Solutions to Exercises 7

Zp —Z1 = b] zZ1 = —bl—bz—b3 -1 -1 -1 bl
10 Z3 —Zp = bz Zy) = —b2 —b3 = |: 0 —1 —1i| |:b2i| = A_lb
0—23 = b3 z3 = —b3 0 0 —1 b3

11 The forward differences of the squares @re- 1) — 12 = t2 + 2t + 1 —12 =2t + 1.
Differences of theith power arg(t + 1)" — " = t" —t" + nt""! 4+ ..., The leading
term is the derivativea¢"~!. The binomial theorem gives all the terms(of+ 1)".

12 Centered difference matrices@fensize seem to be invertible. Look at eqhsand4:

0 1 0 0 X1 by First X1 —by — by
—1 0 1 0 X2 | by solve X2 - by

0 -1 0 1 X3 B b3 Xp = bl X3 - —b4

0 0 -1 0 X4 b4 —X3 = b4 X4 b] + b3

13 Odd size The five centered difference equations leadite- b3 + bs = 0.

X2 =b1
X3 — X1 =b2
X4—X2=b3
X5—X3=b4

—X4:b5

14 An example ida,b) = (3,6) and(c,d) = (1,2). The ratiosu/c andb/d are equal.
Thenad = bc. Then (when you divide byd) the ratiosz /b andc/d are equal!

Add equationd, 3,5

The left side of the sum is zero

The right side i$; + b3 + bs

There cannot be a solution unlégs+ b3 + b5 = 0.

Problem Set 2.1, page 40

1 The columns aré = (1,0,0) andj = (0,1,0) andk = (0,0, 1) andb = (2,3,4) =
2i +3j + 4k.

2 The planes are the sanmizx = 4isx = 2,3y = 9isy = 3,anddz = 16isz = 4. The
solution is the same poilX = x. The columns are changed; but same combination.

3 The solution is not changed! The second plane and row 2 of #iexyand all columns
of the matrix (vectors in the column picture) are changed.

4 If z =2thenx + y = 0andx — y = z give the point(1,—1,2). If z = 0 then
x +y = 6andx — y = 4 produce(5, 1, 0). Halfway between those (8,0, 1).

5 If x, y,z satisfy the first two equations they also satisfy the thirdagipn. The line
L of solutions containg = (1,1,0) andw = (3,1, 1) andu = v + Lw and all
combinationgv + dw withc +d = 1.

6 Equationl + equatiorn2 — equation3 is now0 = —4. Line misses planeio solution

7 Column3 = Column 1 makes the matrix singular. Solutidnsy,z) = (1,1,0) or
(0,1,1) and you can add any multiple ¢1,0,1); b = (4,6,c) needsc = 10 for
solvability (thena lies in the plane of the columns).

8 Four planes in 4-dimensional space normally meetpoiat The solution toAx =
(3,3,3,2) isx = (0,0,1,2) if A has columng(1,0,0,0),(1,1,0,0),(1,1,1,0),
(I,1,1,1). Theequationsare+y +z+t =3, y+z+t =3,z+t =3,t =2.

9 (@) Ax = (18,5,0)and (b) Ax = (3,4,5.5).
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Multiplying as linear combinations of the columns gives faeneAx. By rows or by
columns:9 separate multiplications fdr by 3.

Ax equals(14,22) and(0,0) and 0, 7).

Ax equals(z, y, x) and(0, 0,0) and G, 3, 6).

(a) x hasn components andx hasm components (b) Planes from each equation
in Ax = b are inn-dimensional space, but the columns are:hdlimensional space.

2x + 3y +z+ 5t = 8is Ax = b withthel by 4 matrix4 = [2 3 | 5]. The
solutionsx fill a 3D “plane” in 4 dimensions. It could be callechgperplane

@i=[3 1] o[t ]

90° rotation fromR = [ 0 1

-1 0}, 180° rotation fromR? = [_1 O] =—1I.

0 -1

0 1 0 0 0 1

P=[0 0 1|producegy,z,x)andQ =|1 0 0 |recoverdx,y,z). Qisthe
(1 0 0 010

inverse ofP.

- 1 00
E = _} (1)} andE = [—1 1 O} subtract the first component from the second.
0 0 1

1 0 0 1 0 0
E=|0 1 OlandE™' =] 0 1 0], Ev = (3,4,8) and E"' Ev recovers

1 0 1 1 0 1
(3,4,5)
1 0 . . 0 0 . .
Pr =1, (| Projects onto thec-axis andP, = 0 1 | Projects onto they-axis.
5 5 0
v = [7] hasPiv = [0} and P, Pyv = [0]

[V —v2

— rotates all vectors by 45 The columns ofR are the results from
2[V2 V2 } Y
rotating(1, 0) and(0, 1)!

R =

X
The dot productdx = [1 4 5] [yi| = (1 by 3(3 by 1) is zero for pointqx, y, z)

Z
on a plane in three dimensions. The columnglafre one-dimensional vectors.
A=[1 2 ; 3 4]andx =[5 —2]"andb =[1 7]".r = b— Axx prints as zero.
Axv=1[3 4 5]"andv’ x v = 50. Butv % A gives an error message from 3 by 1
times 3 by 3.
ones(4,4) xones(4,1) =[4 4 4 4] Bxw =[10 10 10 10]’.
The row picture has two lines meeting at the soluti¢y2§. The column picture will
have4(1, 1) 4+ 2(—2, 1) = 4(column 1)+ 2(column 2)= right side(0, 6).

The row picture show® planesin 3-dimensional space The column picture is in
2-dimensional spaceThe solutions normally lie on lane.
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28 The row picture shows foulinesin the 2D plane. The column picture is four-
dimensional space. No solution unless the right side is éawattion ofthe two columns

29 u, = 7 anduz = 65 . The components add to 1. They are always positive.

3 andus = [ 52

u;,v7, w7 are all close tq.6, .4). Their components still add to 1.

30 [g ﬂ [2} = [2] = steady state. No change when multiplied bE/i i]

8 3 4 54u 5—u+4+v 5-—v
3 M=|1 5 9|=|5—u—v 5 S54+u+v|; M3(1,1,1) = (15,15, 15);

6 7 2 54v 54u—v 5—u
My(1,1,1,1) = (34,34,34,34) becausd 4+ 2 4 --- + 16 = 136 which is4(34).

32 A is singular when its third columw is a combinatiortu + dv of the first columns.
A typical column picture has outside the plane af, v, w. A typical row picture has
the intersection line of two planes parallel to the thirdygal’hen no solution

33 w = (5,7)is5u + 7v. ThenAw equalsS timesAu plus7 timesAv.

