
Solutions to Exercises 7

10
z2 � z1 D b1

z3 � z2 D b2

0 � z3 D b3

z1 D �b1 � b2 � b3

z2 D �b2 � b3

z3 D �b3

D
"�1 �1 �1

0 �1 �1
0 0 �1

# "
b1

b2

b3

#
D ��1b

11 The forward differences of the squares are.t C 1/2 � t2 D t2 C 2t C 1 � t2 D 2t C 1.
Differences of thenth power are.t C 1/n � tn D tn � tn C ntn�1 C � � � . The leading
term is the derivativentn�1. The binomial theorem gives all the terms of.t C 1/n.

12 Centered difference matrices ofevensize seem to be invertible. Look at eqns.1 and4:

2
64

0 1 0 0
�1 0 1 0

0 �1 0 1
0 0 �1 0

3
75

2
64

x1

x2

x3

x4

3
75 D

2
64

b1

b2

b3

b4

3
75

First
solve
x2 D b1

�x3 D b4

2
64

x1

x2

x3

x4

3
75 D

2
64

�b2 � b4

b1

�b4

b1 C b3

3
75

13 Odd size: The five centered difference equations lead tob1 C b3 C b5 D 0.

x2 D b1

x3 � x1 D b2

x4 � x2 D b3

x5 � x3 D b4

� x4 D b5

Add equations1; 3; 5
The left side of the sum is zero
The right side isb1 C b3 C b5

There cannot be a solution unlessb1 C b3 C b5 D 0.

14 An example is.a; b/ D .3; 6/ and.c; d/ D .1; 2/. The ratiosa=c andb=d are equal.
Thenad D bc. Then (when you divide bybd ) the ratiosa=b andc=d are equal!

Problem Set 2.1, page 40

1 The columns arei D .1; 0; 0/ andj D .0; 1; 0/ andk D .0; 0; 1/ andb D .2; 3; 4/ D
2i C 3j C 4k.

2 The planes are the same:2x D 4 is x D 2, 3y D 9 is y D 3, and4z D 16 is z D 4. The
solution is the same pointX D x. The columns are changed; but same combination.

3 The solution is not changed! The second plane and row 2 of the matrix and all columns
of the matrix (vectors in the column picture) are changed.

4 If z D 2 thenx C y D 0 andx � y D z give the point.1; �1; 2/. If z D 0 then
x C y D 6 andx � y D 4 produce.5; 1; 0/. Halfway between those is.3; 0; 1/.

5 If x; y; z satisfy the first two equations they also satisfy the third equation. The line
L of solutions containsv D .1; 1; 0/ andw D .1

2
; 1; 1

2
/ andu D 1

2
v C 1

2
w and all

combinationscv C dw with c C d D 1.

6 Equation1 C equation2 � equation3 is now0 D �4. Line misses plane;no solution.

7 Column3 D Column 1 makes the matrix singular. Solutions.x; y; z/ D .1; 1; 0/ or
.0; 1; 1/ and you can add any multiple of.�1; 0; 1/; b D .4; 6; c/ needsc D 10 for
solvability (thenb lies in the plane of the columns).

8 Four planes in 4-dimensional space normally meet at apoint. The solution toAx D
.3; 3; 3; 2/ is x D .0; 0; 1; 2/ if A has columns.1; 0; 0; 0/; .1; 1; 0; 0/; .1; 1; 1; 0/,
.1; 1; 1; 1/. The equations arex C y C z C t D 3; y C z C t D 3; z C t D 3; t D 2.

9 (a) Ax D .18; 5; 0/ and (b) Ax D .3; 4; 5; 5/.
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10 Multiplying as linear combinations of the columns gives thesameAx. By rows or by
columns:9 separate multiplications for3 by 3.

11 Ax equals.14; 22/ and.0; 0/ and (9; 7/.

12 Ax equals.z; y; x/ and.0; 0; 0/ and (3; 3; 6/.

13 (a) x hasn components andAx hasm components (b) Planes from each equation
in Ax D b are inn-dimensional space, but the columns are inm-dimensional space.

14 2x C 3y C z C 5t D 8 is Ax D b with the 1 by 4 matrix A D Œ 2 3 1 5 �. The
solutionsx fill a 3D “plane” in 4 dimensions. It could be called ahyperplane.

15 (a) I D
�

1 0
0 1

�
(b) P D

�
0 1
1 0

�

16 90ı rotation fromR D
�

0 1
�1 0

�
, 180ı rotation fromR2 D

�
�1 0

0 �1

�
D �I .

17 P D
"

0 1 0
0 0 1
1 0 0

#
produces.y; z; x/ andQ D

"
0 0 1
1 0 0
0 1 0

#
recovers.x; y; z/. Q is the

inverse ofP .

18 E D
�

1 0
�1 1

�
andE D

"
1 0 0

�1 1 0
0 0 1

#
subtract the first component from the second.

19 E D
"

1 0 0
0 1 0
1 0 1

#
andE�1 D

"
1 0 0
0 1 0

�1 0 1

#
, Ev D .3; 4; 8/ andE�1Ev recovers

.3; 4; 5/.

20 P1 D
�

1 0
0 0

�
projects onto thex-axis andP2 D

�
0 0
0 1

�
projects onto they-axis.

v D
�

5
7

�
hasP1v D

�
5
0

�
andP2P1v D

�
0
0

�
.

21 R D 1

2

�p
2 �

p
2p

2
p

2

�
rotates all vectors by 45ı . The columns ofR are the results from

rotating.1; 0/ and.0; 1/!

22 The dot productAx D Œ 1 4 5 �

"
x
y
z

#
D .1 by 3/.3 by 1/ is zero for points.x; y; z/

on a plane in three dimensions. The columns ofA are one-dimensional vectors.

23 A D Œ 1 2 I 3 4 � andx D Œ 5 �2 � 0 andb D Œ 1 7 � 0. r D b�A�x prints as zero.

24 A � v D Œ 3 4 5 � 0 andv 0 � v D 50. But v � A gives an error message from 3 by 1
times 3 by 3.

25 ones.4; 4/ � ones.4; 1/ D Œ 4 4 4 4 � 0; B � w D Œ 10 10 10 10 � 0.
26 The row picture has two lines meeting at the solution (4; 2). The column picture will

have4.1; 1/ C 2.�2; 1/ D 4(column 1)C 2(column 2)D right side.0; 6/.

27 The row picture shows2 planesin 3-dimensional space. The column picture is in
2-dimensional space. The solutions normally lie on aline.
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28 The row picture shows fourlines in the 2D plane. The column picture is infour-
dimensional space. No solution unless the right side is a combination ofthe two columns.

29 u2 D
�

:7
:3

�
andu3 D

�
:65
:35

�
. The components add to 1. They are always positive.

u7; v7; w7 are all close to.:6; :4/. Their components still add to 1.

30

�
:8 :3
:2 :7

� �
:6
:4

�
D

�
:6
:4

�
D steady states. No change when multiplied by

�
:8 :3
:2 :7

�
.

31 M D
"

8 3 4
1 5 9
6 7 2

#
D

"
5 C u 5 � u C v 5 � v

5 � u � v 5 5 C u C v
5 C v 5 C u � v 5 � u

#
; M3.1; 1; 1/ D .15; 15; 15/;

M4.1; 1; 1; 1/ D .34; 34; 34; 34/ because1 C 2 C � � � C 16 D 136 which is4.34/.

32 A is singular when its third columnw is a combinationcu C dv of the first columns.
A typical column picture hasb outside the plane ofu, v, w. A typical row picture has
the intersection line of two planes parallel to the third plane.Then no solution.

33 w D .5; 7/ is 5u C 7v. ThenAw equals5 timesAu plus7 timesAv.

