
42 Solutions to Exercises

23 As in Problem 22: Row space basis.3; 0; 3/; .1; 1; 2/; column space basis.1; 4; 2/,
.2; 5; 7/; the rank of (3 by 2) times (2 by 3) cannot be larger than the rank of either
factor, so rank� 2 and the 3 by 3 product is not invertible.

24 ATy D d putsd in therow spaceof A; unique solution if theleft nullspace(nullspace
of AT) contains onlyy D 0.

25 (a) True(A andAT have the same rank) (b)FalseA D Œ 1 0 � andAT have very
different left nullspaces (c)False (A can be invertible and unsymmetric even if
C .A/ D C .AT/) (d) True (The subspaces forA and�A are always the same. If
AT D A or AT D �A they are also the same forAT)

26 The rows ofC D AB are combinations of the rows ofB. So rankC � rankB. Also
rankC � rankA, because the columns ofC are combinations of the columns ofA.

27 Choosed D bc=a to make
�

a b
c d

�
a rank-1 matrix. Then the row space has basis.a; b/

and the nullspace has basis.�b; a/. Those two vectors are perpendicular !

28 B andC (checkers and chess) both have rank 2 ifp ¤ 0. Row 1 and 2 are a basis for the
row space ofC , BTy D 0 has 6 special solutions with�1 and 1 separated by a zero;
N.C T/ has.�1; 0; 0; 0; 0; 0; 0; 1/ and .0; �1; 0; 0; 0; 0; 1; 0/ and columns3; 4; 5; 6 of
I ; N.C/ is a challenge.

29 a11 D 1; a12 D 0; a13 D 1; a22 D 0; a32 D 1; a31 D 0; a23 D 1; a33 D 0; a21 D 1.

30 The subspaces forA D uvT are pairs of orthogonal lines (v and v?, u and u?).
If B has those same four subspaces thenB D cA with c ¤ 0.

31 (a) AX D 0 if each column ofX is a multiple of .1; 1; 1/; dim.nullspace/ D 3.
(b) If AX D B then all columns ofB add to zero; dimension of theB ’s D 6.
(c) 3 C 6 D dim.M 3�3/ D 9 entries in a3 by 3 matrix.

32 The key is equal row spaces. First row ofA D combination of the rows ofB: only
possible combination (noticeI ) is 1 (row 1 ofB). Same for each row soF D G.

Problem Set 4.1, page 202

1 Both nullspace vectors are orthogonal to the row space vector in R3. The column space
is perpendicular to the nullspace ofAT (two lines inR2 because rankD 1).

2 The nullspace of a 3 by 2 matrix with rank 2 isZ (only zero vector) soxn D 0, and
row spaceD R2. Column spaceD plane perpendicular to left nullspaceD line in R3.

3 (a)

"
1 2 �3
2 �3 1

�3 5 �2

#
(b) Impossible,

"
2

�3
5

#
not orthogonal to

"
1
1
1

#
(c)

"
1
1
1

#
and

"
1
0
0

#
in

C .A/ andN .AT/ is impossible: not perpendicular (d) NeedA2 D 0; takeA D
�

1 �1
1 �1

�

(e) .1; 1; 1/ in the nullspace (columns add to0) and also row space; no such matrix.

4 If AB D 0, the columns ofB are in thenullspaceof A. The rows ofA are in theleft
nullspaceof B. If rank D 2, those four subspaces would have dimension2 which is
impossible for3 by 3.

5 (a) If Ax D b has a solution andATy D 0, theny is perpendicular tob. bTy D
.Ax/Ty D xT.ATy/ D 0. (b) If ATy D .1; 1; 1/ has a solution,.1; 1; 1/ is in the
row spaceand is orthogonal to everyx in the nullspace.
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6 Multiply the equations byy1; y2; y3 D 1; 1; �1. Equations add to0 D 1 so no solution:
y D .1; 1; �1/ is in the left nullspace.Ax D b would need0 D .yTA/x D yTb D 1.

7 Multiply the 3 equations byy D .1; 1; �1/. Thenx1 � x2 D 1 plusx2 � x3 D 1 minus
x1 � x3 D 1 is 0 D 1. Key point: Thisy in N .AT/ is not orthogonal tob D .1; 1; 1/
sob is not in the column space andAx D b hasno solution.

8 x D xr C xn, wherexr is in the row space andxn is in the nullspace. ThenAxn D 0
andAx D Axr C Axn D Axr . All Ax are inC .A/.

9 Ax is always in thecolumn spaceof A. If ATAx D 0 thenAx is also in the nullspace
of AT. SoAx is perpendicular to itself. Conclusion:Ax D 0 if ATAx D 0.

10 (a) WithAT D A, the column and row spaces are the same (b)x is in the nullspace
andz is in the column space = row space: so these “eigenvectors” havexTz D 0.

11 For A: The nullspace is spanned by.�2; 1/, the row space is spanned by.1; 2/. The
column space is the line through.1; 3/ andN .AT/ is the perpendicular line through
.3; �1/. For B: The nullspace ofB is spanned by.0; 1/, the row space is spanned by
.1; 0/. The column space and left nullspace are the same as forA.

12 x splits intoxr C xn D .1; �1/ C .1; 1/ D .2; 0/. NoticeN .AT/ is a plane.1; 0/ D
.1; 1/=2 C .1; �1/=2 D xr C xn.

13 V TW D zero makes each basis vector forV orthogonal to each basis vector forW .
Then everyv in V is orthogonal to everyw in W (combinations of the basis vectors).

14 Ax D Bbx means thatŒ A B �

�
x

�bx

�
D 0. Three homogeneous equations in four

unknowns always have a nonzero solution. Herex D .3; 1/ andbx D .1; 0/ and
Ax D Bbx D .5; 6; 5/ is in both column spaces. Two planes inR3 must share a line.

15 A p-dimensional and aq-dimensional subspace ofRn share at least a line ifp C q > n.
(Thep C q basis vectors ofV andW cannot be independent.)

16 ATy D 0 leads to.Ax/Ty D xTATy D 0. Theny ? Ax andN .AT/ ? C .A/.

17 If S is the subspace ofR3 containing only the zero vector, thenS ? is R3. If S is
spanned by.1; 1; 1/, thenS ? is the plane spanned by.1; �1; 0/ and.1; 0; �1/. If S is
spanned by.2; 0; 0/ and.0; 0; 3/, thenS ? is the line spanned by.0; 1; 0/.

18 S ? is the nullspace ofA D
�

1 5 1
2 2 2

�
. ThereforeS ? is asubspaceeven ifS is not.

19 L? is the2-dimensional subspace(a plane) in R3 perpendicular toL. Then.L?/? is
a 1-dimensional subspace(a line) perpendicular toL?. In fact .L?/? is L.

20 If V is the whole spaceR4, thenV ? contains only thezero vector. Then.V ?/? D
R4 D V .

21 For example.�5; 0; 1; 1/ and.0; 1; �1; 0/ spanS ? Dnullspace ofAD
�

1 2 2 3
1 3 3 2

�
.

22 .1; 1; 1; 1/ is a basis forP?. A D
�
1 1 1 1

�
hasP as its nullspace andP? as

row space.

23 x in V ? is perpendicular to any vector inV . SinceV contains all the vectors inS ,
x is also perpendicular to any vector inS . So everyx in V ? is also inS ?.
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24 AA�1 D I : Column1 of A�1 is orthogonal to the space spanned by the 2nd, 3rd,: : :,
nth rows ofA.