2 -1 0 07[x 1 X 4
-1 2 -1 Oof|x|_|2 x| |7
34| o 1 2 _1||xs|= |3 |hasthesolution " = |¢
0 0 -1 2 X4 4 X4 6

35 x =(1,...,1)givesSx = sum of each row= 1+---+9 = 45 for Sudoku matrices.

6 row orders(1, 2, 3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2, 1) are in Section 2.7.
The same permutations oblocksof rows produce Sudoku matrices, §b = 1296
orders of the rows all stay Sudoku. (And alsi296 permutations of thé columns.)

Problem Set 2.2, page 51

1 Multiply by £, = % = 5 and subtract to findx + 3y = 14 and—6y = 6. The pivots
to circle are 2 and-6.

2 —6y = 6 givesy = —1. Then2x + 3y = 1 givesx = 2. Multiplying the right side
(1, 11) by 4 will multiply the solution by 4 to give the new solutign, y) = (8, —4).

3 Subtract—% (or add%) times equation 1. The new second equatioByis= 3. Then

y=1andx =5. If the right side changes sign, so does the solutigny) = (-5, —1).
4 Subtract! = £ times equation 1. The new second pivot multiplying d — (cb/a)
or (ad — bc)/a. Theny = (ag —cf)/(ad — bc).
5 6x + 4y is 2 times3x + 2y. There is no solution unless the right sideis10 = 20.

Then all the points on the lirex 42y = 10 are solutions, including), 5) and(4, —1).
(The two lines in the row picture are the same line, contg@ithsolutions).

6 Singular system ib = 4, becausdx + 8y is 2 times2x + 4y. Theng = 32 makes
the lines become theame infinitely many solutions likg8, 0) and(0, 4).

7 If a = 2 elimination must fail (two parallel lines in the row pictyreThe equations
have no solution. Witk = 0, elimination will stop for a row exchange. Thén = —3
givesy = —1 and4x + 6y = 6 givesx = 3.
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If & = 3 elimination must fail: no solution. Ik = —3, elimination gives) = 0 in
equation 2: infinitely many solutions. &f = 0 a row exchange is needed: one solution.
On the left sidepx — 4y is 2 times(3x — 2y). Therefore we neetl, = 2h; on the
right side. Then there will be infinitely many solutions (twarallel lines become one
single line).
The equatiory = 1 comes from elimination (subtragt+ y = 5 fromx + 2y = 6).
Thenx = 4and5x —4y = ¢ = 16.
(&) Another solution i%(x +X,y+Y,z+Z). (b) If 25 planes meet at two points,
they meet along the whole line through those two points.
Elimination leads to an upper triangular system; then comask substitution.

2x +3y+ z=38 x =2

y+3z=4 gives y =1 |Ifazerois atthe start of row 2 or 3,

8z =38 z =1 thatavoids a row operation.
2x — 3y =3 2x —3y =3 2x —3y =3 x=3
4x -5y + z=7 gives y+ z=1 and y+ z=1 and y=1
2x — y—3z=5 2y +3z=2 —5z=0 z=0

Subtract 2x row 1 from row 2, subtract ¥ row 1 from row 3, subtract X row 2 from
row 3

Subtrac® times row 1 from row 2 to reacts/ —10) y—z = 2. Equation (3) isy—z = 3.
If d = 10 exchange rows 2 and 3. df = 11 the system becomes singular.

The second pivot position will contair2 — b. If b = —2 we exchange with row 3. If
b = —1 (singular case) the second equatioris— z = 0. A solution is(1, 1, —1).
Example of Ox +0y +2z=4 Exchange Ox + 3y +4z=4
() 2 exchanges xX+2y+2z=5 (b) but then xX+2y+2z=5
Ox +3y+4z=6 break down Ox + 3y +4z=6
(exchange 1 and 2, then 2 and 3) (rows 1 and 3 are not consistent)

If row 1 =row 2, then row 2 is zero after the first step; exchange therpsvavith row
3 and there is nthird pivot. If column2 = column 1, then colum@ has no pivot.

Examplex + 2y + 3z = 0,4x 4+ 8y + 12z = 0, 5x 4+ 10y + 15z = 0 has 9 different
coefficients but rows 2 and 3 becoithe= 0: infinitely many solutions.

Row 2 become8y — 4z = 5, then row 3 becomeg; + 4)z =t — 5. If ¢ = —4 the
system is singular—no third pivot. Therrit= 5 the third equation i® = 0. Choosing
z = 1the equatiol3y — 4z = 5 givesy = 3 and equation 1 gives = —9.

Singular if row 3 is a combination of rows 1 and 2. From the eiesvwthe three planes
form a triangle. This happens if rowis+2 =row 3 on the left side but not the right
side:x+y+z=0,x—2y—z=1,2x—y=4. No parallel planes but still no solution.

(a) Pivots2, % %, % in the equationgx + y = 0, %y +z =0, %z 4+t =0, %t =5
after elimination. Back substitution gives= 4,z = -3,y = 2,x = —1. (b) If
the off-diagonal entries change frol to —1, the pivots are the same. The solution is
(1,2,3,4) instead of(—1,2, -3, 4).

The fifth pivot isg for both matrices (1's or1's off the diagonal). The:th pivot is

n+1
-



Solutions to Exercises 11

23

24

25
26

27

28
29

30
31

32

If ordinary elimination leads ta + y = 1 and2y = 3, the original second equation
could be2y + £(x + y) = 3 + £ for any£. Then{ will be the multiplier to reach
2y =3.

Elimination fails on[;Z i] ifa=2o0ora=0.

a = 2 (equal columns)y = 4 (equal rows)a = 0 (zero column).

Solvable fors = 10 (add the two pairs of equations to get b +c¢ +d on the left sides,
12 and2 + s on the right sides). The four equations tar, ¢, d aresingular! Two
1 100 I 1 0 0
. 1 3 0 4 1 010 0 -1 1 0
solutions art{l 7} and[2 6}’ A= 00 1 1 andU = 0 0 1 1
01 0 1 0 0 00
Elimination leaves the diagonal matrix di&g2,1) in 3x = 3,2y = 2,z = 4. Then

x=1y=1z=4.
A2,:) = A(2,:) — 3 % A(1,:) subtracts} times row1 from row 2.

