Solutions to Exercises 27

Problem Set 3.1, page 127

lx+y#y+xandx + (y +z2)# (x +y)+zand(c; + c2)x # c1x + cax.

2 Whenc(xy, x2) = (cx1,0), the only broken rule is 1 times equalsx. Rules (1)-(4)
for additionx + y still hold since addition is not changed.

3 (a) ¢x may not be in our set: not closed under multiplication. Als®rand no—x
(b) c(x + y)isthe usualxy)c, whilecx + cy is the usualx€)(y¢). Those are equal.
Withe¢ = 3, x =2,y = 1thisis3(2+ 1) = 8. The zero vector is the number 1.

. . o o], [1 -1 [-2 2
4 The zero vector in matrix spadé is 0 ()]EA =1 _1 and—A4 = 5 2]
The smallest subspace i containing the matrixd consists of all matricesA.

5 (a) One possibility: The matricesd form a subspace not containiiy (b) Yes: the
subspace must contaih— B = I (c) Matrices whose main diagonal is all zero.

6 When f(x) = x? andg(x) = 5x, the combinatior8 f — 4g in function space is
h(x) =3f(x) —4g(x) = 3x% —20x.

7 Rule 8 is broken: Ifc f(x) is defined to be the usudgf (cx) then(c; + ) f =
f ((c1 + c2)x) is not generally the same asf + co f = f(c1x) + f(c2x).

8 If (f + g)(x)istheusualf (g(x))then(g + f)xis g(f (x)) which is different. In
Rule 2 both sides arg (g (h(x))). Rule 4 is broken there might be no inverse function
£~ Y(x) such thatf (f ~!(x)) = x. If the inverse function exists it will be the vector

9 (a) The vectors with integer components allow addition,rfmitmultiplication by%
(b) Remove ther axis from thexy plane (but leave the origin). Multiplication by any
¢ is allowed but not all vector additions.

10 The only subspaces are (a) the plane with= b, (d) the linear combinations af
andw (e) the plane witth; + b, + b3 = 0.
a

g g} (b) AIImatrices[0 g] (c) Alldiagonal matrices.

12 Forthe planer + y —2z = 4, the sum of4, 0, 0) and(0, 4, 0) is not on the plane. (The
key is that this plane does not go througho, 0).)

13 The parallel plané, has the equatiom + y — 2z = 0. Pick two points, for example
(2,0, 1) and(0, 2, 1), and their sum2,2,2) is in Py.

14 (a) The subspaces Bf areR? itself, lines througl{0, 0), and(0, 0) by itself (b) The
subspaces dR* are R* itself, three-dimensional planes- v = 0, two-dimensional
subspacegn; - v = 0 andn, - v = 0), one-dimensional lines throudh, 0, 0, 0), and
(0,0,0,0) by itself.

15 (a) Two planes througlto, 0, 0) probably intersect in a line throudh, 0, 0)

(b) The plane and line probably intersect in the pginoy, 0)
(c) If x andy arein bothS andT, x + y andcx are in both subspaces.

16 The smallest subspace containing a plBrad a linel is either P (when the lind_ is
in the planeP) or R3 (whenL is notinP).

17 (a) The invertible matrices do not include the zero matrixitey are not a subspace

(b) The sum of singular matric{% 8] + [8 (1)] is not singular: not a subspace.

11 (a) All matrices[
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18 (a) True The symmetric matrices do form a subspace Tb)e The matrices with
A" = —A do form a subspace (dFalse The sum of two unsymmetric matrices
could be symmetric.

19 The column space ofl is the x-axis = all vectors(x,0,0). The column space aB
is thexy plane= all vectors(x, y,0). The column space df is the line of vectors
(x,2x,0).

20 (a) Elimination leads td = b, — 2b; and0 = b; + b3 in equations 2 and 3:
Solution only ifb, = 2by andbz = —b, (b) Elimination leads t® = by + 2b5
in equation 3: Solution only ib; = —b;.

21 A combination of the columns af is also a combination of the columns 4f Then

1 3 1 2
C=26andA=24

different column space.
22 (a) Solution for everyy (b) Solvable only ifb; = 0 (c) Solvable only ifb; = b,.

23 The extra columib enlarges the column space unléds already inthe column space.
(4 b] = 1 0 1] (largercolumnspace) [1 0 1| (bisincolumnspace)
~ 10 0 1| (nosolutiontodx =b) |0 1 1| (Ax = b has a solution)

24 The column space aofl B is contained in(possibly equal to) the column space 4f
The exampleB = 0 andA # 0 is a case wher B = 0 has a smaller column space
thanA.

25 The solutiontodz = b + b isz=x + y. If bandb™ are inC (A4) soisb + b*.

26 The column space of any invertible 5 by 5 matrixR8. The equatiordx = b is
always solvable (by = A~'b) so everyb is in the column space of that invertible
matrix.

27 (a) False \Vectors that arenot in a column space don't form a subspace.
(b) True Only the zero matrix ha€ (4) = {0}. (c) True C(A4A) = C(24).

(d) False C(A—1) # C(A)whend = I or A = [1 0

have the same column spacB. = é 2 has a

0 0] (or other examples).
1 1 0 1 1 2 1 2 0
286A=|1 0 Ojandf1 O 1|donothavgl,1,1)inC(4). A=|2 4 0
01 0 01 1 3 6 0
hasC (A4) = line.
29 WhenAx = b is solvable for allb, everyb is in the column space of. So that space
isR?.
30 (a) If u andv are bothinS + T, thenu = s; +¢t; andv = s, +t,. Sou +v =
(s1+52)+ (t; +1ty)isalsoinS + T. Andsoiscu = c¢s; + ctq: a subspace
(b) If S andT are different lines, the§ U T is just the two linesr{ot a subspagebut
S + T is the whole plane that they span.
31 If § =C(A)andT = C(B)thenS + T isthe columnspacedif =[A4 B].

