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ABSTRACT
Symmetrically Continuous Functions
Marcin Szyszkowski

This work is devoted entirely to symmetric continuity and consists of five chapters.
Chapter 1 is an introduction. Chapter 2, based on the paper [Sz2], is the main part of
this work. In this chapter we generalize classic theorems on functions defined on the
intervals to functions defined on arbitrary subsets of the real line. Chapter 3 deals
with a weaker condition then symmetric continuity — weak symmetric continuity.
It is an extended version of my paper [Sz1]. Chapter 4 is based on the paper [CSz].
Here it is shown that symmetrically continuous functions, although being “close” to
continuous functions, may not be nice in some sense. The last chapter is about the
symmetric derivative and relates back to the Chapter 2.
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Chapter 1

Introduction

1.1

The theory of symmetric and symmetrically continuous functions dates back to the
beginning of twentieth century. First publications about symmetrically continuous
functions appeared in the 1910’s. Since then, in every decade we have seen some
papers about this topic. Recently, in the 1980’s and early 1990’s we have witnessed
a particular interest in symmetric continuity. The theory stems from the theory of
trigonometric series and, as is usually the case, evolved into a separate branch of
mathematics. It never, however, broke its ties to trigonometric series. People call
the theory symmetric analysis after Lee Larson [L].

All functions in our work are defined on subsets of R, the real line, and have

values in R. The central notion is defined as follows.

Definition 1.1.1 A function f: R — R is symmetrically continuous at a point x if

Ves0 550 Vin<s [f(@+h) = f(z —h)| <e
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or, equivalently,

lim £ (e + h) = f@— )] = 0.

If the function is not symmetrically continuous at a point, we will say it is symmet-
rically discontinuous there.

A congenial notion is symmetry which says that

m [f(z+h) + f(z—h) = 2f(z)] = 0.

o
Both properties have been deeply studied and very often there is an analogy between
them. However, we will confine ourselves only to the first notion.

Obviously ordinary continuity implies symmetric continuity, but not the other
way around. Let us give some simple examples. The discontinuous function f(x) =0
for x # 0 and f(0) = 1 is symmetrically continuous everywhere. The function
cos (%) (where we put any value at © = 0) is symmetrically continuous everywhere
(including 0) but sin (%) is not symmetrically continuous at 0.

We will often utilize variations of the following example.

Example 1.1.2 Let G C R be an additive group and f = xqg:R — {0,1} be the

characteristic function of G. Then f is symmetrically continuous on G.

Indeed if @ € G then for any point s = a + h its symmetric reflection about a is
a—h = 2a—s and it belongs to G if and only if s does. Outside G, f is symmetrically
continuous only at points a for which 2a € G. In particular if G is divisible by 2

then f is symmetrically discontinuous everywhere outside G.



Chapter 2

Functions on subsets of R

2.1 Chapter overview

This chapter is based on my paper [Sz2] and is divided into four sections. In Section
2.2 we state the main results about continuity of symmetrically continuous functions.
Section 2.3 consists only of the proofs of theorems from Section 2.2. In Section 2.4 we
investigate the extension properties of symmetrically continuous functions to bigger

domains.

Our notation is standard and follows [Ci2] and [T2]. By an interval we always
mean a nontrivial interval (i.e., containing more than one point). For different a,b €
R we write [a, b] for the interval [min(a,b), max(a,b)] (ie., [1,2] = [2,1]).

As said in the introduction the study of symmetric and symmetrically continuous
functions stems from the theory of trigonometric series. In the theory of trigonomet-
ric series we study functions defined on various subsets of R or R”, while symmetri-
cally continuous functions have been studied so far only on the whole real line or on
intervals. In this chapter we examine basic properties of symmetrically continuous

functions defined on arbitrary subsets of R. In particular we will compare these
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properties with those possessed by symmetrically continuous functions defined on
the whole real line. Doing so we generalize Theorems 2.2.1 and 2.2.3.
We define symmetrical continuity for a function with a domain being an arbitrary

subset of the reals in the following way.

Definition 2.1.1 Let A C R. A function f:A — R is said to be symmetrically

continuous at a point T if
V€>0 35>0 V|h|<5 r+the A= |f(l' + h) — f(l' — h)| < €.

If f is symmetrically continuous at every point of A then we say that f is symmet-
rically continuous on A or simply symmetrically continuous.

Because of the implication above it is possible (and in fact we will often consider
such situation) that f is symmetrically continuous at x only because for every z+h €
A the number x — h is not in A. If this happens then we say that f is vacuously
symmetrically continuous at this point. Requiring additionally in Definition 2.1.1
that the function is defined on a symmetric domain would not improve our results,
as Examples 2.2.10 and 2.2.11 show. Thus, considering only symmetric domains
would only narrow our main results, since Theorem 2.2.7 as well as Corollaries 2.2.8

and 2.2.9 are obtained without restrictions of symmetry on domains.

To illustrate the new notion let us give a simple example.

Example 2.1.2 Let Gy and Gy be additive subgroups of R with G1 NGy = {0} and

let f =xa,:G1UGy — {0,1}. Then f is symmetrically continuous on its domain.

Just like in Example 1.1.2 for any a € G;, i = 1,2, and s € R, we have s € G; if and

only if 2a — s € G;. So f is symmetrically continuous at a. Let us note the contrast
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to Example 1.1.2, where the function f was symmetrically discontinuous in points
outside f~1(1).

Note that we do not need function f to be defined at a point x to talk about
symmetric continuity at x. However we will concentrate only on the points from the

domain (except in Theorem 2.1.3).

Using functions defined on domains smaller than R we may address an old prob-
lem of Marcus to characterize the set of points at which a function f:R — R may
be symmetrically continuous. Without solving this problem we state the following

theorem.

Theorem 2.1.3 For any set A C R there is a set X C R and a function f: X —
{0,1} that is symmetrically continuous (vacuously) at x € R (not necessarily in X )

if and only if x € A.

This theorem follows immediately from Lemma 3.1.7. (Let X be as in Lemma 3.1.7
for the set R\ A and f: X — R be the characteristic function of U,g4{a+hp:n < w}.

Then f is symmetrically continuous (vacuously) at = € R if and only if x € A.)

We summarize the properties of symmetrically continuous functions defined on
subsets of R in the chart below. We assume here that the function f:A — R
is symmetrically continuous. The property “f is extendable” means that f has a
symmetrically continuous extension, and “f is almost extendable” means that there
is a symmetrically continuous function F' defined on a set containing A such that
{z € A: f(x) # F(z)} has measure zero. The property “f can be extended” indicates

that there is an extension of f which remains symmetrically continuous at every point

of A.
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The symbol “4+” means that the function f has the property in the left column,

«w.»

means that it does not. Marks “(i..)” refer to short explanations below the table.

We also included references to appropriate examples and theorems for fast reference.

Domain A is: — R any set measurable or symmetric
with the Baire
property
| fis: |
measurable or has | Thm. 2.2.2 (i) Cor. 2.2.8 & 2.2.9 | (i), Ex. 2.2.11
the Baire property + - + —
continuous almost | Cor. 2.2.6 | Ex. 2.2.11 | Cor. 2.2.8 & 2.2.9 Ex. 2.2.11
everywhere on A + — + -
(ii) (ii) Ex. 2.2.11
extendable to R N/A - - -
extendable to a Ex. 2.2.11 Ex. 2.2.11

measurable set or
a set with the

Baire property N/A - N/A -
almost extendable (ii) (ii) Ex. 2.2.11
to R N/A - - -
almost extendable (iii) Cor. 2.2.8 & 2.2.9 | Ex. 2.2.11
to a residual set N/A - + -
extensions preserving only original points of symmetric continuity
can be extended Thm. 2.4.2 Ex. 2.1.2 (iv)
to R N/A - - +
can be extended Thm. 2.4.2 Ex. 2.1.2 (iv)
to a residual set N/A - - +
can be almost Fact 2.4.1 (iv)
extended to R N/A ? + +

(i) A function f from A C R to R is measurable (or has the Baire property) if f is
the restriction of some measurable F: R — R (having the Baire property) to
the set A. This is the same as saying that the preimages under f of open sets

are intersections of measurable sets (sets with the Baire property) with A. As
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an example here take the function f from Example 2.1.2 where G; and G5 are
of the full outer measure (nowhere meager). Then f is nonmeasurable (does

not have the Baire property).
(ii) The function x(p,.0) on R\ {0} is an example here.