The average pivots for rand(®jthoutrow exchanges wer};, 5, 10in one experiment—
but pivots 2 and 3 can be arbitrarily large. Their averagesaatually infinite ! With
row exchangesn MATLAB’s lu code, the averages/5 and.50 and.365 are much
more stable (and should be predictable, also for randn vathal instead of uniform
probability distribution).

If A(5,5)is7 notl1, then the last pivot will bé not4.

Row j of U is a combination of rows, ..., j of A. If Ax = 0thenUx = 0 (not true
if b replaced®). U is the diagonal o when A is lower triangular.

The question deals with 100 equatiofis = 0 when A is singular.

(&) Some linear combination of the 100 rowshie row of 100 zeros
(b) Some linear combination of the 1@6lumnsis the column of zeros
(c) A very singular matrix has all oness = eyg100). A better example has 99

random rows (or the numbeits, . .., 100’ in those rows). The 100th row could
be the sum of the first 99 rows (or any other combination ofeéhosvs with no
zeros).

(d) The row picture has 100 planegeting along a common line through0. The
column picture has 100 vectors all in the same 99-dimenkhyeerplane.

Problem Set 2.3, page 63

1

2

3

100 100 10077010 010
Ey=|-510|,Emx=|010|,P=|001]||100]|=|00T1]
00 1 071 010]loo1 100

E3yExb = (1,-5,-35) but E51 Ezxb = (1,-5,0). When E3, comes first, row 3
feels no effect from row 1.

1 0071 0071 0 0 1 0 0
—4 1 0[,]0 1 0|.|0 1 0| M=EpEyEy =|-4 1 0.
00 1] 120 1] [0 -2 1 10 -2 1
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1 1 1 1
E E E
Elimination on column 456 = | 0 ST I B L VI Bt ol ' The
0 0 2 10

original Ax = b has becomé&/x = ¢ = (1,—4,10). Then back substitution gives
z=-5y= %,x = %.This solvesdx = (1,0,0).

Changingas; from 7 to 11 will change the third pivot from 5 to 9. Changiags from
7 to 2 will change the pivot from 5 tno pivot

2 3 7 1 4
Example: |2 3 7 3| = |4/|. Ifall columns are multiples of colum,
2 3 7|]-1 4

there is no second pivot.
To reverseEs;, add 7 times row1 to row 3. The inverse of the elimination matrix

1 0 0 1 0 0
E=| 01 0|iseE-'=]0 1 0
7 0 1 70 1
M= 2 andM*:[ ¢ b ] detM* = a(d — €b) — b(c — La)
c—4ta d—1tb

reduces tatd — bc!

1 00
M = [ 00 l}. After the exchange, we neédts; (not E,;) to act on the new row 3.

110
1 0 1 1 0 1 2 0 1

E;= [0 1 0} ; [0 1 0} E31Ez3= [0 1 0} . Test on the identity matrix!
0 0 1 1 0 1 1 0 1

1 2 2

An example with two negative pivots i = [1 1 2}. The diagonal entries can
1 2 1

change sign during elimination.

9 8 77 rowsand 1 2 3
The first productig 6 5 4 | also columns The second productis0 1 -2 |.
3 2 1] reversed. 0 2 -3
(a) E times the third column o is the third column ofEB. A column that starts

at zero will stay at zero. (b)E could add row2 to row 3 to change a zero row to a
nonzero row.

E>i has—{yy =3, E3; has—{3; =3, E43 has—{43 = 3. Otherwise thet’s match/.

—1 —4 -7 —1 -4 -7
aj; =2i —3j1 A= [ 1 -2 —5} — [ 0 -6 —12]. The zero became12,
3 0 -3 0 —12 -24

1 00
an example ofill-in. To remove that-12, chooseFE;, = [O 1 O}.
0 -2 1
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(@) The ages o andY arex andy: x —2y = 0andx + y = 33; x = 22 and
y =11 (b) Theliney = mx + ¢ containsx = 2, y = 5andx = 3, y = 7 when
2m + ¢ = 5and3m + ¢ = 7. Thenm = 2 is the slope.

a+ b+ ¢ 4
The parabola = a+bx+cx? goes through tha given points whena+ 2b+ 4c¢ 8.

a+ 3b+ 9c = 14
Thena = 2, b = 1, andc = 1. This matrix with columng1, 1, 1), (1,2, 3), (1,4,9)
is a “WVandermonde matrix.”

1 0 0 1 0 0 1 0 0 1 0
EF:|:a 1 Oi|,FE:|: a 1 Oi|,E2:|:2a 1 Oi|,F3:|:O 1
b ¢ 1 b+ac ¢ 1 2b 0 1 0 3c

01 0 0 0 1
PQ = [O 0 1}. In the opposite order, two row exchanges give = |:1 0 O],
1 0 0 01 0

If M exchanges rowaand3 thenM? = [ (also(—M)? = I). There are many square

roots of /: Any matrix M = [ﬁ _ﬂ hasM? = [ if a*> + bc = 1.

—_ o O

(2) Each column of£B is E times a column ofB (b) [i (1)} [i g ﬂ =

1 2 4 .
[2 4 8]AIIrowsofEBaremultlplesof[l 2 4]

1 0 I 1] . I 1 2 1
No.Ez[1 1}andF:[O l]glveEFz[1 2} butFE:[1 1]
@) > asjx; (D) az1 —an  (C) az1 —2an (d) (EAx); = (Ax); = Y ay;x;.

E(EA) subtracts4 times row1 from row 2 (EEA does the row operation twice).
AE subtract2 times columr2 of 4 from columnl1 (multiplication by E on the right
side acts omrolumnsinstead of rows).

[2 3 1 2 3 1 . L 2X1 + 3x2
[4 b]= 1 1 171710 _5 1g| Thetriangular systemis 5%,

Back substitution gives; = 5 andx, = —3.

The last equation becom@s= 3. If the original 6 is 3, then row % row 2 = row 3.

@) Addtwocolumnsbandb*[l 41 0}_{1 4 1 0:|—>x=|:_7i|

2.7 0 1 0 -1 =2 1 2
andx*:[_?].