32 The columns of4 B are combinations of the columns #f So all columnsof A AB|]

are already irC (4). But4 = 8 (1)

For square matrices, the column spacR’isvhenA isinvertible

has a larger column space thdh = [8 8}
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Problem Set 3.2, page 140

12246 Free variables,, x4, x 2 42 Freex
1@U=|0 0 1 2 3| ! 27405 () U:{o 4 4} $oex3
[0 00 0 0} Pivot variablesy;, x3 00 0 Pivotxy, x»

2 (a) Freevariables,, x4, x5 and solutiong—2, 1,0, 0, 0), (0,0,—2,1,0), (0,0,—-3,0, 1)

(b) Free variablers: solution(1, —1, 1). Special solution for each free variable.

3 The complete solution telx = 0is (—2x3, X2, —2x4 — 3x5, X4, X5) With x5, x4, x5

free. The complete solution tBx = 0is (2x3, —x3, x3). The nullspace contains only
x = Owhen there are no free variables.

00 0 0O 0 0

0
Ao [-13 s _J1roy[-135]. ,_[-135]_Jto
= |26 10 T |2 1| 000" T |26 77|21

o0 5w

1 2 0 0 O 1 0 —1
R:[O 01 2 3},R:[O 1 1},RhasthesamenuIIspacelaisandA.

0 0 =3

6 (a) Special solution63, 1,0) and(5,0,1) (b) (3,1,0). Total of pivot and free i.

10

11

12

13

14
15

(&) The nullspace aoft in Problem 5 is the planex + 3y + 5z = 0; it contains all the
vectors(3y + 5z,y,z) = y(3,1,0) + z(5,0,1) = combination of special solutions.
(b) Thelinethrough(3, 1,0) has equationsx +3y+5z = 0and—2x+6y+7z = 0.
The special solution for the free variablgis (3, 1, 0).

1 -3 =5 . o, |1 =3 o0f .., |1 O
R:[O 0 O:|WIthI=[l],R—|:O 0 l]WIthI—[O 1]

(a) False Any singular square matrix would have free variables Tb)e An in-
vertible square matrix has free variables. (c)True(only n columns to hold pivots)
(d) True(only m rows to hold pivots)

() Impossiblerow 1 (b)4 = invertible (c) A =allones (d)A=2I,R=1.

ro 1. 1 1 1 1 1 1 1 1 1 1 1 1 0O 0 01 1 1 1

0O 0 o0 1 1 1 1 O 0 1 1 1 1 1 0O 0 0 0 0 1 1

0O 0 0 0 1 1 1 0O 0 0 0 0 1 1 0O 0 0 0 0 0 O
L1000 00O 0 O 0O 0 0 0 0 0 1 0O 0 0 0 0 0 O

1 1 01 1 1 O O 01 1 0 0 1 1 1

0O 01 1 1 1 0 O 0O 0 01 0 1 1 1 . . .
000000 10lloooo 111 1!l Notice the identity
0O 0 0 0 0 0 0 1 O 0 0 0 0 0 o0 o0

matrix in the pivot columns of theseducedrow echelon forms.

If column 4 of a 3 by 5 matrix is all zero thexy, is afreevariable. Its special solution
isx = (0,0,0,1,0), because 1 will multiply that zero column to giviex = 0.

If column 1= column 5 then;s is a free variable. Its special solution(is1, 0,0, 0, 1).

If a matrix has: columns and pivots, there ar@a — r special solutions. The nullspace
contains onlyx = 0 whenr = n. The column space is all & whenr = m. All
important!
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The nullspace contains only = 0 when A has 5 pivots. Also the column spaceRs,
because we can solvex = b and eveny is in the column space.

A=[1 —3 —1]givesthe planee — 3y — z = 0; y andz are free variables. The
special solutions aré3, 1,0) and(1,0, 1).

X
Fill in 12 then4 thenl to get the complete solution to— 3y — z = 12: [yi| =

V4
12 4 1
[ 8 } + [(1)} +z [(1)} = Xparticular™ *nullspace

If LUx = 0, multiply by L=! to find Ux = 0. ThenU and LU have the same
nullspace.

Column 5 is sure to have no pivot since it is a combination olfieracolumns. With
4 pivots in the other columns, the special solutios is (1,0, 1,0, 1). The nullspace
contains all multiples of this vectar(a line inR>).

For special solutiong2,2,1,0) and (3,1,0, 1) with free variablesxs,x;: R =

[(1) (1) :g :?] andA can be any invertible 2 by 2 matrix times  this
1 0 0 —4

The nullspace off = [0 1 0 —3} is the line through4, 3,2, 1).
0 0 1 -2

1 0 —1/2

A= |:1 3 —2i| has(1,1,5) and(0, 3, 1) in C(4) and(1, 1,2) in N(A). Which
51 -3

other A’s?

This construction is impossible: 2 pivot columns and 2 fragables, only 3 columns.

1 -1 0 0
A= [1 0 -1 Oi| has(1,1,1) in C(A) and only the lindc, ¢, c,c) in N(A).
1 0 0 -1

00 00

If nullspace= column space (withr pivots) therw —r = r. If n = 3 then3 = 2r is

impossible.

If Atimesevery column oB is zero, the column space #fis contained in thaullspace

i i andB = [_} _” HereC (B) equalsN (A).

(For B = 0,C(B) is smaller.)

For A = random 3 by 3 matrixR is almost sure to bé. For 4 by 3,R is most likely

to be with fourth row of zeros. What about a random 3 by 4 matrix?

If N(A) = line throughx = (2,1,0, 1), A hasthree pivotg4 columns and 1 special
1 0 0 =2

solution). Its reduced echelon form canRe= [O 1 0 —1} (add any zero rows).
0 01 O

A= [0 1 } hasN (4) = C (4) and also (a)(b)(c) are all false. Notigef(AT) = [ 1 o]

of A. An example isd =
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01 0

33 (a) [(1) (1)][(1) 8] [(1) (1)} [8 (1)} [8 8] (b) All 8 matrices areR’s!