(iii) Take f as in Example 2.1.2 with G; and G2 nowhere meager and of the full

outer measure.

(iv) Extend f putting 0 on R\ A.

2.2 Continuity of symmetrically continuous func-
tions

It is always a fundamental question how some other type of continuity is related to
the ordinary continuity. Although symmetric continuity is weaker than continuity,
symmetrically continuous functions on “nice” domains must be continuous at many
points. In this section we are going to investigate the set of points of continuity
of symmetrically continuous functions defined on arbitrary subsets of R. Our main
results here are Theorem 2.2.7 and Corollaries 2.2.8 and 2.2.9, which are strength-
enings of earlier known theorems, quoted below, for functions from R to R. The

proofs have been shifted to the next section as they are long and technical.

The first result that we state was published by Stein and Zygmund in 1960.

Theorem 2.2.1 (Stein, Zygmund [SZ]) If f:R — R is symmetrically continuous
and measurable then it is continuous everywhere except on a set of measure zero and

first category.
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Later on Pesin and Preiss showed that the measurability assumption may be dropped.

Theorem 2.2.2 (Pesin [Pe], Preiss [Pr]) If f:R — R is symmetrically continuous

then f is measurable.

So the obvious corollary says that symmetric continuity implies continuity almost

everywhere (in the sense of measure and category).

A more general formulation in the category sense of this corollary is an old the-

orem of Fried from 1937 (which uses a method of Charzynski).

Theorem 2.2.3 (Fried [Fr]) Let f: R — R be symmetrically continuous on a resid-

ual set. Then f is continuous at every point except on a set of the first category.

Stein and Zygmund had also a stronger result saying that measurability and sym-
metric continuity only on a measurable set also implies continuity almost everywhere

on that set.

Theorem 2.2.4 (Stein, Zygmund [SZ]) If f:R — R is measurable and symmetri-
cally continuous on a measurable set E C R then f is continuous almost everywhere

(in the sense of measure) on E.

One may suspect that here, as before, the measurability assumption is not necessary.

Indeed this is the case. It follows from the following theorem of Belna from 1983.

Theorem 2.2.5 (Belna [Be]) Let f:R — R be an arbitrary function. Then the
set of points at which f is symmetrically continuous but not continuous has inner

measure zero and contains no second category set having the Baire property.

Since for every function from R — R the set of points of continuity is a G set, which

is both measurable and has the Baire property, we have the following corollary.
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Corollary 2.2.6 (Belna [Be]) Let f:R — R be symmetrically continuous on a set
E which is measurable (has the Baire property). Then f is continuous at almost

every point of E (on a residual subset of E).

In the corollary above the function f may of course fail to be even measurable
on the set R\ E. This raises a question whether we need at all the assumption
that the function is defined on the set R\ E. The answer is not obvious since the
proofs of all the theorems mentioned above use heavily the fact that the function is
defined everywhere on R. However, it is indeed enough that the function f is defined
only on the set E. It follows from the next theorem, which can be regarded as a

strengthening of Belna’s result (Theorem 2.2.5).

Theorem 2.2.7 Let f: A — R, where A is an arbitrary subset of R. Then the set
of points at which f is symmetrically continuous but not continuous has the inner

measure zero and contains no second category set having the Baire property.
Two corollaries below are also strenghenings of Corollary 2.2.6.

Corollary 2.2.8 Let E C R be measurable and f: E — R be symmetrically contin-

uwous. Then f is continuous almost everywhere on E.

Corollary 2.2.9 Let E C R have the Baire property and f: E — R be symmetrically

continuous. Then f is continuous at every point of E except on a meager set.

In these corollaries the assumption that E' is measurable (has the Baire property)
cannot be dropped, as Example 2.1.2 shows. It is enough to take groups G; and G,
to be dense and at least one of them of positive outer measure. Then f = xq,|cu6,

is symmetrically continuous on its domain but discontinuous everywhere.
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The set G1 UG, is of course not symmetric. Below we present two much stronger

examples with symmetric domains, where a set A C R is symmetric if
VeedVn ©+he A <— x—heA.
For example every additive subgroup of R is symmetric.

Example 2.2.10 Let A = {3% keZnce w} and f: A — {0,1} be defined by

f LA {0 when k is even
3/ 11 when k is odd.
Then f is symmetrically continuous and A is symmetric yet f is discontinuous ev-

erywhere on its domain.

Proof. The domain A is a group so is obviously symmetric. It is immediate that

A

= about a point 3%,, preserves the parity of

the symmetric reflection of any point

the numerator: 255 — 4% = 25257 Since both f71(0) and f~'(1) are dense, f is

discontinuous everywhere. [

Example 2.2.11 Let H be a Hamel base containing 1 and let S be a linear space
over Q spanned by H\ {1}. Define A={x+k:x €S, ke Z} and f: A— {0,1} by

0 when k is even
f(x+k:)—{1 when k is odd.

Then f is symmetrically continuous on A, A is symmetric, and yet f is discontinuous

everywhere on A.

Proof. Just like in the previous example A is a group, thus symmetric, and f is
symmetrically continuous (we preserve the parity of k in reflections). [ |
Example 2.2.11 has many more interesting properties and we will refer to it many

times.
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2.3 Proof of the main result

We give the proof of Theorem 2.2.7. Theorems 2.3.5 and 2.3.6 are technical and
lengthy, but then the proof of Theorem 2.2.7 is short and easy.

We introduce two useful (though technical) definitions.

Definition 2.3.1 A symmetric cover relation on a set EE C R is a family V' of closed

intervals [a,b] such that % € E.

Definition 2.3.2 IfV is a symmetric cover relation on E C R then V° is a family
of closed intervals [a,b] such that there is a sequence of points a = xy,x1,...,o5 =b
such that intervals [x;,z;11] belong to V' for i = 0,1,2,3,4. We call the points

x1,...,x4 the intermediate endpoints.

Uher in [Uh] proved the following theorems (which have been reformulated by Thom-

son, and we give here Thomson’s versions).

Theorem 2.3.3 (Uher [T2, thm. 3.25]) Let E C R have the Baire property and
suppose V' is a symmetric cover relation on E having the property that for every

x € E there is a positive number 6(x) so that for everyt € R
0<t<é(z)=[z—tz+t]eV.

Then there is an open set G such that E\ G is of the first category and every interval

[z — t,x +t] contained in G belongs to V>.

Theorem 2.3.4 (Uher [T2, thm. 3.26]) Let E C R be measurable and suppose V is

a symmetric cover relation on E having the property that for every x € E there is a
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positive number 6(x) so that for everyt € R
0<t<é(z)=[z—ta+tleV.

Then, for almost all points x € E (in the sense of measure), there is a neighborhood

U, of x such that for each x +t € U, the interval [x,z + t] belongs to V.

We will prove two theorems that are strengthened versions of Uher theorems.