34

2
64

2 �1 0 0
�1 2 �1 0

0 �1 2 �1
0 0 �1 2

3
75

2
64

x1

x2

x3

x4

3
75 D

2
64

1
2
3
4

3
75 has the solution

2
64

x1

x2

x3

x4

3
75 D

2
64

4
7
8
6

3
75.

35 x D .1; : : : ; 1/ givesSx D sum of each rowD 1C� � �C9 D 45 for Sudoku matrices.
6 row orders.1; 2; 3/, .1; 3; 2/, .2; 1; 3/, .2; 3; 1/, .3; 1; 2/, .3; 2; 1/ are in Section 2.7.
The same6 permutations ofblocksof rows produce Sudoku matrices, so64 D 1296
orders of the9 rows all stay Sudoku. (And also1296 permutations of the9 columns.)

Problem Set 2.2, page 51

1 Multiply by `21 D 10
2

D 5 and subtract to find2x C3y D 14 and�6y D 6. The pivots
to circle are 2 and�6.

2 �6y D 6 givesy D �1. Then2x C 3y D 1 givesx D 2. Multiplying the right side
.1; 11/ by 4 will multiply the solution by 4 to give the new solution.x; y/ D .8; �4/.

3 Subtract�1
2

(or add 1
2
) times equation 1. The new second equation is3y D 3. Then

y D1 andx D5. If the right side changes sign, so does the solution:.x; y/D.�5; �1/.

4 Subtract̀ D c
a

times equation 1. The new second pivot multiplyingy is d � .cb=a/
or .ad � bc/=a. Theny D .ag � cf /=.ad � bc/.

5 6x C 4y is 2 times3x C 2y. There is no solution unless the right side is2 � 10 D 20.
Then all the points on the line3x C2y D 10 are solutions, including.0; 5/ and.4; �1/.
(The two lines in the row picture are the same line, containing all solutions).

6 Singular system ifb D 4, because4x C 8y is 2 times2x C 4y. Theng D 32 makes
the lines become thesame: infinitely many solutions like.8; 0/ and.0; 4/.

7 If a D 2 elimination must fail (two parallel lines in the row picture). The equations
have no solution. Witha D 0, elimination will stop for a row exchange. Then3y D �3
givesy D �1 and4x C 6y D 6 givesx D 3.
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8 If k D 3 elimination must fail: no solution. Ifk D �3, elimination gives0 D 0 in
equation 2: infinitely many solutions. Ifk D 0 a row exchange is needed: one solution.

9 On the left side,6x � 4y is 2 times.3x � 2y/. Therefore we needb2 D 2b1 on the
right side. Then there will be infinitely many solutions (twoparallel lines become one
single line).

10 The equationy D 1 comes from elimination (subtractx C y D 5 from x C 2y D 6).
Thenx D 4 and5x � 4y D c D 16.

11 (a) Another solution is1
2
.x CX; y CY; z CZ/. (b) If 25 planes meet at two points,

they meet along the whole line through those two points.

12 Elimination leads to an upper triangular system; then comesback substitution.
2x C 3y C z D 8

y C 3z D 4

8z D 8

gives
x D 2

y D 1 If a zero is at the start of row 2 or 3,
z D 1 that avoids a row operation.

13 2x � 3y D 3

4x � 5y C z D 7

2x � y � 3z D 5

gives
2x � 3y D 3

y C z D 1

2y C 3z D 2

and
2x � 3y D 3

y C z D 1

� 5z D 0

and
x D 3

y D 1

z D 0

Subtract 2� row 1 from row 2, subtract 1� row 1 from row 3, subtract 2� row 2 from
row 3

14 Subtract2 times row 1 from row 2 to reach.d �10/y�z D 2. Equation (3) isy�z D 3.
If d D 10 exchange rows 2 and 3. Ifd D 11 the system becomes singular.

15 The second pivot position will contain�2 � b. If b D �2 we exchange with row 3. If
b D �1 (singular case) the second equation is�y � z D 0. A solution is.1; 1; �1/.

16 (a)
Example of
2 exchanges

0x C 0y C 2z D 4

x C 2y C 2z D 5

0x C 3y C 4z D 6

(exchange 1 and 2, then 2 and 3)

(b)

Exchange
but then
break down

0x C 3y C 4z D 4

x C 2y C 2z D 5

0x C 3y C 4z D 6

(rows 1 and 3 are not consistent)

17 If row 1 D row 2, then row 2 is zero after the first step; exchange the zerorow with row
3 and there is nothird pivot. If column2 D column 1, then column2 has no pivot.

18 Examplex C 2y C 3z D 0, 4x C 8y C 12z D 0, 5x C 10y C 15z D 0 has 9 different
coefficients but rows 2 and 3 become0 D 0: infinitely many solutions.

19 Row 2 becomes3y � 4z D 5, then row 3 becomes.q C 4/z D t � 5. If q D �4 the
system is singular—no third pivot. Then ift D 5 the third equation is0 D 0. Choosing
z D 1 the equation3y � 4z D 5 givesy D 3 and equation 1 givesx D �9.

20 Singular if row 3 is a combination of rows 1 and 2. From the end view, the three planes
form a triangle. This happens if rows1C2 D row 3 on the left side but not the right
side:xCyCz D0, x�2y�z D1, 2x�y D4. No parallel planes but still no solution.

21 (a) Pivots2;
3
2

;
4
3

;
5
4

in the equations2x C y D 0;
3
2

y C z D 0;
4
3

z C t D 0;
5
4

t D 5

after elimination. Back substitution givest D 4; z D �3; y D 2; x D �1. (b) If
the off-diagonal entries change fromC1 to �1, the pivots are the same. The solution is
.1; 2; 3; 4/ instead of.�1; 2; �3; 4/.

22 The fifth pivot is 6
5

for both matrices (1’s or�1’s off the diagonal). Thenth pivot is
nC1

n
.
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23 If ordinary elimination leads tox C y D 1 and2y D 3, the original second equation
could be2y C `.x C y/ D 3 C ` for any `. Then` will be the multiplier to reach
2y D 3.

24 Elimination fails on

�
a 2
a a

�
if a D 2 or a D 0.

25 a D 2 (equal columns),a D 4 (equal rows),a D 0 (zero column).
26 Solvable fors D 10 (add the two pairs of equations to getaCbCcCd on the left sides,

12 and2 C s on the right sides). The four equations fora; b; c; d aresingular! Two

solutions are
�

1 3
1 7

�
and

�
0 4
2 6

�
, A D

2
64

1 1 0 0
1 0 1 0
0 0 1 1
0 1 0 1

3
75 andU D

2
64

1 1 0 0
0 �1 1 0
0 0 1 1
0 0 0 0

3
75.

27 Elimination leaves the diagonal matrix diag.3; 2; 1/ in 3x D 3; 2y D 2; z D 4. Then
x D 1; y D 1; z D 4.

28 A.2; W/ D A.2; W/ � 3 � A.1; W/ subtracts3 times row1 from row2.
29 The average pivots for rand(3)withoutrow exchanges were1

2
; 5; 10 in one experiment—

but pivots 2 and 3 can be arbitrarily large. Their averages are actually infinite !With
row exchangesin MATLAB’s lu code, the averages:75 and :50 and :365 are much
more stable (and should be predictable, also for randn with normal instead of uniform
probability distribution).

30 If A.5; 5/ is 7 not11, then the last pivot will be0 not4.
31 Rowj of U is a combination of rows1; : : : ; j of A. If Ax D 0 thenU x D 0 (not true

if b replaces0). U is the diagonal ofA whenA is lower triangular.

32 The question deals with 100 equationsAx D 0 whenA is singular.

(a) Some linear combination of the 100 rows isthe row of 100 zeros.
(b) Some linear combination of the 100columnsis the column of zeros.