25 If the columns of A are unit vectors, all mutually perpendicular, thenATA D I .

26 A D
"

2 2 �1
�1 2 2

2 �1 2

#
,

This example shows a matrix with perpendicular columns.
ATA D 9I is diagonal: .ATA/ij D .columni of A/ � .columnj of A/.
When the columns areunit vectors, thenATA D I .

27 The lines3x C y D b1 and6x C 2y D b2 areparallel. They are the same line if
b2 D 2b1. In that case.b1; b2/ is perpendicular to.�2; 1/. The nullspace of the 2 by 2
matrix is the line3x C y D 0. One particular vector in the nullspace is.�1; 3/.

28 (a) .1; �1; 0/ is in both planes. Normal vectors are perpendicular, but planes still in-
tersect! (b) Needthreeorthogonal vectors to span the whole orthogonal complement.
(c) Lines can meet at the zero vector without being orthogonal.

29 A D
"

1 2 3
2 1 0
3 0 1

#
; B D

"
1 1 �1
2 �1 0
3 0 �1

#
;

A hasv D .1; 2; 3/ in row space and column space
B hasv in its column space and nullspace.
v can notbe in the nullspace and row space, or in

the left nullspace and column space. These spaces are orthogonal andvTv ¤ 0.

30 WhenAB D 0, the column space ofB is contained in the nullspace ofA. Therefore
the dimension ofC .B/ � dimension ofN .A/. This means rank.B/ � 4 � rank.A/.

31 null.N 0/ produces a basis for therow spaceof A (perpendicular toN.A/).

32 We needrTn D 0 andcT` D 0. All possible examples have the formacrT with a ¤ 0.

33 Bothr ’s orthogonal to bothn’s, bothc’s orthogonal to both̀ ’s, each pair independent.
All A’s with these subspaces have the formŒc1 c2�M Œr1 r2�T for a2 by 2 invertibleM .

Problem Set 4.2, page 214

1 (a) aTb=aTaD5=3; p D5a=3; e D.�2; 1; 1/=3 (b) aTb=aTaD�1; p Da; e D0.

2 (a) The projection ofb D .cos�; sin�/ onto a D .1; 0/ is p D .cos�; 0/
(b) The projection ofb D .1; 1/ ontoa D .1; �1/ is p D .0; 0/ sinceaTb D 0.

3 P1 D 1

3

"
1 1 1
1 1 1
1 1 1

#
andP1b D 1

3

"
5
5
5

#
. P2 D 1

11

"
1 3 1
3 9 3
1 3 1

#
andP2b D

"
1
3
1

#
.

4 P1 D
�

1 0
0 0

�
, P2 D 1

2

�
1 �1

�1 1

�
.
P1 projects onto.1; 0/, P2 projects onto.1; �1/
P1P2 ¤ 0 andP1 C P2 is not a projection matrix.

5 P1 D 1

9

"
1 �2 �2

�2 4 4
�2 4 4

#
, P2 D 1

9

"
4 4 �2
4 4 �2

�2 �2 1

#
. P1 andP2 are the projection

matrices onto the lines througha1 D .�1; 2; 2/ anda2 D .2; 2; �1/ P1P2 D zero
matrix becausea1 ? a2.

XXX Above solution does not fit in 3 lines.

6 p1 D.1
9
; �2

9
; �2

9
/ andp2 D.4

9
; 4

9
; �2

9
/ andp3 D .4

9
; �2

9
; 4

9
/. Sop1 C p2 C p3 D b.
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7 P1 C P2 C P3 D 1

9

"
1 �2 �2

�2 4 4
�2 4 4

#
C 1

9

"
4 4 �2
4 4 �2

�2 �2 1

#
C 1

9

"
4 �2 4

�2 1 �2
4 �2 4

#
D I .

Wecanadd projections ontoorthogonal vectors. This is important.

8 The projections of.1; 1/ onto .1; 0/ and.1; 2/ arep1 D .1; 0/ andp2 D .0:6; 1:2/.
Thenp1 C p2 ¤ b.

9 SinceA is invertible,P D A.ATA/�1AT DAA�1.AT/�1AT DI : project on all ofR2.

10 P2 D
�

0:2 0:4
0:4 0:8

�
,P2a1 D

�
0:2
0:4

�
,P1 D

�
1 0
0 0

�
,P1P2a1 D

�
0:2
0

�
.

This is nota1 D .1; 0/
No, P1P2 ¤ .P1P2/2.

11 (a) p DA.ATA/�1ATbD.2; 3; 0/, e D.0; 0; 4/, ATe D0 (b) p D.4; 4; 6/, e D0.

12 P1 D
"

1 0 0
0 1 0
0 0 0

#
D projection matrix onto the column space ofA (the xy plane)

P2 D
"

0:5 0:5 0
0:5 0:5 0
0 0 1

#
=

Projection matrix onto the second column space.
Certainly.P2/2 D P2.

13 A D

2
64

1 0 0
0 1 0
0 0 1
0 0 0

3
75, P D square matrixD

2
64

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

3
75, p D P

2
64

1
2
3
4

3
75 D

2
64

1
2
3
0

3
75.

14 The projection of thisb onto the column space ofA is b itself whenb is in that space.

But P is not necessarilyI . P D 1

21

"
5 8 �4
8 17 2

�4 2 20

#
andb D P b D p D

"
0
2
4

#
.

15 2A has the same column space asA. bx for 2A is half of bx for A.

16 1
2
.1; 2; �1/ C 3

2
.1; 0; 1/ D .2; 1; 1/. Sob is in the plane. Projection showsP b D b.

17 If P 2 D P then.I � P/2 D .I � P /.I � P / D I � PI � IP C P 2 D I � P . When
P projects onto the column space,I � P projects onto theleft nullspace.

18 (a) I � P is the projection matrix onto.1; �1/ in the perpendicular direction to.1; 1/
(b) I � P projects onto the planex C y C z D 0 perpendicular to.1; 1; 1/.

19
For any basis vectors in the planex � y � 2z D 0,
say.1; 1; 0/ and.2; 0; 1/, the matrixP is

"
5=6 1=6 1=3
1=6 5=6 �1=3
1=3 �1=3 1=3

#
.

20 e D
"

1
�1
�2

#
, Q D eeT

eTe D
"

1=6 �1=6 �1=3
�1=6 1=6 1=3
�1=3 1=3 2=3

#
, I � Q D

"
5=6 1=6 1=3
1=6 5=6 �1=3
1=3 �1=3 1=3

#
.

21
�
A.ATA/�1AT

�2 D A.ATA/�1.ATA/.ATA/�1AT D A.ATA/�1AT. So P 2 D P .
P b is in the column space (whereP projects). Then its projectionP.P b/ is P b.

22 P T D.A.ATA/�1AT/T DA..ATA/�1/TAT DA.ATA/�1AT DP . (ATA is symmetric!)

23 If A is invertible then its column space is all ofRn. SoP D I ande D 0.

24 The nullspace ofAT is orthogonalto the column spaceC .A/. So if ATb D 0, the pro-
jection ofb ontoC .A/ should bep D 0. CheckP b D A.ATA/�1ATb D A.ATA/�10.
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25 The column space ofP will be S . Thenr D dimension ofS D n.

26 A�1 exists since the rank isr D m. Multiply A2 D A by A�1 to getA D I .

27 If ATAx D 0 thenAx is in the nullspace ofAT. But Ax is always in the column space
of A. To be in both of those perpendicular spaces,Ax must be zero. SoA andATA
have thesame nullspace.

28 P 2 D P D P T give P TP D P . Then the.2; 2/ entry ofP equals the.2; 2/ entry of
P TP which is the length squared of column 2.