(a) No solution ifd =0 andc #0 (b) Many solutions it/ =0=c. No effect froma, b.
A=Al = A(BC) = (AB)C = IC = C. That middle equation is crucial.
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1 0 O
1 1 0
0 -1 1
0 0 -1
still has multipliers=
1 0

1

-2

29 E=|

0 1 00O

0 1 00

0 subtracts each row from the nextrow. The resylt 11 0
1 0 1 2 1
1 in a3 by 3 Pascal matrix. The produdt of all elimination

0 0
matrices is _i (1) 8 . This “alternating sign Pascal matrix” is on page 88.
-1 3 =3 1

30 Given positive integers withd — bc = 1. Certainlyc < a andb < d would be
impossible. Alsac > a andb > d would be impossible with integers. This leaves

row 1 <row?2 OR row2 < row 1. An example isM = B ﬂ Multiply by

(1) _” to get[; ;’] then multiply twice by[_i (1)} to get|:(l) i] This shows

e R

1 1 1
1/2 1 0 1 0 1
31 Ear = 0 0 1 cEn=1 2/3 1 cEa=1g 00 ’
0 0 0 0 0 1 0 0 3/4 1
12 1
E43 E3p Bz = |: 1§3 231 :|
1/4 2/4 3/4

Problem Set 2.4, page 75

1 If all entries of4, B, C, D arel, thenBA = 3 ones5) is5by5; AB = 50neg3)is3
by3; ABD = 150neg3,1)is3 by 1. DBA andA(B + C) are not defined.

2 (a) A (column 3 ofB) (b) (Row 1 ofA) B (c) (Row 3 ofA4)(column 4 ofBB)
(d) (Row 1 ofC)D(column 1 ofE).

3 AB + AC isthe same ad(B + C) = [3 8] (Distributive law).

4 A(BC) = (AB)C by theassociative law In this example both answers a{rg 8]

from columnl of AB and row2 of C (multiply columns times rows).
, _[1 2b [t nb , _[4 4 o 2m
5(a)A_[O 1 andA”_0 It (b)A_OOandA”_ o ol

6 (A4+B)* = [12 2] = A%+ AB + BA+ B?. ButA? + 2AB + B? = [12 ﬂ

7 (@) True (b) False (c) True (d) False: usudlyB)? # A?B2.
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The rows ofDA are3 (row 1 of A) and5 (row 2 of A). Both rows ofE A are row2 of A.
The columns ofd D are3 (column1 of A) and5 (column2 of A). The first column of
AE is zero, the second is colunirof A 4+ column2 of A.

a a-+b
AF = L d } and E(AF) equals(EA)F because matrix multiplication is
c C
associative
FA ate brd d thenE(FA ate bd E(FA)i t
= and the = . is no
c d (FA) a+2c b+2d (F4)

the same ag'(E A) because multiplication is not commutative.

0 0 1
(@ B=41 (b)) B=0 (c) B= [O 1 O} (d) Every row ofB is 1,0, 0.
1 00

a 0 a b ) )
AB = = BA = givesb = ¢ = 0. ThenAC = CA gives
c 0 0 0
a = d. The only matrices that commute with andC (and all other matrices) are
multiples of/: A = al.
(A—B)?2 = (B—A)> = A(A— B)— B(A— B) = A2 — AB — BA + B2. In atypical
case (WheM B # BA) the matrix4? — 24B + B? is different from(4 — B)?.
(@) True (@2 is only defined whent is square) (b) False (il ism byn andB isn
by m, thenAB ism by m and BA is n by n). (c) True (d) False (tak8 = 0).
(@) mn (use every entry oft) (b) mnp = pxpart (a) (c)n> (n? dot products).
(&) Useonly column2oB (b) Use onlyrow 2 ofd (c)—(d) Use row 2 of first.
1 1 1 1 -1 1

A=| 1 2 2 |has; =min(i,j).A=| -1 1 -1 |hasy; = (-1)*/ =
1 2 3 I -1 1
/1 1/2 1/3
“alternating sign matrix’A = | 2/1 2/2 2/3 | hasa;; = i/j (this will be an
3/1 3/2 3/3

example of aank one matrix
Diagonal matrix, lower triangular, symmetric, all rows atjuizero matrix fits all four.

(@) an (b) £31 = azi/an (c) as — (%)(112 (d) az, — (%)(112-

0040 0008
0004 0000 ) . .
A? = , A3 = ., A* = zero matrix forstrictly triangular A.
0000 0000
0000 0000
by 2y 4z 8t
2z 4t 0
Thendv = A Y2 L A%y = L A3y = L A% =0
z 2t 0

~
)
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5 5 5 -5 ,
21 A=A’=A3=... = butAB = and(AB)? = zero matrix!
S5 05 5 5
[o1 s oo 1 =171 17 _[o o].
SO I T R

0 1 0 1 -1 0 .
DE = [1 O] [_1 O} = [ 0 1] = —ED. You can find more examples.

0 1
23 A = |: 0 } hasA? = 0. Note: Any matrixA = column times row= uv" will

0 10 0 0 1
haved? = uv uv” = 0if v'u=0. A= 0 0 I |hasd2=| 0 0 0
0 0 O 0 0 0
but 43 = 0; strictly triangular as in Problem 20.
2n on 11 a® a*7 b
24 (Al)n:|:o 1 :|a (Az)nzzn 1|:1 1:|a (A3)n:|:0 0 ]
a b c[1 0 0] [a][t 0 0] [d][o 1 0] [¢][o 0 1]
25 |d e f|lO0 1 0|=|d +| e +| f
g h i 0 0 1 g h i
1 0 330 0 0 O
Columns of 4
26 21[3 3 O]+[4|[1 2 1]=|6 6 0|+|4 8 4|=
times rows of B [2} [J 6 6 0 121

3 30

|:1O 14 4i| = AB.
7 8 1

27 (a) (row 3 ofA)-(column 1 ofB) and (row 3 of4) - (column 2 of B) are both zero.

X 0 x x X 0 0 x
(b) [x}[o X x]=|:0 x x} and[x}[o 0 x]=|:0 0 x}:bothupper.
0

0 0 O 0 0 x

o g2 o[} (=D [ 10111 =]

1 0 1 0
29 Er = |:1 1 0:| andE31 = |: 0 1

} produce zeros in th, 1 and3, 1 entries.
4 0

0 0 1

1 0 0 2 1 0
Multiply E'sto getE = E31E» = [ 1 1 O]. ThenEA = [O 1 1] is the
—4 0 1 01 3
result of bothE’s since(E31 Ex1)A = E31(Ex A).

30 In29 ¢ = [_é] D= [(5) ;} D—ch/a = [} ;} in the lower corner o A.

real part Complex matrix times complex vector

31 A —-B||x|_ | Ax—By
B A||ly| | Bx + Ay |imaginary part. needs real times real multiplications.
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32 AtimesX =[x; x, x3]willbetheidentity matrix/ =[Ax; Ax, Ax;3].

