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Solutions to Exercises

As in Problem 22: Row space basi3, 0, 3), (1, 1,2); column space basid, 4, 2),
(2,5,7); the rank of (3 by 2) times (2 by 3) cannot be larger than thé& @&reither
factor, so rank< 2 and the 3 by 3 product is not invertible.

ATy = d putsd in therow spaceof 4; unique solution if théeft nullspacgnullspace
of AT) contains onlyy = 0.

(@) True(4 andA™ have the same rank) (Walsed = [1 0] andA' have very
different left nullspaces (cJalse (A can be invertible and unsymmetric even if
C(A) =C(A") (d) True(The subspaces fot and—A are always the same. If
AT = A or AT = —A they are also the same fdr)

The rows ofC = AB are combinations of the rows @&. So rankC < rankB. Also
rankC < rank4, because the columns 6f are combinations of the columns af

Choosed = bc/a to make[ 2 8] a rank-1 matrix. Then the row space has bésis)
and the nullspace has basish, a). Those two vectors are perpendicular !

B andC (checkers and chess) both have rank2 # 0. Row 1 and 2 are a basis for the
row space ofC, BTy = 0 has 6 special solutions withl and 1 separated by a zero;
N(CT) has(-1,0,0,0,0,0,0, 1) and(0,—1,0,0,0,0, 1,0) and columns3, 4,5, 6 of

I; N(C) is a challenge.

apgr = l,a12 =0,a13 = 1,a20 = 0,a3, = 1,a31 = 0,a23 = 1,a33 = 0,a21 = 1.
The subspaces fad = uv' are pairs of orthogonal linew (and v+, u and u™t).
If B has those same four subspaces tBes ¢ A with ¢ # 0.

(@ AX = 0 if each column ofX is a multiple of (1,1, 1); dim(nullspacg¢ =
(b) If AX = B then all columns ofB add to zero; dimension of th8’s =
(€) 3+ 6 = dim(M>*3) = 9 entries in & by 3 matrix.

The key is equal row spaces. First row 4f= combination of the rows oB: only
possible combination (notick) is 1 (row 1 of B). Same for each row s6 = G.

3.
6.

Problem Set 4.1, page 202

1

Both nullspace vectors are orthogonal to the row space vgcR?®. The column space
is perpendicular to the nullspace #f (two lines inR? because rank= 1).

The nullspace of a 3 by 2 matrix with rank 24s(only zero vector) sa, = 0, and
row space= R?. Column space= plane perpendicular to left nullspaeeline in R3.

1 2 -3 2 1 1 1
(a)|: 2 -3 1} (b) Impossible,|:—3} not orthogonal tc{l] () [1} and[O} in
-3 5 =2 5 1 1 0

C (4) andN (A7) isimpossible: not perpendicular (d) Negd = 0; takeA = [ _1]

(e) (1,1, 1) in the nullspace (columns add @ and also row space; no such matrix.
If AB = 0, the columns ofB are in thenullspaceof 4. The rows of4 are in theleft
nullspaceof B. If rank = 2, those four subspaces would have dimen&avhich is
impossible for3 by 3.

(@) If Ax = b has a solution andl"y = 0, theny is perpendicular td. o'y =
(Ax)Ty =xT(4Ty) = 0. (b) If ATy = (1,1,1) has a solution(1, 1, 1) is in the
row spaceand is orthogonal to every in the nullspace.
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Multiply the equations by, y», y3 = 1, 1, —1. Equations add t0 = 1 so no solution:
y = (1,1, =1) is in the left nullspacedx = b would need = (yTA)x = y'bh = 1.
Multiply the 3 equations by = (1,1, —1). Thenx; —x; = 1 plusx,; —x3 = 1 minus
x1 —x3 = 1is0 = 1. Key point: Thisy in N(AT) is not orthogonal td = (1,1, 1)
sob is not in the column space antk = b hasno solution

x = x, + x,, wherex, is in the row space and, is in the nullspace. Thedx,, =0
andAx = Ax, + Ax, = Ax,. All Ax areinC(A).

Ax is always in thecolumn spacef A. If ATAx = 0thenAx is also in the nullspace
of AT. SoAx is perpendicular to itself. Conclusiodx = 0if ATAx = 0.

(@) WithA™ = A, the column and row spaces are the same x(§ in the nullspace
andz is in the column space = row space: so these “eigenvectovg’ e = 0.

For A: The nullspace is spanned l6y2, 1), the row space is spanned by, 2). The
column space is the line througdh, 3) and N (AT) is the perpendicular line through
(3,—1). For B: The nullspace oB is spanned byo0, 1), the row space is spanned by
(1,0). The column space and left nullspace are the same a%. for

x splits intox, +x, = (1,—1) + (1,1) = (2,0). Notice N(A") is a plang(1,0) =
(LD)/2+1,-D)/2=x, + x,.

VTW = zero makes each basis vector #6rorthogonal to each basis vector .
Then every in V is orthogonal to everw in W (combinations of the basis vectors).

Ax = Bx means thafA B] _; = 0. Three homogeneous equations in four

unknowns always have a nonzero solution. Here= (3,1) andx = (1,0) and
Ax = BX = (5, 6,5) is in both column spaces. Two planesRA must share a line.

A p-dimensional and a-dimensional subspace Bf* share atleastalineg + ¢ > n.
(The p + ¢ basis vectors oF andW cannot be independent.)

ATy =0leadsto(Ax)"y =xTATy = 0. Theny L Ax andN (A") L C(A).

If S is the subspace d®3 containing only the zero vector, the§t is R3. If S is
spanned byl, 1, 1), thenS* is the plane spanned t§y, —1,0) and(1,0, —1). If S is
spanned by2, 0,0) and(0, 0, 3), thenS* is the line spanned b, 1,0).

I 5 1

1 —
S~ is the nullspace oft = [2 5 o

] ThereforeS* is asubspaceven if S is not.

L+ is the2-dimensional subspada plang in R? perpendicular td.. Then(L+)+ is
a 1-dimensional subspade line) perpendicular td*. In fact(L*)1 is L.

If V is the whole spac®&*, thenV~ contains only theero vector Then(V 1)+ =
R*=V.

':Orexamlole(—i071’1)<’de(0,1,—1,0)SpanSL=nuIIspaceot4=[1 2 2 3]

1 3 3 2

(1,1,1,1) is abasis forP*. 4 =[1 1 1 1]hasP asits nullspace an#* as
row space.

x in V= is perpendicular to any vector ii. SinceV contains all the vectors if§,
x is also perpendicular to any vector$h So everyx in V1 is also inS .
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24 AA™' = I: Columnl of A~! is orthogonal to the space spanned by the 2nd,.3rd,
nth rows ofA.