34 One reason thak is the same fod and—A: They have the same nullspace. They also
have the same column space, but that is not required for tviaegto share the same
R. (R tells us the nullspace and row space.)

32 Any zero rows come after these ron®:=[1 —2 —-3], R = [1 0 0], R=1.

35 The nullspace oB = [A A] contains all vectors = [_i] for y in R*.
36 If Cx =0thenAx = 0andBx = 0. SoN(C) = N(A) N N(B) = intersection

37 Currents yy —y3+ys = —y1+y2++ys = —y2+ya+ys = —ya—ys—ye = 0.
These equations add o= 0. Free variabless, ys, y¢: watch for flows around loops.

Problem Set 3.3, page 151

1 (a) and (c) are correct; (b) is completely false; (d) is fdlseausekR might havel'’s
in nonpivot columns.

T4 4 4 4T T 11 1 17
2 A= 4 4 4 4| hasR = 0 0 0 0|. Therankis = 1;
| 4 4 4 4] L 0 0 o0 0]
1 2 3 47 o1 0 —1 =27
A= 2 3 4 5| hasR = 0 1 2 3 (. Therankis = 2;
| 3 4 5 6] L 0 0 0 0
M —1 1 -1 17 1 -1 1 —17
A=1|-1 1 -1 1| hasRk = 0 O O Of. Therankisr =1
-1 1 =1 1] L 0 0 0 0]
1 2 0
_ . R4 O Zero rows go
3 RA_[g 8 (1)} Rp =[Ra Ra] RC_’[ 0 RA}_> to the bottom
. . [0 1 . I
4 |If all pivot variables come last theR = 0 0 . The nullspace matrix i/ = ol
5 Ithink Ry = Ay, R, = A, istrue. ButR; — R, may have-1’s in some pivots.
6 A andAT have the same rank= number of pivots. Bupivcol (the column number)
0 1 0
is 2 for this matrix4 and 1 forA™: A =0 0 O}.
(0 0 0
7 Special solutionsitV =[-2 —4 1 0; -3 =5 0 1] and[1 O 0;0 —2 1].
1 2 4 2 6 -3
8 The new entries keep rank 14 = [2 4 8}, B = [1 3 —3/2]
4 8 16 2 6 -3

b
M = |:LcZ bc/a]'
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If A hasrank 1, the column space ibree in R™. The nullspace is planein R” (given
by one equation). The nullspace matixis n by n — 1 (with n — 1 special solutions
in its columns). The column space 4f is alinein R".

36 61 [3][1 2 2]

12 2]=|1 and[_% . _‘2‘]=[_ﬂ[1 13 2]
48 8| |4

A rank one matrix has one pivot. (That pivot is in row 1 aftesgible row exchange; it
could come in any column.) The second rowbfs zero.

0 1

Invertibler by r submatrices g — 1 3
Use pivot rows and columns™ — |1 4

}andS =[1l]andS = [1 O]

P has rank (the same ad) because elimination produces the same pivot columns.

The rank ofRT is alsor. The example matrixd has rank with invertible S:

1 3
B 1 2 2 T _[1 2 |13
R I S I P I

The product of rank one matrices has rank one or zero. TheSeysar matrices have
rank(AB) = 1;rankAM) = 1 exceptAM =0if ¢ = —1/2.

(wv")(wz") = u(v"w)z" has rank one unless the inner produatis = 0.

(a) By matrix multiplication, each column of B is A times the corresponding column
of B. Soif column; of B is a combination of earlier columns, then coluiof AB

is the same combination of earlier columns4AB. Then rank(AB) < rank(B). No
new pivot columns! (b) The rank a® is r = 1. Multiplying by 4 cannot increase
this rank. The rank oft B stays the same fot; = / andB = [1 }]. It drops to zero

ford, = [_}_1].
If we know that rankBT AT) < rank(A"), then since rank stays the same for transposes,
(apologies that this fact is not yet proved), we have (aik) < rank(A).

We are giverd B = [ which has rank. Then rank4 B) < rank(A) forces rank4) =
n. This means thad is invertible. The right-inverse is also a left-inverseBA = I
andB = A1

Certainly A and B have at most rank. Then their producd B has at most rank
SinceBA is 3 by 3, it cannot bel evenifAB = 1.

(a) A and B will both have the same nullspace and row space a&ttiey share.
(b) A equals annvertiblematrix timesB, when they share the sanke A key fact!

1 0 1 1 0 1 1 0
A = (pivot columng(nonzerorows o) = | 1 4 =1 1 0|+
1 8 0 01 1 1 0

882 B_2210_co|umns_20+02
008' 12 3|0 1| timesrows ~ |2 0 0 3
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I 1 2 2 1 0 2 2
23lfc=1,R=10 0 0 0] hasxy,x3,x4free. Ifc #1,R =0 1 0 0
0 0 0 O 00 0 O
-1 -2 =2
hasxs, x4 free. Special solutions iV = (1) (1) 8 (forc = 1)andN =
0 0 1
—2 -2
0 0 0 1 . I -2
1 0 (forc # 1). Ifc:l,R:[O O]andxlfree;lfczz,R:[O 0}
0 1

andx, free; R = [ if ¢ # 1,2. Special solutions inlN = [(ﬂ (c=1)o0orN =

%] (c =2)or N =2 by 0 empty matrix.