3 3 1 0 0
33 b = [5} givesx = 3x; + 5x, + 8x3 = [ 8}; A= [—1 1 O} will have

8 16 0 -1 1
thosex; = (1,1,1),x, = (0,1,1),x3 = (0,0, 1) as columns of its “inverseA~!.

_|la+b a+b . _|la+c b+b| whenb=c

34 Ax ones= [c+d c_i_d}agreeswnh)nes*A_ [a—i—c b+d} anda = d

a b
ThenAd = [b a].

0 1 0 1 2 0 2 0 aba, ada cba,cda These show

35 A= 10 1.0 o 0202 bab, bcb dab, dcb 16 2-step

—10 1 0 1} ~ 12 0 2 0| abc,adc cbc,cdc pathsin
1 01 0 0 2 0 2 bad, bcd dad, dcd the graph

36 Multiplying AB =(m by n)(n by p) needsnnp multiplications. ThenAB)C needs
mpq more. Multiply BC = (n by p)(p by ¢q) needs:pg and thend(BC) needsnngq.

@) Ifm,n, p,q are2,4,7,10 we compareg?2)(4)(7) + (2)(7)(10) = 196 with the
larger numbex2)(4)(10) + (4)(7)(10) = 360. So AB first is better, so that we
multiply that7 by 10 matrix by as few rows as possible.

(b) If u,v,wareN by 1, then(u"v)w' need2N multiplications but«" (vwT) needs
N2 to findvw" and N2 more to multiply by the row vectar™. Apologies to use
the transpose symbol so early.

(c) We are comparinginp + mpq with mnq + npq. Divide all terms bymnpq:
Now we are comparing™! +n~1 with p~!+m~1. This yields a simple important
rule. If matricesd and B are multiplyingv for A Bv, don’t multiply the matrices
first.

37 The proof of(AB)c = A(Bc) used the column rule for matrix multiplication—this
rule is clearly linear, column by column.

Even for nonlinear transformationd( B(c)) would be theé'composition” of A with B
(applying B then A). This compositio o B is justA B for matrices.

One of many uses for the associative law: The left-invé#se right-inverseC from
B = B(AC) = (BA)C =C.

Problem Set 2.5, page 89

0 1 19 7 —4
-1 _ -1 _ -1 _
14 _[% S]andB _[_% ]andC _[_5 3]

1
2
0 0 1
2 Asimple row exchange haR? = 1 soP~! = P.HereP~ ! =|1 0 0. Always
0O 1 0

P~ =*transpose” ofP, coming in Sectior.7.
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x| [ 5 t] _[-2 1[5 =2 . .
[y] = [_.2] and[z] = [ .1} SOA™" = o [_2 1]. This question solved

AA~! = I column by column, the main idea of Gauss-Jordan elimination

The equations are+ 2y = 1 and3x + 6y = 0. No solution becausgtimes equation
1 gives3x + 6y = 3.

1 a
0 —1
(@) Multiply AB = AC by A~! to find B = C (sinceA is invertible) (b) As long
asB — C hasthe forn{_i _i] we havedB = AC for A = [1 1}.

An upper triangulat/ with U? = [ isU = [ ] for anya. And also—U.

1 1
(@) In Ax = (1,0,0), equation 1+ equation 2— equation 3 i) = 1 (b) Right

sides must satisfly; +b, = b3 (c) Row 3 becomes arow of zeros—no third pivot.

(@) The vectoxx = (1,1,—1) solvesdx = 0 (b) After elimination, columns 1
and 2 end in zeros. Then so does coluna columnl + 2: no third pivot.

If you exchange rows and?2 of A to reachB, you exchangeolumns1 and2 of A~!
to reachB~!. In matrix notationB = PAhasB™! = A='P~1 = A~1 P for this P.

o 0 0 1/5 32 0 0
0 0 1/4 0 L=+ 3 0 o
0 1/3 0 o |@ABT =14 o5 § _5
12 0 0 0 0 0 -7 6
block of B).

A7l = (invert each

(a) If B = —Athen certainlyd + B = zero matrix is notinvertible. (b4 = [(1) 8]

0 0
0 1
Multiply C = AB on the left byA~! and on the right by’ ~!. ThenA~! = BC 1.

M~! = C7'B~14~! so multiply on the left byC and the right byd : B~! =
CM~'A.

andB = [ ] are both singular but + B = I is invertible.

-1
B!l =471 [i (1)} =A"! [_i (1)] subtract column 2 oft! from column 1.

If A has a column of zeros, so doBd. ThenBA = I is impossible. There isnd™!.

a b d —b| _|ad—bc 0 The inverse of each matrix is
¢c d||-c al| 0 ad —bc |* the other divided byid — bc

1 1 1 1
ExyE31Ey = [ 1 M 1 i||:—l 1 } — [—1 1 } - E.
-1 1|1 1 1 0 —1 1

1
Reverse the order and changeto +1 to getinverse€; ' E5' E3) = [1 1 } =
1 1

L = E~'. Notice thel’s unchanged by multiplying in this order.
A%B = I can also be written ag(AB) = I. Therefored™! is AB.
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19 The (1, 1) entry requiresta — 3b = 1; the (1,2) entry requireb —a = 0. Then

b = %anda = % For the5 by 5 case5a — 4b = 1 and2b = a giveb = é and

2
a = 6"
20 A xones(4, 1) is the zero vector sd cannot be invertible.

21 Six of the sixteer®) — 1 matrices are invertible, including all four with three 1's.

131 0] [t 3 1 0] [t 0 7 -3]_r, a1
22[270 1}_’[0 12 1]_’[0 12 1}—[1A J
I
0

14 107 [t 4 1 0] [t 0 -3 473
[3 9 1}_’[0 -3 -3 1]_’[0 1 1-1?3} [ 47

21 0|1 0 0 2 1 0 1 00
23 (4 1]:[1 2 1|0 1 o}ﬁ[o 3/2 1] -1/2 1 o}—>
01 2|0 01 0 1 2 0 0 1
2 1 0 1 0 0 2 1 0 1 0 0
0 3/2 1| —1/2 1 o}ﬁ[o 3/2  0|-3/4 3/2 —3/4}—>
0 0 4/3| 1/3 —=2/3 1 0 0 4/3| 1/3 —2/3 1
20 0] 3/2 -1 1/2 1 0 0] 3/4 —1/2 1/4
0 3/2 0|-3/4 3/2 —3/4} — [0 1 0]-1/2 1 —1/2} =
[0 0 4/3| 1/3 -2/3 1 0 0 1| 1/4 —1/2 3/4
A7
'l a b 1 0 O 1 a 01 0 —b 1 0 01 —a ac—b»
2410 1 ¢ 0 1 o}ﬁ[o 1 0 0 1 —c}ﬁ[o 1 00 1 —ci|.
(001 0 0 1 00100 1 001 0 0 1
2 1 177} (T3 -1 -1 2 -1 —17T1 0
251 2 1} :—{—1 3 —1};[—1 2 4}[1}:[0} so B~! does
11 2 4l-1 -1 3] -1 -1 2]l1 0
not exist.

