let 2y be a point of differentiability of h and let
xz € R be any other point. Define f(t) =t + (x — xp). Then f € ANCzz, so
it belongs to any of the semigroups under consideration. For any positive § we

have
(76) e+ -he) _ hoflantd)—hofln)
W) o hlwo +8) — W(f) 0 h(zo)
! .

If ¥ is an automorphism of either A NCzz or A N Cpp, then ¥(f) is differ-
entiable, and since h is differentiable at zq, the quotient in (76) converges to

() (o)) (o).

If ¥ is an automorphism of either A®) N Czz or A@) N Cpp then U(f) is Z-
approximately differentiable. So, by Lemma 4.3.11, ¥(f) o h is Z-approximately
differentiable at 29. Hence, condition (76) guarantees that D) h(z) exists and
is equal D) (U (f)oh)(zo). But, h is a homeomorphism. Thus, by Lemma, 4.4.6,
h must be differentiable at x as well. This ends the proof. [

As an immediate corollary we obtain

THEOREM 4.4.8. The semigroups ANCzz, ANCpp, ADNCzr and ADNCpp
have the inner automorphism property. Moreover,

Aut(A N CII) = Aut(A n CDD) = Aut(A(I) N CII) = Aut(A(I) N CDD)
C AUt(CII) = Aut(CDD)

and the inclusion is proper.
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We are not able to prove or disprove whether the semigroups A(II) N Czz
and A(II) N Cpp have the inner automorphism property. We proved that each
automorphism of A(II) N Czz is generated by a homeomorphism h of the real line
so it must be differentiable almost everywhere. However, to be an element of
A(II) N Czz, h would need to be differentiable outside of a set of first category.
In general, a homeomorphism of the real line need not be Z-a.e. differentiable.
In fact, Belna, Cargo, Evans and Humke [3] show that there exists a strictly
increasing homeomorphism A : [0,1] — [0,1] and 7 € (0, 1) such that

D h(z) = D*h(z) =7 and D h(z) = D h(z) = oo

for a residual set of points z € [0,1]. On the other hand, there are certain
restrictions on the “severity” of the nondifferentiability of h on sets of the second
category. Neugebauer [49] shows that a continuous function f has D~ f(z) =
DV f(z) and D f(z) = D f(z) on a residual set.

We are not able to find a satisfactory answer to our question. Therefore, the
following remains.

PROBLEM 4.4.9. Let h be a homeomorphism of R such that for every Z-density
continuous, I-a.e. T-approzimately differentiable f, ho f o h™' is also T-density
continuous, T-a.e. and L-approzimately differentiable. Is h differentiable on a
residual set?

Clearly, an affirmative answer to this problem is equivalent to the fact that
A(II) N Czz and A(II) N Cpp have the inner automorphism property.

4.5. Historical and Bibliographic Notes

The definition of generated space we are using can be found in Magill [44,
p. 198]. The term “generated space” was originally introduced by Warndof
[62] in 1969. However, the notion existed implicitly several years earlier. In
particular, the theorem that the class of all generated spaces is S-admissible can
be found in a 1962 paper of Shneperman [60]. The same result, or at least a
close approximation to it, was also proved by Gavrilov [27] in 1964, by Mal’cev
[45] in 1966 and by Magill [42] in 1967, each apparently unaware of the others’
work.

The Z-approximate derivative was introduced in the early 1980’s by Lazarow
and Wilczynski [41]. Lemma 4.4.6 is well-known in the case of the approximate
derivative [7, Theorem 2.4, p. 155] and was first stated without proof for the
Z-approximate derivative by Lazarow and Wilczyriski [68, Theorem 38| while
citing [41]. Related results are contained in [39].

Proposition 4.3.3 was stated, without a proof, by the authors in [22]. This
paper also contains Theorems 4.2.1, 4.3.7, 4.3.10, 4.3.13, 4.4.5 and most of 4.4.8.
Lemmas 4.3.11, 4.4.1, 4.4.7, Propositions 4.3.1, 4.3.2 and Examples 4.2.5, 4.3.6
as well as weaker versions of Examples 4.3.5, 4.3.15 and Lemmas 4.4.3, 4.3.12
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are also presented in that paper. Example 4.3.8 appears there as a problem. It
was also published in [14].
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APPENDIX A

Notation

Sets

R — the set of real numbers.
@ — the set of rationals numbers.
N — the set of natural numbers, N = {1,2,3,...}.

Algebras

L — the o-algebra of Lebesgue measurable subsets of R.
B — the o-algebra of subsets of R having the Baire property.