24 A=[I I]hasN:[_I};B:[l I]hasthesame/;cz[l I I]has

1 0 0
-1 -1
N=|: 1 Oi|.
0 I

1 1 2 4 1 1 10 2 3
25 A=|1 2 2 5|=|1 2 [0 10 1] = (pivot columns) timegR.
1 3 2 6 1 3

26 Them by n matrix Z hasr ones to start its main diagonal. Otherwigas all zeros.
|1 F|_ rbyr rbyn—r|, n_ |1 0f. Ty
27 R_[O O]_[m_r byr m—r byn_r},rref(R )= 00 ; rref (R R) =sameR

28 Therow-column reduced echelon forimalways[(l) 8] lisrbyr.

Problem Set 3.4, page 163

2 4 6 4 b 2 4 6 4 b 2 4 6 4 b
1|:2 5 7 6 b2i|—>|:0 1 1 2 bz—b1i|—>|:0 1 1 2 bz—bl i|
2 3 5 2 b; 0—1—-1-2 bs—Db; 0 0 0 0 bz+hby—2b
Ax = b has a solution whebs; + b, —2b; = 0; the column space contains all combi-
nations of(2, 2, 2) and(4, 5, 3). This is the planebs + b, —2b; = 0 (!). The nullspace
contains all combinations af = (—1,—1,1,0) ands, = (2,-2,0, 1); Xcompletre =
Xp + Cc1851 + C282;

1 0 1 =2 4
[R d]= [O 11 2 —1} gives the particular solution, = (4,—1,0,0).
0 0 O 0 0
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2 1 3 by 2 1 3 by 1 1/2 3/2 5
2|:6 39 bz]—>|:0 0 0 b2—3b1i| Then[ R d]:[o 0 0 Oi|
4 2 6 bs 0 0 0 bs3—2b 00 o0 O
Ax = b has a solution wheh, — 3b; = 0 andbs — 2b; = 0; C(A) = line through
(2,6,4) which is the intersection of the planés — 3b; = 0 andbsz — 2b; = 0;
the nullspace contains all combinationssef= (—1/2,1,0) ands, = (—3/2,0, 1);
particular solutiont , = d = (5,0,0) and complete solutiomn, + c1s1 + ¢252.

2 -3
3 O} + xz|: 1}. The matrix is singular but the equations are

X =
complete |: 1 0
still solvable;b is in the column space. Our particular solution has freeatdeiy = 0.

4 =xp+ x5 = (3.0, 2.0) + x2(=3.1,0,0) + x4(0,0, 2. 1).

x
complete

1 2 =2 b 1 2 =2 b
5 |:2 5 —4 b2:| — |:0 1 0 b2 —2b1 :| solvable |fb3 — 2b1 — bz = 0.
4 9 -8 b3 0 0 0 b3—2by—by
Back-substitution gives the particular solution4A@ = b and the special solution to
5by —2b, 2
Ax =0 x = |:b2—2b1 i| + x3 |:Oi|
0 1

6 (a) Solvable ifb, = 2b; and3b; — 3bs + by = 0. Thenx = [Sbl - 2b3] —x,

by —2b;

5by —2b3 —1
(b) Solvable ifb, = 2b; and3b; —3b3 + by = 0. x = [ bz —2by } + x3 [—1}.
0 1

1 3 1 b 1 3 1 by One more step givg®d 0 0 0] =
7 |:3 8 2 bz}—>|:0 -1 -1 b2—3b1} row 3 — 2 (row 2) + 4(row 1)
2 4 0 b; 0 —2 -2 b3—2b; | provided b3—2b,+4b1=0.

8 (a) Everyb isin C(A): independent rowsnly the zero combination givés
(b) We needv; = 2b,, becausgrow3) — 2(row2) = 0.

1 0 0771 2 3 5 b 1 2 3 5 b
9 L[U c]:|:2 1 0i||:0 0 2 2 by—2b; }:[2 4 8 12 b2i|
3 =1 1/L0 0 0 0 b3+by—5b; 3 6 7 13 b

= [A b]; particularx , = (=9,0,3,0) means-9(1,2,3) 4+ 3(3,8,7) = (0,6, —6).
ThisisAx , = b.

10 [(1) | j]x - [i] hasx, = (2,4,0) andxpy) = (¢, ¢, ¢).

11 A1 by 3 system has at leasto free variables. Buk | in Problem 10 only hasne.
12 (a) x; —x, andOsolvedx =0 (b) A2x; —2x,) =0,4A2x1 —x3)=0b
13 (a) The particular solutiom, is always multiplied by 1 (b) Any solution can bg

(c) [g g] [ﬂ = [g} Then[” is shorter (length/2) than[g] (length 2)

(d) The only “homogeneous” solution in the nullspace js= 0 whenA is invertible.
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14 If column 5 has no pivotys is afreevariable. The zero vectas notthe only solution
to Ax = 0. If this systemAx = b has a solution, it hamfinitely manysolutions.

15 If row 3 of U has no pivot, that is @aero row Ux = ¢ is only solvable provided
c3 = 0. Ax = b might not be solvablédecausd/ may have other zero rows needing
morec; = 0.

16 The largest rank is 3. Then there is a pivot in evieny. The solutionalways exists
The column space B>. An exampleisd = [I F | for any3 by 2 matrix F.

17 The largest rank of a 6 by 4 matrix is 4. Then there is a pivotvergcolumn The

solution isunique The nullspace contains only the zerector. An example isd =
R =[1 F]forany 4 by 2 matrixF.

18 Rank= 2; rank= 3 unlesg; = 2 (then rank= 2). Transpose has the same rank!
19 Both matricesd have rank 2. Alwayst” 4 andA A" havethe same rankasA.

1 0 0711 O 1 0
0a=10=[1 O[3 43 g};hw[z | OMO > 3}.
0 3 1 0 0 11 =5

X 4 —1 —1 X 4 —1
21 (a) [y} = [O}er[ 1}+z[ 0} (b) [y} = |:0:|+Z|: O].Thesecond
z 0 0 1 z 0 1
equation in part (b) removed one special solution.