25 If the columns of A are unit vectors, all mutually perpendécuthenA™4 = 1.

2 2 —17 This example shows a matrix with perpendicular columns.
26 A= [—1 2 2i|, ATA =9I isdiagonat (AT A4);; = (columni of A) - (column; of A).
2 —1 2] When the columns anenit vectorsthenA™ 4 = 1.
27 The lines3x + y = by and6x + 2y = b, areparallel. They are the same line if
b, = 2b;. Inthat casdbq, b,) is perpendicular t¢—2, 1). The nullspace of the 2 by 2
matrix is the line3x + y = 0. One particular vector in the nullspacg(isl, 3).

28 (a) (1,—1,0) is in both planes. Normal vectors are perpendicular, butgdastill in-
tersect! (b) Needhreeorthogonal vectors to span the whole orthogonal complement
(c) Lines can meet at the zero vector without being orthoona

[1 2 3} [1 1 —1} A hasv = (1,2, 3) in row space and column space
A == N B =

29 2 1 0 2 —1 0]; Bhasvinits column space and nullspace.

301 3 0 —1] wvcannotbeinthe nullspace and row space, orin
the left nullspace and column space. These spaces are ontandy 'v # 0.

30 WhenAB = 0, the column space aB is contained in the nullspace df. Therefore
the dimension o (B) < dimension ofV (4). This means ranl$) < 4 — rank(A).

31 null(N’) produces a basis for thew spaceof 4 (perpendicular tiN(A)).
32 We needr'n = 0 ande™¢ = 0. All possible examples have the fowar ™ with a # 0.

33 Bothr’s orthogonal to both’s, bothe’s orthogonal to boti’s, each pair independent.
All A’s with these subspaces have the fdeme, M [r r,]" for a2 by 2 invertible M .

Problem Set 4.2, page 214

1@ a'b/a"a=5/3; p=>5a/3;e=(-2,1,1)/3(b) a'b/a'a=—1; p=a;e=0.

2 (a) The projection ofb = (cosh,sinf) ontoa = (1,0) is p = (cosh,0)
(b) The projection ob = (1, 1) ontoa = (1,—1) is p = (0,0) sincea’d = 0.

1 1 1 1 1 5 1 1 3 1 1
3 Pp==-|11 1 andP1b=— 5(.Ppb=—13 9 3 andP2b= 3.
3 3 11
1 1 1 5 1 3 1 1

4 P — 1 0 P, — 11 1 —1]| P, projects ontdl,0), P, projects ontq1, —1)
=10 0""27 2 |=1 1| PP, #0andP; + P, is not a projection matrix.

-2 4 4 2 =2 1
matrices onto the lines through = (—1,2,2) anda, = (2,2,—1) P{ P, = zero
matrix because; L a,.

XXX Above solution does not fit in 3 lines.

6 Plz(%’_%’_%) andp, = %’ %’—%) andp; = (%,—%’ %)- Sop;+p,+p3=0b.

1 1 -2 =2 4 4 =2
5 P = 5 -2 4 4|, P, = 5 4 4 =2|. Py and P, are the projection
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1{1 -2 —2} 1[4 4 —2} 1[4—2 4}
Pil+P+P3=-|-2 4 4|l+-| 4 4 2|+-|—2 1 =2|=1.
912 4 4 2 -2 1 4 -2 4
We canadd projections ontorthogonal vectorsThis is important.

The projections of1, 1) onto (1,0) and(1,2) arep; = (1,0) and p, = (0.6, 1.2).
Thenp, + p, # b.
SinceA is invertible,P = A(ATA)"!AT=AA"1(AT)"1AT = I: project on all ofR2.

102 04 102 |1 0 _10.2| Thisisnota; = (1,0)
P2_|:0.4 0.8]’1)2“1—[0.4}’1)1—[0 0]’P1P2“1—[ 0 } No, P, P, # (P P2)>.

(@ p=A(ATA)1ATh=(2,3,0),e=(0,0,4), ATe =0 (b) p=(4,4.6),e=0.

0 0 0

p [0'5 0.5 O}_ Projection matrix onto the second column space.
2 — -_—

1 00
P = [0 1 0} = projection matrix onto the column space #f(the xy plane)

05 05 0 -
0 o 1 Certainly(P,)? = P.

1 00 1 0 0O 1 1
0 1 0 . 01 00 2 2
A= 0 0 1 , P = square matrix= 001 0 ,p=P 31 =13
0 0 0 0 00O 4 0
The projection of thi$ onto the column space of is b itself whenb is in that space.
5 8 —4 0
1
But P is not necessarily. P = — [ 8 17 2} andb = Pb=p = [2}
214 2 20 4

24 has the same column spaceAsk for 24 is half of x for A.

1(1,2,—-1) + 2(1,0,1) = (2, 1,1). Sob is in the plane. Projection showb = b.

If P2= Pthend —P)2=(I—-P)I—-P)=1—-PI—IP+P?>=1-P.When
P projects onto the column spade;- P projects onto théeft nullspace

(&) I — P isthe projection matrix ont6l, —1) in the perpendicular direction {d, 1)
(b) I — P projects onto the plane + y + z = 0 perpendicular t@l, 1, 1).

say(1,1,0) and(2,0, 1), the matrixP is i;g _?ég _%;

1 . 1/6 —1/6 —1/3 5/6 1/6 1/3
e = [—1i|, 0= % = [—1/6 1/6 1/3], I -0 = |:1/6 5/6 —1/3].
—-1/3 1/3 2/3 /3 —-1/3 1/3
(A(ATA)—IAT)2 = A(ATA) Y (ATA)(ATA)T1TAT = A(ATA)"'AT. SoP?2 = P.
Pb is in the column space (whet projects). Then its projectioR(Pb) is Pb.
PT=(AATATTANY T =A((ATA)™H)TAT=A(ATA)"1AT=P. (AT A is symmetric!)
If Aisinvertible then its column space is all@f. SoP = I ande = 0.

The nullspace ofiT is orthogonalto the column spac€ (4). Soif ATh = 0, the pro-
jection ofb ontoC (A4) should bep = 0. CheckPb = A(ATA)"1ATh = A(ATA)~10.

For any basis vectors in the plane- y — 2z =0, [5/6 1/6 1/3}
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25 The column space ofP will be S. Thenr = dimension ofS = n.
26 A~! exists since the rank is= m. Multiply 4> = Aby A 'togetd = I.