Theorem 2.3.5 Let E C R have the Baire property and suppose V' is a symmetric
cover relation on E having the property that for every x € E there is a positive

number 6(x) so that for everyt € R
O0<t<é(x)=[r—t,x+t]eV.

Then there is an open set G such that E'\ G is of the first category and every interval
[z —t, z + t] contained in G is in V°. Moreover, the intermediate endpoints may be

chosen from the set E.

Theorem 2.3.6 Let E C R be measurable and suppose V' is a symmetric cover
relation on E having the property that for every x € E there is a positive number

6(x) so that for everyt € R
O0<t<é(x)=[zr—t,x+t]eV.

Then, for almost all points © € E (in the sense of measure), there is a neighborhood
U, of © such that whenever x +t € U, then the interval [z, z + t] belongs to V°.

Moreover, the intermediate endpoints may be chosen from the set E.
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In both theorems, the intermediate points may also be chosen to form a monotonic
sequence. This property, however, will not be used until Chapter 5 and is easy to
take care of. So, it will be skipped in the proofs.

As we see, only the last parts of Theorems 2.3.5 and 2.3.6 make them stronger then
their Uher/Thomson’s counterparts. We will follow the path of the proof presented
in [T2] (attributed to Humke and Laczkovich); unfortunately, our proofs will be more

complicated due to the last parts of Theorems 2.3.5 and 2.3.6.

Proof of Theorem 2.3.5. Let Z denote the family of all open intervals I with the

property that for every x,y € I there is a chain x = xy, x1, ..., x5 = y satisfying
[T, i) €V fori=0,1,2,3,4 and z; € E fori=1,2,3,4. (%)
We will show that

if E is residual in (a,b) then there is a subinterval of (a,b) belonging to Z.  (2.1)

The statement of the theorem then follows by taking for the set G a union of a
maximal pairwise disjoint subfamily of Z. Indeed any interval contained in G is also
contained in some interval from 7 so it satisfies the assertion of the theorem. To see
that E\ G is first category note that the set E is residual in some nonempty open
set U for which F \ U is meager. But then U consists of disjoint intervals (a, b) and
F is residual in each of them. So G is dense in U and, since it is open, it is residual
in U. Thus E\ G C (E\U)U (U \ G) is meager as claimed.

To show (2.1) assume that F is residual in (a,b). For any positive n € w let

1
En:{er:0<t<— = [m—t,x+t]€V}.
n
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Then E = |J;7, E,, and there is a number n € w so that E,, is of second category
in (a,b). Thus there is an interval I C (a,b) such that E,, is of second category in
every subinterval of /. Assume additionally that the length || of I is less than %
Take the interval I’ concentric with I and of the length 1—10|I |. This is this interval I’
that, as we shall show, belongs to Z.

Let z,y € I', x <y. For the sake of simplicity assume that z = 0. For x # 0 we
repeat the construction below with the set E replaced by E — x. Note that for any

numbers ¢ with |t| < 3|I'| = &|I| and r with § < |r| < 2,
the set rE, +t is second category in every subinterval of I'. (2.2)

To see this note that since 0 € I, [—0.9/1],0.9|I|] C I. Since |r| > 3 we have
[—0.45|1],0.45|1|] C rI and since |t| < 3|I'| = 0.15|1], [-0.3|],0.3|I]] C rI +t. We
see that the interval I’ is contained in every interval rI + t. Since E,, is of second

category in every subinterval of I then so is rFE,, +t in rl 4 t.

Similarly,
1 : : / 3|7/
the sets =+ §E +t are residual in 1" for [t| < 5|I'|. (2.3)

We want to find a 5-element chain 0 = xg, z1, ..., x5 = y satisfying (x). To do this
we will find an interval J C (%y, y) such that for every z € J there is a four element

chain 0 = zg, x4, ..., x4 = z satisfying
[zi,xip1) €V for i =0,1,2,3 and z; € E fori=1,2,3. (%)

This will finish the proof since then we select z € J such that z is also in the set

Z = {z € (%y,y) :z € Eand [2,y] € V}. The intersection of J and Z is nonempty
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since (2E, —y)NEN (%y, y) C Z (as z € 2E,, — y implies =¥ € B, so [z,y] € V)
and, by (2.2), 2E,, — y is second category in every subinterval of I’.

In the interval (%y, y) the set E is residual and, by (2.2), E, + 3y is second
category since %y < %|I’|. Hence £ N (En + %y) is also second category in (%y, y).
It follows, from the fact that £ = (J;~, E,,, that there is an integer m and an open
interval J C (%y, y) so that the set E,, N (En + %y) is second category in every
subinterval of J. We may assume that |J| < <.

To show that J satisfies () pick z € J. By (2.3) the set $E+ 2y is residual in J
and, by (2.2), the set $E,+12+ 2y is second category in J since 3y, 2z+3y <y < |I'].

Therefore we may choose a point

1 3 1 1 3
te (§E+Zy> N <§En+zz+§y> N J.
Since ¢ € $F + 2y, we have
3

Now we choose a point s satisfying

1 3 1 3 1 1 3
—FE+ - ——FE+2t— - —FE+ = E.N(E,+ -
86(2 +4y>m<2 et 49)0(2 +2'Z>m[ m( +4y)]ﬂ‘]

and |s — t| < $6(q).
Such a point may be found since, by (2.3), the first three sets are residual in J,

and the fourth one is of second category in every subinterval of J so their intersection

is dense in J. Denote by p the point p = s — %y and note that
lg — 2p| =2|s — t| < 6(q) and p € E,. (2.5)

Now define our points x;:
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ro=0==x,
x1:2p:2s—%y € E since 2(%E+%y) —%y:E,
x2:2q—2p:4t—%y—23 € E since 4t—%y—2(—%E+2t—%y) =F,
r3 =25 —2z € E since 2(%E—|—%z)—z:E,
T4 = 2.

So the second part of (xx) is satisfied.

The centers of [z;, x;,1] are:

win — p e B, by (2.5),

nim — g B by (24),

12-51‘3 :2t—%y—%z € F,, since tE%En—i-iZ—F%y,

r3+Tr4
2t — 5 € B,

To finish the proof we only need to verify that each [z;, x;,1] is in V. But this can be
seen as follows. Intervals [zg, 1] and [z2, 23] are in V since their centers are in E,
and each z; is in the interval I which has the length < % The interval [x1,25] € V

since, by (2.5), |1 — 2F2| = |2p — ¢q| < 6(g). And finally [z3,24] belongs to V

because |z4 — s| = |z — 5| < £ as both s,z € J which has length less than L. [ |

In the proof of the next theorem we use the following notions and facts. By
|A| we denote the outer (Lebesgue) measure of the set A, d(A) denotes the set of
points of (outer) density of A, i.e., the set {x € R:limy,_ o A0le—hoth] 1}. The

2h
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well known theorem of Lebesgue (see e.g. [T2, thm. A.11]) says that for any set A
almost all points of A are its points of density. d(A) is always a measurable set (even
for nonmeasurable A) and d(d(A)) = d(A). If x € d(A) then ax + b € d(aA +b) for
a,b € R, a # 0. In particular if A consists only of its density points then so does

aA+bfor a,b € R, a # 0. We also use the following lemma.

Lemma 2.3.7 [T2, thm. A.11] If sets A, C R, where n € {1,2,...,k}, are all
measurable except at most one of them and z is a point of density of each of them then
2 18 also a point of density of their intersection. In particular in every neighborhood

of z there is a point of (°_, An.