22 If Ax, = b and alsoAx, = b then we can ada; — x, to any solution ofAx = B:
the solutionx is not unique. But there will bao solutionto Ax = B if B is notin
the column space.

23 ForA,q = 3 givesrank 1, every othergives rank 2. FoB, g = 6 givesrank 1, every
otherg gives rank 2. These matrices cannot have rank 3.

24 (a) 1 [x] = [Z;] has 0 or 1 solutions, depending #n (b) [ 1] [2} =
[b] has infinitely many solutions for evety (c) There are 0 oso solutions whem

has rankr < m andr < n: the simplest example is a zero matrix.  @esolution
for all » whenA is square and invertible (likd = 7).

25 (@) r <m,awaysr <n (b)) r=m,r<nC)r<m,r=n()r=m=n.
2 4 4 1 0 -2 2 4 4

26 |:0 3 6:|—>R=|:0 1 2:|and|:0 3 6:|—>R=I.
0O 0 O 0 0 0 0 0 5

27 If U hasn pivots, thenR hasn pivotsequal to 1 Zeros above and below those pivots
makeR = I.

281230' 120 0] _‘%_1235 120 -1
0040|0010 *™= 0’0048_’0012'
Freex, = 0 givesx , = (—1,0, 2) because the pivot columns contdin

1 0 0 O 0 1 0 0 -1
29[Rd] = |0 0 1 Of leads tox, = |[1|; [Rd] = |0 0 1 2|
L0 0O 0O 0 000 5

no solution because of the 3rd equation
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1023 2 102 32 1020 —4 _‘3‘
30 (1320 5/5]030-33[-5]0100 3[;| o|ixy=xs
2049 10 000 36 0001 2 5

1 1 1
31 ForA =0 2}, the only solution todx = [2 isx = . B cannot exist since
0 3 3

2
0
1
0

2 equations in 3 unknowns cannot have a unique solutlon

1 31
-1 2
0 0 and the rank

1
32 A = factors intoLU = ; ;
1 2

Lo OO

1
0 1 0 0
isr The speC|aI solution telx = OandUx = Oiss = (—7,2,1). Since
b = (1 3,6,5) is also the last column ofl, a particular solutlon tdx = b is
(0,0,1) and the complete solutionis= (0,0, 1) + c¢s. (Or use the particular solution
xp, = (7,-2,0) with free variablexs = 0.)

Forb = (1,0,0,0) elimination leads td/x = (1,—1,0, 1) and the fourth equa-
tion isO = 1. No solution for thish.

. 1. 1 0 1 0
33 If the complete solution telx = [3] isx = [O] + [C} thend = [3 0]

I 3 1
1 23
2 4 6
I 1 5
= 2.

34 (a) If s = (2,3,1,0) is the only special solution tdx = 0, the complete solution is
x = ¢s (line of solution!). The rank od mustbe4 — 1 = 3.

1 0 =2 0
(b) The fourth variabler, is not freein s, and R must be[o 1 -3 O}.
0 0 01

(c) Ax = b can be solve for alb, becaused and R havefull row rankr = 3.

35 For the—1,2,—1 matrix K(9 by 9) and constant right side = (10,---, 10), the
solutionx = K~'b = (45,80,105, 120, 125,120, 105, 80, 45) rises and falls along
the parabola; = 50i — 5i2. (A formula for K ! is later in the text.)

36 If Ax = b andCx = b have the same solutiond,andC have the same shape and
the same nullspace (tale = 0). If b = columnl of 4, x = (1,0,...,0) solves
Ax =b soitsolvex =b. Thend andC share column. Other columns toad =C'!

Problem Set 3.5, page 178

1 1 1 c1
1 [O 1 1] |:czi| = 0 givescs = ¢, = ¢; = 0. So those 3 column vectors are

0 0 1]|es
1 11 2 0

independent. Bu{o 11 3} [c] = [0} is solved byc = (1,1,—4,1). Then
0O 0 1 4 0

v; + v, —4v3 + v4 = 0 (dependent).

2 vy, vy, v3 are independent (thel’s are in different positions). All six vectors are on
the plang(1, 1,1, 1) - v = 0 so no four of these six vectors can be independent.



Solutions to Exercises 37

3 If a = 0then columnl = 0; if d = 0 thenb(columnl) —a(column2) = 0;if f =0
then all columns end in zero (they are all in the plane, they must be dependent).

a b ¢ X 0
4 Ux = [O d e } [yi| = [O} givesz = 0theny = 0thenx = 0. A square
0 0 f]llz 0
triangular matrix has independent columns (invertiblerirptvhen its diagonal has no
zeros

1 2 3 1 2 3 1 2 3
5@ |3 1 2} — [O -5 —7} — [O =5 —7}: invertible = independent
12 3 1 0 -1 =5 0 0 -18/5
columns.

M1 2 =3 1 2 =3 1 2 =3 1 0
SR 2}[ ; _7}[0 : _7}A[1}=[o}commns
2 =3 1 =7 7 0 0 O 1 0

add to0.

6 Columns 1, 2, 4 are independent. Also 1, 3, 4 and 2, 3, 4 andsthet not 1, 2, 3).
Same column numbers (not same columns!)4or

)

7 The sumw; — v, + v3 = 0 becauséw, — w3) — (w; —w3) + (w; —wy) = 0. So the

0 1 -1
difference arelependenand the difference matrix is singulat: = [1 0 -1 }
I -1 0

8 If cy(wy +w3)+ca(wy +w3)+c3(wy +wsz) = 0then(ca +c3)wy + (1 +c3)ws +
(c1 + c2)w3 = 0. Since thew’s are independenty, +¢c3 =c¢; +c¢3 =c¢1 + ¢ = 0.
The only solution ig; = ¢, = ¢3 = 0. Only this combination o, v,, v3 givesO.