29 A D BT has independent columns, soATA (which isBBT) must be invertible.

30 (a) The column space is the line througha D
�

3
4

�
soPC D aaT

aTa
D 1

25

�
9 12
12 25

�
.

(b) The row space is the line throughv D .1; 2; 2/ and PR D vvT=vTv. Always
PC A D A (columns ofA project to themselves) andAPR D A. ThenPC APR D A !

31 The errore D b � p must be perpendicular to all thea’s.

32 SinceP1b is in C .A/; P2.P1b/ equalsP1b. So P2P1 D P1 D aaT=aTa where
a D .1; 2; 0/.

33 If P1P2 D P2P1 thenS is contained inT or T is contained inS .

34 BBT is invertible as in Problem29. Then.ATA/.BBT/ D product ofr by r invertible
matrices, so rankr . AB can’t have rank< r , sinceAT andBT cannot increase the rank.
Conclusion: A (m by r of rankr) timesB (r by n of rankr) producesAB of rankr .

Problem Set 4.3, page 226

1 A D

2
64

1 0
1 1
1 3
1 4

3
75 andb D

2
64

0
8
8
20

3
75 giveATA D

�
4 8
8 26

�
andATb D

�
36
112

�
.

ATAbx D ATb givesbx D
�

1
4

�
andp D Abx D

2
64

1
5
13
17

3
75 ande D b � p D

E D kek2 D 44

2
64

�1
3

�5
3

3
75

2

2
64

1 0
1 1
1 3
1 4

3
75

�
C
D

�
D

2
64

0
8
8

20

3
75.

ThisAx D b is unsolvable
Changeb to p D P b D

2
64

1
5

13
17

3
75; bx D

�
1
4

�
exactly solves

Abx D p.

3 In Problem 2,p D A.ATA/�1ATb D .1; 5; 13; 17/ ande D b � p D .�1; 3; �5; 3/.
e is perpendicular to both columns ofA. This shortest distancekek is

p
44.

4 E D .C C 0D/2 C .C C 1D � 8/2 C .C C 3D � 8/2 C .C C 4D � 20/2. Then
@E=@C D 2C C 2.C C D � 8/ C 2.C C 3D � 8/ C 2.C C 4D � 20/ D 0 and
@E=@D D 1 � 2.C C D � 8/ C 3 � 2.C C 3D � 8/ C 4 � 2.C C 4D � 20/ D 0. These

normal equations are again
�

4 8
8 26

� �
C
D

�
D

�
36

112

�
.
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5 E D .C �0/2 C.C �8/2 C.C �8/2 C.C �20/2. AT D Œ 1 1 1 1 � andATA D Œ 4 �.
ATb D Œ 36 � and.ATA/�1ATb D 9 D best heightC . Errorse D .�9; �1; �1; 11/.

6 a D .1; 1; 1; 1/ andb D .0; 8; 8; 20/ give bx D aTb=aTa D 9 and the projection is
bxa D p D .9; 9; 9; 9/. TheneTa D .�9; �1; �1; 11/T.1; 1; 1; 1/ D 0 andkek Dp

204.

7 A D Œ 0 1 3 4 �T, ATA D Œ 26 � andATb D Œ 112 �. BestD D 112=26 D 56=13.

8 bx D 56=13, p D .56=13/.0; 1; 3; 4/. .C; D/ D .9; 56=13/ don’t match.C; D/ D .1; 4/.
Columns ofA were not perpendicular so we can’t project separately to findC andD.

9
Parabola
Projectb
4D to 3D

2
64

1 0 0
1 1 1
1 3 9
1 4 16

3
75

"
C
D
E

#
D

2
64

0
8
8

20

3
75. ATAbx D

"
4 8 26
8 26 92

26 92 338

# "
C
D
E

#
D

"
36

112
400

#
.

10

2
64

1 0 0 0
1 1 1 1
1 3 9 27
1 4 16 64

3
75

2
64

C
D
E
F

3
75D

2
64

0
8
8

20

3
75. Then

2
64

C
D
E
F

3
75D1

3

2
64

0
47

�28
5

3
75.

Exact cubic sop D b, e D 0.
This Vandermonde matrix
gives exact interpolation
by a cubic at0; 1; 3; 4

11 (a) The best linex D 1 C 4t gives the center pointbb D 9 whenbt D 2.
(b) The first equationCm C D

P
ti D

P
bi divided bym givesC C Dbt D bb.

12 (a) a D .1; : : : ; 1/ hasaTa D m, aTb D b1 C � � � C bm. Thereforebx D aTb=m is the
meanof theb’s (b) e D b �bxa b D .1; 2; b/ kek2 D

Pm
iD1.bi �bx/2 D variance

(c)
p D .3; 3; 3/
e D .�2; �1; 3/

pTe D 0. P D 1

3

"
1 1 1
1 1 1
1 1 1

#
.

13 .ATA/�1AT.b � Ax/ D bx � x. Whene D b � Ax averages to0, so doesbx � x.

14 The matrix.bx � x/.bx � x/T is .ATA/�1AT.b � Ax/.b � Ax/TA.ATA/�1. When the
average of.b � Ax/.b � Ax/T is �2I , the average of.bx � x/.bx � x/T will be the
output covariance matrix.ATA/�1AT�2A.ATA/�1 which simplifies to�2.ATA/�1.

15 When A has 1 column of ones, Problem14 gives the expected error.bx � x/2 as
�2.ATA/�1 D �2=m. By taking m measurements, the variance drops from�2 to
�2=m.

16
1

10
b10 C 9

10
bx9 D 1

10
.b1 C � � � C b10/. Knowingbx9 avoids adding allb’s.

17

"
1 �1
1 1
1 2

# �
C
D

�
D

"
7
7

21

#
. The solutionbx D

�
9
4

�
comes from

�
3 2
2 6

� �
C
D

�
D

�
35
42

�
.

18 p D Abx D .5; 13; 17/ gives the heights of the closest line. The error isb � p D
.2; �6; 4/. This errore hasP e D P b � P p D p � p D 0.

19 If b D errore thenb is perpendicular to the column space ofA. Projectionp D 0.

20 If b D Abx D .5; 13; 17/ thenbx D .9; 4/ ande D 0 sinceb is in the column space
of A.

21 e is in N.AT/; p is in C.A/; bx is in C.AT/; N.A/ D f0g D zero vector only.
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22 The least squares equation is

�
5 0
0 10

� �
C
D

�
D

�
5

�10

�
. Solution: C D 1, D D �1.

Line 1 � t . Symmetrict ’s ) diagonalATA

23 e is orthogonal top; thenkek2 D eT.b � p/ D eTb D bTb � bTp.

24 The derivatives ofkAx � bk2 D xTATAx � 2bTAx C bTb (this term is constant) are
zero when2ATAx D 2ATb, or x D .ATA/�1ATb.

25 3 points on a line:Equal slopes.b2�b1/=.t2�t1/ D .b3�b2/=.t3�t2/. Linear algebra:
Orthogonal to.1; 1; 1/ and.t1; t2; t3/ is y D .t2�t3; t3�t1; t1�t2/ in the left nullspace.
b is in the column space. ThenyTb D 0 is the same equal slopes condition written as
.b2 � b1/.t3 � t2/ D .b3 � b2/.t2 � t1/.

26

2
64

1 1 0
1 0 1
1 �1 0
1 0 �1

3
75

"
C
D
E

#
D

2
64

0
1
3
4

3
75 hasATA D

"
4 0 0
0 2 0
0 0 2

#
; ATb D

"
8

�2
�3

#
;

"
C
D
E

#
D

"
2

�1
�3=2

#
. At x; y D 0; 0 the best plane2 � x � 3

2
y has heightC D 2 D average of

0; 1; 3; 4.