(c) A very singular matrix has all ones:A D eye(100). A better example has 99
random rows (or the numbers1i ; : : : ; 100i in those rows). The 100th row could
be the sum of the first 99 rows (or any other combination of those rows with no
zeros).

(d) The row picture has 100 planesmeeting along a common line through0. The
column picture has 100 vectors all in the same 99-dimensional hyperplane.

Problem Set 2.3, page 63

1 E21 D
"

1 0 0
�5 1 0

0 0 1

#
; E32 D

"
1 0 0
0 1 0
0 7 1

#
; P D

"
1 0 0
0 0 1
0 1 0

# "
0 1 0
1 0 0
0 0 1

#
D

"
0 1 0
0 0 1
1 0 0

#
.

2 E32E21b D .1; �5; �35/ but E21E32b D .1; �5; 0/. WhenE32 comes first, row 3
feels no effect from row 1.

3

"
1 0 0

�4 1 0
0 0 1

#
;

"
1 0 0
0 1 0
2 0 1

#
;

"
1 0 0
0 1 0
0 �2 1

#
M D E32E31E21 D

"
1 0 0

�4 1 0
10 �2 1

#
:
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4 Elimination on column 4:b D

2
64

1

0

0

3
75

E21!

2
64

1

�4

0

3
75

E31!

2
64

1

�4

2

3
75

E32!

2
64

1

�4

10

3
75. The

original Ax D b has becomeU x D c D .1; �4; 10/. Then back substitution gives
z D �5; y D 1

2
; x D 1

2
: This solvesAx D .1; 0; 0/.

5 Changinga33 from 7 to11 will change the third pivot from 5 to 9. Changinga33 from
7 to 2 will change the pivot from 5 tono pivot.

6 Example:

2
64

2 3 7

2 3 7

2 3 7

3
75

2
64

1

3

�1

3
75 D

2
64

4

4

4

3
75. If all columns are multiples of column1,

there is no second pivot.

7 To reverseE31, add 7 times row1 to row 3. The inverse of the elimination matrix

E D

2
64

1 0 0

0 1 0

�7 0 1

3
75 is E�1 D

2
64

1 0 0

0 1 0

7 0 1

3
75.

8 M D
�

a b
c d

�
andM * D

�
a b

c � `a d � `b

�
. detM * D a.d � `b/ � b.c � `a/

reduces toad � bc!

9 M D
"

1 0 0
0 0 1

�1 1 0

#
. After the exchange, we needE31 (notE21) to act on the new row 3.

10 E13 D
"

1 0 1
0 1 0
0 0 1

#
I
"

1 0 1
0 1 0
1 0 1

#
I E31E13 D

"
2 0 1
0 1 0
1 0 1

#
: Test on the identity matrix!

11 An example with two negative pivots isA D
"

1 2 2
1 1 2
1 2 1

#
. The diagonal entries can

change sign during elimination.

12 The first product is

"
9 8 7
6 5 4
3 2 1

#
rows and
also columns
reversed.

The second product is

"
1 2 3
0 1 �2
0 2 �3

#
.

13 (a) E times the third column ofB is the third column ofEB. A column that starts
at zero will stay at zero. (b)E could add row2 to row 3 to change a zero row to a
nonzero row.

14 E21 has�`21 D 1
2
, E32 has�`32 D 2

3
, E43 has�`43 D 3

4
. Otherwise theE ’s matchI .

15 aij D 2i � 3j : A D
"�1 �4 �7

1 �2 �5
3 0 �3

#
!

"�1 �4 �7
0 �6 �12
0 �12 �24

#
. The zero became�12,

an example offill-in . To remove that�12, chooseE32 D
"

1 0 0
0 1 0
0 �2 1

#
.
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16 (a) The ages ofX andY arex andy: x � 2y D 0 andx C y D 33; x D 22 and
y D 11 (b) The liney D mx C c containsx D 2, y D 5 andx D 3, y D 7 when
2m C c D 5 and3m C c D 7. Thenm D 2 is the slope.

17 The parabolay DaCbxCcx2 goes through the3 given points when
aC bC c D 4
aC 2bC 4c D 8
aC 3bC 9c D 14

.

Thena D 2, b D 1, andc D 1. This matrix with columns.1; 1; 1/, .1; 2; 3/, .1; 4; 9/
is a “Vandermonde matrix.”

18 EF D
"

1 0 0
a 1 0
b c 1

#
, FE D

"
1 0 0
a 1 0

bCac c 1

#
, E2 D

"
1 0 0

2a 1 0
2b 0 1

#
, F 3 D

"
1 0 0
0 1 0
0 3c 1

#
:

19 PQ D
"

0 1 0
0 0 1
1 0 0

#
. In the opposite order, two row exchanges giveQP D

"
0 0 1
1 0 0
0 1 0

#
,

If M exchanges rows2 and3 thenM 2 D I (also.�M /2 D I ). There are many square

roots ofI : Any matrixM D
�

a b
c �a

�
hasM 2 D I if a2 C bc D 1.

20 (a) Each column ofEB is E times a column ofB (b)

�
1 0
1 1

� �
1 2 4
1 2 4

�
D

�
1 2 4
2 4 8

�
. All rows of EB aremultiplesof

�
1 2 4

�
.

21 No. E D
�

1 0
1 1

�
andF D

�
1 1
0 1

�
giveEF D

�
1 1
1 2

�
butFE D

�
2 1
1 1

�
.

22 (a)
P

a3j xj (b) a21 � a11 (c) a21 � 2a11 (d) .EAx/1 D .Ax/1 D
P

a1j xj .

23 E.EA/ subtracts4 times row1 from row 2 (EEA does the row operation twice).
AE subtracts2 times column2 of A from column1 (multiplication byE on the right
side acts oncolumnsinstead of rows).

24
�
A b

�
D

�
2 3 1
4 1 17

�
!

�
2 3 1
0 �5 15

�
. The triangular system is

2x1 C 3x2 D 1
�5x2 D 15

Back substitution givesx1 D 5 andx2 D �3.

25 The last equation becomes0 D 3. If the original 6 is 3, then row 1C row 2D row 3.

26 (a) Add two columnsb andb�
�

1 4 1 0
2 7 0 1

�
!

�
1 4 1 0
0 �1 �2 1

�
! x D

�
�7

2

�

andx� D
�

4
�1

�
.

27 (a) No solution ifd D0 andc ¤0 (b) Many solutions ifd D0Dc. No effect froma; b.

28 A D AI D A.BC/ D .AB/C D IC D C . That middle equation is crucial.
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29 E D

2
64

1 0 0 0
�1 1 0 0

0 �1 1 0
0 0 �1 1

3
75 subtracts each row from the next row. The result

2
64

1 0 0 0
0 1 0 0
0 1 1 0
0 1 2 1

3
75

still has multipliersD 1 in a 3 by 3 Pascal matrix. The productM of all elimination

matrices is

2
64

1 0 0 0
�1 1 0 0

1 �2 1 0
�1 3 �3 1

3
75. This “alternating sign Pascal matrix” is on page 88.

30 Given positive integers withad � bc D 1. Certainlyc < a andb < d would be
impossible. Alsoc > a andb > d would be impossible with integers. This leaves

row 1 < row 2 OR row 2 < row 1. An example isM D
�

3 4
2 3

�
. Multiply by

�
1 �1
0 1

�
to get

�
1 1
2 3

�
, then multiply twice by

�
1 0

�1 1

�
to get

�
1 1
0 1

�
. This shows

thatM D
�

1 1
0 1

� �
1 0
1 1

� �
1 0
1 1

� �
1 1
0 1

�
.