9 (a) The four vectors ifR? are the columns of a 3 by 4 matrix. There is a nonzero
solution toAx = 0 because there is at least one free variable (b) Two vecters ar
dependentifv; v, ] hasrank 0 or 1. (OK to say “they are on the same line” or “one is
a multiple of the other” bubot*“ v, is a multiple ofv,” —sincev; might be0.) (c) A
nontrivial combination ob; and0 gives0: Ov; + 3(0,0,0) = 0.

10 The plane is the nullspace of = [1 2—3—1]. Three free variables give three
solutions(x, y,z,t) = (2,—1 —0—0) and(3,0, 1,0) and(1,0,0, 1). Combinations
of those special solutions give more solutions (all sohgjo

11 (a) Line inR? (b) PlaneinR®>  (c) Allof R*  (d) Allof R>.

12 b is in the column space wheAx = b has a solutiong is in the row space when
ATy = ¢ has a solutionFalse The zero vector is always in the row space.

13 The column space and row spacedofindU all have the same dimensior2=The row
spaces of4 and U are the samgbecause the rows @f are combinations of the rows
of A (and vice versal).

14 v=3(+w) + 3(v —w)andw = 3(v + w) — 5(v — w). The two pairspanthe
same space. They are a basis whemdw areindependent

15 Thern independent vectors span a space of dimensidrhey are dasisfor that space.
If they are the columns ofl thenm is not lessthann (m > n).
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16 These bases are not unique! @) 1,1,1) for the space of all constant vectors
(c,c,c,c) (b) (1,-1,0,0),(1,0,—1,0), (1,0,0,—1) for the space of vectors with
sum of components & (c) (1,—1,-1,0),(1,—1,0,—1) for the space perpendic-

ularto(1,1,0,0) and(1,0, 1, 1) (d) The columns of are a basis for its column
space, the empty set is a basis (by convention)Mér ) = {zero vector}.
1 01 0 1

17 The column space df = is R? so take any bases f&?; (row 1

01 0 1 0
and row2) or (row 1 and rowl + row 2) and (rowl and— row 2) are bases for the row
spaces ol/.

18 (a) The 6 vectorsnight notspanR* (b) The 6 vectorsire notindependent
(c) Any four might bea basis.

19 n-independent columnsy> rankn. Columns spaiR™ = rankm. Columns are basis
for R = rank = m = n. The rank counts the numberiofdependentolumns.

20 One basis i92,1,0), (—3,0,1). A basis for the intersection with they plane is
(2,1,0). The normal vecto(l, —2, 3) is a basis for the line perpendicular to the plane.

21 (a) The only solution tadx = 0is x = 0 becausdahe columns are independent
(b) Ax = b is solvable becausthe columns spaiR®. Key point: A basis gives
exactly one solution for every.

22 (a) True (b) False because the basis vectorRfomight not be inS.

23 Columnsl and2 are bases for thel{fferent) column spaces ofi andU; rows 1 and
2 are bases for the@ual) row spaces off andU;; (1,—1, 1) is a basis for thegqual)
nullspaces.

24 (a) FalseA = [1 1] has dependent columns, independentrow  RKalsecolumn
0 1
0 0
vertible, dimensions= 0 if A = 0, otherwise dimensions 1 (d) False columns
may be dependent, in that case not a basi€fod).

spaces# row space ford = (c) True Both dimensions= 2 if A is in-

25 AhasrankR if c = 0andd =2; B = [Z, i{} has rank2 except wherr = d or

c=—d.

1 0 07 [0 0 07 [0
26 (a)[o 0 0},[0 1 0][0
00 0] Lo o o] [o
01 07 [0 0 1

(b)Add[l 0 0][0 0 0][
00 0] [1 0o

010 0 0 170 0 0

(c)|:—1 0 o},[o 0 0][0 0 1}.
00 0] [-100] [0 —-10

These are simple bases (among many others) for (a) diagatates (b) symmetric
matrices (c) skew-symmetric matrices. The dimension$ &6€3.

oo oo Oo
—_ o O
| I
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1 00 1 00 I 10 1 0 1 1 00
271,/]0 1 0,0 2 O[,{0 1 O],{0 1 Of,[0 1 1 |[;echelonmatri-
0 0 2 0 0 1 0 0 1 0 0 1 0 0 1

ces donot form a subspace; thegpan the upper triangular matrices (not evdryis
echelon).

28 1 00 0 1 0 o o 1| [ 1 -1 0 and 1 0 -1
-1 0 o0 -1 OO0 O —1f|-1 1 O -1 0 1
29 (a) The invertible matrices span the space of3dtly 3 matrices (b) The rank one

matrices also span the space ofaally 3 matrices (c)/ by itself spans the space of
all multiplesc!.

30—120—102 0 0 O 0 0 O
0O o0 o'y 00 Of-1 2 01"|—-1 0 2|
31 (a) y(x) = constaniC (b) y(x) = 3x this is one basis for th2 by 3 matrices with
(2,1, 1) in their nullspace4-dim subspace). (cy(x) =3x + C = y, + y, solves
dy/dx = 3.
32 y(0) = 0requiresd + B + C = 0. One basis is cas — cos2x and cosc — c0oS3x.

33 (a) y(x) = e>* is a basis for, all solutions to’ = 2y (b) y = x is a basis for all
solutions tody /dx = y/x (First-order linear equatios> 1 basis function in solution
space).

34 yi(x), y2(x), y3(x) can bex, 2x, 3x (dim1) or x, 2x, x2 (dim2) or x, x2, x3 (dim3).

35 Basisl, x, x2, x3, for cubic polynomials; basis — 1, x> — 1, x> — 1 for the subspace
with p(1) = 0.

36 Basisfors: (1,0,-1,0),(0,1,0,0),(1,0,0,—1); basisforT: (1,—1,0,0) and(0, 0,2, 1);
SNT = multiples of(3, 3,2, 1) = nullspace foB equation inR* has dimension 1.