27 The shortest link connecting two lines in space isperpendicular to those lines.

28 Only 1 plane contains0; a1; a2 unlessa1; a2 aredependent. Same test fora1; : : : ; an.

29 There is exactly one hyperplane containing then points0; a1; : : : ; an�1 When then�1
vectorsa1; : : : ; an�1 are linearly independent. (Forn D 3, the vectorsa1 anda2 must
be independent. Then the three points0; a1; a2 determine a plane.) The equation of the
plane inRn will be aT

nx D 0. Herean is any nonzero vector on the line (it is only a
line!) perpendicular toa1; : : : ; an�1.

Problem Set 4.4, page 239

1 (a) Independent(b) Independentand orthogonal(c) Independentand orthonormal.
For orthonormal vectors, (a) becomes.1; 0/, .0; 1/ and (b) is.:6; :8/, .:8; �:6/.

2
Divide by length 3 to get
q1 D .2

3
; 2

3
; �1

3
/. q2 D .�1

3
; 2

3
; 2

3
/:

QTQ D
�

1 0
0 1

�
butQQT D

"
5=9 2=9 �4=9
2=9 8=9 2=9

�4=9 2=9 5=9

#
.

3 (a) ATA will be 16I (b) ATA will be diagonal with entries 1, 4, 9.

4 (a) Q D
"

1 0
0 1
0 0

#
, QQT D

"
1 0 0
0 1 0
0 0 0

#
¤ I . Any Q with n < m hasQQT ¤

I . (b) .1; 0/ and.0; 0/ areorthogonal, not independent. Nonzero orthogonal vec-
tors are independent. (c) Starting fromq1 D .1; 1; 1/=

p
3 my favorite isq2 D

.1; �1; 0/=
p

2 andq3 D .1; 1; �2/=
p

b.

5 Orthogonal vectors are.1; �1; 0/ and .1; 1; �1/. Orthonormal are . 1p
2
; � 1p

2
; 0/,

. 1p
3
; 1p

3
; � 1p

3
/.
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6 Q1Q2 is orthogonal because.Q1Q2/TQ1Q2 D QT
2QT

1Q1Q2 D QT
2Q2 D I .

7 When Gram-Schmidt givesQ with orthonormal columns,QTQbx D QTb becomes
bx D QTb.

8 If q1 andq2 areorthonormalvectors inR5 then.qT
1b/q1 C .qT

2b/q2 is closest tob.

9 (a) Q D
"

:8 �:6
:6 :8
0 0

#
hasP D QQT D

"
1 0 0
0 1 0
0 0 0

#
(b) .QQT/.QQT/ D

Q.QTQ/QT D QQT.

10 (a) If q1, q2, q3 areorthonormalthen the dot product ofq1 with c1q1Cc2q2Cc3q3 D
0 gives c1 D 0. Similarly c2 D c3 D 0. Independentq’s (b) Qx D 0 )
QTQx D 0 ) x D 0.

11 (a) Twoorthonormalvectors areq1 D 1
10

.1; 3; 4; 5; 7/ andq2 D 1
10

.�7; 3; 4; �5; 1/

(b) Closest in the plane:projectQQT.1; 0; 0; 0; 0/ D .0:5; �0:18; �0:24; 0:4; 0/.

12 (a) Orthonormala’s: aT
1b D aT

1.x1a1 C x2a2 C x3a3/ D x1.aT
1a1/ D x1

(b) Orthogonala’s: aT
1b D aT

1.x1a1 C x2a2 C x3a3/ D x1.aT
1a1/. Thereforex1 D

aT
1b=aT

1a1

(c) x1 is the first component ofA�1 timesb.

13 The multiple to subtract isa
Tb

aTa . ThenB D b � aTb
aTaa D .4; 0/ � 2 � .1; 1/ D .2; �2/.

14

�
1 4
1 0

�
D

�
q1 q2

� �
kak qT

1b
0 kBk

�
D

�
1=

p
2 1=

p
2

1=
p

2 �1=
p

2

� �p
2 2

p
2

0 2
p

2

�
D QR.

15 (a) q1 D 1
3
.1; 2; �2/, q2 D 1

3
.2; 1; 2/, q3 D 1

3
.2; �2; �1/ (b) The nullspace

of AT containsq3 (c) bx D .ATA/�1AT.1; 2; 7/ D .1; 2/.

16 The projectionp D .aTb=aTa/a D 14a=49 D 2a=7 is closest tob; q1 D a=kak D
a=7 is .4; 5; 2; 2/=7. B D b � p D .�1; 4; �4; �4/=7 haskBk D 1 soq2 D B.

17 p D .aTb=aTa/a D .3; 3; 3/ and e D .�2; 0; 2/. q1 D .1; 1; 1/=
p

3 and q2 D
.�1; 0; 1/=

p
2.

18 A D a D .1; �1; 0; 0/I B D b�p D .1
2
; 1

2
; �1; 0/I C D c�pA�pB D .1

3
; 1

3
; 1

3
; �1/.

Notice the pattern in those orthogonalA; B; C . In R5, D would be.1
4
; 1

4
; 1

4
; 1

4
; �1/.

19 If A D QR thenATA D RTQTQR D RTR D lower triangular timesuppertriangular
(this Cholesky factorization ofATA uses the sameR as Gram-Schmidt!). The example

hasA D
"�1 1

2 1
2 4

#
D 1

3

"�1 2
2 �1
2 2

# �
3 3
0 3

�
D QR and the sameR appears in

ATA D
�

9 9
9 18

�
D

�
3 0
3 3

� �
3 3
0 3

�
D RTR.

20 (a) True (b) True. Qx D x1q1 C x2q2. kQxk2 D x2
1 C x2

2 becauseq1 � q2 D 0.

21 The orthonormal vectors areq1 D .1; 1; 1; 1/=2 andq2 D .�5; �1; 1; 5/=
p

52. Then
b D .�4; �3; 3; 0/ projects top D .�7; �3; �1; 3/=2. Andb�p D .�1; �3; 7; �3/=2
is orthogonal to bothq1 andq2.

22 A D .1; 1; 2/, B D .1; �1; 0/, C D .�1; �1; 1/. These are not yet unit vectors.
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23 You can see whyq1 D
"

1
0
0

#
, q2 D

"
0
0
1

#
, q3 D

"
0
1
0

#
. A D

"
1 0 0
0 0 1
0 1 0

# "
1 2 4
0 3 6
0 0 5

#
D

QR.

24 (a) One basis for the subspaceS of solutions tox1 C x2 C x3 � x4 D 0 is v1 D
.1; �1; 0; 0/, v2 D .1; 0; �1; 0/, v3 D .1; 0; 0; 1/ (b) SinceS contains solutions to
.1; 1; 1; �1/Tx D 0, a basis forS ? is .1; 1; 1; �1/ (c) Split .1; 1; 1; 1/ D b1 C b2

by projection onS ? andS : b2 D .1
2
; 1

2
; 1

2
; �1

2
/ andb1 D .1

2
; 1

2
; 1

2
; 3

2
/.

25 This question shows2 by 2 formulas forQR; breakdownR22 D 0 whenA is sin-

gular.

�
2 1
1 1

�
D 1p

5

�
2 �1
1 2

�
� 1p

5

�
5 3
0 1

�
. Singular

�
1 1
1 1

�
D 1p

2

�
1 �1
1 1

�
�

1p
2

�
2 2
0 0

�
. The Gram-Schmidt process breaks down whenad � bc D 0.

26 .qT
2C �/q2 D B

T
c

B
T
B

B becauseq2 D B
kBk and the extraq1 in C � is orthogonal toq2.