31 E21 D

2
664

1

1=2 1

0 0 1

0 0 0 1

3
775, E32 D

2
664

1

0 1

0 2=3 1

0 0 0 1

3
775, E43 D

2
664

1

0 1

0 0 1

0 0 3=4 1

3
775,

E43 E32 E21 D

2
664

1

1=2 1

1=3 2=3 1

1=4 2=4 3=4 1

3
775

Problem Set 2.4, page 75

1 If all entries ofA; B; C; D are1, thenBA D 3 ones.5/ is 5 by 5; AB D 5 ones.3/ is 3
by 3; ABD D 15 ones.3; 1/ is 3 by 1. DBA andA.B C C/ are not defined.

2 (a) A (column 3 ofB) (b) (Row 1 ofA) B (c) (Row 3 ofA)(column 4 ofB)
(d) (Row 1 ofC )D(column 1 ofE).

3 AB C AC is the same asA.B C C/ D
�

3 8
6 9

�
. (Distributive law).

4 A.BC/ D .AB/C by theassociative law. In this example both answers are

�
0 0
0 0

�

from column1 of AB and row2 of C (multiply columns times rows).

5 (a) A2 D
�

1 2b
0 1

�
andAn D

�
1 nb
0 1

�
. (b) A2 D

�
4 4
0 0

�
andAn D

�
2n 2n

0 0

�
.

6 .A C B/2 D
�

10 4
6 6

�
D A2 C AB C BA C B2. But A2 C 2AB C B2 D

�
16 2
3 0

�
.

7 (a) True (b) False (c) True (d) False: usually.AB/2 ¤ A2B2.
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8 The rows ofDA are3 (row 1 of A) and5 (row 2 of A). Both rows ofEA are row2 of A.
The columns ofAD are3 (column1 of A) and5 (column2 of A). The first column of
AE is zero, the second is column1 of A C column2 of A.

9 AF D
"

a a C b

c c C d

#
andE.AF / equals.EA/F because matrix multiplication is

associative.

10 FA D
"

a C c b C d

c d

#
and thenE.FA/ D

"
a C c b C d

a C 2c b C 2d

#
. E.FA/ is not

the same asF.EA/ because multiplication is not commutative.

11 (a) B D 4I (b) B D 0 (c) B D
"

0 0 1
0 1 0
1 0 0

#
(d) Every row ofB is 1; 0; 0.

12 AB D
"

a 0

c 0

#
D BA D

"
a b

0 0

#
givesb D c D 0. ThenAC D CA gives

a D d . The only matrices that commute withB andC (and all other matrices) are
multiples ofI : A D aI .

13 .A � B/2 D .B � A/2 D A.A � B/ � B.A � B/ D A2 � AB � BA C B2. In a typical
case (whenAB ¤ BA) the matrixA2 � 2AB C B2 is different from.A � B/2.

14 (a) True (A2 is only defined whenA is square) (b) False (ifA is m by n andB is n
by m, thenAB is m by m andBA is n by n). (c) True (d) False (takeB D 0).

15 (a) mn (use every entry ofA) (b) mnp D p�part (a) (c) n3 (n2 dot products).

16 (a) Use only column 2 ofB (b) Use only row 2 ofA (c)–(d) Use row 2 of firstA.

17 A D

2
64

1 1 1

1 2 2

1 2 3

3
75 hasaij D min.i; j /. A D

2
64

1 �1 1

�1 1 �1

1 �1 1

3
75 hasaij D .�1/iCj D

“alternating sign matrix”.A D

2
64

1=1 1=2 1=3

2=1 2=2 2=3

3=1 3=2 3=3

3
75 hasaij D i=j (this will be an

example of arank one matrix).

18 Diagonal matrix, lower triangular, symmetric, all rows equal. Zero matrix fits all four.
19 (a) a11 (b) `31 D a31=a11 (c) a32 � .a31

a11
/a12 (d) a22 � .a21

a11
/a12.

20 A2 D

2
6664

0 0 4 0

0 0 0 4

0 0 0 0

0 0 0 0

3
7775 ; A3 D

2
6664

0 0 0 8

0 0 0 0

0 0 0 0

0 0 0 0

3
7775 ; A4 D zero matrix forstrictly triangular A.

ThenAv D A

2
6664

x

y

z

t

3
7775 D

2
6664

2y

2z

2t

0

3
7775 ; A2v D

2
6664

4z

4t

0

0

3
7775 ; A3v D

2
6664

8t

0

0

0

3
7775 ; A4v D 0.
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21 A D A2 D A3 D � � � D
"

:5 :5

:5 :5

#
butAB D

"
:5 �:5

:5 �:5

#
and.AB/2 D zero matrix!

22 A D
�

0 1
�1 0

�
hasA2 D �I ; BC D

�
1 �1
1 �1

� �
1 1
1 1

�
D

�
0 0
0 0

�
;

DE D
�

0 1
1 0

� �
0 1

�1 0

�
D

�
�1 0

0 1

�
D �ED. You can find more examples.

23 A D
"

0 1

0 0

#
hasA2 D 0. Note: Any matrixA D column times rowD uvT will

haveA2 D uvTuvT D 0 if vTu D 0. A D

2
64

0 1 0

0 0 1

0 0 0

3
75 hasA2 D

2
64

0 0 1

0 0 0

0 0 0

3
75

butA3 D 0; strictly triangular as in Problem 20.

24 .A1/n D
�

2n 2n � 1
0 1

�
, .A2/n D 2n�1

�
1 1
1 1

�
, .A3/n D

�
an an�1b
0 0

�
.

25

2
4

a b c

d e f
g h i

3
5

2
4

1 0 0

0 1 0
0 0 1

3
5D

2
4

a

d
g

3
5

�
1 0 0

�

C

2
4

d

e
h

3
5

�
0 1 0

�

C

2
4

c

f
i

3
5

�
0 0 1

�

.

26
Columns ofA
times rows ofB

"
1
2
2

#
�
3 3 0

�
C

"
0
4
1

#
�
1 2 1

�
D

"
3 3 0
6 6 0
6 6 0

#
C

"
0 0 0
4 8 4
1 2 1

#
D

"
3 3 0

10 14 4
7 8 1

#
D AB.

27 (a) (row 3 ofA) � (column 1 ofB) and (row 3 ofA) � (column 2 ofB) are both zero.

(b)

"
x
x
0

#
�

0 x x
�
D

"
0 x x
0 x x
0 0 0

#
and

"
x
x
x

#
�

0 0 x
�
D

"
0 0 x
0 0 x
0 0 x

#
: both upper.

28
A timesB
with cuts A

� ˇ̌
ˇ̌

ˇ̌
ˇ̌

ˇ̌
ˇ̌

�
,

�
����

�
B,

�
����

� � ˇ̌
ˇ̌

ˇ̌
ˇ̌

ˇ̌
ˇ̌

�
,

� ˇ̌
ˇ̌

ˇ̌
ˇ̌

� �
����
����

�

29 E21 D
"

1 0 0
1 1 0
0 0 1

#
andE31 D

"
1 0 0
0 1 0

�4 0 1

#
produce zeros in the2; 1 and3; 1 entries.

Multiply E ’s to getE D E31E21 D
"

1 0 0
1 1 0

�4 0 1

#
. ThenEA D

"
2 1 0
0 1 1
0 1 3

#
is the

result of bothE ’s since.E31E21/A D E31.E21A/.

30 In 29, c D
�

�2
8

�
, D D

�
0 1
5 3

�
, D � cb=a D

�
1 1
1 3

�
in the lower corner ofEA.

31

�
A �B
B A

� �
x
y

�
D

�
Ax � By
Bx C Ay

�
real part
imaginary part.