% Ead=| ) Y]

Multiply by D = |:

oJ=o 3} ema=ls ][5 A]a= o 2]

1/2 to reaChDE12E21A = I. Then4™! = DE,Ey =
1
2 —2 1
1 0 O 2 -1 0
27 A7'=|-2 1 =3 | (notice the pattern)t~! = [-1 2 —1|.
0o 0 1 0 -1 1

g |02 10 2 2 0 1 2.0 —1 1 1 0 —1/2 1/2
220 1|7]o210[7]0o2 10| |01 12 o/
Thisis[I A~']: row exchanges are certainly allowed in Gauss-Jordan.

29 (a) True (If A has a row of zeros, then evedyB has too, andd B = [ is impossible)
(b) False (the matrix of all ones is singular even with dieajdrs: ones(3) has 3 equal
rows) (c) True (the inverse of ! is 4 and the inverse afi? is (471)?).
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This A is not invertible forc = 7 (equal columns)¢ = 2 (equal rows)c = 0 (zero
column).

o . 1 a 0-b
Elimination produces the pivotsanda—b anda—b. A~ ' = —— | —a a 0.
a(@=b)| 0-q a
1 1 0 0
A7l = 8 (1) i (1) . When the triangulad alternates 1 ané-1 on its diagonal,
0 0 0 1

A~ is bidiagonalwith 1’'s on the diagonal and first superdiagonal.
x=(1,1,...,1) hasPx = Qx so(P — Q)x = 0.

I 0 and A1 0 and_D 1
—-C I -D~'ca™! D! I 0

A can be invertible with diagonal zeroB. s singular because each row adds to zero.
The equation. DL D = I says that. D = pascal (4, 1) is its own inverse.

hilb(6) is not the exact Hilbert matrix because fractions areded off. Sanv(hilb(6))
is not the exact either.

The three Pascal matrices hake= LU = LL" and therinv(P) = inv(LT)inv(L).

Ax = b has many solutions whe# = ones (4,4) = singular matrix and = ones
(4,1). A\b in MATLAB will pick the shortest solutiorx = (1,1, 1,1)/4. This is the
only solution that is combination of the rows of (later it comes from the
“pseudoinverse’”A™ = pinv(4) which replacesA—! when 4 is singular). Any vec-
tor that solvesAx = 0 could be added to this particular solution

1 —a 0 0 1 a ab abc
. /o 1 - O|.. .4 |0 1 b bc .
Theinverse ofd = | o o | _. |is4" = |, o ; . |- (This
0 0 o0 1 0 0 O 1
would be a good example for the cofactor formdia! = C T/ det4 in Section 5.3)
1 1 1 1
a 1 0 1 1 a 1
The productl o 4 0 d 1 1 =|b d 1
c 0 0 1 0 e 0 1 f o1 c e f 1

that in this order the multipliers shows b, ¢, d, e, f are unchanged in the product
(important for A = LU in Section 2.6.

MM~ = (1,-UV) (I, +U(I,,—VU)™'V) (thisis testing formula)
=1,-UV+UI,—VU)"'W-UVU,—VU)"'V (keep simplifying
=1,-UV+UIn—VU)1,—VU) 'V =1, (formulasl, 2, 4 are similay

4 by 4 still with 7y, = 1 has pivotsl, 1, 1, 1; reversing tol * = UL makesT}, = 1.

Add the equation€’x = b to find0 = by + b, + b3 + by. Same forFx = b.

The block pivots aredA and S = D — CA™'B (and d —ch/a is the correct
second pivot of an ordinary 2 by 2 matrix). The example pnobldas

R IHEEHINEEE]
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46 Inverting the identityd(I + BA) = (I + AB)A gives(I + BA)'4™! = A~1(I +
AB)™'. Sol +BA andl +AB are both invertible or both singular wheinis invertible.
(This remains true also whedis singular: Problem 6.6.19 will show thdtB and BA
have the same nonzero eigenvalues, and we are looking here atl.)

Problem Set 2.6, page 102

1 {57 = 1 multiplied row 1; L = o times ! (1) [x] = [5] =cisAx = b:

ARG |

2 Lc=bis [1 0 cl] = [5} solved bye = as elimination goes forward.

5
1 1{|e 7 2

1 1 x 5 3. _
Ux =cis [0 1} [y] = [2] solved byx = [2} in back substitution.

3 {31 = 1 and{;3, = 2 (and{;33 = 1): reverse steps to getu = b from Ux = c:
1times(x+y+z = 5)+2times(y+2z = 2)+1times(z = 2) givesx+3y+6z = 11.

ool JE L L R

2 1 0 2 1 0
}[o 4 2}:[0 4 2]=U.WithE—1asL,A=LU=

1
5EA=|:0
-3 6 3 5 0 0 5

1
|:01 :|U.
301

1 1 1 1 1 1 0 O
6 |:0 1 :||:—2 1 :|A = |:O 2 3:| = U. Then4d = |:2 1 Oi| Uis
0-2 1 0 0 1 0 0-6 0 2 1

the same a&5,' E5,'U = LU. The muItipIiers€21,€32 = 2 fall into place inL.

1 1
7 E32E31E21 A = 1 1 2 2 2 This is
-2 1 -3 1 3 4 5

1 0 1 1
0 2 0| =U.Putthosemultipliers, 3,2 into L. ThenA4 2 1 0 = LU.
0 0 2 3 21

1 1
8 E = E32E31E21 = |: 1 :| |: 1 :| |:—a 1 :|=|: —a 1 :|
—c 1]L-b 1 1 ac—b —c 1

The multipliers are just, b, ¢ and the upper trianguldf is 7. In this cased = L and
its inverse is that matri = L1,

110 1 de g7 d=1,e=1,thenl =1
9 2by2:d =0nota||owed[l 1 2}:[1 1 }[ f h] f = 0is not allowed
121 mn 1 i | no pivotinrow 2

1
0
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2 leads to zero in the second pivot position: exchange rowsnatdingular.

c =
¢ = 1 leads to zero in the third pivot position. In this case therixds singular.