27 If ATAx = OthenAx is in the nullspace ofi”. But Ax is always in the column space
of A. To be in both of those perpendicular spacés, must be zero. Sal and A4
have thesame nullspace

28 P2 =P = PTgive PTP = P. Then the(2,2) entry of P equals thg2, 2) entry of
PT P which is the length squared of column 2.

29 A = BT has independent columns, 46 A (which is BBT) must be invertible.
. . 3 aa’ 1T9 12
30 (a) The column space is the line through= [4] SO Pc = TTa = 25 [12 25}.
(b) The row space is the line through= (1,2,2) and P = vv'/v'v. Always
Pc A = A (columns of4 project to themselves) atlPg = A. ThenPc APr = A

31 The errore = b — p must be perpendicular to all ths.

32 Since P1b is in C(A), P,(P1b) equalsP;b. So P,P; = P, = aa'/a"a where
a=(1,2,0).

33 If P{P, = P, P; thenS is contained ifl" or T is contained inS.

34 BBT isinvertible as in Probler®9. Then(ATA)(BBT) = product ofr by r invertible
matrices, so rank. AB can't have rank r, sinceA” andB T cannot increase the rank.
Conclusion A (m by r of rankr) times B (r by n of rankr) producesd B of rankr.

Problem Set 4.3, page 226

1 0 07
1A= } ;’ andb = 2 giveATA = [g 286 andA™ps = [13162].
1 4 20 | -
; 17] —1
ATAX = ATh givesx = [1 andp = Ax = > ande = b — p = 3
4 13 P=|-5
} 17| E=|e|>=44 | 3
1 0 0 1
5| 11 C| _ | 8| Thisdx =bisunsolvablg 5| . |1 tlv sol
1 3||D|=| 8| Changehtop=Pb= |13 | * = |4 |CEXactly solves
1 4 20 17
Ax = p.

3 InProblem2,p = A(ATA)"'ATh = (1,5,13,17) ande = b — p = (—1,3,-5,3).
e is perpendicular to both columns df This shortest distandg || is v/44.

4 E = (C+0D)?+(C+1D —8)? +(C +3D —8)%2 + (C +4D —20)2. Then
0E/dC =2C +2(C + D —8) +2(C +3D —8)+2(C +4D —20) = 0 and
0E/0D =1-2(C+ D —8)+3-2(C +3D —8)+4-2(C +4D —20) =0. These

. .4 8| C 36
normal equations are agaiy ¢ || 5 | = | 172 |-
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5 E=(C—0)24+(C—8)2+(C—8)2+(C—-202.AT=[1 1 1 1]andATA = [4].
A™h = [36]and(ATA)"'ATh = 9 = best heighC. Errorse = (-9, —1,—1,11).

6 a=(1,1,1,1) andb = (0,8,8,20) giveX = a'b/a’'a = 9 and the projection is
Xa = p =(9999). Thene'a = (—9,—1,—1,11)7(1,1,1,1) = 0 and|le|| =
V204,

7 A=[0 13 4]", ATA=1[26]andA™s = [112]. BestD = 112/26 = 56/13.

8 Xx=56/13, p=1(56/13)(0,1,3,4). (C, D)=(9,56/13) don't match(C, D) = (1, 4).
Columns of4 were not perpendicular so we can't project separately todirmhd D.

Parabola [ 1 V] c o 4 8 267[C 36
9 Projecth || 5 [Di|: g .ATAfz[ 8 26 92} [Di|:[112}
4D to 3D 1 4 16 E 20 26 92 338 E 400
1 0 0 O07[C 0 C 07 Exact cubicsgp = b,e = 0.
ol 1 1Dy |8 L D _ 1| 47| This Vandermonde matrix
1 3 9 27(|E || 8} E —28 |’ gives exact interpolation
1 4 16 64 || F 20 F 5| byacubican,1,3,4

11 (a) The best liner = 1 + 47 gives the center poirdt = 9 when? = 2.
(b) The firstequatio€m + D> t; = . b; divided bym givesC + Dt = b.

12 @a=(1,..., 1)hasa'a = m,a'b = by + --- + b,,. Thereforex = a'b/m is the
meanoftheb’s (b) e =b—%a b= (1,2,b) |le||*> = >/, (b; —X)* = variance

111
p=(.3,3) T, _ _ 1
(©) e=(—2,—l,3)pe_0'P_ }ii .

13 (ATA)"'AT(b — Ax) = ¥ — x. Whene = b — Ax averages t@, so doest — x.

14 The matrix(x — x)(x —x)Tis (ATA)"'AT(h — Ax)(b — Ax)TA(ATA)~'. When the
average ofb — Ax)(b — Ax)" is 021, the average ofx — x)(x — x)" will be the
output covariance matrix4"A) "' ATo2 A(AT A)~! which simplifies too?(ATA)~1.

15 When 4 has 1 column of ones, Probleid gives the expected errdit — x)? as
02(ATA)"! = o%/m. By takingm measurements, the variance drops fromto

o?/m.
16 lb + 9 5o = 1(b + -+ + b19). KnowingX, avoids adding alb’s
T 1OX9 = 10" 10)- gx9 g .

1 -1 7
C PN 9 3 2||C 35
17 [i ﬂ [D} = Ld The solutionx = [4} comes from[2 6] [D] = [42]

18 p = Ax = (5,13,17) gives the heights of the closest line. The errobis p =
(2,—6.4). This errore hasPe = Pb— Pp=p—p =0.

19 If b = errore thenb is perpendicular to the column spaceAfProjectionp = 0.

20 If b = Ax = (5,13,17) thenx = (9,4) ande = 0 sinceb is in the column space
of A.

21 eisinN(A"); pisinC(A4); xisinC(AT); N(A) = {0} = zero vector only.
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C
D

Line I —¢. Symmetrie’s = diagonald™ 4

23 e is orthogonal top; then|le||> = e¢"(b—p) =e"™b =b"b — b p.

24 The derivatives oflAx —b||> = xTATAx — 2b" Ax + b"b (this term is constant) are
zerowher2ATAx =2A47h,orx = (ATA)"1ATh.

25 3 points on alineEqual slopesb,—b1)/(t2—t1) = (b3—by)/(t3—t,). Linear algebra:
Orthogonal td1, 1, 1) and(t1, 12, t3) iSy = (t,—t3,13—11, 11 —1) in the left nullspace.
b is in the column space. Then'd = 0 is the same equal slopes condition written as
(b —=b1)(t3 — 12) = (b3 — b2) (12 — 11).