Operations on Sets

e AAB — the symmetric difference of the sets A and B, i.e.,
AAB = (AUB)\ (AN B).
A€ — the complement of the set A.
XY — the set of all functions f: X — Y.
P(A) — the power set of A.
a+E=FE+a={a+zecR:z€FE} for acR,ECR.
—a+E=FE—-a={zr—acR:zecE} for acR,ECR.
cE=Fc={cxeR:z € E} for ac R,ECR.
int (A) — the interior of the set A C R, in the natural topology.
cl (A) — the closure of a set A C R, in the natural topology.
E — the unique regular open set for E € B such that EAFE € 7.
m;(A) — the inner Lebesgue measure of the set A C R.
m,(A) — the outer Lebesgue measure of the set A C R.
m(A) — the Lebesgue measure of the measurable set A C R.
dist(A, B) = inf{|lx —y| : 2 € A,y € B} for A, B CR.
card (A) — the cardinality of the set A.
x4 — the characteristic function of the set A C R.
Aut(H) — the group of authomorphisms of the semigroup H.
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Ideals

O ={0}.

T., — the o-ideal of countable subsets of R.

N — the o-ideal of subsets of R with Lebesgue measure 0.
To — the ideal of nowhere dense subsets of R.

T — the o-ideal of the first category subsets of R.

Topologies

Tn — the density topology on R.

7o — the natural topology on R.

To — the qualitative topology on R.

Tr = P* — the Z-density topology on R.

Tp = P — the deep-Z-density topology on R.
77 — the abstract J-density topology on R.

Function Classes

o F,, — the class of all measurable functions from R (or any subinterval)
to R.
o F. — the class of all Baire functions from R (or any subinterval) to R.
e C — the class of all continuous functions from R (or any subinterval)
to R.
e A — the class of all differentiable functions from R (or any
subinterval) to R.
e C! — the class of all differentiable functions from R (or any
subinterval) to R whose derivatives are continuous.
e C™ — the class of all infinitely many times differentiable functions
from R (or any subinterval) to R.
e A — the class of all analytic functions from R (or any subinterval) to
R.
e H — the class of all homeomorphisms from R (or any subinterval) to R
(or any subinterval).
C 7k — the class of all continuous functions f: (R,77) — (R, 7).
Coo — the class of all ordinary continuous functions.
Cnro — the class of all approximately continuous functions.
Carn — the class of all density continuous functions.
Czo — the class of all Z-approximately continuous functions.
Cpo — the class of all deep-Z-approximately continuous functions.
Czz — the class of all Z-density continuous functions.
Cpp — the class of all deep-Z-density continuous functions.
S(X) — the semigroup of all continuous functions f: X — X for a
topological space X.
o AW) — the class of all approximately differentiable functions from R
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(or any subinterval) to R.

) AX/\[) — the class of all real functions which are approximately
differentiable almost everywhere.

e A@ — the class of all real functions which are Z-approximately
differentiable.

° A(II) — the class of all real functions which are Z-approximately
differentiable Z-almost everywhere.

e AP _ the class of all real functions which are deep-Z-approximately

differentiable.
° A(ID) — the class of all real functions which are deep-Z-approximately

differentiable Z-almost everywhere.
e DBB; — Darboux Baire 1 functions [7].
e DB — Darboux Baire*1 functions.

Operations on Functions

f|p — restriction of the function f to the set P.

Df — the ordinary derivative of the function f.

DW) f — the approximate derivative of the function f.

D®) f — the deep-Z-approximate derivative of the function f.

D@ f — the Z-approximate derivative of the function f.

w(f,x) — the oscillation of the function f at the point z € R (see [7]).

|z] — the greatest integer function.

D_f(z), Dy f(z), D™ f(z), DY f(x), f'(z),f (), f'(x) — the lower left,
lower right, upper left, upper right, upper, lower, and ordinary
derivatives of the function f at the point x.
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convergence
in measure, 7
J, 11
qualitative, 15
stochastic, 7
uniform, 52
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Darboux Baire*1 (DBY), 9
density point
deep-Z-, 39
7., 22,25
J-, 11, 17, 18
Lebesgue (ordinary), 5, 28
lower, 28
strong J-, 17, 18, 21
derivative
approximate (D(N>), 118
deep-Z-approximate (D(P)), 105
T-approximate (D)), 104, 105, 113,
118
ordinary (D), 36, 118
dispersion point