Proof of Theorem 2.3.6. The proof follows the pattern of the proof of thm. 2.3.5;
we will refer to the conditions (%) and (xx) from that proof.
We assume throughout the proof that every measurable set consists only of its

density points. Let
1
En:{er:0<t<— = [m—t,x+t]€V}.
n

We show that every point that belongs to the set [y, d(E,) has a neighborhood
satisfying the assertion of the theorem. Thus almost every point of E satisfies it
since £\ Uy, d(E,) is of measure 0.

Let x be a point of density of E,,. Assume for notational convenience that z =0
(for if  # 0 then replace the set E by E — x). There is a number n, 0 < n < %,

such that for every y with |y| < n and every t with |¢| < 2|y| each of the sets

1 3
2E, +t, + §En +t, §En +t, and EN(E, +1) (2.6)



CHAPTER 2. FUNCTIONS ON SUBSETS OF R 18

intersects the interval (%y,y) in a set of outer measure greater than %|y|. We

‘Enm[fh'yh”
2h 2

may take n = %(5, where 6 is such that for every 0 < h < 6 we have

999
1000°

(%En + t) N (0.9y,y) = +[E, N (1.8y — 2t,2y — 2t)] + t. Numbers |1.8y — 2t and

To see that this n works take for example the set %En + ¢ and note that

|2y — 2t| are less than 6|y| < 6, so

|En N (1.8y —2t,2y — 2t)| = |E, N (—6y,6y)

\[En N [(=6y,6y) \ (1.8y — 2t, 2y — 20)]] |
999

> 222 19l — (12]y] — 0.2
> o0 ly| — (12[y| ly])
= Dy > 2y

~ 70007~ “100"Y"

The calculations for other sets in (2.6) are similar.

Fix any y € (0,n). We prove that there is a chain 0 = xg, 21, ..., x5 = y satisfying
(%). A similar argument would work for y < 0.

Let Z = {z € (%y,y) 2,y] € V}. Note that (2E, —y) N (Fy,y) C Z and so,
by (2.6), |Z]| > 12_09' To prove the theorem it is enough to show that there is a

measurable set F' C (%y, y) N E such that |F| > =y and that for every z € F there

0o
is a four element chain 0 = zy, ..., 24 = 2z satisfying (+*). Indeed if this were true
then F'N Z # () and choosing any z € F' N Z we would obtain a four element chain
which expanded by x5 = y would give us our desired chain.

Recall that, by (2.6), |[EN (En + %y)) N (%y, y) | > 25y. So, from the fact that

F is an increasing sum of FE,,’s, there is an integer m so that

3 9 8
e n(E +2 2 S 9.
‘ m( +4y>m(1oy y>‘> 1007 (2.7)
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Denote A,, = E,, N (En + %y) N (%y, y) and write

13 2 1
F— <§E+ Zy) nd (gEn v §y> Nd(A,) N E.

We show that all points of F' have the property claimed for it.
First note that, by (2.6) and (2.7),

P> 1 1 1 2 L5
107~ 100Y ~ 1007~ 100Y T 100Y 7 1007

Let z € F. So z is a density point of F. Since z € d(%EH—’— %y) it follows
that z belongs to d (%En + 2z + %y) (indeed 2z € d (% (%En + %y)) so 1z 4+ 3z €
d (% (%En + %y) + iz)), and since z € E, z € 1 E + 32.

We may pick a point ¢ so that

1 1 3 11 1 3
SE -2t o SE4 - SE+ 2y nd(A,
tE(z +4Z+8y>m(2 +2Z>m<2 +4y>m( )

and |z — t| < +.

This is possible by Lemma 2.3.7 since all sets above, except possibly the first one,
are measurable and the point z is a density point of each of them.

We define ¢ = 2t — %y and note that ¢ € E since 2 (%E+ %y) — %y = E. Note
also that ¢ is a density point of the set —%E + 2t — %y ast e %E + %y.

We now pick a point s. We want s to satisfy:

1 1 1 3 1 3
s € (§E+§Z> N <§E+Zy) N (—§E+2t— Zy) ﬂAm,

1 1
|s —t] < §§(q), and |s —z| < p—

Once again by Lemma 2.3.7 there exists a point s being in all four sets and

arbitrary close to ¢ (¢ is a density point of each of the above set). Taking s close
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enough to t we guarantee the last condition since |s — z| < |z — t| + |t — s| and
|z —t < <.
Define the point p = s — 3y and note that |qg — 2p| = 2|s — ¢| < 6(¢). The points

T, X1, ..., T4 satisfying (xx) are defined as follows:
o =x =0,
x1:2p:2s—%y€E since 2(%E+%y) —%y:E,
x2:2q—2p:4t—2$—%y6E since 4t—gy—2(—;E+2t—%y) =F,
r3 =28 —z € FE since 2(%E+%z> —z=F,
Ty = Z.

The centers of the intervals [z;, x; 1] are:

it —p=s5— 3y e E, since s € A, C E, + 3.
Dt — g=2t—3y e Esince t € 3E + 3y.
Toits — 2t — 3y — 1z € E, since t € 3E, + 12+ 2y.
Bt — 5 € B, since s € Ay, C Ep,.

Intervals [zg,z;] and [x9, 23] are in V since their centers are in F, and each
z; is in the interval I which has the length < Z. The interval [z1,25] € V since
vy — 822 | = |27 — ¢| = 2|s — t] < 6(¢). And finally [z3, 4] belongs to V because

lzg—s|=|z—s| < % This way we see that each interval [x;, z;,1] belongs to V and

the proof is finished. [
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Proof of Theorem 2.2.7. Let us denote by SCj the set of points where f is
symmetrically continuous and by C'y the set of continuity points. We prove only that
SC; \ Cy contains no measurable set of positive measure. The proof that SC; \ Cy
contains no second category set having the Baire property is essentially the same.

Assume that £ C SCy is measurable. We will show that almost all points in
E are also in Cy. This shows that the only measurable subsets of SC; \ Cy are of
measure zero so SCy \ Cy has inner measure zero.

Fix an € > 0 and define a symmetric cover relation on E:
V=Azx—t,z+tl atte E=|f(x—1t)— flx+1)| <e}.

This relation satisfies assumption of Theorem 2.3.6. So for almost every x € E
there is a neighborhood U, so that x +t¢ € U, = [z,z + ] € V° and intermediate
endpoints are in F, that is, there are points g = z,z1,...,2x5 = x+t suchthat x; € £
for i =1,2,3,4 and [z;,z;41] € V for i =0, ...,4. Therefore |f(z) — f(x +t)| < be.

Since € has been chosen arbitrarily, f is continuous in almost all points of F. [

2.4 Extensions of continuous and symmetrically
continuous functions

In this section we look at the extension properties of symmetrically continuous func-
tions and compare them with these properties for continuous functions.

We know that every continuous function f: A — R defined on a subset of R can
be extended to a continuous function defined on a dense Gs set. This set can be of

course residual. Note that continuity distinguishes between measure and category as
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it is possible to find function that can be only extended to a measure zero Gs set.!
We will see in Theorem 2.4.2 that some symmetrically continuous functions cannot

be extended beyond measure zero and first category domain.

If we look at Example 2.2.11 we see that a symmetrically continuous function
defined there has dense preimages of 0 and 1, so any its extension would be discon-
tinuous at every point. Thus, by Corollaries 2.2.8 and 2.2.9, f cannot be extended to
a symmetrically continuous function defined on a measurable set or on a set having
the Baire property.

The function f from Example 2.2.11 cannot be even “almost extended” (in a
sense that the extension differs from f only on a set of measure 0) to a symmetrically
continuous function. This follows from the fact that A, and thus the sets f~'(1) and
f71(0), are nonmeasurable (note that all rational translations of f~'(1) and f~*(0)
cover R so these sets have positive outer measure, in fact full outer measure). So

even upon removing sets of measure zero from them they remain dense in R.