1 1 0 0

Lo 1re X 400 87 1C
26 |, | ollol= hasA™4 = |0 2 0|,4Th = | —2|,|D|=
L o 1 |LE 00 2 3] LE

B 2
—1 1. At x,y = 0,0 the best plang@ — x — %y has heightC = 2 = average of
| —3/2
0,1,3,4.
27 The shortest link connecting two lines in spacpéspendicular to those lines
28 Only 1 plane contain®, a;, a, unlessa, a, aredependentSame test foa, . . ., a,.

29 There is exactly one hyperplane containingahgoints0, a4, ... ,a,—; When the: — 1
vectorsay,...,a,— are linearly independen{Forn = 3, the vectorst; anda, must
be independent. Then the three poilita,, a, determine a plane.) The equation of the
plane inR™ will be a]x = 0. Herea, is any nonzero vector on the line (it is only a
line!) perpendicular ta,....,a,—1.

22 The least squares equation[i% 18} [ ] = [_1(5)]. Solution:C =1, D = —1.

B~ W

Problem Set 4.4, page 239

1 (a) Independentb) Independenandorthogonal(c) Independenand orthonormal
For orthonormal vectors, (a) becom@so0), (0, 1) and (b) is(.6, .8), (.8, —.6).
1 0 5/9 2/9 —4/9
22y 070 = [0 l]bthQT:[ 2/9 8/9 2/9},
33) —4/9 2/9  5/9

3 (a) AT A will be 167 (b) AT A will be diagonal with entries 1, 4, 9.

Divide by length 3 to get
q, = (% %_%) q, = (_%

1 0 1 0 0
4 (@) Q0 = |:O 1i|, 00" = |:O 1 Oi| # 1. Any Q withn < m hasQQ" #
0 0 0 0 0
1. (b) (1,0) and(0,0) areorthogonal notindependentNonzero orthogonal vec-
tors are independent. (c) Starting fromp, = (1,1,1)/+/3 my favorite isq, =
(1,—1,0)/+/2 andg, = (1,1,-2)//b.
5 Orthogonal vectors are(1,—1,0) and (1,1,—1). Orthonormal are (%,—%,O),

(=1 = — %)
IVERIV RV T
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010, is orthogonal becaus@ 02)" 0102 = 0;0{0102, = 0702 = 1.

When Gram-Schmidt give® with orthonormal columnsQTQx = Q'h becomes
x=0Th.

If ¢, andg, areorthonormalvectors inR> then(g1b)q, + (g3b)q, is closest tch.

8 —.6 1 0 0
(a)Q=[.6 .8} hasP=QQT=[0 I 0] (b) (00T(QQT) =
0 0 0 0 O

0(0T0)0T = 00"

(@) Ifg,,q,,q5areorthonormalhen the dot product af, withc;q, +c2g,+c3q5 =
0 givesc; = 0. Similarly c; = ¢3 = 0. Independeny’s (b) Ox =0 =
QT0x =0=x =0.

(a) Twoorthonormalvectors are, = 15(1.3.4,5,7) andg, = 15(-7.3.4,-5,1)
(b) Closest in the plangarojectQ 07(1,0,0,0,0) = (0.5,—0.18,—0.24,0.4,0).
(&) Orthonormak’s: aIb = aI(xlal + Xpap + x3a3) = xl(aIal) = X1

(b) Orthogonak’s: alb = a](x1a; + x2a> + x3a3) = x1(aja;). Thereforex; =
ajb/ala;

(c) xi isthe first component o ~! timesa.

The multiple to subtract i%%. ThenB = b — 404 — 4,00—=2-(1,1) = (2,-2).

a’a
1/V2 1/N2][V2 22

L4y lal q1b | _ _
[1 0] =l "2][ o BT [1/v2 —ivall o ava] T ek
of AT containsg, () x =(ATA)147(1,2,7) = (1,2).
The projectionp = (a'b/a"a)a = 14a/49 = 2a/7 is closest th; ¢, = a/||a| =
a/7is (4,5,2,2)/7. B =b—p = (—1,4,—4,—4)/7 has|B| = 1 soq, = B.
p = (@'b/a'a)a = (3,3,3) ande = (-2,0,2). q, = (1,1,1)//3 andg, =
(—1,0,1)/72.
A=a=(1,-1,0,0;B=b—p = (%, %,—l,O);C =c—py4—Pp= (%,l L—n.

3’3
Notice the pattern in those orthogon#l B, C. In R>, D would be(1, 1 1 1 _p)

If A= QRthenA™4 = RTQOTOR = R"R = lowertriangular timesippertriangular
(this Cholesky factorization o™ 4 uses the samg as Gram-Schmidt!). The example

-1 1 —1 2 3 3
has4A = [ 2 1} = %[ 2 —1} [O 3] = QR and the samek appears in
2 4 2 2

9 9 3 013 3
T4 — _ —_ pT
AA—[9 18:|_[3 3“0 3]—RR'

(@) True (b) True Ox = x1q; + x24,. || Qx|* = x? + x3 becausg, -¢, = 0.

The orthonormal vectors agg, = (1,1,1,1)/2 andg, = (—=5,—1,1,5)/+/52. Then
b = (—4,-3,3,0) projectstop = (-7,—3,—1,3)/2. Andb—p = (—1,-3,7,-3)/2
is orthogonal to botly, andg,.

A=(,1,2), B=(1,—-1,0), C = (—1,—1,1). These are not yet unit vectors.

>l
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1 0 0 1 0 0 1 2 4

23 Youcanseewhy, =|0|,g,=[0],g35=|1].A4=|0 0 1|]|0 3 6]|=

0 1 0 0 1 0fJLO O 5
OR.

24 (a) One basis for the subspaSeof solutions tox; + x; + x3 — x4 = 0isv; =
(1,-1,0,0),v, = (1,0,—1,0),v3 = (1,0,0, 1) (b) SinceS contains solutions to
(1,1,1,—1)Tx = 0, a basis foS +is (1,1,1,—1) (c) Split(1,1,1,1) = by + b,
by projection onS+ andS: b, = (3,1, 1, —1yands, = (.1.1.3).

25 This question showg by 2 formulas for QR; breakdownR,, = 0 when 4 is sin-
ar 12 M2 L2 =1 L5 3] sinauiarl ! ]2 LT !
guar 1| T A 2 slo 1 MY ] T A )
RER:

V210 0

:
26 (q3C*)q, = %B becausg, = ﬁ and the extrg, in C* is orthogonal tag,.