deep-Z-, 39, 43
7-, 22,27
j'7 17

strong J-, 17-22

function classes
analytic (A), 10, 49
density continuous, 10
T-density continuous, 69
approximately continuous (Cnro), 8,
15
not Baire*1, 84
Baire (F¢), 3, 37
not closed under composition, 116
Baire 1, 34
Baire 1 Darboux (DB1), 35, 37
Z-density, 48
Baire*1 Darboux (DBY), 9
convex, 10, 52
Darboux Baire 1 (DB1), 35, 37, 48
Darboux Baire*1 (DBY), 9
deep-Z-approximately continuous
(Cpo), 40, 41
deep-Z-density (Cpp), 47-49, 56
Baire*1, 73
convexity, 52
Darboux Baire 1, 48
inner automorphism property, 118
not Z-density continuous, 80
not uniformly closed, 52
density continuous (Carnr), 9, 10
inner automorphism property, 103
not approximately differentiable
a.e., 108
not continuous, 10, 107
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not Z-approximately continuous,
89
not Z-approximately differentiable
T-a.e., 108
not Z-density continuous, 80
differentiable
approximately (A(N)), 10, 103,

115, 119, 120
approximately a.e. (A%\[)), 103,
104, 107, 108
deep-Z-approximately (A(D) ),
105-107

deep-Z-approximately Z-a.e.
(A, 105, 106, 113
T-approximately (A®)), 105-107,
115
T-approximately Z-a.e. (A(II)),
105, 106, 108, 113, 114
ordinarily (A), 103, 106, 119, 120
homeomorphisms (H), 49, 50
product Z-density continuous, 63
product preserving Z-density, 67
sum Z-density continuous, 62
sum preserving Z-density, 65
Z-approximately continuous (Czp),
33, 35-37, 41
Z-a.e., 37
not Baire*1, 84
Z-density (Czz), 4749, 56, 68
analytic, 69
Darboux Baire 1, 48
differentiable, 55
inner automorphism property, 108
not approximately continuous, 89
not approximately differentiable
a.e., 108
not continuous, 83, 107
not density continuous, 90
not Z-approximately differentiable
Z-a.e., 108
not uniformly closed, 52
infinitely differentiable (C*°), 51, 52
not density continuous, 9, 90
not Z-density continuous, 80
linear, 48
Lipschitz, 69
measurable (Fp,), 103
not closed under composition, 104
piecewise linear, 49
polynomials, 10
preserving Z-density points, 50
preserving deep-Z-density points, 50
typical continuous nowhere Z-density
continuous, 85

generalized continuity, 10
generated space, 6, 41, 102
generating bijection, 102, 117, 118

Hamel basis, 11
homogeneous set, 73

Z-density operator, 28

ideal, 1
cardinality less than ¢ (Z.), 13
first category sets (Z), 3, 22
measure zero sets (N), 4, 5
o-ideal, 1

inner automorphism property, 101-103,

118
interval set, 19, 21, 25
left, 18
right, 18-21, 27

J-a.e., 2
lattice, 50
limit

irrational, 1
qualitative, 15

Martin’s Axiom, 14
measurable sets (Lebesgue) (£), 5
measure
convergence in, 7
inner (m;(A)), 5
Lebesgue (m(A)), 5
nonmeasurable set, 11-14
outer (my(A)), 5
measure continuity, 4

partition, 73

Peano curve, 10, 16, 108

porosity, 29
superporous, 30, 43
unilateral, 30

portion, 9

qualitative
continuity, 3
limit, 15

Ramsey’s Theorem, 73, 74
regular open set, 22, 25, 39

residual set, 3

S-admissible class, 101

semigroup, 101-103, 115, 116, 118, 120

stochastic convergence, 7
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symmetric difference (A), 5

topology

abstract J-density (']'\’7’)7 13, 14

deep-Z-density (7p), 40
as weak topology, 40
base for, 42
Blumberg space, 41
completely regular, 40, 41
discrete perfect set, 41
generated, 41
intervals connected, 41
not normal, 41
nowhere dense non-closed set, 41
relation to 77, 41
relation to ordinary topology, 41
same as P, 42
separable, 41

density (7xr), 6, 15

discrete, 44

generated, 6, 41, 102

Z-density (77), 29, 37
closed discrete set, 38
compact sets, 38
Hausdorff, 37
intervals connected, 38
nonseparable, 38
not Blumberg, 38
not generated, 38
not Lindelof, 38
not regular, 38
relation to ordinary topology, 37

ordinary (7p), 1

P, 30, 42

P*, 30, 33

T(J), 1

T}, 14

T"7, 11, 12

’TJ(/, 11,12, 14

745,12

transcendental base, 13