27 Whena andb are not orthogonal, the projections onto these linesdo not addto the pro-
jection onto the plane ofa andb. We must use the orthogonalA andB (or orthonormal
q1 andq2) to be allowed to add1D projections.

28 There aremn multiplications in (11) and1
2
m2n multiplications in each part of (12).

29 q1 D 1
3
.2; 2; �1/, q2 D 1

3
.2; �1; 2/, q3 D 1

3
.1; �2; �2/.

30 The columns of the wavelet matrixW are orthonormal. Then W �1 D W T. See
Section 7.2 for more about wavelets : a useful orthonormal basis with many zeros.

31 (a) c D 1
2

normalizes all the orthogonal columns to have unit length (b) The pro-
jection .aTb=aTa/a of b D .1; 1; 1; 1/ onto the first column isp1 D 1

2
.�1; 1; 1; 1/.

(Checke D 0.) To project onto the plane, addp2 D 1
2
.1; �1; 1; 1/ to get.0; 0; 1; 1/.

32 Q1 D
�

1 0
0 �1

�
reflects acrossx axis,Q2 D

"
1 0 0
0 0 �1
0 �1 0

#
across planey C z D 0.

33 Orthogonal and lower triangular) ˙1 on the main diagonal and zeros elsewhere.

34 (a) Qu D .I � 2uuT/u D u � 2uuTu. This is �u, provided thatuTu equals1
(b) Qv D .I � 2uuT/v D u � 2uuTv D u, provided thatuTv D 0.

35 Starting fromA D .1; �1; 0; 0/, the orthogonal (not orthonormal) vectorsB D
.1; 1; �2; 0/ andC D.1; 1; 1; �3/ andD D.1; 1; 1; 1/ are in the directions ofq2; q3; q4.
The4 by 4 and5 by 5 matrices withinteger orthogonal columns(not orthogonal rows,

since not orthonormalQ!) are

2
4A B C D

3
5 D

2
64

1 1 1 1
�1 1 1 1

0 �2 1 1
0 0 �3 1

3
75 and

2
6664

1 1 1 1 1
�1 1 1 1 1

0 �2 1 1 1
0 0 �3 1 1
0 0 0 �4 1

3
7775
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36 ŒQ; R� D qr.A/ produces fromA (m byn of rankn) a “full-size” squareQD Œ Q1 Q2 �

and
�

R
0

�
. The columns ofQ1 are the orthonormal basis from Gram-Schmidt of the

column spaceof A. Them � n columns ofQ2 are an orthonormal basis for theleft
nullspaceof A. Together the columns ofQ D Œ Q1 Q2 � are an orthonormal basis
for Rm.

37 This question describes the nextqnC1 in Gram-Schmidt using the matrixQ with the
columnsq1; : : : ; qn (instead of using thoseq’s separately). Start froma, subtract its
projectionp D QTa onto the earlierq’s, divide by the lengthof e D a � QTa to get
qnC1 D e=kek.

Problem Set 5.1, page 251

1 det.2A/ D 8I det.�A/ D .�1/4 detA D 1
2
I det.A2/ D 1

4
I det.A�1/ D 2 D det.AT/�1.

2 det.1
2
A/ D .1

2
/3 detA D �1

8
and det.�A/ D .�1/3 detA D 1; det.A2/ D 1;

det.A�1/ D �1.

3 (a) False: det.I C I / is not1 C 1 (b) True: The product rule extends toABC (use

it twice) (c) False: det.4A/ is 4n detA (d) False: A D
�

0 0
0 1

�
, B D

�
0 1
1 0

�
,

AB � BA D
�

0 �1
1 0

�
is invertible.

4 Exchange rows 1 and 3 to showjJ3j D �1. Exchange rows 1 and 4, then 2 and 3 to
showjJ4j D 1.

5 jJ5jD1, jJ6jD�1, jJ7jD�1. Determinants1; 1; �1; �1 repeat sojJ101jD1.

6 To prove Rule 6, multiply the zero row byt D 2. The determinant is multiplied by2
(Rule 3) but the matrix is the same. So2 det.A/ D det.A/ and det.A/ D 0.

7 det.Q/ D 1 for rotation and det.Q/ D �1 for reflection.1�2 sin2 � �2 cos2 � D �1/.

8 QTQ D I ) jQj2 D 1 ) jQj D ˙1; Qn stays orthogonal so det can’t blow up.

9 detA D 1 from two row exchanges . detB D 2 (subtract rows 1 and 2 from row 3, then
columns 1 and 2 from column 3). detC D 0 (equal rows) even thoughC D A C B!

10 If the entries in every row add to zero, then.1; 1; : : : ; 1/ is in the nullspace: singular
A has detD 0. (The columns add to the zero column so they are linearly dependent.)
If every row adds to one, then rows ofA � I add to zero (not necessarily detA D 1).

11 CD D �DC ) detCD D .�1/n detDC andnot� detDC . If n is even we can have
an invertibleCD.

12 det.A�1/ divides twice byad � bc (once for each row). This givesad�bc
.ad�bc/2 D

1
ad�bc

.

13 Pivots1; 1; 1 give determinantD 1; pivots1; �2; �3=2 give determinantD 3.

14 det.A/ D 36 and the4 by 4 second difference matrix has detD 5.

15 The first determinant is0, the second is1 � 2t2 C t4 D .1 � t2/2.
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16 A singular rank one matrix has determinantD 0. The skew-symmetricK also detK D
0 (see #17).

17 Any 3 by 3 skew-symmetricK has det.KT/ D det.�K/ D .�1/3det.K/. This is
�det.K/. But always det.KT/ D det.K/. So we must have det.K/ D 0 for 3 by 3.

18

ˇ̌
ˇ̌
ˇ̌

1 a a2

1 b b2

1 c c2

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌

1 a a2

0 b � a b2 � a2

0 c � a c2 � a2

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ b � a b2 � a2

c � a c2 � a2

ˇ̌
ˇ̌ (to reach2 by 2,

eliminatea anda2 in row 1 by column operations). Factor outb � a andc � a from

the2 by 2: .b � a/.c � a/

ˇ̌
ˇ̌ 1 b C a

1 c C a

ˇ̌
ˇ̌ D .b � a/.c � a/.c � b/.

19 For triangular matrices, just multiply the diagonal entries: det.U / D 6; det.U �1/ D 1
6
,

and det.U 2/ D 36. 2 by 2 matrix: det.U / D ad; det.U 2/ D a2d2. If ad ¤ 0 then
det.U �1/ D 1=ad .

20 det

�
a � Lc b � Ld
c � `a d � `b

�
reduces to.ad �bc/.1�L`/. The determinant changes if you

do two row operations at once.
21 Rules 5 and 3 give Rule 2. (Since Rules 4 and 3 give 5, they also give Rule 2.)
22 det.A/ D 3; det.A�1/ D 1

3
; det.A � �I / D �2 � 4� C 3. The numbers� D 1 and

� D 3 give det.A � �I / D 0. Note to instructor: If you discuss this exercise, you can
explain that this is the reason determinants come before eigenvalues. Identify� D 1
and� D 3 as the eigenvalues ofA.