2 4 8 2
A= [0 3 9} hasL = I (A is already upper triangular) and = [ 3 } ;
0 0 7 7

1 2 4
A= LU hasU = A; A= LDU hasU = D74 = [O 1 3} with 1's on the

0 0 1

diagonal.

T2 47 1 o]f2 47 _[1 ol[2 o[t 27_ R
A—[4 11]—[2 1][0 3]—[2 1][0 3} [0 1}—LDU’U'SL

M1 1 4 07 1 1 1 4 0

4 1 }[0 —4 4 ={4 1 ][ —4 }[0 1 —1:|:LDLT.
10 —1 1 0 0 4] 0 —1 1 41L0 0 1

[a a a a 1 AT a a a a a # 0 All of the
abbb| |11 b—a b—a b-— Needb;ﬁamultipliers
abcc | 111 c—b c—-b c#barel; =1
labcd 1111} d—c d # cforthis A
fa r r 1 1 a r r r a#0
a b s s| |11 b—r s—r s—r b#r

a b c t| |1 1 c—s t—s 'Needcaés
la b ¢ d 1 1 d—t d#t
[1 0 21 . -5

4 1]c:[ ]gwes [ } hen[ :|x= [3} glvesz[ 3].

) 2 4 2

Ax =b is LUx_[ 17 } [ ] Forwardto[0 1i|x=|:3i|=c'

1 00 11 4 3
|:l 1 O}c = [ i|g|V€SC = |: i| Then|: 1 l}x = |:1i| givesx = [O}
1 11 0 0 1 1 1

Those are the forward elimination and back substitution psstefor

1 1 1 1 4
Ax=[11 M 1 1}6:H.
I 1 1 1 6

(@)L goestol (b) I goestol ™! (c) LU goestoU. Elimination multiply byZ=!!

(@) Multiply LDU = L;D,U; by inverses to geL7!LD = DU;U~!. The left
side is lower triangular, the right side is upper triangutaiboth sides are diagonal.
(b) L,U, Ly,U; have diagonal’s soD = D;. ThenL!L andU,; U~ are both/.

1 1 1 0 a a 0 a
[1 1 }[ 1 1} = LIU;[a a+b b } =(sameL)[ b }
0 1 1 1 0 b b+c c
(sameU). A tridiagonal matrix4 hasbidiagonal factors L andU .

A tridiagonal T has 2 nonzeros in the pivot row and only one nonzero belowittoe p
(one operation to find and then one for the new pivot!)T" = bidiagonal L times
bidiagonalU .
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21 For the first matrix4, L keeps the 3 lower zeros at the start of rows. Bumay not
have the upper zero whers, = 0. For the second matri®, L keeps the bottom left
zero at the start of row 4U keeps the upper right zero at the start of column 4. One
zero inA4 and two zeros irB are filled in.

5 3 1 4 2 0 2 00

22 Eliminatingupwards |3 3 1| —> |2 2 0| —> |2 2 0| = L. Wereach
1 1 1 1 1 1 1 1 1

alower triangularZ, and the multipliers are in amppertriangularlU. A = UL with

1 1 1
U= |:0 1 1:|.
0 0 1
23 The 2 by 2 upper submatrit, has the first two pivots, 9. Reason: Elimination od
starts in the upper left corner with elimination da.
24 The upper left blocks all factor at the same timedasdy, is L Uy.
25 Thei, j entryof L='is j/ifori > j. And L;;—; is (1 —i)/i below the diagonal
26 (K™Y = j(n—i+1)/(n+1)fori > j (and symmetric)(n + 1)K ~! looks good.

Problem Set 2.7, page 115

1o S I T T S T | e [ . o |
1A—[9 3}“""5/‘ —[0 3]/1 —[—3 1/3]’(A ) =) —[0 1/3]’
_|1 ¢ T_ a0 o)y
A_[c O}hasA = AandA _c—z[c _1]_(A ).
2 (AB)"isnotAT BT except whemt B = BA. Transpose thatto find3TA™ = ATBT.
3@ (AB)™HT = B1A™HT = A HT(B~HT. This is also(AT)"1(BT)~L.
(b) If U is upper triangular, so i§ ~!: then(U~1)T is lower triangular.

4 A= [8 (1)} hasA4? = 0. The diagonal 04" 4 has dot products of columns dfwith

themselves. IfAT A = 0, zero dot productss zero columns= A = zero matrix.

0
5 (@) xTAy=|0 1][411 g 2} [(1)}:5 () xTA=[4 5 6] (c) Ay:|:§:|.

T AT CT T T T T
6 M' = BT DT yM" = M needsd' = AandB' = C andD' = D.

7 (a) Falseﬂ(é)1 ‘(ﬂ is symmetric only ifA = AT. (b) False: The transpose dfB
0 transposes t 0 AT
A0 P AT 0|
So(AB)" = AB needsBA = AB. (c) True: Invertible symmetric matrices have

symmetric in verses! Easiest proof is to transpdse! = 7. (d) True:(ABC)Tis
CT"BTAT(= CBA for symmetric matricest, B, andC).

8 Thel inrow 1 hasn choices; then thé in row 2 hasn — 1 choices .. .! overall).

is BTAT = BA when A and B are symmetri
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0 1 0711 0 O 0 0 1 01 0
9 PyP, = |0 0O 1|0 0 1| = |0 1 Of butP,,P; = |1 0 0.
1 0 0JLO 1 O 1 00 0 0 1

If Pz and P4 exchangalifferentpairs of rows,P; P, = P4 P; does both exchanges.

10 (3,1,2,4) and(2, 3, 1,4) keep4 in place;6 more evenP’s keep 1 or 2 or 3 in place;
(2,1,4,3) and(3,4, 1,2) exchange 2 pairg.1,2,3,4), (4,3,2, 1) makel2 evenP’s.

0 1 0710 0 6 1 2 3
11 PA=|0 0 1||1 2 3| =10 4 5| isuppertriangular. Multiplyingn
1 0 0JLO 4 5 0 0 6

the rightby a permutation matri®, exchanges theolumns To make this4 lower tri-

1
angular, we also need; to exchange rows 2 and 3P;AP, = [ 1}
1

1 6 0 0
A|: 1 :|=|:5 4 0:|.
1 3 2 1

12 (Px)"(Py)=x"P"Py=xTysincePTP=1.IngeneralPx-y=x-PTy # x-Py:

0 1 0 1 1 1 01 0 1
Non-equality where? # PT: [O 0 1} |:2i| . |:1i| # [2} . [O 0 1} |:1i|
1 0 04L3 2 3 1 0 04[2

0O 1 0

13 AcyclicP = [0 0 1 |oritstranspose willhav®3 =1 :(1,2,3) - (2,3.1) —
1 0 0

1 0

(3.1,2) > (1,2,3). P = [0 P

} for the sameP hasP* = P # 1.