Complex matrix times complex vector
needs4 real times real multiplications.
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32 A timesX D Œ x1 x2 x3 � will be the identity matrixI D Œ Ax1 Ax2 Ax3 �.

33 b D
"

3
5
8

#
givesx D 3x1 C 5x2 C 8x3 D

"
3
8

16

#
I A D

"
1 0 0

�1 1 0
0 �1 1

#
will have

thosex1 D .1; 1; 1/; x2 D .0; 1; 1/; x3 D .0; 0; 1/ as columns of its “inverse”A�1.

34 A� onesD
�

a C b a C b
c C d c C d

�
agrees withones�A D

�
a C c b C b
a C c b C d

�
whenb D c
anda D d

ThenA D
�

a b
b a

�
.

35 A D

2
64

0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

3
75 ; A2 D

2
64

2 0 2 0
0 2 0 2
2 0 2 0
0 2 0 2

3
75 ;

aba, ada cba, cda
bab, bcb dab, dcb
abc, adc cbc, cdc
bad, bcd dad, dcd

These show
16 2-step
paths in
the graph

36 Multiplying AB D(m by n)(n by p) needsmnp multiplications. Then.AB/C needs
mpq more. MultiplyBC D (n by p)(p by q) needsnpq and thenA.BC/ needsmnq.

(a) If m; n; p; q are2; 4; 7; 10 we compare.2/.4/.7/ C .2/.7/.10/ D 196 with the
larger number.2/.4/.10/ C .4/.7/.10/ D 360. SoAB first is better, so that we
multiply that7 by 10 matrix by as few rows as possible.

(b) If u; v; w areN by 1, then.uTv/wT needs2N multiplications butuT.vwT/ needs
N 2 to findvwT andN 2 more to multiply by the row vectoruT. Apologies to use
the transpose symbol so early.

(c) We are comparingmnp C mpq with mnq C npq. Divide all terms bymnpq:
Now we are comparingq�1Cn�1 with p�1Cm�1. This yields a simple important
rule. If matricesA andB are multiplyingv for ABv, don’t multiply the matrices
first .

37 The proof of.AB/c D A.Bc/ used the column rule for matrix multiplication—this
rule is clearly linear, column by column.

Even for nonlinear transformations,A.B.c// would be the“composition” of A with B
(applyingB thenA). This compositionA ı B is justAB for matrices.

One of many uses for the associative law: The left-inverseB = right-inverseC from
B D B.AC/ D .BA/C D C .

Problem Set 2.5, page 89

1 A�1 D
�

0 1
4

1
3

0

�
and B�1 D

�
1
2

0

�1 1
2

�
and C �1 D

�
7 �4

�5 3

�
.

2 A simple row exchange hasP 2 D I soP �1 D P . HereP �1 D
"

0 0 1
1 0 0
0 1 0

#
. Always

P �1 = “transpose” ofP , coming in Section2:7.
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3

�
x
y

�
D

�
:5

�:2

�
and

�
t
z

�
D

�
�:2

:1

�
so A�1 D 1

10

�
5 �2

�2 1

�
. This question solved

AA�1 D I column by column, the main idea of Gauss-Jordan elimination.

4 The equations arex C 2y D 1 and3x C 6y D 0. No solution because3 times equation
1 gives3x C 6y D 3.

5 An upper triangularU with U 2 D I is U D
�

1 a
0 �1

�
for anya. And also�U .

6 (a) Multiply AB D AC by A�1 to find B D C (sinceA is invertible) (b) As long

asB � C has the form
�

x y
�x �y

�
, we haveAB D AC for A D

�
1 1
1 1

�
.

7 (a) In Ax D .1; 0; 0/, equation 1C equation 2� equation 3 is0 D 1 (b) Right
sides must satisfyb1Cb2 D b3 (c) Row 3 becomes a row of zeros—no third pivot.

8 (a) The vectorx D .1; 1; �1/ solvesAx D 0 (b) After elimination, columns 1
and 2 end in zeros. Then so does column3 D column1 C 2: no third pivot.

9 If you exchange rows1 and2 of A to reachB, you exchangecolumns1 and2 of A�1

to reachB�1. In matrix notation,B D PA hasB�1 D A�1P �1 D A�1P for thisP .

10 A�1 D

2
64

0 0 0 1=5
0 0 1=4 0
0 1=3 0 0

1=2 0 0 0

3
75 andB�1 D

2
64

3 �2 0 0
�4 3 0 0

0 0 6 �5
0 0 �7 6

3
75 (invert each

block ofB).

11 (a) If B D �A then certainlyACB = zero matrix is not invertible. (b)A D
�

1 0
0 0

�

andB D
�

0 0
0 1

�
are both singular butA C B D I is invertible.

12 Multiply C D AB on the left byA�1 and on the right byC �1: ThenA�1 D BC �1.

13 M �1 D C �1B�1A�1 so multiply on the left byC and the right byA W B�1 D
CM �1A.

14 B�1 D A�1

�
1 0
1 1

��1

D A�1

�
1 0

�1 1

�
: subtract column 2 ofA�1 from column 1.

15 If A has a column of zeros, so doesBA. ThenBA D I is impossible. There is noA�1.

16

�
a b
c d

� �
d �b

�c a

�
D

�
ad � bc 0

0 ad � bc

�
.

The inverse of each matrix is
the other divided byad � bc

17 E32E31E21 D
"

1
1

�1 1

# "
1

1
1 1

# "
1

�1 1
1

#
D

"
1

�1 1
0 �1 1

#
D E.

Reverse the order and change�1 to C1 to get inversesE�1
21 E�1

31 E�1
32 D

"
1
1 1
1 1 1

#
D

L D E�1. Notice the1’s unchanged by multiplying in this order.

18 A2B D I can also be written asA.AB/ D I . ThereforeA�1 is AB.



Solutions to Exercises 19

19 The .1; 1/ entry requires4a � 3b D 1; the .1; 2/ entry requires2b � a D 0. Then
b D 1

5
anda D 2

5
. For the5 by 5 case5a � 4b D 1 and2b D a give b D 1

6
and

a D 2
6

.

20 A � ones.4; 1/ is the zero vector soA cannot be invertible.

21 Six of the sixteen0 � 1 matrices are invertible, including all four with three 1’s.

22

�
1 3 1 0
2 7 0 1

�
!

�
1 3 1 0
0 1 �2 1

�
!

�
1 0 7 �3
0 1 �2 1

�
D

�
I A�1

�
;

�
1 4 1 0
3 9 0 1

�
!

�
1 4 1 0
0 �3 �3 1

�
!

�
1 0 �3 4=3
0 1 1 �1=3

�
D

�
I A�1

�
.

23 ŒA I� D
"

2 1 0 1 0 0
1 2 1 0 1 0
0 1 2 0 0 1

#
!

"
2 1 0 1 0 0
0 3=2 1 �1=2 1 0
0 1 2 0 0 1

#
!

"
2 1 0 1 0 0
0 3=2 1 �1=2 1 0
0 0 4=3 1=3 �2=3 1

#
!

"
2 1 0 1 0 0
0 3=2 0 �3=4 3=2 �3=4
0 0 4=3 1=3 �2=3 1

#
!

"
2 0 0 3=2 �1 1=2
0 3=2 0 �3=4 3=2 �3=4
0 0 4=3 1=3 �2=3 1

#
!

"
1 0 0 3=4 �1=2 1=4
0 1 0 �1=2 1 �1=2
0 0 1 1=4 �1=2 3=4

#
D

ŒI A�1�.