23 det.A/ D 10, A2 D
�

18 7
14 11

�
, det.A2/ D 100, A�1 D 1

10

�
3 �1

�2 4

�
has det 1

10
.

det.A � �I / D �2 � 7� C 10 D 0 when� D 2 or � D 5; those are eigenvalues.
24 HereA D LU with det.L/ D 1 and det.U / D �6 product of pivots, so also det.A/ D

�6. det.U �1L�1/ D �1
6

D 1= det.A/ and det.U �1L�1A/ is detI D 1.
25 When thei , j entry isij , row 2 D 2 times row 1 so detA D 0.
26 When theij entry isi C j , row 3 � row 2 D row2 � row 1 soA is singular: detA D 0.
27 detA D abc, detB D �abcd , detC D a.b � a/.c � b/ by doing elimination.
28 (a) True: det.AB/ D det.A/ det.B/ D 0 (b) False: A row exchange gives� det D

product of pivots. (c)False: A D 2I andB D I haveA � B D I but the determi-
nants have2n � 1 ¤ 1 (d) True: det.AB/ D det.A/ det.B/ D det.BA/.

29 A is rectangular so det.ATA/ ¤ .detAT/.detA/: these determinants are not defined.

30 Derivatives off D ln.ad � bc/:
�

@f =@a @f =@c

@f =@b @f =@d

�
D

2
64

d

ad � bc

�b

ad � bc
�c

ad � bc

a

ad � bc

3
75 D

1
ad�bc

�
d �b

�c a

�
D A�1.

31 The Hilbert determinants are1, 8�10�2, 4:6�10�4, 1:6�10�7, 3:7�10�12, 5:4�10�18,
4:8 � 10�25, 2:7 � 10�33, 9:7 � 10�43, 2:2 � 10�53. Pivots are ratios of determi-
nants so the10th pivot is near10�10. The Hilbert matrix is numerically difficult (ill-
conditioned).
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32 Typical determinants ofrand.n/ are106; 1025; 1079; 10218 for n D 50; 100; 200; 400.
randn.n/ with normal distribution gives1031; 1078; 10186, Inf which means� 21024.
MATLAB allows1:999999999999999 � 21023 � 1:8 � 10308 but one more 9 gives Inf!

33 I now know that maximizing the determinant for1, �1 matrices isHadamard’s prob-
lem (1893): see Brenner in American Math. Monthly volume 79 (1972) 626-630. Neil
Sloane’s wonderful On-Line Encyclopedia of Integer Sequences (research.att.com/�
njas) includes the solution for smalln (and more references) when the problem is
changed to0; 1 matrices. That sequence A003432 starts fromn D 0 with 1, 1, 1, 2, 3,
5, 9. Then the1; �1 maximum for sizen is 2n�1 times the0; 1 maximum for sizen � 1
(so.32/.5/ D 160 for n D 6 in sequenceA003433).

To reduce the1; �1 problem from6 by 6 to the0; 1 problem for5 by 5, multiply the
six rows by˙1 to putC1 in column1. Then subtract row1 from rows2 to 6 to get a5
by 5 submatrixS of �2; 0 and divideS by �2.

Here is an advanced MATLAB code and a1; �1 matrix with largest detA D 48 for
n D 5:

n D 5I p D .n � 1/^2I A0 Dones.n/; maxdetD 0;
for k D 0 W 2^p � 1
Asub D rem(floor(k: � 2:^.�p C 1 W 0//; 2/I A D A0I A.2 W n; 2 W n/ D 1 � 2�
reshape(Asub, n � 1; n � 1/;
if abs(det(A// > maxdet, maxdet D abs(det(A)); maxA D A;
end
end

Output:maxA = 1 1 1 1 1
1 1 1 �1 �1
1 1 �1 1 �1
1 �1 1 1 �1
1 �1 �1 �1 1

maxdet = 48.

34 ReduceB by row operations toŒ row 3I row 2I row 1�. Then detB D �6 (odd per-
mutation).

Problem Set 5.2, page 263

1 detA D 1C18C12�9�4�6 D 12, rows are independent; detB D 0, row 1Crow 2 D
row 3; detC D �1, independent rows (detC has one term, odd permutation)

2 detA D �2, independent; detB D 0, dependent; detC D �1, independent.

3 All cofactors of row1 are zero.A has rank� 2. Each of the 6 terms in detA is zero.
Column 2 has no pivot.

4 a11a23a32a44 gives�1, because2 $ 3, a14a23a32a41 givesC1, detA D 1 � 1 D 0;
detB D 2 � 4 � 4 � 2 � 1 � 4 � 4 � 1 D 64 � 16 D 48.

5 Four zeros in the same row guarantee detD 0. A D I has12 zeros (maximum with
det¤ 0).

6 (a) If a11 D a22 D a33 D 0 then 4 terms are sure zeros (b) 15 terms must be zero.
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7 5Š=2 D 60 permutation matrices have detD C1. Move row5 of I to the top; starting
from .5; 1; 2; 3; 4/ elimination will do four row exchanges.

8 Some terma1˛a2ˇ � � � an! in the big formula is not zero! Move rows1, 2, . . ., n into
rows˛, ˇ, . . .,!. Then these nonzeroa’s will be on the main diagonal.

9 To getC1 for the even permutations, the matrix needs anevennumber of�1’s. To get
C1 for the oddP ’s, the matrix needs anoddnumber of�1’s. So all six termsD C1 in
the big formula and detD 6 are impossible: max.det/ D 4.

10 The 4Š=2 D 12 even permutations are.1; 2; 3; 4/; .2; 1; 4; 3/; .3; 1; 4; 2/; .4; 3; 2; 1/,
and8 P’s with one number in place and even permutation of the otherthree numbers.
det.I C Peven) D 16 or 4 or 0 (16 comes fromI C I ).

11 C D
�

d �b
�c a

�
. D D

"
0 42 �35
0 �21 14

�3 6 �3

#
.

detB D 1.0/ C 2.42/ C 3.�35/ D �21.
Puzzle: detD D 441 D .�21/2. Why?

12 C D
"

3 2 1
2 4 2
1 2 3

#
andAC T D

"
4 0 0
0 4 0
0 0 4

#
. ThereforeA�1 D 1

4
C T D C T= detA.

13 (a) C1 D 0, C2 D �1, C3 D 0, C4 D 1 (b) Cn D �Cn�2 by cofactors of row
1 then cofactors of column 1. ThereforeC10 D �C8 D C6 D �C4 D C2 D �1.

14 We must choose 1’s from column 2 then column 1, column 4 then column 3,and so on.
Thereforen must be even to have detAn ¤ 0. The number of row exchanges isn=2 so
Cn D .�1/n=2.

15 The1; 1 cofactor of then by n matrix isEn�1. The1; 2 cofactor has a single 1 in its
first column, with cofactorEn�2: sign gives�En�2. SoEn D En�1 � En�2. ThenE1

to E6 is 1, 0, �1, �1, 0, 1 and this cycle of six will repeat:E100 D E4 D �1.
16 The 1; 1 cofactor of then by n matrix is Fn�1. The 1; 2 cofactor has a 1 in column

1, with cofactorFn�2. Multiply by .�1/1C2 and also.�1/ from the1; 2 entry to find
Fn D Fn�1 C Fn�2 (so these determinants are Fibonacci numbers).

17 jB4j D 2 det

"
1 �1

�1 2 �1
�1 2

#
C det

"
1 �1

�1 2
�1 �1

#
D 2jB3j � det

�
1 �1

�1 2

�
D

2jB3j � jB2j. jB3j and�jB2j are cofactors of row4 of B4.
18 Rule 3 (linearity in row 1) givesjBnj D jAnj � jAn�1j D .n C 1/ � n D 1.
19 Sincex, x2, x3 are all in the same row, they are never multiplied in detV4. The deter-

minant is zero atx D a or b or c, so detV has factors.x � a/.x � b/.x � c/. Multiply
by the cofactorV3. The Vandermonde matrixVij D .xi /

j �1 is for fitting a polynomial
p.x/ D b at the pointsxi . It has detV D product of allxk � xm for k > m.