37 The subspace of matrices that hat/8 = SA has dimensiotthree

38 (a) No,2 vectors don’'t spaiR>® (b) No, 4 vectors inR? are dependent (c) Yes, a
basis (d) No, these three vectors are dependent

39 If the 5 by 5 matrix[ A b] is invertible,b is not a combination of the columns df
If [A b]is singular, and thé columns ofA4 are independeng is a combination of
those columns. In this caser = b has a solution.

40 (@) The functionyy = sinx, y = cosx, y = e*, y = ¢~ * are a basis for solutions
tod*y/dx* = y(x).

(b) A particular solution taZ4y /dx* = y(x) + 1is y(x) = —1. The complete
solutionisy(x) = —1 + ¢, Sinx + ¢, COSx 4 c3e™ + c4e™* (Or use another basis
for the nullspace of théth derivative).

1 1 1 1 1 i
The sixP’s
41 I = |:1 1i| - |:1 1i| + |:1 1 i|+|: | 1i| —|:1 | i| are dependent

Those five are independent: Thih hasP;; = 1 and cannot be a combination of the
others. Then th@nd cannot be (fromPs, = 1) and alsadsth (P3, = 1). Continuing,

a nonzero combination of all five could not be zero. Furthealehge: How many
independend by 4 permutation matrices?
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42 The dimension ofS spanned by all rearrangementsxois (a) zero wherx = 0
(b) onewherx = (1,1,1,1) (c) three whenx = (1,1,—1,—1) because all rear-
rangements of this are perpendiculartol, 1,1, 1) (d) four when thex’s are not
equal and don't add to zer®No x givesdim S = 2. | owe this nice problem to Mike
Artin—the answers are the same in higher dimensions;n — 1, n.

43 The problem is to show that thes, v's, w’s together are independent. We know the
u’s andv’s together are a basis féf, and theu’s andw’s together are a basis fav'.
Suppose a combination afs, v's, w’s gives0. To be proved All coefficients= zero.

Key idea In that combination giving, the partx from theu’s andv’sisin V. So the
part from thew’s is —x. This partis now it and also inW. Butif —x isinV N W it
is a combination oft’s only. Now the combination uses ondys andv’s (independent
in V1) so all coefficients ofe’s andv’s must be zero. Them = 0 and the coefficients
of thew’s are also zero.

44 The inputs to am: by n matrix fill R”. The outputs (column space!) have dimension
r. The nullspace has — r special solutions. The formula becomes (n — r) = n.

45 |If the left side of dinfV) + dim(W) = dim(V N W) + dim(V + W) is greater tham,
then dim(V N W) must be greater than zero. 8001 W contains nonzero vectors.
46 If A% = zero matrix, this says that each columnfs in the nullspace ofd. If the

column space has dimensionthe nullspace has dimensiof — r, and we must have
r <10—randr <5.

Problem Set 3.6, page 190

1 (a) Row and column space dimensioas5, nullspace dimensios: 4, dim(N (A47))
=2 sum=16=m+n (b) Column space iR3; left nullspace contains onf.

2 A: Row space basis- row 1 = (1,2, 4); nullspace(—2, 1,0) and(—4,0, 1); column
space basis= columnl = (1,2); left nullspace(—2,1). B: Row space basis=
both rows= (1, 2, 4) and(2, 5, 8); column space basis two columns= (1,2) and
(2,5); nullspace(—4, 0, 1); left nullspace basis is empty because the space contains
onlyy =0.

3 Row space basis rows ofU = (0, 1, 2, 3,4) and(0, 0, 0, 1, 2); column space basis
pivot columns (of4A notU) = (1,1,0) and (3,4, 1); nullspace basigl1,0,0,0,0),
0,2,-1,0,0), (0,2,0, -2, 1); left nullspace(1, —1, 1) = last row of E~1!

1

(e) ImpossibleRow space=column space requires = n. Thenm —r = n —r;
nullspaces have the same dimension. Section 4.1 will p@\el) and N(AT)
orthogonal to the row and column spaces respectively—hesetare the same space.

1 0
4 (a) |:1 Oi| (b) Impossibler+(n—r)mustbe3  (c)[1 1] (d) [—g —3]
0 1

54 = [; 1 (1)] has those rows spanning its row spate= [I —2 1] has the

same rows spanning its nullspace @’ = 0.

6 A: dim 2,2,2,1: Rows (0,3,3,3) and (0,1,0,1); columns(3,0,1) and (3,0, 0);
nullspace(1,0,0,0) and (0, —1,0,1); N(A") (0,1,0). B: dim 1,1,0,2 Row space
(1), column spacél, 4, 5), nullspace: empty basi®y (A7) (—4,1,0) and(—5,0, 1).



Solutions to Exercises 41

7 Invertible3 by 3 matrix A: row space basis: column space basis (1,0, 0), (0, 1,0),
(0,0, 1); nullspace basis and left nullspace basiseampty Matrix B = [A A]: row
space basig1,0,0,1,0,0), (0,1,0,0,1,0) and (0,0,1,0,0, 1); column space basis
(1,0,0), (0,1,0), (0,0, 1); nullspace basis-1,0,0,1,0,0) and(0,—1,0,0,1,0) and
(0,0,—1,0,0, 1); left nullspace basis is empty.

8 [/ O]and[/ I: 0 0]and[0]= 3by2 haverow space dimensions 3,3,0 =
column space dimensionslispace dimensioris 3, 2; left nullspace dimensiors 2, 3.

9 (a) Same row space and nullspace. So rank (dimension of raee¥ps the same
(b) Same column space and left nullspace. Same rank (dioreagcolumn space).

10 Forrand (3), almost surely rank 3, nullspace and left nullspace contain ofly0, 0).
Forrand (3, 5) the rank is almost surelyy and the dimension of the nullspaceis

11 (a) No solution means that < m. Alwaysr < n. Can’t comparen andn here.
(b) Sincem —r > 0, the left nullspace must contain a nonzero vector.