24

"
1 a b 1 0 0
0 1 c 0 1 0
0 0 1 0 0 1

#
!

"
1 a 0 1 0 �b
0 1 0 0 1 �c
0 0 1 0 0 1

#
!

"
1 0 0 1 �a ac � b
0 1 0 0 1 �c
0 0 1 0 0 1

#
.

25

"
2 1 1
1 2 1
1 1 2

#�1

D 1

4

"
3 �1 �1

�1 3 �1
�1 �1 3

#
I
"

2 �1 �1
�1 2 �1
�1 �1 2

# "
1
1
1

#
D

"
0
0
0

#
so B�1 does

not exist.

26 E21AD
�

1 0
�2 1

� �
1 2
2 6

�
D

�
1 2
0 2

�
. E12E21AD

�
1 �1
0 1

� �
1 0

�2 1

�
A D

�
1 0
0 2

�
.

Multiply by D D
�

1 0
0 1=2

�
to reachDE12E21A D I . ThenA�1 D DE12E21 D

1
2

�
6 �2

�2 1

�
.

27 A�1 D
"

1 0 0
�2 1 �3

0 0 1

#
(notice the pattern);A�1 D

"
2 �1 0

�1 2 �1
0 �1 1

#
.

28

�
0 2 1 0
2 2 0 1

�
!

�
2 2 0 1
0 2 1 0

�
!

�
2 0 �1 1
0 2 1 0

�
!

�
1 0 �1=2 1=2
0 1 1=2 0

�
.

This is
�
I A�1

�
: row exchanges are certainly allowed in Gauss-Jordan.

29 (a) True (IfA has a row of zeros, then everyAB has too, andAB D I is impossible)
(b) False (the matrix of all ones is singular even with diagonal 1’s: ones(3) has 3 equal
rows) (c) True (the inverse ofA�1 is A and the inverse ofA2 is .A�1/2/.
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30 This A is not invertible forc D 7 (equal columns),c D 2 (equal rows),c D 0 (zero
column).

31 Elimination produces the pivotsa anda�b anda�b. A�1 D 1

a.a � b/

"
a 0 �b

�a a 0
0 �a a

#
.

32 A�1 D

2
64

1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1

3
75. When the triangularA alternates 1 and�1 on its diagonal,

A�1 is bidiagonalwith 1’s on the diagonal and first superdiagonal.

33 x D .1; 1; : : : ; 1/ hasP x D Qx so.P � Q/x D 0.

34

�
I 0

�C I

�
and

�
A�1 0

�D�1CA�1 D�1

�
and

�
�D I

I 0

�
.

35 A can be invertible with diagonal zeros.B is singular because each row adds to zero.

36 The equationLDLD D I says thatLD D pascal .4; 1/ is its own inverse.

37 hilb(6) is not the exact Hilbert matrix because fractions are rounded off. Soinv(hilb(6))
is not the exact either.

38 The three Pascal matrices haveP D LU D LLT and theninv.P / D inv.LT/inv.L/.

39 Ax D b has many solutions whenA D ones .4; 4/ D singular matrix andb D ones
.4; 1/. Anb in MATLAB will pick the shortest solutionx D .1; 1; 1; 1/=4. This is the
only solution that is combination of the rows ofA (later it comes from the
“pseudoinverse”AC D pinv(A) which replacesA�1 whenA is singular). Any vec-
tor that solvesAx D 0 could be added to this particular solutionx.

40 The inverse ofA D

2
64

1 �a 0 0
0 1 �b 0
0 0 1 �c
0 0 0 1

3
75 is A�1 D

2
64

1 a ab abc
0 1 b bc
0 0 1 c
0 0 0 1

3
75. (This

would be a good example for the cofactor formulaA�1 D C T= detA in Section 5.3)

41 The product

2
64

1
a 1
b 0 1
c 0 0 1

3
75

2
64

1
0 1
0 d 1
0 e 0 1

3
75

2
64

1
1

1
f 1

3
75 D

2
64

1
a 1
b d 1
c e f 1

3
75

that in this order the multipliers showsa; b; c; d; e; f are unchanged in the product
(important for A D LU in Section 2.6).

42 MM �1 D .In�U V / .InCU.Im �V U /�1V / .this is testing formula3/
D In�U V CU.Im�V U /�1V �U V U.Im�V U /�1V .keep simplifying/
D In�U V CU.Im�V U /.Im�V U /�1V DIn .formulas1; 2; 4 are similar/

43 4 by 4 still with T11 D 1 has pivots1; 1; 1; 1; reversing toT � D UL makesT �
44 D 1.

44 Add the equationsCx D b to find0 D b1 C b2 C b3 C b4. Same forF x D b.

45 The block pivots areA and S D D � CA�1B (and d � cb=a is the correct
second pivot of an ordinary 2 by 2 matrix). The example problem has

S D
�

1 0
0 1

�
�

�
4
4

�
1

2

�
3 3

�
D

�
�5 �6
�6 �5

�
.
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46 Inverting the identityA.I C BA/ D .I C AB/A gives.I C BA/�1A�1 D A�1.I C
AB/�1. SoI CBA andI CAB are both invertible or both singular whenA is invertible.
(This remains true also whenA is singular : Problem 6.6.19 will show thatAB andBA
have the same nonzero eigenvalues, and we are looking here at� D �1.)

Problem Set 2.6, page 102

1 `21 D 1 multiplied row 1;L D
�

1 0
1 1

�
times

�
1 0
1 1

� �
x
y

�
D

�
5
2

�
D c is Ax D b:

�
1 1
1 2

� �
x
y

�
D

�
5
7

�
.

2 Lc D b is
�

1 0
1 1

� �
c1

c2

�
D

�
5
7

�
, solved byc D

�
5
2

�
as elimination goes forward.

U x D c is

�
1 1
0 1

� �
x
y

�
D

�
5
2

�
, solved byx D

�
3
2

�
in back substitution.

3 `31 D 1 and`32 D 2 (and`33 D 1): reverse steps to getAu D b from U x D c:
1 times.xCyCz D 5/C2 times.yC2z D 2/C1 times.z D 2/ givesxC3yC6z D 11.

4 Lc D
"

1
1 1
1 2 1

# "
5
2
2

#
D

"
5
7

11

#
; U x D

"
1 1 1

1 2
1

# "
x

#
D

"
5
2
2

#
; x D

"
5

�2
2

#
.

5 EA D
"

1
0 1

�3 0 1

# "
2 1 0
0 4 2
6 3 5

#
D

"
2 1 0
0 4 2
0 0 5

#
D U . With E�1 asL, A D LU D

"
1
0 1
3 0 1

#
U .

6

"
1
0 1
0 �2 1

# "
1

�2 1
0 0 1

#
A D

"
1 1 1
0 2 3
0 0 �6

#
D U . ThenA D

"
1 0 0
2 1 0
0 2 1

#
U is

the same asE�1
21 E�1

32 U D LU . The multipliers̀ 21; `32 D 2 fall into place inL.

7 E32E31E21 A D
"

1
1

�2 1

# "
1

1
�3 1

# "
1

�2 1
1

# "
1 0 0
2 2 2
3 4 5

#
. This is

"
1 0 1
0 2 0
0 0 2

#
D U . Put those multipliers2; 3; 2 intoL.ThenA D

"
1 0 0
2 1 0
3 2 1

#
U D LU .

8 E D E32E31E21 D
"

1
1

�c 1

# "
1

1
�b 1

# "
1

�a 1
1

#
D

"
1

�a 1
ac � b �c 1

#
.

The multipliers are justa; b; c and the upper triangularU is I . In this caseA D L and
its inverse is that matrixE D L�1.

9 2 by 2:d D 0 not allowed;

"
1 1 0
1 1 2
1 2 1

#
D

"
1
l 1
m n 1

#"
d e g

f h
i

#
d D 1; e D 1, thenl D 1
f D 0 is not allowed
no pivot in row 2
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10 c D 2 leads to zero in the second pivot position: exchange rows andnot singular.
c D 1 leads to zero in the third pivot position. In this case the matrix is singular.

