MATH 261.007 Instr. K. Ciesielski

Ex. 1. Find the general solution for the following differential equations:

(a)

Solutions to the SAMPLE TEST # 3

yW 4 8y" + 16y =0

Solution: r*+8*+16=0; (r*+4)*=0; [(r+2i)(r—2i))*> = 0;

Double roots +2i;
Answer: y = ¢ sin 2t 4 ¢ cos 2t + c3t sin 2t + ¢4t cos 2t.

yW — 8y + 16y =0

Solution: r* — 8r? + 16 = 0; (7“2 — 4)2 =0; [(T + 2)(7“ . 2)]2 -0

Double roots +2;
t

Answer: y = c1e® + coe 2 + cste? + cqte™ .

y/// . 3y// + 2y/ — et

Solution: > —3r*+2r=0; r(r*—=3r+2)=0; r(r—1)(r—2)=0;
Solution to homogenuous part: ;€% + coel® + cse? = ¢ + cpe! + cze?.

Particular solution guess: y = Ae™!. Then ¢/ = —Ae™!, ¢/ = Ae™t, " = —Ae
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Soy” =3y +2y = —Ae " —3Ae7t +2(—Ae7") = —6Ae7!, and —6Ae” =",

1 i : I g
Thus, A = —¢, giving a particular solution: y = —ze™".
Answer: y = ¢; + e’ + cze? — Te7t

y//l o Sy” + 2y/ =1t

Solution: 13 —3r2+2r=0; r(r?*—=3r+2)=0; r(r—1)(r—2)=0;

Solution to homogeneous part: c1e% + coell + c3e? = ¢ + coel + cze.

Particular solution guess: y = t*(at + b).

Since 1 = € is a solution to homogeneous part, s > 1.

Take s = 1, leading to a particular solution guess two: y = t(at + b) = at? + bt.

Then ¢y = 2at + b, ¥’ = 2a, y"" = 0.

So y"" —3y" + 2y = 0 — 3(2a) + 2(2at + b) = 4at + (2b — 6a), and 4at + (2b — 6a) = t.

Hence, 4a = 1, leading to a = 1/4, and 2b — 6a = 0, giving b = 3a = 3/4.

Thus, a particular solution: y = itQ + %t.

Answer: y = ¢; + cp€e' + cze* + it2 + %t.



Ex. 2. Find the interval of convergence of the following series. Check the endpoints for

(4x + 3
extra credit. nz:l 339—71;)

Solution: )

" 4 n+1 1 2 4 n+1 1 27—
P [TEY B (42 +3)""/9(n +1)%| _ - (4z + 3) 9(n+1)
n—oo | @, n—00 (4x 4+ 3)"/9n? n—oo | (4 + 3)" In?

" 1 271 1 —2

So, lim |2 = |4z + 3| lim w = |42 + 3| lim [1+} = |4z + 3.

Converges when |4z + 3| < 1, that is, —1 <4z +3 < L.
So that —4 <4r < —2and -1 <z < —1/2
4x+3

3

At the endpoints 4z + 3 = +1 we get Z Z
n=1 n=1
which converges absolutely by the p-series test

Answer: Interval [—1,—1/2], that is, -1 < 2z < —1/2.

Ex. 3. Use power series with g = 1 to solve ¢y’ + 2y +y = 0. Find the recurrence formula
and use it to find the first two non-zero terms in each of two independent solutions.

Solution: y="Y_ a,(x—1)".
n=0
So, ¥ = > na,(xr — )" = > (k+ Dags1(z — 1)" and
n=1 k=0
y' =3 nn—1a,(x—1)"*=>(k+2)(k+ Dagsa(z — 1.
n=2 k=0
Since - - -
vy =[1+(z-1)] ) (n+1l)an1(z—1)" = > (n+Daps1(z—1)"+ > (n+1)anp (z—1)"
n=0 n=0 n=0
= Z(n + Dayq(x—1)" + Z kap(z — 1)F =3 (n+ Dayi(z — 1)" + Z kap(z — 1)k,
n=0 k=1 n=0 k=0
expression 4" + xy’ + vy is equal to
(Z(n +2)(n + Dapga(z — 1)”) +
n=0
(Z(n + Dapii(x— )"+ Z na,(x —1)" ) + (Z an(x — 1)”)
n=0 n=0
So (n+2)(n+ Dayie+ (n —i— 1)an+1 + na, + a, =0 for n > 0.
Thus, @, 2 = % for n > 0.
In particular, as = —%al 1a0, as = %( % a; — ao +a) = —lal + %CL(], and

y:ao[l—é(x—1)2+6(x—1)3+ |+ a [:c—l) Yo — 12— fz—1)P%+-].



Ex. 4. Calculate the Laplace transform, £[f(¢)], of the function f(¢) = 5t*. Show the details
and use limits to evaluate any improper integrals.

Solution:

L[5t](s) = [ e 582 dt = 5limy_oe [ 25 dt

Integrating by parts twice we get

[tPemtdt =1 =te ™ — [2=Le " dt = =P '+ 2 [t dt =

_ —?1t2€fst_‘_ 2 ( —1efst 11;1 —st dt) _

_ —?1t2€fst 2tefst + ii_sl —st | (= ot (—SltZ N S%H_ ;732) +C

So, for s > 0, L

L[5t%)(s) = 5lim_ e { 513 52t2_é_s2tst+2 — 51lim e _S% (52A22_S%43A+2 _ 6%) _ 55%’
where the last equation follows from I Hospital Rule.

Answer: L[5t?](s) = 1 for s > 0.

Ex. 5. Use Laplace transforms to solve y” + 5y’ — 6y = 3, y(0) = 0, ¥/(0) = 1. Recall
that L[e”] = L= for s > a. (For a = 0 this gives L[1] = 1.)

Solution:
Lly"] +5L[y'] — 6L[y] = 3L[1]; so
(s*Lly] — sy(0) — y'(0)) + 5(L[y ())—GEH—?%;thus

(s +5s = 6)L[y] — sy(0) —y'(0) — 5y(0) = %; ie.,

(s—=1)(s+6)Lly] —1=2. Therefore
_ 3+s _a b o (s +55—6)+b(s2+65)+c(s2—s) _ (atb+c)s?+(5a+6b—c)s—6a
L[y = oD eT8) — s To1 T i = s(5—1)(s+6) = s(5—1)(516) - So,

—6a=3, ba+6b—c=1, a+b+c=0;
a=—0.5, 6b—c=3.5, b+ c=0.5; adding two equations, 7b = 4; so b = 4/7.

Hence ¢ =1 -4 = _L andg[y]:_luré;_i; 0
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