]. The Gram-Schmidt process breaks down whén- bc = 0.

27 Whena andb are not orthogonal, the projections onto these la@aot addo the pro-
jection onto the plane af andb. We must use the orthogonaland B (or orthonormal
¢, andg,) to be allowed to addD projections.

28 There arenn multiplicationsin (11) anc%mzn multiplications in each part of (12).

29 ¢, = 3(2.2,-1),q, = 1(2.-1,2), ¢35 = 1(1,-2,-2).

30 The columns of the wavelet matri¥’ are orthonormal ThenW~! = WT. See
Section 7.2 for more about wavelets : a useful orthonormsishaith many zeros.

31 (@) ¢ = % normalizes all the orthogonal columns to have unit length ) The pro-
jection (a"b/a"a)a of b = (1,1,1,1) onto the first column i, = 1(-1,1,1,1).
(Checke = 0.) To project onto the plane, agd, = %(1,—1, 1,1) to get(0,0,1,1).

1 0 0
32 0= [(1) _(1)} reflects across axis, 0, = [O 0 —1} across plang +z = 0.
0 -1 0

33 Orthogonal and lower triangulas +1 on the main diagonal and zeros elsewhere.

34 (@) Qu = (I —2uu")u = u — 2uu'u. This is —u, provided thatu"u equalsl
(b) Qv =( —2uu")v = u —2uu"v = u, provided that:"v = 0.

35 Starting fromA = (1,—1,0,0), the orthogonal (not orthonormal) vectoBs =
(1,1,-2,0)andC =(1,1,1,-3)andD =(1, 1, 1, 1) are in the directions af ,, ¢ 5, q 4-
The4 by 4 and5 by 5 matrices withinteger orthogonal column@ot orthogonal rows,

1 1 1 1

—1 1 1
0 -2
0 0

since not orthonormap!) are | A B C D | = and

1
1 1
-3 1

SO O ==

SO — =
|

O W = =

N e

— e
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36

37

[OQ, R] = ¢qr(A) produces fromd (m byn of rankn) a “full-siz€’ squareQ =[ Q1 Q>]
and g . The columns ofQ; are the orthonormal basis from Gram-Schmidt of the
column spacef A. Them — n columns ofQ, are an orthonormal basis for theft
nullspaceof A. Together the columns a@ = [Q; Q»] are an orthonormal basis
for R™,

This question describes the next, ; in Gram-Schmidt using the matri@ with the
columnsg, ... ,q? (instead of using thosg¢'s separately). Start from, subtract its
projectionp = Q'a onto the earlieg’s, divide by the lengtlof e = a — QTa to get
dny1 =€/|ell-

Problem Set 5.1, page 251

det24) = 8; det(—A4) = (—1)*detd = 1; det(4?) = §; de(A™!) =2 = det(4")" .

det(;4) = (3)°detd = —% and det—4) = (—1)3detd = 1; det(4?) = I;
det(4™1) = —1.
(a) False det(/ + I)isnotl +1 (b) True The product rule extends 0B C (use

it twice)  (c) False det(44) is 4" detd (d) False A = [8 (1)] B = [(1) (1)]

0 -1
1 0

Exchange rows 1 and 3 to shqus| = —1. Exchange rows 1 and 4, then 2 and 3 to
show|J4| = 1.

|Js|=1, |Je|=—1, |J;|=—1. Determinantd, 1, —1, —1 repeat sdJ;01| =1.

To prove Rule 6, multiply the zero row by= 2. The determinant is multiplied by
(Rule 3) but the matrix is the same. 3det(4) = det(4) and detA) = 0.

AB — BA = [ ] is invertible.

7 det(Q) = 1 for rotation and detQ) = —1 for reflection(1—2sin? § —2cog § = —1).
8 0TQ0 =1=|0>=1= |Q| = £1; Q" stays orthogonal so det can’t blow up.

10

11

12

13
14
15

det4 = 1 from two row exchanges. d&t = 2 (subtract rows 1 and 2 from row 3, then
columns 1 and 2 from column 3). dét= 0 (equal rows) even thoughi = A + B!

If the entries in every row add to zero, théh 1,...,1) is in the nullspace: singular
A has det= 0. (The columns add to the zero column so they are linearly rigr.)
If every row adds to one, then rows df— I add to zero (not necessarily det= 1).

CD =—-DC = detCD = (—1)"detDC andnot—detDC. If n is even we can have
an invertibleCD.
det(4~1) divides twice byad — bc (once for each row). This give% =
1
ad—bc"’
Pivotsl1, 1, 1 give determinant 1; pivots1, —2, —3/2 give determinant 3.
det(A) = 36 and thed by 4 second difference matrix has det5.

The first determinant i8, the second i$ — 2¢2 + t* = (1 — t?)2.
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17

18

19

20

21
22

23

24

25
26
27
28

29

30

31

Solutions to Exercises

A singular rank one matrix has determinan0. The skew-symmetri& also detk =
0 (see #7).

Any 3 by 3 skew-symmetri& has detK') = det(—K) = (—1)3det(K). This is
—det(K). But always detk") = det(K). So we must have dgk') = 0 for 3 by 3.

1 a a? 1 a a? boa b —a?
1 b b2 | =0 b—a b>—a®| = e—a P—a? (to reach2 by 2,
1 ¢ ¢c? 0 c—a c*>—a?
eliminatea anda? in row 1 by column operations). Factor obit— ¢ andc — a from
the2 by 2: (b —a)(c —a) 1 ?_—::Z = (b —a)(c—a)(c—Db).

For triangular matrices, just multiply the diagonal ergridetU) = 6,det(U ') = %,
and detU?) = 36. 2 by 2 matrix: detU) = ad,de(U?) = a*d?. If ad # 0 then
detU~!) = 1/ad.

det[i B iﬁ; Z__IZZ] reduces tdad —bc)(1— LL). The determinant changes if you

do two row operations at once.

Rules 5 and 3 give Rule 2. (Since Rules 4 and 3 give 5, they alsdRuyle 2.)

det(4) = 3,de(A™") = §.defAd — AI) = A> — 41 + 3. The numbers. = 1 and

A = 3 give detd — A1) = 0. Note to instructor If you discuss this exercise, you can

explain that this is the reason determinants come befoenedues. IdentiffA = 1
and)A = 3 as the eigenvalues of.

18 7 _ 3 -1
det(4) = 10, A2 = [14 11], de(4?) =100, 47! = L [_2 4} has det.

det(A — AI) = A2 — 71 + 10 = 0 when)A = 2 or A = 5; those are eigenvalues.