A different question is whether having a function f: A — R that is continuous
(or symmetrically continuous) we may extend it to the whole real line leaving it
continuous (or symmetrically continuous) on the set A. For continuous functions, as
the next theorem shows, this is true. (The fact below must have been known, but

we were unable to find the references.)

Fact 2.4.1 If f: A — R is continuous then there is an extension f of f defined on

!An example of such function may be built the following way. Let C,, C [0,1] be a ternary
Cantor set such that its compliment (,, has measure % Define function f,: G,, — R such that its
restriction to each component interval of GG, is a linear function with range (0,1). Obviously f, is
continuous on G, and has variation 1 at every point outside G,,. Now, the function f =" = fn

ncew 3n
defined on (1, G, is a desired function.
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the whole R with A C C, where C is the set of points of continuity of f

Proof. If A is not dense in R then R\ cl(A) consists of disjoint intervals (a, b) and
we extend our function by defining f on each of them as a continuous function joining
SUP, q0ca f(2) With sup, , .4 f(2) (even if one of them or both are infinity). So
we may assume that A is dense in R.

Assume first that f is bounded. In this case we may assume that f: A — [0, 1].
Take a closure cl(f) of the function f in R? (f is a set of pairs thus a subset of
R?). Since A is dense, the projection m(cl(f)) of cl(f) onto the first coordinate is
the whole real line. This is so, as for every finite interval [a, b], the set cl(f|4) is
compact and its projection is also compact, thus contains A N [a,b] — a dense set in
la,b].

Let I, = {y: (x,y) € cl(f)}. Then every I, is nonempty. Also, for every x € A
the set I, is the one element set {f(z)}. Indeed, for every {(x,, f(x,))} in f with
{z,,} converging to z, we have lim f(z,) = f(x) by the continuity of f. Take an
indexed selector S of the family {I,:x € R} (i.e., S is a set of pairs (z,y), where
y € I,). Then S is a function from R to [0,1] and S agrees with f on every z € A.

It is easy to check that S is continuous in every point of A.

If f is unbounded then take the function ¢ = arctanof, which is bounded. By
the continuity of arctan we have that ¢ is continuous in every point where f is
continuous.

Having an extension g of g, we come back to f taking f = tan og, where we define
f (£5) = 0. Once again by the continuity of the function tan we preserve points of

continuity of g. [
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Once again the translation of the above theorem into symmetrical language fails

to hold.

Theorem 2.4.2 There is a function f: A — {0, 1} that is symmetrically continuous
everywhere on A with the following property: if F' is an extension of f to a domain D
such that D has positive measure or D is of second category with the Baire property,

then F' is not symmetrically continuous at some point on A.

Proof. We will construct inductively (using transfinite induction) a set A and will
define function f on A. Function f will have two properties: for every perfect set

P, there is a point x € P such that there is a pair of sequences {y,} and {z,} in

Yn+t2n

s = g for all n); f will have

A converging to z and symmetric about z, (i.e.,
value 1 for all y,s and value 0 for all z,s. Then, of course, x cannot belong to the
domain of any symmetrically continuous extension of f and, since any measurable
set of positive measure or Baire measurable set of second category contains a perfect
set, f cannot be extended to any of these sets.

Let {P,: a < ¢} be a list of all perfect subsets of R. Take any point xzy € Fy and
define y = zo— < and 20 = zg+ . Put also fo: {y),25:n € w} — {0,1}, fo(9) =1,
fo(22) = 0. (We do not define fy(zp).)

Since z is the only accumulation point of the set {y2,2%:n € w}, the function
fo is symmetrically continuous (vacuously) on its domain. Denote by 7T the linear

space over Q spanned by the set {3, 20:n € w} and note that zy € Th.

Assume that for 8 < « we have defined points 25 € Ps and sequences {y°} and

Yo+
2

6
{25} converging to x5 and &t = g5 Assume also that zg,y°, 27 € Tz where

T3 =linear space over Q spanned by the set {z,,y), z):n € w,y < [} (i.e. the points
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z3,95, 25 are independent of the previous ones).

Functions f5: {y?, 2%:n € w} — {0, 1} are defined like fo, that is, fs(y°) =1 and
f3(27) = 0. (We leave fz(xg) not defined.)

Let T, be the linear space over Q spanned by the set {xg,y>, 22:n € w, 8 < a}.
The space T, has cardinality || x w < ¢ and we may find a point z, € P, \ T,, and
sequences {y~}, {22} disjoint with T, converging to z,, and with % = z, for
all n € w. Like before we define f,(y%) =0 and f,(2%) = 1. Again f, is (vacuously)
symmetrically continuous on its domain.

Having our construction done for all @ < ¢ we define f = U, fo. Since points y&
and 22 are linearly independent of the points y° and z° for a # (3, the function f is
vacuously symmetrically continuous. Putting A = dom(f) = {y%,2%;n € w,a < ¢}

we have constructed the desired set and the function defined on it. ]

Is is worth to add that we may strengthen the theorem above by adding that A
may be of measure zero and first category. (We may select points y% and z¢ from

the set C' constructed in Corollary 3.1.9.)

Note also that in contrast to this theorem the function f in Example 2.2.11 can
be extended to R (as could be any symmetrically continuous function defined on
a symmetric set, by putting 0 on R\ A), and remain symmetrically continuous in

every point of A.



Chapter 3

Weak symmetric continuity

3.1

The results in this chapter are in my paper [Sz1].

Let us recall a known fact about points of continuity. (See e.g. [K].)

Fact 3.1.1 The set of points of continuity of any function (from R to R) is a Gs

set and any G set is the set of points of continuity for some function.

Many authors have investigated what happens if we replace the ordinary conti-
nuity by other types of continuity, i.e., which sets may be obtained as sets of points
of different types of generalized continuity. First let us look at the symmetric conti-
nuity. This is a weaker notion than ordinary continuity and Fact 3.1.1 is not valid
any more for points of symmetric continuity. In fact it is an old problem of Mar-
cus to characterize these points. (We mentioned already this problem in Chapter 2
and stated related Theorem 2.1.3. For other partial results see Thomson [T2]| and
Jaskuta, Szkopinska [JS].)

Another notion we consider is weak continuity.

26
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Definition 3.1.2 A function f:R — R is weakly continuous at a point x if there
exist the sequences (x,) and (y,) such that x,, /" =, y, \, x, and

lm f(z,) = lim f(y.) = f(2).
In particular f(x,) — f(y,) — 0.

The next, rather unexpected, theorem says that weak continuity is indeed a very

weak notion.

Theorem 3.1.3 [T1, Chap. 2] Every function f:R — R is weakly continuous ev-
erywhere except a countable set and every countable subset of R is the set of points

of weak discontinuity for some function.

Proof. For the first part see for example [T1, Chap. 2].

For the second part, let A = {a,:n € w} be a countable set. The function
f(x) = Y4, <z27™ is the one we are looking for. Indeed, if z > a, > y then
f(z) — f(y) > 27, so f is not weakly continuous at any a,. If z € A and if y is
closer to z than any of the points a, ..., ay then |f(y) — f(@)] < ooy 27" =27
since we do not have any a,’s in (z — |z — y|,x + |z — y|) with n < k. So f is
continuous (so weakly continuous) at = ¢ A. |

Now if we replace weak continuity by its symmetric counterpart, we obtain the

following notion.