14 The “reverse identity’P takes(1,...,n)into (n,...,1). When rows and also columns
are reversed,PAP);; iS (A)n—it+1,n—j+1. In particular(PAP )y is Ayy.

15 (a) If P sends rowl to row4, thenP T sends rom torow1 (b) P = [g g] =

PT with E = [(1) (1)] moves all rows:1 and2 are exchanged, and4 are exchanged.

16 A% — B? (butnot(4 + B)(A — B), this is different) and alsd BA are symmetric if4
and B are symmetric.
1 1

m@A=|, [|= AT is not invertible (b)A = [(1) %] needs row exchange

(c)Azﬁ é}hasD:[(l) _Ol]

18 (@) 5+4+3+2+1 = 15independent entriesif = AT (b) L has 10 and has 5;
total 15inLDLT (c) Zero diagonal ifAT = —A, leaving4 +3 42+ 1 = 10 choices.

19 (a) The transpose ®RTARiSRTATRTT = RTAR = n by n whenA" = A (anym
byn matrix R) (b) (RTR),; = (columnj of R)- (column; of R) = (length squared
of column;) > 0.
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24

25

26

27

28

I 3| (1L Oof|1 of|1 3. 1 b| |1 0Off1l 0 1 b
3 273 L[||0 =7[|0 1} b c| |b 1||0 c—=b2]|0 1
1 2 _1
2 -1 0 h 3 I -5 0 ;
-1 2 —1|=]|—3 1 > 1 _% =LDL".
0 -1 2 _2 4
0 -3 1 3 1
Elimination on a symmetric 3 by 3 matrix leaves a symmetriedoright 2 by 2 matrix.
248 A 5 7 d—b e—be
Theexampleg4 3 9|and| b d e Ieadto[_7 _32] and[ b 2].
8 90 ce f e—bc f-c
1 1 I 0 1 1 1 1 2 0
[1 }A:{o | M ! 1H 1}4:[1 | M a 1}
1 2 3 1 —1 1 2 0 1 1
0 0 0 1
{1 0 0 0] _ o This cyclic P exchanges rows-2 then
A= 01 00 =PandL=U=1. rows2-3 then rows3-4.
0 010

17710 1 2 1 2 1 1
PA=LU is[ 1 } [O 3 8} = [O 1 } [ 3 8}. If we wait
1 2 1 1 0 1/3 1 -2/3

1 1 2 1 1
to exchange and, is the pivot,A = L, P,U; = |:3 1 } [ 1} [O 1 2]
1 1 0O 0 2

Thesplu code will not end wheabs(A(k, k)) < tol line 4 of theslu code on page 100.
Insteadsplu looks for a nonzero entry below the diagonal in the currehiroo k, and
executes a row exchange. The 4 lines to exchangecraiith row r are at the end of
Section 2.7 (page 113). Tiond that nonzero entr(r, k), follow abs(A(k, k)) < tol
by locating the first nonzero (or the largeftr, k) out ofr = k + 1,...,n).

One way to decide even vs. odd is to count all pairs thags in the wrong order. Then
P is even or odd when that count is even or odd. Hard step: Shatathexchange
always switches that count! Then 3 or 5 exchanges will lehsedount odd.

1 1 0 0
(@) Es1 = [—3 1 }putso inthe2, 1 entry of E51 A. ThenEy AE], = [0 2 4}
1 0 4 9

1
is still symmetric, with zero alsoinits 1, 2 entry.  (b) NoweuSs, = |: 1 i|
—4 1
to make the 3, 2 entry zero arth, E>1 AE], E1, = D also has zero in its 2, 3 entry.
Key point: Elimination from both sides gives the symmettiD LT directly.

01 2 3

A= ; g (3) (1) = A" has0, 1,2, 3 in every row. (I don’t know any rules for a
301 2

symmetric construction like this)
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Reordering the rows and/or the columng[@f? | will move the entrya. So the result
cannot be the transpose (which doesn’t maje

1 0 17 Tyec YBC + VBS
(a) Total currents ared'y = |—-1 1  0||ycs | = |—-yBc+ycs |.
0 -1 —14Lyss —Ycs — YBS

(b) Either way(Ax)"y = x"(A"y) = xpypc + XBYBS — XCYBC + XCYCS —
Xsycs — XSYBS-

[410 1(5)80} [xl} s ATy — [1 40 2 } [ 720} - [ 6820 } I truck
2 50 X2 50 1000 50 3000 188000 | 1 plane
Ax - y is thecostof inputs whilex - ATy is thevalueof outputs.

P3 = I so three rotations fa360°; P rotates aroundl, 1, 1) by 120°.

1 2 I o1 2 N . :
[4 9] = [2 1] [2 5] = EH = (elementory matrix) times (Symmetric matrix).

L(UT)~1 is lower triangular times lower triangular, so lower triatay. The transpose
of UTDU isUTDTUTT = UTDU again, soU DU is symmetric. The factorization
multiplies lower triangular by symmetric to g&tDU which is A4.

These are groups: Lower triangular with diagotia) diagonal invertibleD, permuta-
tions P, orthogonal matrices witiD T = Q1.

Certainly BT is northwest. B2 is a full matrix! B~" is southeast[1 1]~ = [9_1].
The rows of B are in reverse order from a lower triangulay so B = PL. Then
B~! = L=1P~1 has thecolumnsin reverse order froni.~!. SoB~! is southeast
NorthwestB = PL times southeasP U is (PLP)U = upper triangular.

There aren! permutation matrices of order. Eventuallytwo powers ofP must be
the samelf P" = PSthenP” ~—5 = [. Certainlyr —s < n!

P 01 01 0
p=|"72 is 5 by 5 with P, = andP;=|0 0 1|andPS=1.
Ps o 1 0 0

To split A into (symmetricB) + (anti-symmetricC), the only choice i = %(A-l—AT)
andC = (4 — A").

q; 10
StartfromQTQ = I, as in[ i}[ql 0] = [0 1]
92

(@) The diagonal entries givglg, = 1 andglg, = 1: unit vectors
(b) The off-diagonal entry igy{¢, = 0 (and in genera§/q; = 0)

cosh — sine}

(c) The leading example fap is the rotation matrl{ sinf  cosh