HereA = LU with det(L) = 1 and detU ) = —6 product of pivots, so also det) =

—6.de(U'L7!) = -1 = 1/det(4) and detU ' L~' 4) is det/ = 1.

When thei, j entryisij, row2 = 2 times row 1 so detf = 0.

When theij entryisi 4+ j, row3 —row?2 = row2 — row 1 soA is singular: ded = 0.

detA = abc, detB = —abced, detC = a(b — a)(c — b) by doing elimination.

(a) True det(AB) = det(4)det(B) = 0 (b) False A row exchange gives det=

product of pivots. (c)False A = 27 andB = I haved — B = [ but the determi-

nants have” —1 # 1 (d) True det(AB) = det(A) det(B) = det(BA).

A is rectangular so det™ A) # (detAT)(detA): these determinants are not defined.
—b

Derivatives of f = In(ad — bc): [af/aa Bf/ac} = ad_—cbc ad ;bc —

af/ob df/od
ad —bc ad — bc
1 d —b|_
ad—bc |:—c a]_A '

The Hilbert determinants ale 8x1072,4.6x107%, 1.6x1077,3.7x10712,5.4x 1078,
4.8 x1072°,2.7 x 10733, 9.7 x 10743, 2.2 x 10723, Pivots are ratios of determi-
nants so the Oth pivot is nearl0~!°. The Hilbert matrix is numerically difficulti-
conditioneq.
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32 Typical determinants afand(n) are 106, 102>, 107°, 1028 for n = 50, 100, 200, 400.
randn(n) with normal distribution gived03!, 1078, 10'8¢, Inf which means> 21024,
MATLAB allows 1.999999999999999 x 21923 ~ 1.8 x 103°% but one more 9 gives Inf!

33 | now know that maximizing the determinant for—1 matrices isHadamard’s prob-
lem (1893): see Brenner in American Math. Monthly volume 79 @)9526-630. Neil
Sloane’s wonderful On-Line Encyclopedia of Integer Segesrtesearch.att.comis
njas) includes the solution for small (and more references) when the problem is
changed td®, 1 matrices. That sequence A003432 starts from O with 1, 1, 1, 2, 3,
5,9. Then thel, —1 maximum for sizer is 2"~! times thed, 1 maximum for sizer — 1
(s0(32)(5) = 160 for n = 6 in sequenc&003433.

To reduce thd, —1 problem fromé6 by 6 to the0, 1 problem for5 by 5, multiply the
six rows by#+1 to put+1 in columnl. Then subtract row from rows2 to 6 to get a5

by 5 submatrixS of —2, 0 and divideS by —2.

Here is an advanced MATLAB code andla—1 matrix with largest dett = 48 for

n=>5:

n=>5;,p=(n-—1)"2; A0 =ones(n); maxdet= 0;

fork=0:2"p—1

Asub = rem(floor(k. * 2.MN—p +1:0)),2); A = A0; A2 :n,2:n) =1—2x%

reshape(Asub, n — 1,n — 1);

if abs(det(4)) > maxdet, maxdet = abs(det(A4)); maxA = A4;

end
end
Output:maxA =1 1 1 1
1 1 1 -1
1 1 -1 1
1 -1 1 1
1 -1 -1 -1

34 ReduceB by row operations tgrow 3;
mutation).

Problem Set 5.2, page 263

1
—1
—1
—1

1

maxdet = 48.

row 2; row 1]. Then detB = —6 (odd per-

1 detd = 14+184+12—9—4—6 = 12, rows are independent; dBt= 0, row 1 +row 2 =
row 3; detC = —1, independent rows (dét has one term, odd permutation)

2 detd = —2, independent; d&® = 0, dependent; d&f = —1, independent.
3 All cofactors of rowl are zero.A has rank< 2. Each of the 6 terms in déett is zero.

Column 2 has no pivot.

4 a11a23032044 gives—l, becaus@ <« 3, 14023032041 gives—H, detA=1-1=0;
detB=2-4.4.2—1-4.4.1=64—16= 48,

5 Four zeros in the same row guarantee €e0. A = [ hasl2 zeros (maximum with

det 0).

6 (a) Ifa;y = azy = asz = 0then 4 terms are sure zeros

(b) 15 terms must be zero.
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5!/2 = 60 permutation matrices have det +1. Move row5 of / to the top; starting
from (5, 1, 2, 3, 4) elimination will do four row exchanges.

Some termu o asp - - - ane in the big formula is not zero! Move rows 2, . . ., n into
rowsa, B, . . .,0. Then these nonzerds will be on the main diagonal.
To get+1 for the even permutations, the matrix needea@nnumber of—1's. To get

+1 for the oddP’s, the matrix needs anddnumber of—1’s. So all six terms= +1 in
the big formula and det 6 are impossible: maxlet) = 4.

The 4!/2 = 12 even permutations ard, 2,3,4),(2,1,4,3),(3,1,4,2),(4,3,2,1),
and8 P’s with one number in place and even permutation of the dtiree humbers.
det(/ + Peven = 16 or4 or 0 (16 comes frond + I).

co[d 5] 5[0 3 70 dets =100) +2(42) + 3(-35) = 21,
I A R ¢ _3| Puzzle: deD = 441 = (—21)2. Why?

3 2 1 4 0 O

C=|2 4 2|andACT=|0 4 0|.ThereforeA™! =1CT = CT/detA.
1 2 3 0O 0 4

@ C; =0, C=—-1,C3=0, Cy =1 (b) C, = —C,—5 by cofactors of row

1 then cofactors of column 1. Therefatgy = —Cs = C¢ = —C4 = C; = —1.

We must choose 1's from column 2 then column 1, column 4 th&amwoo 3,and so on.

Thereforen must be even to have dé}, # 0. The number of row exchangesig2 so

C, = (_l)n/2_

The 1, 1 cofactor of then by n matrix is E,—;. The 1,2 cofactor has a single 1 in its

first column, with cofactof,_,: sign gives—E,_». SOE, = E,—1— E,—>. ThenE;

to E¢is1,0,—1,—1,0, 1 and this cycle of six will repeatt;gp = E4 = —1.

The 1, 1 cofactor of then by n matrix is F,—;. The 1,2 cofactor has a 1 in column

1, with cofactorF,_,. Multiply by (—1)'*2 and also(—1) from the1, 2 entry to find

F, = F,—1 + F,—; (so these determinants are Fibonacci numbers).