Definition 3.1.4 A function f:R — R is weakly symmetrically continuous at a

point x if there exists a sequence (h,) converging to 0 such that

lim f(z+ h,) — f(x —hy,) =0.

n—oo
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(Paradoxically, weak symmetric continuity is a stronger notion than weak continuity.)
We will investigate the problem of characterizing the sets of points where a function
can be weakly symmetrically continuous. The first result in this direction was ob-

tained by Ciesielski and Larson, and it looks surprising in light of Theorem 3.1.3.

Theorem 3.1.5 (Ciesielski, Larson [CL]) There is a function g:R — N that is

weakly symmetrically discontinuous everywhere.
The next theorem answers the problem completely.

Theorem 3.1.6 Any set of reals is the set of points of weak symmetrical continuity

for some function f:R — N.

The main part of the proof is in the following lemma. We will use the Axiom of
Choice here. It cannot be avoided as there are models of ZF (see [CL, cor. 1.5]) in

which Lemma 3.1.7 and Theorem 3.1.5 are false.

Lemma 3.1.7 For any set A C R there exists a set X = Uzea{a £ h%:n € w} such
that

(a) he ™\, 0 for every a € A and the sets S, = {a £ hi:n € w} are pairwise disjoint;
(b) for every b € R\ A there is no sequence hy, \, 0 with b+ h,, € X.

Before we start the proof let us remark that the set X may be always chosen
to be meager and of measure zero. This partially answers the question stated at
the Miniconference in Auburn in 1997 after presentation of Lemma 3.1.7. The set

X can be found as a subset of some special meager and measure zero set C. To
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make the below proof work, we need only that for all x € R and for all n € w
there are continuum many pairs y,z € C'N (x — %, T+ %) with %i = z. Corollary
3.1.9 guarantees the existence of such set C' (this is this set C' that the comment
after Theorem 2.4.2 refers to). In the proof below however, for the sake of simplicity
(and since we do not need that strengthened version to prove Theorem 3.1.6), we
take C' = R. The reader may notice that with no changes the proof works for other
sets C.

Proof of Lemma 3.1.7. We will construct the set X inductively, using transfinite

induction. First note that the first part (a) is equivalent to the following condition

(a’) For every a € A there are the sequences (x,,) and (y,,) from X such that x,, " a,

Yn \, @, and % = q for every n.

Condition (b) than says that there are no such sequences (), (y,) for b ¢ A.

Let x be the cardinality of A and let A = {a,:a < k} be an enumeration of
A. By induction on o < k we construct the sequences (x%:n < w) and (y*:n < w)
witnessing (a') for a = a,, aiming for X = U,..{z%, y5:n < w}. The challenge will
be in maintaining condition (b). We will use the following auxiliary sets:

Xo=U ({xﬁ:n<w}U{y5:n<w}>;

B<a

B, — {x;yazy e Xa}\A,
and the functions f,: B, — R defined by

Juld) = int { b — ol € Xy and e, TEY <o)

In the construction we will maintain the following two inductive conditions:
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(c) fa(x) >0 for each z € B,,

(d) f5 C fofor B <a.

Conditions (c) and (d) imply that (b) holds for every point in UB,, since f = Uy<y fa
is positive on UB,,.

For every point outside Uy, Ba, condition (b) is automatically satisfied and the
set X will have the desired property.

Take the first sequence (z2) to be 2% = ag + 1. Then ¢y = ap — 1, X, =
{22, 9%:n < w}, and By = {22,y € Xo} \ A. Since the only accumulation point
of Xy is ap € A then fy(z) > 0 for all z # ay and (c) is satisfied.

Assume that for some o < x we have already defined the sequences (z°) and (y°)

63
n

for all B < a. We choose sequences (z%) and (yo) satisfying (a’) so that for every

b € Us<q Bs and n < w we have
2, 2 — 2l ¢ | XpU {af, gk < n)
B<a

and

x%a 2b—y3 ¢ U X,@U{xgayg:k<n}'

B<a

Such sequences exist since we may choose points =7y and y; inductively so that
i Vol 2 {2b—x:b6 U Bs &z € (U XU {zp, ynk <n})}
B<a B<a
(this set has cardinality |Upg<o Bs| ® |Ug<a X5| < || @ w < ¢) and ﬂ?;—yi = a,. It
is clear that both inductive conditions are preserved.
Now putting X = Uper Xo = Uacr{n,y2:n < w}, we see that (a) is obviously

satisfied and (b) is satisfied since f = U, fo is a positive function and for every
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point b not in A either we do not have a pair of sequences contained in X and
symmetric about that point or these sequences can not have elements closer to b

than f(b). |

Proof of Theorem 3.1.6. Let g: R — N be an everywhere weakly symmetrically
discontinuous function and A C R. We will construct a function f that has points of
weak symmetric continuity exactly in the set A. Let X be the set from Lemma 3.1.7

for the set A. We define

[g(z)+1 forx¢ X
f(x)—{ 0 for x € X.

Obviously every point of A is a point of weak symmetric continuity of f. (There is a
symmetric sequence in X converging to this point.) If x ¢ A then we do not have a
sequence symmetrically convergent to x contained in X. We also do not have such a
sequence contained in R\ X satisfying the definition of weak symmetric continuity for
x, because g is weakly symmetrically discontinuous everywhere. Finally any “mixed”
sequence will not satisfy that definition either since f differ on points from X and

outside of X by at least 1. [

Now we provide the proof of the existence of measure zero and meager set C. This
set can be used both in Lemma 3.1.7 and in Theorem 2.4.2. The main theorems of
this work do not require that set, and the reader may skip that part. We include this
since it seems that it is worth adding that “small” sets can have big “weak symmetric

closure.”

We will use the base 7 expansion, i.e., for z € [0,1] we write z = 0.x125. ..

meaning that x = >>°) 2 ,2; € {0,1,2,3,4,5,6}.
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For every finite sequence x5 . ..z, where x; € {0,1,2,3,4,5,6} let
Coizgzn, = {x €[0,1]:2 = 0.2129 .. . XpTpyq ... x; # 3 fori > n}.

Cryay..z, 1S @ “Cantor set. It is a perfect set of measure zero (thus, nowhere

1»
7
dense).

Denote also

C = U{C’Ilm.__zn: n € w}.

The set C being a countable union of measure zero and nowhere dense sets has
measure zero and is meager. The next theorem says it is the set we are looking for.
We say that a set A C R is symmetric about a point x € Rifx +h € A <—
x —h € A for every h € R (the same as A =2z — A).

Theorem 3.1.8 For every x € (0,1) and for every open neighbourhood U of x there

s a perfect set P contained in CNU and symmetric about x.

Proof. Let x € (0,1) and let 0.z;25 ... be the expansion of z. We assume that not
almost all 2s are equal to 6. Let also U be an arbitrary neighbourhood of x. We fix
a number n € w such that for all y = 0.y1y» . .. with y; = x; for i < n we have y € U.

We consider three cases.

Case 1. In the sequence 125 ... we have infinitely many 1’s or 2’s or 3’s or 4’s or
5’s.
Say at first that we have infinitely many 1’s and that z;;, = 1 for j =1,2,3,... and
i; > n. We define numbers y and z.

y=0.4192... and z = 0.2125 ... Where

y; = x; for i < n, z; = x; for 1 < n,
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Yi; = 0 or Yi; = 1, Zi; = 2 = Yijs
y=2ifx; =3, i>n, z;=4ifx; =3, i >n,
y; = x;, z; = x; for all other 1.
Clearly all such y’s form a “Cantor-like” perfect set and so do z’s, every y and z

belongs to U N Cy,4,.., - For every pair of corresponding y and z we have % =x;

yt+z
2

SO = .
If we have infinitely many other digits instead then we repeat the above construction
changing only y;; and z;, according to the following formulas.

v, =2 — y, =0o0ry, =4, z, =4y,

i, =3 — y,; =0ory, =6, z;, =6—y,,

Ti; =4 — Y =200y =4, 2, =8~y

Tiy; =95 — Yy, =dory; =6, z, =10 —y;,.
Once again we see that }% = I; SO y% =z and that y’s and 2’s form a symmetric

perfect set around x that is contained in cnu.