20 G2 D �1, G3 D 2, G4 D �3, andGn D .�1/n�1.n � 1/ D (product of the�’s ).
21 S1 D 3; S2 D 8; S3 D 21. The rule looks like every second number in Fibonacci’s

sequence: : : 3; 5; 8; 13; 21; 34; 55; : : : so the guess isS4 D 55. Following the solution
to Problem 30 with 3’s instead of 2’s confirmsS4 D 81C1�9�9�9 D 55. Problem 33
directly provesSn D F2nC2.

22 Changing 3 to 2 in the corner reduces the determinantF2nC2 by 1 times the cofactor
of that corner entry. This cofactor is the determinant ofSn�1 (one size smaller) which
is F2n. Therefore changing 3 to 2 changes the determinant toF2nC2 � F2n which is
F2nC1.
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23 (a) If we choose an entry fromB we must choose an entry from the zero block; re-
sult zero. This leaves entries fromA times entries fromD leading to.detA/.detD/

(b) and (c) TakeA D
�

1 0
0 0

�
, B D

�
0 0
1 0

�
, C D

�
0 1
0 0

�
, D D

�
0 0
0 1

�
. See #25.

24 (a) All L’s have detD1I detUk DdetAk D2; 6; �6 for k D1; 2; 3 (b) Pivots2; 3
2
; �1

3
.

25 Problem 23 gives det
�

I 0
�CA�1 I

�
D 1 and det

�
A B
C D

�
D jAj timesjD�CA�1Bj

which isjAD � ACA�1Bj. If AC D CA this isjAD � CAA�1Bj D det.AD � CB/.

26 If A is a row andB is a column then detM D detAB D dot product ofA andB. If
A is a column andB is a row thenAB has rank 1 and detM D detAB D 0 (unless
m D n D 1). This block matrix is invertible whenAB is invertible which certainly
requiresm � n.

27 (a) detA D a11C11 C � � � C a1nC1n. Derivative with respect toa11 D cofactorC11.

28 Row1 � 2 row 2 C row 3 D 0 so this matrix is singular.

29 There are five nonzero products, all 1’s with a plus or minus sign. Here are the (row,
column) numbers and the signs:C .1; 1/.2; 2/.3; 3/.4; 4/ C .1; 2/.2; 1/.3; 4/.4; 3/ �
.1; 2/.2; 1/.3; 3/.4; 4/ � .1; 1/.2; 2/.3; 4/.4; 3/ � .1; 1/.2; 3/.3; 2/.4; 4/. Total�1.

30 The 5 products in solution 29 change to16 C 1 � 4 � 4 � 4 sinceA has 2’s and -1’s:

.2/.2/.2/.2/ C .�1/.�1/.�1/.�1/ � .�1/.�1/.2/.2/ � .2/.2/.�1/.�1/�
.2/.�1/.�1/.2/:

31 detP D �1 because the cofactor ofP14 D 1 in row one has sign.�1/1C4. The big
formula for detP has only one term.1�1�1�1/ with minus sign because three exchanges

take4; 1; 2; 3 into 1; 2; 3; 4; det.P 2/ D .detP /.detP / D C1 so det

�
0 I
I 0

�
D

det

�
0 1
1 0

�
is not right.

32 The problem is to show thatF2nC2 D 3F2n � F2n�2. Keep using Fibonacci’s rule:
F2nC2 DF2nC1 CF2n DF2n CF2n�1 CF2n D2F2n C.F2n �F2n�2/D3F2n �F2n�2:

33 The difference from20 to 19 multiplies its3 by 3 cofactorD 1: then det drops by1.

34 (a) The last three rows must be dependent (b) In each of the 120terms: Choices
from the last 3 rows must use 3 columns; at least one of those choices will be zero.

35 Subtracting 1 from then; n entry subtracts its cofactorCnn from the determinant. That
cofactor isCnn D 1 (smaller Pascal matrix). Subtracting 1 from 1 leaves 0.

Problem Set 5.3, page 279

1 (a)

ˇ̌
ˇ̌ 2 5

1 4

ˇ̌
ˇ̌ D 3;

ˇ̌
ˇ̌ 1 5

2 4

ˇ̌
ˇ̌ D 6;

ˇ̌
ˇ̌ 2 1

1 2

ˇ̌
ˇ̌ D 3 so x1 D �6=3 D �2 andx2 D

3=3 D 1 (b) jAj D 4; jB1j D 3; jB2j D 2; jB3j D 1: Thereforex1 D 3=4 and
x2 D �1=2 andx3 D 1=4.
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2 (a) y D
ˇ̌
ˇ a 1

c 0

ˇ̌
ˇ =

ˇ̌
ˇ a b

c d

ˇ̌
ˇ D c=.ad � bc/ (b) y D detB2= detA D .fg � id/=D.

3 (a) x1 D 3=0 andx2 D �2=0: no solution (b) x1 D x2 D 0=0: undetermined.

4 (a) x1 D det
�
Œ b a2 a3 �

�
= detA, if detA ¤ 0 (b) The determinant is linear in

its first column sox1ja1 a2 a3jCx2ja2 a2 a3jCx3ja3 a2 a3j. The last two determinants
are zero because of repeated columns, leavingx1ja1 a2 a3j which isx1 detA.

5 If the first column inA is also the right sideb then detA D detB1. BothB2 andB3 are
singular since a column is repeated. Thereforex1 D jB1j=jAj D 1 andx2 D x3 D 0.

6 (a)

2
64

1 �2
3

0

0 1
3

0

0 �7
3

1

3
75 (b)

1

4

2
4

3 2 1

2 4 2

1 2 3

3
5.

An invertible symmetric matrix
has a symmetric inverse.

7 If all cofactorsD 0 thenA�1 would be the zero matrix if it existed; cannot exist. (And

the cofactor formula gives detA D 0.) A D
�

1 1
1 1

�
has no zero cofactors but it is not

invertible.

8 C D
"

6 �3 0
3 1 �1

�6 2 1

#
andAC T D

"
3 0 0
0 3 0
0 0 3

#
.

This is.detA/I and detA D 3.
The1; 3 cofactor ofA is 0.
Multiplying by 4 or 100: no change.

9 If we know the cofactors and detA D 1, thenC T D A�1 and also detA�1 D 1.
Now A is the inverse ofC T, soA can be found from the cofactor matrix forC .

10 Take the determinant ofAC T D .detA/I . The left side gives detAC T D .detA/.detC/
while the right side gives.detA/n. Divide by detA to reach detC D .detA/n�1.

11 The cofactors ofA are integers. Division by detA D ˙1 gives integer entries inA�1.

12 Both detA and detA�1 are integers since the matrices contain only integers. But detA�1 D
1= detA so detA must be 1 or�1.

13 A D
"

0 1 3
1 0 1
2 1 0

#
has cofactor matrixC D

"�1 2 1
3 �6 2
1 3 �1

#
andA�1 D 1

5
C T.

14 (a) Lower triangularL has cofactorsC21 D C31 D C32 D 0 (b) C12 D C21;
C31 D C13; C32 D C23 makeS�1 symmetric. (c) OrthogonalQ has cofactor
matrixC D .detQ/.Q�1/T D ˙Q also orthogonal. Note detQ D 1 or �1.

15 For n D 5, C contains25 cofactors and each 4 by 4 cofactor has24 terms. Each term
needs3 multiplications: total1800 multiplications vs.125 for Gauss-Jordan.

16 (a) Area
ˇ̌

3 2
1 4

ˇ̌
D 10 (b) and (c) Area10=2 D 5, these triangles are half of the

parallelogram in (a).