1 -1 1 -1 1 1
|By| = 2det| =1 2 —1|+4det| -1 2 = 2|B;| — det =
-1 2 -1 -1 -2

2|B3| — | B2|. | B3| and—| B, | are cofactors of rowt of By.

Rule 3 (linearity in row 1) give$B,, | = |Ay| — |[An—1l =+ 1) —n = 1.

Sincex, x2, x3 are all in the same row, they are never multiplied inldetThe deter-
minant is zero ak = a or b or ¢, so detV’ has factorgx —a)(x — b)(x —c). Multiply
by the cofactoi;. The Vandermonde matrik; = (x;)/~! is for fitting a polynomial
p(x) = b at the pointsy;. It has det’ = product of allx; — x,, for k > m.

Gy, = —1,G3 = 2,G4 = —3,andG,, = (-1)""!(n — 1) = (product of thel’s ).

S1 = 3,8, = 8,53 = 21. The rule looks like every second number in Fibonacci’s
sequence..3,5,8,13,21,34,55,... so the guess i, = 55. Following the solution
to Problem 30 with 3's instead of 2’s confirr§$ = 814+1—9—9-9 = 55. Problem 33
directly provesS, = Fz,+2.

Changing 3 to 2 in the corner reduces the determifapt, by 1 times the cofactor
of that corner entry. This cofactor is the determinanfgf, (one size smaller) which
is F»,. Therefore changing 3 to 2 changes the determinafbjq, — F», which is
Font1.
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23

24

25

26

27
28
29

30

31

32

33
34

35

(a) If we choose an entry from® we must choose an entry from the zero block; re-
sult zero. This leaves entries fromtimes entries fromD leading to(detA)(detD)

(b) and () Take4=[(l) 8},3:[? 8],C:[8 H,D:[g ?]Seeﬁs.

(8) All L's have det=1; detUy =detd; =2,6, —6fork=1,2,3 (b) Pivots2, 3, 5.
. 1 0 A B . —
Problem 23 gives d{t_CA_l [] = land de\{c D} = |A|times|D—CA™! B|

whichis|AD — ACA™!'B|. If AC = CAthisis|AD —CAA™'B| = det(AD — CB).
If Ais arow andB is a column then de¥ = detAB = dot product of4 and B. If
A is a column andB is a row thend B has rank 1 and déf = detAB = 0 (unless
m = n = 1). This block matrix is invertible wher B is invertible which certainly
requiresn < n.

(@) detd = ay1Cyq + -+ + a1, C1,,. Derivative with respect ta;; = cofactorCy;.
Row1 — 2 row2 + row 3 = 0 so this matrix is singular.

There are five nonzero products, all 1's with a plus or minga.sHere are the (row,
column) numbers and the signs:(1, 1)(2,2)(3,3)(4,4) + (1,2)(2,1)(3,4)(4,3) —
(1,2)(2,1)(3.3)(4,4) — (1, 1)(2,2)(3,4)(4,3) — (1,1)(2,3)(3.2)(4,4). Total—1.

The 5 products in solution 29 changelt®+ 1 — 4 — 4 — 4 sinceA has 2’s and -1’s:

2)@2)2) + (=D(=D(EDED = (=D(=D2)(2) = ))(=D(=D)—
@D (ED).

detP = —1 because the cofactor @f4 = 1 in row one has sigii—1)!*4. The big
formula for detP has only one termil-1-1-1) with minus sign because three exchanges

take4,1,2,3into 1,2,3, 4; det( P?) = (detP)(detP) = +1 so det[(; (I)} =
0 1]. .
det[1 0} is not right
The problem is to show thdt,, 1+, = 3F,, — F»,—». Keep using Fibonacci’s rule:
Fonyo=Fons1 4 Fon=Fon~+ Fon14 Fon =282+ (Fon — Fon—2) =3F2, — Fays.

The difference fron20 to 19 multiplies its3 by 3 cofactor= 1: then det drops by.

() The last three rows must be dependent (b) In each of théet2®: Choices
from the last 3 rows must use 3 columns; at least one of thaseehwill be zero.

Subtracting 1 from the, n entry subtracts its cofactdr,,, from the determinant. That
cofactor isC,,, = 1 (smaller Pascal matrix). Subtracting 1 from 1 leaves O.

Problem Set 5.3, page 279

1

5 15 2
(a)‘ 4 [T3 12 4|76 ]

3/3 =1 (b) |A] = 4,|B1| = 3,|B2] = 2,|B3] = 1. Thereforex; = 3/4 and
Xy = —1/2andx3 = 1/4.

% =3s0x; = —6/3 = -2 andx, =

N —
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2@ y= (gg‘/(gg —c/(ad —be)  (b) y = detB,/detd = (fg —id)/D.

3 (a) x; = 3/0andx, = —2/0: no solution (b) x; = x» = 0/0: undetermined

4 (@) x; = det{[b a> a3])/detd, if detd # 0 (b) The determinant is linear in
its first column soxy |y a; as|+x3|as ar az|+x3las az as|. The last two determinants
are zero because of repeated columns, leavihg, a, as| which isx; detA.

5 If the first column inA4 is also the right sidé then detd = detB,. Both B, andB; are
singular since a column is repeated. Therefore= |B1|/|A] = 1 andx, = x3 = 0.

b= o 22 5 aninvertio tric matri
1 1 n invertible symmetric matrix
6@ |0 35 0 (b) 2 42 has a symmetric inverse.
0 -1 1 1 2

7 If all cofactors= 0 then4~! would be the zero matrix if it existed; cannot exist. (And
1

the cofactor formula gives ddt=0.) A = [1

” has no zero cofactors but it is not
invertible.
6 -3 0 3 0 07 Thisis(detd)l and ded = 3.
8 C = [ 301 —1} andACT = [0 3 0}. Thel, 3 cofactor ofA4 is 0.
-6 2 1 0 0 3 Multiplying by 4 or 100: no change.

9 If we know the cofactors and ddt = 1, thenCT = A~! and also ded™! = 1.
Now 4 is the inverse o7, so A can be found from the cofactor matrix f6r.

10 Take the determinantofCT = (detA)/. The left side gives detCT = (detA)(detC)
while the right side givegdetA4)”. Divide by det4 to reach de€ = (det4)"!.