Case 2. In z125 ... we have infinitely many 0’s and 6’s and Case 1 doesn’t hold.
In that case we have infinitely many pairs x; = 6, z;;1 = 0. Let xi; = 6,241 =0
for j =1,2,... and ¢; > n.
We define numbers y = 0.1 ... and z = 0.2125 . . ..

yi = x;, z; = x; for 1 < n,

(yi; = 6 and yi;+1 = 0) or (y;; =5 and y;;41 = 1),

zi; =6, zi;41 = 0if gy, 1 =0 and 2,41 =5 if yj,41 = 1,

y=2ifx; =3, i>n, z;=4ifx; =3, i >n,

Y; = x;, z; = x; in other places.

Yit+zi __
2

We may easily check that y—;z = z (since = x;), y'’s and 2’s are in U and in
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Ciyo.., - 1t's also clear that y’s and 2’s form a perfect set.

Case 3. In z125 ... all x; are eventually equal 0.
Now z = 0.x125...24000... and x # 0.
If k> n then the set Cy u...(0—1) U Ciyiy..zy, is & desired set.
If £ < n then the set Cy 0y (z,-1)66..6 U Cayag..z00..0 (0 —k 0's and n — k 6’s) is a

right set. [

Now if we have a copy of C' in every interval [n,n + 1] (n € Z) that is if
c= C+n
nez

then Theorem 3.1.8 holds for any x € R, and we have the corollary.

Corollary 3.1.9 The set C is of measure zero and first category and for everyxz € R
and every open neighbourhood U of x there is a perfect set P contained in CNU and

symmetric about x.

In Theorem 3.1.6 we built a function with infinitely many values. An interesting
problem that Ciesielski and Larson ask in [CL] is whether this is necessary, that is,
if there is a nowhere weakly symmetrically continuous function with finitely many
values.

In case of 2-valued function we have the following result. (Compare also [CL].)

Theorem 3.1.10 (Nowik [N]) Every 2-valued function has only countably many

points of weak symmetric discontinuity.

Ciesielski in [Cil] showed also that every 3-valued function has a point of weak sym-

metric continuity. We do not know if the same is true for 4-valued functions. Recently
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Ciesielski and Shelah [CSh] showed that there is everywhere weakly symmetrically

discontinuous function with bounded range.



Chapter 4

“Bad” symmetrically continuous
functions

4.1 Introduction

This chapter concerns the “irregularity” of symmetrically continuous functions. While
they are continuous almost everywhere (Theorems 2.2.1, 2.2.2, and 2.2.3), they still
can fail to satisfy some other (quite weak) generalized continuity properties. (See
[T1, Ch. 3, 70-84] or [T2].) In this chapter we will follow our paper [CSz|.

For X C R a function f: X — R is countably continuous if there is a count-
able cover {X,,:n € N} of X (by arbitrary sets) such that each restriction f|X,, is
continuous.

An interesting question asked by Lee Larson (private communication) is whether
every symmetrically continuous function is countably continuous. The main aim of
this chapter is to give a negative answer to this question.

We will use the following notion. For X C R a function f: X — R is said to be
of Sierpinski-Zygmund type if f|Y is discontinuous for every Y C X of cardinality c,
the cardinality of R.

36
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The following fact describes the basic relation between these classes of functions.

Fact 4.1.1 Let f:R — R. If there exists X C R of cardinality ¢ such that f|X is

of Sierpiriski-Zygmund type then f|X and f are not countably continuous.

Proof. If {X,, C X:n € N} is a cover of X then there exists n € N such that X,, has
cardinality c. (Since the cofinality of c is uncountable.) Thus, f|X,, is discontinuous,

as f|X is of Sierpiniski-Zygmund type. [ |

4.2 Technical Lemmas

The construction presented below is, in a big part, based on the technique developed
by Chlebik in [Ch]. In particular, the next four lemmas are the modifications of their
counterparts from [Ch].

The set of centers of symmetry of a set A C R will be denoted by A*, i.e.,
A ={reR:(VkeR)(z+kec A <= z—kec A}

For any function f: X — R with X C R the symbol C(f) will stand for the set

of continuity points of f and D(f) for the set of points of discontinuity. Thus,
D(f) =R\ C(f).

Lemma 4.2.1 Let h: R — R be symmetrically continuous and {Ay}aca be a family
of disjoint subsets of R such that for every x € R

lim h(y) =0 or z€ () AL (4.1)

)
Y acA

If ro €10,1] for every a € A then the function

f:h ZTaXAa

acA
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18 symmetrically continuous.

Proof. This is a modification of [Ch, Lemma 2]. First note that 0 < > ,c47aXa, <1
since the sets A, are disjoint. Let x € R.

If lim, ., h(y) = 0 then

lim f(y) = lim <h~ ¥ raan> (y) =0

v v acA
since Y e TaXa, is bounded. Hence f is symmetrically continuous at x.
If © € Naea A then Y caraXa, (x — k) = S gcaraXa, (z + k) for every k € R,
and so

,lgil)lf[l)f(l’_’_k) — flx—k)= ,lclr(l)[h(vak‘) —h(z = k)] Y roXa,(z+k) =0.
acA

Thus, once again, f is symmetrically continuous at z. [

Lemma 4.2.2 [f G C R is an additive subgroup then G C (2G + z)* for every

red.

Proof. Let g € G, a € 2G + z, and b be a point symmetric to a with respect to g,
i.e., such that a + b = 2g. We have to prove that b € 2G + .

So, let z € GG be such that a = 2z 4+ x. Then
b=29g—a=29— (2z2+x)=2(g—z2—z)+zx€2G+zx
since g, x,z € G. [ |

Lemma 4.2.3 If G C R is an additive subgroup then the sets {2G +z:x € G} form

a partition of G.
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Proof. This is just the usual coset decomposition of G using the subgroup 2G. To
see it explicitly, assume that for some z,y € G there exists z € (2G +z) N (2G +y).
We have to prove that 2G + x = 2G + y, i.e., that x —y € 2G. So, let a,b € G be
such that z =2a+2 =2b+y. Then x —y =2(b—a) € 2G. [ |

Lemma 4.2.4 There exists a symmetrically continuous function h: R — R with the

property that

(i) C(h) =h=(0),

(ii) D(h) is an additive subgroup of R, and

(iii) there exists a subset X of D(h) of cardinality c such that

(2D(h) +z) N (2D(h) +y) =0 for every distinct z,y € X.

Proof. Chlebik in [Ch, thm.1] constructed a symmetrically continuous function
h: R — R satisfying (i)' and (ii) for which there exists a set X C D(h) of cardinality

c with the property that
2D(h) + Hy # 2D(h) + Hs for every distinct Hy, Hy C X.
In particular, if z € X and y € X are distinct and Hy, = {z}, Hy = {y}, then
2D(h) +x =2D(h) + H, # 2D(h) + Hy = 2D(h) + y.