11 A D
"

2 4 8
0 3 9
0 0 7

#
hasL D I (A is already upper triangular) andD D

"
2

3
7

#
I

A D LU hasU D A; A D LDU hasU D D�1A D
"

1 2 4
0 1 3
0 0 1

#
with 1’s on the

diagonal.

12 A D
�

2 4
4 11

�
D

�
1 0
2 1

� �
2 4
0 3

�
D

�
1 0
2 1

� �
2 0
0 3

� �
1 2
0 1

�
DLDU ; U is LT

"
1
4 1
0 �1 1

# "
1 4 0
0 �4 4
0 0 4

#
D

"
1
4 1
0 �1 1

# "
1

�4
4

# "
1 4 0
0 1 �1
0 0 1

#
DLDLT.

13

2
64

a a a a
a b b b
a b c c
a b c d

3
75D

2
64

1
1 1
1 1 1
1 1 1 1

3
75

2
64

a a a a
b � a b � a b � a

c � b c � b
d � c

3
75. Need

a ¤ 0 All of the
b ¤ a multipliers
c ¤ b are`ij D 1
d ¤ c for thisA

14

2
64

a r r r
a b s s
a b c t
a b c d

3
75 D

2
64

1
1 1
1 1 1
1 1 1 1

3
75

2
64

a r r r
b � r s � r s � r

c � s t � s
d � t

3
75. Need

a ¤ 0
b ¤ r
c ¤ s
d ¤ t

15

�
1 0
4 1

�
c D

�
2

11

�
givesc D

�
2
3

�
. Then

�
2 4
0 1

�
x D

�
2
3

�
givesx D

�
�5

3

�
.

Ax D b is LU x D
�

2 4
8 17

�
x D

�
2

11

�
. Forward to

�
2 4
0 1

�
x D

�
2
3

�
D c.

16

"
1 0 0
1 1 0
1 1 1

#
c D

"
4
5
6

#
givesc D

"
4
1
1

#
. Then

"
1 1 1
0 1 1
0 0 1

#
x D

"
4
1
1

#
givesx D

"
3
0
1

#
.

Those are the forward elimination and back substitution steps for

Ax D
"

1
1 1
1 1 1

# "
1 1 1

1 1
1

#
x D

"
4
5
6

#
.

17 (a)L goes toI (b) I goes toL�1 (c) LU goes toU . Elimination multiply byL�1!

18 (a) Multiply LDU D L1D1U1 by inverses to getL�1
1 LD D D1U1U �1. The left

side is lower triangular, the right side is upper triangular) both sides are diagonal.
(b) L; U; L1; U1 have diagonal1’s soD D D1. ThenL�1

1 L andU1U �1 are bothI .

19

"
1
1 1
0 1 1

# "
1 1 0

1 1
1

#
D LIU I

"
a a 0
a a C b b
0 b b C c

#
D (sameL)

"
a

b
c

#

(sameU ). A tridiagonal matrixA hasbidiagonal factorsL andU .

20 A tridiagonalT has 2 nonzeros in the pivot row and only one nonzero below the pivot
(one operation to find̀ and then one for the new pivot!).T D bidiagonalL times
bidiagonalU .



Solutions to Exercises 23

21 For the first matrixA; L keeps the 3 lower zeros at the start of rows. ButU may not
have the upper zero whereA24 D 0. For the second matrixB; L keeps the bottom left
zero at the start of row 4.U keeps the upper right zero at the start of column 4. One
zero inA and two zeros inB are filled in.

22 Eliminatingupwards,

"
5 3 1
3 3 1
1 1 1

#
!

"
4 2 0
2 2 0
1 1 1

#
!

"
2 0 0
2 2 0
1 1 1

#
D L. We reach

a lower triangularL, and the multipliers are in anuppertriangularU . A D UL with

U D
"

1 1 1
0 1 1
0 0 1

#
.

23 The 2 by 2 upper submatrixA2 has the first two pivots5; 9. Reason: Elimination onA
starts in the upper left corner with elimination onA2.

24 The upper left blocks all factor at the same time asA: Ak is LkUk .

25 Thei; j entry ofL�1 is j=i for i � j . And Li i�1 is .1 � i/=i below the diagonal

26 .K�1/ij D j.n � i C 1/=.n C 1/ for i � j (and symmetric):.n C 1/K�1 looks good.

Problem Set 2.7, page 115

1 A D
�

1 0
9 3

�
hasAT D

�
1 9
0 3

�
; A�1 D

�
1 0

�3 1=3

�
; .A�1/T D .AT/�1 D

�
1 �3
0 1=3

�
;

A D
�

1 c
c 0

�
hasAT D A andA�1 D 1

c2

�
0 c
c �1

�
D .A�1/T.

2 .AB/T is notATBT except whenAB D BA. Transpose that to find:BTAT D ATBT.

3 (a) ..AB/�1/T D .B�1A�1/T D .A�1/T.B�1/T. This is also.AT/�1.BT/�1.
(b) If U is upper triangular, so isU �1: then.U �1/T is lower triangular.

4 A D
�

0 1
0 0

�
hasA2 D 0. The diagonal ofATA has dot products of columns ofA with

themselves. IfATA D 0, zero dot products) zero columns) A D zero matrix.

5 (a) xTAy D
�
0 1

� �
1 2 3
4 5 6

� "
0
1
0

#
D5 (b) xTA D

�
4 5 6

�
(c) Ay D

�
2
5

�
.

6 M T D
�

AT C T

BT DT

�
; M T D M needsAT D A andBT D C andDT D D.

7 (a) False:

�
0 A
A 0

�
is symmetric only ifA D AT. (b) False: The transpose ofAB

is BTAT D BA when A and B are symmetric
�

0 A
A 0

�
transposes to

�
0 AT

AT 0

�
.

So .AB/T D AB needsBA D AB. (c) True: Invertible symmetric matrices have
symmetric in verses! Easiest proof is to transposeAA�1 D I . (d) True:.ABC/T is
C TBTAT.D CBA for symmetric matricesA; B; andC ).

8 The1 in row 1 hasn choices; then the1 in row 2 hasn � 1 choices . . . (n! overall).



24 Solutions to Exercises

9 P1P2 D
"

0 1 0
0 0 1
1 0 0

# "
1 0 0
0 0 1
0 1 0

#
D

"
0 0 1
0 1 0
1 0 0

#
but P2P1 D

"
0 1 0
1 0 0
0 0 1

#
.

If P3 andP4 exchangedifferentpairs of rows,P3P4 D P4P3 does both exchanges.

10 .3; 1; 2; 4/ and.2; 3; 1; 4/ keep4 in place;6 more evenP ’s keep 1 or 2 or 3 in place;
.2; 1; 4; 3/ and.3; 4; 1; 2/ exchange 2 pairs..1; 2; 3; 4/; .4; 3; 2; 1/ make12 evenP ’s.