17 VolumeD
ˇ̌
ˇ̌ 3 1 1

1 3 1
1 1 3

ˇ̌
ˇ̌D20.

Area of facesD
length of cross productD

ˇ̌
ˇ̌ i j k

3 1 1
1 3 1

ˇ̌
ˇ̌D �2i � 2j C 8k

lengthD6
p

2

18 (a) Area1
2

ˇ̌
ˇ̌ 2 1 1

3 4 1
0 5 1

ˇ̌
ˇ̌ D 5 (b) 5 C new triangle area1

2

ˇ̌
ˇ̌ 2 1 1

0 5 1
�1 0 1

ˇ̌
ˇ̌ D 5 C 7 D 12.

19
ˇ̌

2 1
2 3

ˇ̌
D 4 D

ˇ̌
2 2
1 3

ˇ̌
because the transpose has the same determinant. See #22.
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20 The edges of the hypercube have length
p

1 C 1 C 1 C 1 D 2. The volume detH
is 24 D 16. (H=2 has orthonormal columns. Then det.H=2/ D 1 leads again to
detH D 16:)

21 The maximum volumeL1L2L3L4 is reached when the edges are orthogonal inR4.
With entries1 and�1 all lengths are

p
4 D 2. The maximum determinant is24 D 16,

achieved in Problem 20. For a3 by 3 matrix, detA D .
p

3/3 can’t be achieved bẏ 1.

22 This question is still waiting for a solution! An18:06 student showed me how to trans-
form the parallelogram forA to the parallelogram forAT, without changing its area.
(Edges slide along themselves, so no change in baselength orheight or area.)

23 ATA D

2
4

aT

bT

cT

3
5 �

a b c
�

D

2
4

aTa 0 0

0 bTb 0
0 0 cTc

3
5 has detATA D .kakkbkkck/2

detA D ˙kakkbkkck

24 The box has height 4 and volumeD det

"
1 0 0
0 1 0
2 3 4

#
D 4. i � j D k and.k � w/ D 4.

25 Then-dimensional cube has2n corners,n2n�1 edges and2n .n�1/-dimensional faces.
Coefficients from.2 C x/n in Worked Example2.4A. Cube from2I has volume2n.

26 The pyramid has volume1
6
. The 4-dimensional pyramid has volume1

24
(and 1

nŠ
in Rn)

27 x D r cos�; y D r sin� giveJ D r . The columns are orthogonal and their lengths are
1 andr .

28 J D
ˇ̌
ˇ̌
ˇ

sin' cos� � cos' sin� �� sin' sin�
sin' sin� � cos' sin� � sin' cos�

cos' �� sin' �

ˇ̌
ˇ̌
ˇ D �2 sin'. This Jacobian is needed

for triple integrals inside spheres.

29 Fromx; y to r; � :

ˇ̌
ˇ̌ @r=@x @r=@y
@�=@x @�=@y

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ x=r y=r
�y=r2 x=r2

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ cos� sin�
.� sin�/=r .cos�/=r

ˇ̌
ˇ̌

D 1

r
D 1

Jacobian in27
.

30 The triangle with corners.0; 0/; .6; 0/; .1; 4/ has area24. Rotated by� D 60ı the area

is unchanged. The determinant of the rotation matrix isJ D
ˇ̌
ˇ̌ cos� � sin�

sin� cos�

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ 1=2 �

p
3=2p

3=2 1=2

ˇ̌
ˇ̌ D 1.

31 Base area 10, height 2, volume 20.

32 The volume of the box is det

"
2 4 0

�1 3 0
1 2 2

#
D 20.

33

ˇ̌
ˇ̌
ˇ
u1 u2 u3

v1 v2 v3

w1 w2 w3

ˇ̌
ˇ̌
ˇ D u1

ˇ̌
ˇ̌ v2 v3

w2 w3

ˇ̌
ˇ̌�u2

ˇ̌
ˇ̌ v1 v3

w1 w3

ˇ̌
ˇ̌Cu3

ˇ̌
ˇ̌ v1 v2

w1 w2

ˇ̌
ˇ̌. This isu � .v�w/.

34 .w � u/ � v D .v � w/ � u D .u � v/ � w W Even permutationof .u; v; w/ keeps the same
determinant. Odd permutations reverse the sign.
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35 S D .2; 1; �1/, areakPQ � PSk D k.�2; �2; �1/k D 3. The other four corners
can be.0; 0; 0/, .0; 0; 2/, .1; 2; 2/, .1; 1; 0/. The volume of the tilted box isj detj D 1.

36 If .1; 1; 0/, .1; 2; 1/, .x; y; z/ are in a plane the volume is det
The “box” with those edges is flattened to zero height.

2
4

x y z

1 1 0

1 2 1

3
5Dx�yCz D0.

37 det

"
x y z
2 3 1
1 2 3

#
D 7x �5y Cz will be zerowhen.x; y; z/ is a combination of.2; 3; 1/

and.1; 2; 3/. The plane containing those two vectors has equation7x � 5y C z D 0.

38 Doubling each row multiplies the volume by2n. Then2 detADdet.2A/ only if nD1.

39 AC T D .detA/I gives .detA/.detC/ D .detA/n. Then detA D .detC/1=3 with
n D 4. With detA�1 D 1= detA, constructA�1 using the cofactors.Invert to findA.

40 The cofactor formula adds1 by 1 determinants (which are just entries)timestheir co-
factors of sizen�1. Jacobi discovered that this formula can be generalized. For n D 5,
Jacobi multiplied each2 by 2 determinant from rows1-2 (with columnsa < b) times
a 3 by 3 determinant from rows3-5 (using the remaining columnsc < d < e).

The key question isC or � sign (as for cofactors). The product is given aC
sign whena, b, c, d , e is an even permutation of1, 2, 3, 4, 5. This gives the correct
determinantC1 for that permutation matrix. More than that, all otherP that permutea,
b and separatelyc, d , e will come out with the correct sign when the2 by 2 determinant
for columns a; b multiplies the3 by 3 determinant for columnsc; d; e.

41 The Cauchy-Binet formula gives the determinant of a square matrix AB (andAAT in
particular) when the factorsA, B are rectangular. For (2 by 3) times (3 by 2) there are
3 products of2 by 2 determinants fromA andB (printed in boldface):

�
a b c
d e f

� "
g j
h k
i `

# �
a b c
d e f

� "
g j
h k
i `

# �
a b c
d e f

� "
g j
h k
i `

#

Check A D
�

1 2 3
1 4 7

�
B D

"
1 1
2 4
3 7

#
AB D

�
14 30
30 66

�

Cauchy-Binet: .4 � 2/.4 � 2/ C .7 � 3/.7 � 3/ C .14 � 12/.14 � 12/ D 24
.14/.66/ � .30/.30/ D 24

Problem Set 6.1, page 293

1 The eigenvalues are1 and0:5 for A, 1 and0:25 for A2, 1 and0 for A1. Exchanging
the rows ofA changes the eigenvalues to1 and �0:5 (the trace is now0:2 C 0:3/.
Singular matrices stay singular during elimination, so� D 0 does not change.

2 A has�1 D �1 and�2 D 5 with eigenvectorsx1 D .�2; 1/ andx2 D .1; 1/. The
matrix A C I has the same eigenvectors, with eigenvalues increased by1 to 0 and6.
That zero eigenvalue correctly indicates thatA C I is singular.

3 A has�1 D 2 and �2 D �1 (check trace and determinant) withx1 D .1; 1/ and
x2 D .2; �1/. A�1 has the same eigenvectors, with eigenvalues1=� D 1

2
and�1.