1 1 1 0 1 2 2 1
12 A neat choiceig 0 2 =12 4 0|, r+(mn—r)=n = 3does
1 0 20 1 0 1
not match2 4+ 2 = 4. Only v = 0 is in both N (4) andC (A7).

13 (a) False Usually row space4 column space (same dimension!) (bjue 4 and—A
have the same four subspaces Fg)se(choosed and B same size and invertible: then
they have the same four subspaces)

14 Row space basis can be the nonzero rowé#/of(1,2, 3,4), (0,1,2,3), (0,0,1,2);
nullspace basig0, 1,—2, 1) as forU; column space basid, 0, 0), (0, 1,0), (0,0, 1)
(happen to hav€(4) = C(U) = R?); left nullspace has empty basis.

15 After a row exchange, the row space and nullspace stay the;%ani, 3, 4) is in the
new left nullspace after the row exchange.

16 If Av = O0andv is arow ofA4 thenv -v = 0.

17 Row space= yz plane; column space xy plane; nullspace= x axis; left nullspace
= z axis. Forl + A: Row space= column space= R3, both nullspaces contain only
the zero vector.

18 Row3—2row 2+ row 1 = zero row so the vectotq1, —2, 1) are in the left nullspace.
The same vectors happen to be in the nullspace (an accidehtdonatrix).

19 (a) Elimination onAx = 0leads to0 = b3 — b, — by so(—1,—1,1) is in the left
nullspace. (b)4 by 3: Elimination leads td; — 2b; = 0 andby + by — 4b; = 0, SO
(—2,0,1,0) and(—4, 1,0, 1) are in the left nullspacaVhy? Those vectors multiply the
matrix to givezero rows Section 4.1 will show another approacii = b is solvable
(b isin C (A)) whenb is orthogonal to the left nullspace.

20 (a) Special solutions—1,2,0,0) and (—i,o, —3,1) are perpendicular to the rows of

R (and thenER). (b) ATy = 0 has1 independent solutios last row of E~1.
(E~'A = R has a zero row, which is just the transposeldy = 0).

21 (a) u andw (b) v andz (c) rank< 2 if w andw are dependent or if andz
are dependent  (d) Therankmb™ + wz' is 2.

1 2 1 0 3 27 has column space spanned
2 A=[u w][v" zT]= [2 2} [ ] = [4 2} by u andw, row space

4 1 b 5 1/ spanned by and:z.
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23

24

25

26

27

28

29
30

31

32

Solutions to Exercises

As in Problem 22: Row space basi3, 0, 3), (1, 1,2); column space basid, 4, 2),
(2,5,7); the rank of (3 by 2) times (2 by 3) cannot be larger than thé& @&reither
factor, so rank< 2 and the 3 by 3 product is not invertible.

ATy = d putsd in therow spaceof 4; unique solution if théeft nullspacgnullspace
of AT) contains onlyy = 0.

(@) True(4 andA™ have the same rank) (Walsed = [1 0] andA' have very
different left nullspaces (cJalse (A can be invertible and unsymmetric even if
C(A) =C(A") (d) True(The subspaces fot and—A are always the same. If
AT = A or AT = —A they are also the same fdr)

The rows ofC = AB are combinations of the rows @&. So rankC < rankB. Also
rankC < rank4, because the columns 6f are combinations of the columns af

Choosed = bc/a to make[ 2 8] a rank-1 matrix. Then the row space has bésis)
and the nullspace has basish, a). Those two vectors are perpendicular !

B andC (checkers and chess) both have rank2 # 0. Row 1 and 2 are a basis for the
row space ofC, BTy = 0 has 6 special solutions withl and 1 separated by a zero;
N(CT) has(-1,0,0,0,0,0,0, 1) and(0,—1,0,0,0,0, 1,0) and columns3, 4,5, 6 of

I; N(C) is a challenge.

apgr = l,a12 =0,a13 = 1,a20 = 0,a3, = 1,a31 = 0,a23 = 1,a33 = 0,a21 = 1.
The subspaces fad = uv' are pairs of orthogonal linew (and v+, u and u™t).
If B has those same four subspaces tBes ¢ A with ¢ # 0.

(@ AX = 0 if each column ofX is a multiple of (1,1, 1); dim(nullspacg¢ =
(b) If AX = B then all columns ofB add to zero; dimension of th8’s =
(€) 3+ 6 = dim(M>*3) = 9 entries in & by 3 matrix.

The key is equal row spaces. First row 4f= combination of the rows oB: only
possible combination (notick) is 1 (row 1 of B). Same for each row s6 = G.

3.
6.

Problem Set 4.1, page 202

1

Both nullspace vectors are orthogonal to the row space vgcR?®. The column space
is perpendicular to the nullspace #f (two lines inR? because rank= 1).

The nullspace of a 3 by 2 matrix with rank 24s(only zero vector) sa, = 0, and
row space= R?. Column space= plane perpendicular to left nullspaeeline in R3.

1 2 -3 2 1 1 1
(a)|: 2 -3 1} (b) Impossible,|:—3} not orthogonal tc{l] () [1} and[O} in
-3 5 =2 5 1 1 0

C (4) andN (A7) isimpossible: not perpendicular (d) Negd = 0; takeA = [ _1]

(e) (1,1, 1) in the nullspace (columns add @ and also row space; no such matrix.
If AB = 0, the columns ofB are in thenullspaceof 4. The rows of4 are in theleft
nullspaceof B. If rank = 2, those four subspaces would have dimen&avhich is
impossible for3 by 3.

(@) If Ax = b has a solution andl"y = 0, theny is perpendicular td. o'y =
(Ax)Ty =xT(4Ty) = 0. (b) If ATy = (1,1,1) has a solution(1, 1, 1) is in the
row spaceand is orthogonal to every in the nullspace.