11 PA D
"

0 1 0
0 0 1
1 0 0

# "
0 0 6
1 2 3
0 4 5

#
D

"
1 2 3
0 4 5
0 0 6

#
is upper triangular. Multiplyingon

the rightby a permutation matrixP2 exchanges thecolumns. To make thisA lower tri-

angular, we also needP1 to exchange rows 2 and 3:P1AP2 D
"

1
1

1

#

A

"
1

1
1

#
D

"
6 0 0
5 4 0
3 2 1

#
.

12 .P x/T.P y/DxTP TP y DxTy sinceP TP DI . In generalP x�y Dx�P Ty ¤ x�P y:

Non-equality whereP ¤ P T:

"
0 1 0
0 0 1
1 0 0

# "
1
2
3

#
�

"
1
1
2

#
¤

"
1
2
3

#
�

"
0 1 0
0 0 1
1 0 0

# "
1
1
2

#
.

13 A cyclic P D
"

0 1 0
0 0 1
1 0 0

#
or its transpose will haveP 3 D I W .1; 2; 3/ ! .2; 3; 1/ !

.3; 1; 2/ ! .1; 2; 3/. bP D
�

1 0
0 P

�
for the sameP hasbP 4 D bP ¤ I:

14 The “reverse identity”P takes.1; : : : ; n/ into .n; : : : ; 1/. When rows and also columns
are reversed,.PAP /ij is .A/n�iC1;n�j C1. In particular.PAP /11 is Ann.

15 (a) If P sends row1 to row 4, thenP T sends row4 to row 1 (b) P D
�

E 0
0 E

�
D

P T with E D
�

0 1
1 0

�
moves all rows:1 and2 are exchanged,3 and4 are exchanged.

16 A2 � B2 (but not.A C B/.A � B/, this is different) and alsoABA are symmetric ifA
andB are symmetric.

17 (a) A D
�

1 1
1 1

�
D AT is not invertible (b)A D

�
0 1
1 1

�
needs row exchange

(c) A D
�

1 1
1 0

�
hasD D

�
1 0
0 �1

�
.

18 (a) 5 C 4 C 3 C 2 C 1 D 15 independent entries ifA D AT (b) L has 10 andD has 5;
total 15 inLDLT (c) Zero diagonal ifAT D �A, leaving4C3C2C1 D 10 choices.

19 (a) The transpose ofRTAR is RTATRT T D RTAR D n by n whenAT D A (anym
by n matrixR) (b) .RTR/jj D (columnj of R)� (columnj of R) D (length squared
of columnj ) � 0.



Solutions to Exercises 25

20

�
1 3
3 2

�
D

�
1 0
3 1

� �
1 0
0 �7

� �
1 3
0 1

�
;

�
1 b
b c

�
D

�
1 0
b 1

� �
1 0

0 c � b2

� �
1 b
0 1

�

"
2 �1 0

�1 2 �1
0 �1 2

#
D

2
64

1

�1
2

1

0 �2
3

1

3
75

2
64

2
3
2

4
3

3
75

2
64

1 �1
2

0

1 �2
3
1

3
75 D LDLT.

21 Elimination on a symmetric 3 by 3 matrix leaves a symmetric lower right 2 by 2 matrix.

The examples

"
2 4 8
4 3 9
8 9 0

#
and

"
1 b c
b d e
c e f

#
lead to

�
�5 �7
�7 �32

�
and

�
d � b2 e � bc

e � bc f � c2

�
.

22

"
1

1
1

#
A D

"
1
0 1
2 3 1

# "
1 0 1

1 1
�1

#
;

"
1

1
1

#
A D

"
1
1 1
2 0 1

# "
1 2 0

�1 1
1

#

23 A D

2
64

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

3
75 D P andL D U D I .

This cyclicP exchanges rows1-2 then
rows2-3 then rows3-4.

24 PA D LU is

"
1

1
1

# "
0 1 2
0 3 8
2 1 1

#
D

"
1
0 1
0 1=3 1

# "
2 1 1

3 8
�2=3

#
. If we wait

to exchange anda12 is the pivot,A D L1P1U1 D
"

1
3 1

1

# "
1

1
1

# "
2 1 1
0 1 2
0 0 2

#
.

25 Thesplu code will not end whenabs.A.k; k// < tol line 4 of theslu code on page 100.
Insteadsplu looks for a nonzero entry below the diagonal in the current columnk, and
executes a row exchange. The 4 lines to exchange rowk with row r are at the end of
Section 2.7 (page 113). Tofind that nonzero entryA.r; k/, follow abs.A.k; k// < tol
by locating the first nonzero (or the largestA.r; k/ out of r D k C 1; : : : ; n).

26 One way to decide even vs. odd is to count all pairs thatP has in the wrong order. Then
P is even or odd when that count is even or odd. Hard step: Show that an exchange
always switches that count! Then 3 or 5 exchanges will leave that count odd.

27 (a) E21 D
"

1
�3 1

1

#
puts 0 in the2; 1 entry ofE21A. ThenE21AET

21 D
"

1 0 0
0 2 4
0 4 9

#

is still symmetric, with zero also in its 1, 2 entry. (b) Now useE32 D
"

1
1

�4 1

#

to make the 3, 2 entry zero andE32E21AET
21ET

32 D D also has zero in its 2, 3 entry.
Key point: Elimination from both sides gives the symmetricLDLT directly.

28 A D

2
64

0 1 2 3
1 2 3 0
2 3 0 1
3 0 1 2

3
75 D AT has0; 1; 2; 3 in every row. (I don’t know any rules for a

symmetric construction like this)



26 Solutions to Exercises

29 Reordering the rows and/or the columns of
�

a b
c d

�
will move the entrya. So the result

cannot be the transpose (which doesn’t movea).

30 (a) Total currents areATy D
"

1 0 1
�1 1 0

0 �1 �1

# "
yBC

yCS

yBS

#
D

"
yBC C yBS

�yBC C yCS

�yCS � yBS

#
.

(b) Either way.Ax/Ty D xT.ATy/ D xByBC C xByBS � xC yBC C xC yCS �
xS yCS � xS yBS .

31

"
1 50
40 1000
2 50

# �
x1

x2

�
D Ax; ATy D

�
1 40 2
50 1000 50

� "
700
3

3000

#
D

�
6820

188000

�
1 truck
1 plane

32 Ax � y is thecostof inputs whilex � ATy is thevalueof outputs.

33 P 3 D I so three rotations for360ı; P rotates around.1; 1; 1/ by 120ı.

34

�
1 2
4 9

�
D

�
1 0
2 1

� �
1 2
2 5

�
D EH D (elementory matrix) times (symmetric matrix).

35 L.U T/�1 is lower triangular times lower triangular, so lower triangular. The transpose
of U TDU is U TDTU T T D U TDU again, soU TDU is symmetric. The factorization
multiplies lower triangular by symmetric to getLDU which isA.

36 These are groups: Lower triangular with diagonal1’s, diagonal invertibleD, permuta-
tionsP , orthogonal matrices withQT D Q�1.

37 CertainlyBT is northwest.B2 is a full matrix! B�1 is southeast:
�

1 1
1 0

��1 D
�

0 1
1 �1

�
.

The rows ofB are in reverse order from a lower triangularL, so B D PL. Then
B�1 D L�1P �1 has thecolumnsin reverse order fromL�1. SoB�1 is southeast.
NorthwestB D PL times southeastP U is .PLP /U D upper triangular.

38 There arenŠ permutation matrices of ordern. Eventuallytwo powers ofP must be
the same: If P r D P s thenP r � s D I . Certainlyr � s � n!

P D
�

P2

P3

�
is 5 by 5 with P2 D

�
0 1
1 0

�
andP3 D

"
0 1 0
0 0 1
1 0 0

#
andP 6 D I .

39 To splitA into (symmetricB) C (anti-symmetricC ), the only choice isB D 1
2
.ACAT/

andC D 1
2
.A � AT/.

40 Start fromQTQ D I , as in

"
qT

1

qT
2

#
�
q1 q2

�
D

�
1 0
0 1

�

(a) The diagonal entries giveqT
1q1 D 1 andqT

2q2 D 1: unit vectors

(b) The off-diagonal entry isqT
1q2 D 0 (and in generalqT

i qj D 0)

(c) The leading example forQ is the rotation matrix

�
cos� � sin�
sin� cos�

�
.




