Math 441 Exam 3

1. (8 pts) Subspaces of R" are generally described either as the column space of some
given matrix, or the null space of some given matrix.

1 -1 1 -2

express V instead as the column space of some matrix B. Explain how/why this works in
general.

. . -1 1 -2 1
a) If we define a subspace V as the nullspace of the matrix A = :|

Find the special solutions of Ax = 0 and put them in a matrix N :
1 3

-1 1 -2 1 1 -10 -3 1 0 .
- , N = . Every vector in the null
1 -1 1 -2 0 011 0 -1

0 1

space is a linear combination of the special solutions, (the sp_ecial solutions are a basis for
the null space). This means that the column space of Nis V. So our matrix B is the matrix

N of special solutions of Ax = 0.

-1 1
, _ 1 -1
b) If we define a subspace V as the column space of the matrix A = ) 1 express V
1 -2

instead as the null space of some matrix B. Explain how/why this works in gener_al.

The column space of A is the orthogonal complement of the left null space of A, which is
the null space of AT. The null space of AT comes from the solutions of ATx = 0, which,
conveniently enough, were calculated above as the vectors in the column space of

1 3

10
N = o 1 | Now the orthogonal complement of the column space of N can be

0 1

_ 1100 ,
obtained as the null space of NT = . So Vs the null space of
30-11
1100

NT = 30 .11 | In general we can say the the column space of A can be

characterized as the null space of the matrix whose rows are composed of a basis of the
left null space of A.



2. (8 pts) Find an orthonormal basis for the subspace V spanned by

1 2 3
-1 0 0
o |'| -1 || o
0 0 -1

This is just standard Gram-Schmidt.

1 2 1
_ -1 - g+ Vo _ 0 2 -1 _
uy = 0 ’uz_vz_ﬂ1°ﬂ1ul_ 1 ) 0 - 1
0 0 0 0
_ _ _ - — - [ 1 7
3 1 1 2
o - 0 -1 1 1
- g H1°V3 - dpeV3 . _3 _3 =
Us = Vs U1 U1 “1 Uo * U U2 0 2 0 3 -1 i
_—1 | B 0 | B 0 ] 1

(check your calculations by confirming orthogonality - it works)
Finally, normalize each vector:

— J— — J— B i ]
1 2
_ 1
- 1 1 - 1 - 1 =
= — y = —— y = 2
a1 /2 0 gz 73 3 ds = .
0] L 0] 1

3. (5 points) The normal equations AT(b — Ax) = 0 arise how/why in calculating the

projection p of a vector b onto the column space of A. What property do the normal
equations express?

The projection p must have the form Ax because it is in the column space of A. Itis
characterized by the requirement that the error vector é = b - p is orthogonal to the column
space. This is expressed by the equation AT(b — Ax) = 0 which says that b — Ax is in the left
null space of A, N(AT), which is the orthogonal complement of the column space.



-1 11

4. (8 pts) Use the (amazing) cofactor matrix to calculate the inverse of 2 21 | If
1 11
dnn a2 -+ ain Cui1 Ci2 -+ Cuin
dz1 Az - A . . Ca1 C2 -+ Cy . .
A= : o 'n is an nx nmatrix, and C = o 'n IS its matrix of
dni an2 *** Am Ch1 Ch2 -+ Cmn
X1 X2 <o+ Xp
dz1 Az - A o
cofactors, then det : o 'n can be expressed as the dot product of __x
dni an2 *** Am

with _row1lof C__ .

1 -1 0
The cofactor matrix isC = 0o -2 2 . The determinant of A can be calculated
-1 3 -4

directly, or by noting that detA is the dot product of any row/column of C with the
corresponding row/column of A. In any case detA = -2 and

1 1

1 0 -1 -5 0 5

a__1 ~__1 1 - 1 3
A detAC =) 1 -2 3 > 1 -5
0 2 -4 0 -1 2

As for the second part, expanding by the first row of the matrix with the x's, the cofactors
appear in the first row of the matrix C so we get the determinant from the dot product of x
with row 1 of C.

5. (10 pts) Complete the following by filling in the blanks:
If Ax = bthen bis inthe __column__ space of __ A .

If ¥ is in the orthogonal complement of the column space of A, then yis in the _left null
space of A or the null space of AT.

If X is in the row space of A, then X is in the orthogonal complement of the __null_ space of

If Vis a subspace of R" of dimension k, then V* has dimension _n-k_. A basis for V* can
be calculated from a basis of V as the special solutions of Ax = 0 where A contains _the
basis of V as its rows_ and the rank of Ais _Kk .



6. (5 points) If Ax = b has a solution, then the solution % of shortest length is in the row
space of A. Why is that true? Explain.

Any solution X, as a vector in R", can be expressed as X = Xrow + Xnui . NOw

AX = AXrow + AXnul = AXrow SO Xrow IS @ solution by itself. Any solution must be of the form

X = Xrow + N Where A is in N(A). However, note that [|X]|2 = [|Xrow ||% + ||71]|? which is minimum
when i = 0 so that X = X.ow gives the shortest length.

o -
. , _ 1 1 :
7. (10 points) Find the values of a and b so that the vector p = a 1 +b 1 is as
-1 -1
-
_ _ 1 , o
close as possible to the vector b = 1l How would you describe the vector p using the
1
idea of projection?
N
_ o _ 1 1 | _ a . .
This is a projection problem, p = 11 X where X = |: b :| SO pis a vector in the
-1 -1
-1 1
1 1 _ - L -
column space of A = 11 and the p closest to b is the projection of b onto the
-1 -1

column space of A. We calculate from the normal equations

_ 4 2 0
ATAx = ATb, |: 5 4 :|>‘< = |: ) :| We can solve by elimination:

1 1
420 10-3 ) a -3
242 | | o1 2 [ |7| 2
3 3