11 The cofactors off are integers. Division by det = +1 gives integer entries id~!.

12 Bothdet4 and det4~! are integers since the matrices contain only integers. @&utd' =
1/ detA so det4 must be 1 or1.

01 3 -1 2 1 1
13 A=|1 0 1| hascofactor matri = 3 -6 2 land4A~! = =CT.
210 1 3 -1 S
14 (a) Lower triangularl. has cofactors,; = C3; = C3; = 0 (b) C12 = Cyy,
C31 = C13,C3 = Cp3 makeS~! symmetric. (c) Orthogona) has cofactor

matrix C = (detQ)(Q~!)T = £ also orthogonal Note detQ = 1 or —1.

15 Forn = 5, C contains25 cofactors and each 4 by 4 cofactor I2a&terms. Each term
needs3 multiplications: totall 800 multiplications vsl25 for Gauss-Jordan.

16 (a) Area|? 2| =10 (b) and (c) Areal0/2 = 5, these triangles are half of the
parallelogram in (a).

17 Volume= |3 31l=20 Area of faces= k| 20 —-2j +8k
—|113[ 7 lengthof cross product™ |3 1 1|7 length=6+2
18 (a) Areas 5ii| =5 (b) 5 + new triangle areg 581l=5+7=12.
21051 131

19 |2 3| =4 = |2 %| because the transpose has the same determinant2See #
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20 The edges of the hypercube have length +1+ 1+ 1 = 2. The volume det/
is 2% = 16. (H/2 has orthonormal columns. Then ¢&t/2) = 1 leads again to
detH = 16.)

21 The maximum volume.; L, L3 L, is reached when the edges are orthogondin
With entriesl and—1 all lengths are/4 = 2. The maximum determinant & = 16,
achieved in Problem 20. For3aby 3 matrix, detd = (+/3)? can’t be achieved by-1.

22 This question is still waiting for a solution! Ai8.06 student showed me how to trans-
form the parallelogram for to the parallelogram for T, without changing its area.
(Edges slide along themselves, so no change in baselené#ight or area.)

a’ ala 0 0 T )
23 ATA= |8 |[abc]=| 0 85 o |nasgeid = YElENED
e’ 0 0 c'c
1 0 0
24 The box has height 4 and volumedet|:0 1 O} =4.ixj=kand(k- -w)=4.
2 3 4

25 Then-dimensional cube h@¥ cornersp2”~! edges andn (n—1)-dimensional faces.
Coefficients from(2 + x)" in Worked Example.4A. Cube from2/ has volume”.

26 The pyramid has volumg. The 4-dimensional pyramid has volurge (and-}; in R™)

27 x =rcosf,y = rsinf giveJ = r. The columns are orthogonal and their lengths are
1 andr.
sing cos pcospsing —psing sind
singsind pcospsingd  psing cosH
CoSyp —pSsing 0
for triple integrals inside spheres.

ar/dx dr/dy
d00/dx d0/dy

28 J = = p? sing. This Jacobian is needed

cosf sing

_ | x/roy/r| _
“ | (=sinf)/r (cosH)/r

29 Fromx, ytor,6: = ‘_y/rz x/r?
1 1

~ r  Jacobian ir27’

30 The triangle with cornerf, 0), (6, 0), (1, 4) has are24. Rotated by = 60° the area

cosf)  —siné

sinf cosf

is unchanged The determinant of the rotation matrix Js =

1/2 —/3/2
V3/2 1/2

31 Base area 10, height 2, volume 20.

-

2 4 0
32 The volume of the box is d{t—l 3 O} = 20.
1 2 2

Uiy Uz Uz
Up Uz U3
w; W2 W3

34 (wxu)-v=(vxw)-u=(uxv) w:Even permutationf («, v, w) keeps the same
determinant. Odd permutations reverse the sign.

Uy U3
Wz W3

vVr U2

U1 Us . Thisisu- (v x w).
w1 2

33 =u
1 2w, ws

Us
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S =(2,1,-1), area||PQ x PS| = ||(-2,-2,—1)|| = 3. The other four corners
can beg(0,0,0), (0,0,2), (1,2,2), (1,1,0). The volume of the tilted box isdet| = 1.

xXyz
If (1,1,0), (1,2,1), (x, y, z) are in a plane the volumeisdetl 1 0 | =x—y+z=0.
The “box” with those edges is flattened to zero height. 121

X y z

det[z 3 1] = 7x —5y +z will be zerowhen(x, y, z) is a combination of2, 3, 1)
1 2 3

and(1, 2, 3). The plane containing those two vectors has equatior 5y + z = 0.

Doubling each row multiplies the volume B§. Then2 detA=det24) onlyifn=1.

ACT = (detd)I gives(detd)(detC) = (detd)". Then detd = (detC)!/? with
n = 4. With detA~! = 1/ detA, construct4~! using the cofactordnvert to find 4.

The cofactor formula addsby 1 determinants (which are just entrigspestheir co-
factors of sizex — 1. Jacobi discovered that this formula can be generalized: Fo 5,
Jacobi multiplied each by 2 determinant from rows-2 (with columnsa < b) times
a3 by 3 determinant from row8-5 (using the remaining columns< d < e).

The key question ist+ or — sign (as for cofactors). The product is giventa
sign whera, b, ¢, d, e is an even permutation df, 2, 3, 4, 5. This gives the correct
determinant+1 for that permutation matrix. More than that, all othiethat permute,

b and separately, d, e will come out with the correct sign when tBdoy 2 determinant
for columns a, b multiplies the3 by 3 determinant for columns, d, e.

The Cauchy-Binet formula gives the determinant of a squagixn4B (andAAT in
particular) when the factord, B are rectangular. Fo2(by 3) times @ by 2) there are
3 products of2 by 2 determinants frond and B (printed in boldface):

AR A [ R

11
b23 14 30

et Az[l 4 7} B=[§ ﬂ AB=[30 66}

Cauchy-Binet (4—2)(4—2)+ (7—3)(7—3)+ (14— 12)(14—12) = 24
(14)(66) — (30)(30) = 24
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The eigenvalues areand0.5 for 4, 1 and0.25 for 42, 1 and0 for A%°. Exchanging
the rows of4 changes the eigenvalues tcand —0.5 (the trace is now).2 + 0.3).
Singular matrices stay singular during eliminationAse: 0 does not change.

A hasA; = —1 and\, = 5 with eigenvectorsc; = (—=2,1) andx, = (1,1). The
matrix A + I has the same eigenvectors, with eigenvalues increasédd and6.
That zero eigenvalue correctly indicates tHat [ is singular.

A hasA; = 2 andi, = —1 (check trace and determinant) with = (1,1) and
x, = (2,—1). A~! has the same eigenvectors, with eigenvalygds= % and—1.