So, by Lemma 4.2.3, (2D(h) + z) N (2D(h) +y) = 0. N

1Chlebik remarks only that h = lim,,_ o (1 +> |%sin 3nx|)_1 is continuous at every point
of h=1(0), implying that A=(0) C C(h). However h=1(0) is clearly dense in R. (For example for
all 2’s in the form 7 (m + Y ;2, %), where m € Z and the numbers a; € {0,1,2} are eventually
equal 1.)
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4.3 Main result

Theorem 4.3.1 There exists a symmetrically continuous function f:R — R and a

subset X of R of cardinality ¢ such that f|X is of a Sierpinski-Zygmund type.
Proof. Let
D ={(G,g):G is a Gs subset of R and ¢g: G — R is continuous}

and let {(Ga, ga) @ < ¢} be an enumeration of D. Also, let h: R — R and X be
from Lemma 4.2.4. Pick a one-to-one enumeration {z,:a < c} of X.
By transfinite induction on a < ¢ define a sequence of real numbers {r,:a < c}

such that the following inductive condition is satisfied for every a < c:

re € [0, 1]\{%3<(§;;:ﬁ§a&xa€G5}. (4.2)

(Note that h(z,) # 0 since z, € D(h) = R\ h(0).)
Now let A, = 2D(h) + z, for every o < ¢ and notice that, by Lemma 4.2.4, the

sets {Aq: o < ¢} are disjoint. Define

f=h- Z TaXA,-

a<c
Thus, f is a well defined real function. Moreover, by Lemma 4.2.2,
D(h) C ) (2D(h) + za)" = (] AL,

a<c a<e
since D(h) is an additive subgroup of R. So, by Lemma 4.2.1, f is symmetrically
continuous, since R\ D(h) = C(h) = h='(0), implying (4.1). It remains to show

that is f|X is of Sierpinski-Zygmund type.
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For this, by way of contradiction, assume that there exists Y C X of cardinality
c such that f|Y is continuous. Then there exists a Gs set G C R containing Y and
a continuous function g:G — R such that g|Y = f|Y. In particular, (g,G) € D,
and there exists a § < ¢ such that (g, G) = (g3, Gs). Also, since Y has cardinality
c, there exists an o < ¢, a > (3, such that z, € Y. But h(z,) # 0, since z, € X C

D(h) =R\ C(h) =R\ h'(0). So, by (4.2) and the fact that z, € A,,

Fan) = h(a) 7o Bl 2 = ga2) = g(20)
contradicting g|Y = f|Y. |

Corollary 4.3.2 There is a symmetrically continuous function f: R — R which is

not countably continuous.

Proof. By Theorem 4.3.1 and Fact 4.1.1. [ |

Notice also that in Fact 4.1.1 and Corollary 4.3.2 we can conclude also that f
is not k-continuous (the graph of f cannot be covered by the graphs of x many
continuous functions) where k is less then the cofinality of c.

It is also worth to mention that neither Chlebik’s theorem nor Corollary 4.3.2
can be generalized for the class of symmetrically differentiable functions, i.e., the
functions f: R — R for which the limit

p J@ k) — fl@— k)
k—0 2k

(4.3)

exists and is finite for every x € R. This follows from Theorem 5.1.2, since the set
D(f) for every such function is at most countable. On the other hand, we do not

know whether the same is true if we allow the limit (4.3) to be infinite.
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4.4 Continuity cardinal

For a cardinal number x we will write cf(x) for its cofinality. The functions are
identified with their graphs. The class of all functions from R into R is denoted by
RE. The class of all continuous functions is denoted by C. By Sc we denote the

family of all symmetrically continuous functions.

Definition 4.4.1 For any family of functions F C R® we define dec(F,C) as the
manimal cardinal number k such that every f € F can be covered by k many contin-
wous functions. Or, equivalently, that R can be partitioned into k many subsets X,

and f| X, is continuous for every o < k.
In this section we will present the proof of the following theorem
Theorem 4.4.2 (Ciesielski, Szyszkowski, see [Ci4]) dec(Sc,C) = dec(R®, ().

This shows that symmetrically continuous functions can be quite “irregular” despite
the fact that they are continuous almost everywhere.
More interesting facts have been proven in [Ci4]. The following two theorems will

not be used later but they shed a new light on Theorem 4.4.2.
Theorem 4.4.3 dec(SZ,C) = dec(RR,C).

Theorem 4.4.4 (a) It is consistent with ZFC that cf(c) < ¢ = dec(R®,C).

(b) It is consistent with ZFC that dec(R®,C) = cf(c) < c.

In order to prove Theorem 4.4.2 we will show the following fact that is of interests

by its own.
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Proposition 4.4.5 There exists a perfect set P C R with the property that for every

fo: P — [0, 1] there is a symmetrically continuous function f:R — R extending f.

Proof. We apply here Lemmas 4.2.1 and 4.2.4. The proof is a compilation of the
results contained in [CSz] and [Ch]. We must take a closer look at Lemma 4.2.1.
Namely, we want to show that the set X defined there can contain a perfect set.

Towards the construction of the set X from Lemma 4.2.4 Chlebik in [Ch, thm. 1]
defines the following. He takes an arbitrary linear basis H C (0, 1] of R over Q
with 1 € H, puts A = H \ {1}, and defines X = 7 - ¢)[A] for a continuous injection
¥:(0,1] \ Q — (0,1) given by the formula

ble) =3 3O, (4.4)
k=1

where x = 3°23° | jug - 27F, with p, € {0,1}, is the unique binary representation of .

To prove Proposition 4.4.5 we need also two additional facts that

(iv) h is of Baire class one (as upper semicontinuous), and that

(v) X is a continuous image of H \ {1}, where H is an arbitrary linear basis of R

over Q with 1 € H C (0,1].

Now, take a perfect set K C [0,1] which is linearly independent over Q. (See
e.g. [Ku, thm. 2, Ch. XI sec. 7].) Decreasing it, if necessary, we can assume that 1
is linearly independent of K. (If it is not, take a finite subset A of K which spans
1 and replace K by its perfect subset disjoint with A.) Thus, there exists a linear
basis H C (0,1] of R over Q such that {1} UK C H. In particular, X, = ¥[K],
where 1) is defined in (4.4), is a perfect subset of X = ¢[H \ {1}], so it satisfies (iii)

from Lemma 4.2.4.
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Now, h|X, has a point of continuity, say zo € Xy, since h is of Baire class one.
(See e.g. [Br].) Since, zp € X C D(h) = R\ h '(0) we have h(xy) # 0. Thus, we
can take a perfect subset P of X, for which h[P] C [b,1] for some b > 0. We will
show that P satisfies Proposition 4.4.5.

To see it note that by Lemma 4.2.1 used with X = P the function

F(#) = 3h(x) - 3 r(0)xopiny (o)
yep
is symmetrically continuous for any function r: P — [0,1]. Moreover, f(z) = $h(z) -

r(z) for every x € P since x € 2D(h) + x. (D(h) is a group.) Thus defining r by

r(r) = ) folz) < folx)

z)

we obtain that r: P — [0, 1] and

1
f(@) = ghl2) - r(z) = fol@)
for every x € P. This finishes the proof of Proposition 4.4.5. [ |

Proof of Theorem 4.4.2. Clearly dec(Sc,C) < dec(R®,C). To prove the other
inequality take an arbitrary g € R® and let x = dec({g},C). It is enough to prove
that

k < dec(Sc,C). (4.5)

If K < w; than (4.5) follows from cf(c) < dec(Sc,C). So, we can assume that &
is uncountable. Also, if ¢ is a homeomorphism between R and (0,1) then it is
easy to see that dec({g},C) = dec({y o g},C). So, we can assume that g:R —
(0,1). Moreover, if N' = R\ Q then x = dec({g},C) = dec({g|N},C), since k is

uncountable.
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Let ¢ be a homeomorphism between N and a subset M of P, where P is from
Proposition 4.4.5, and define fo: M — [0,1] by fo = go ¢ '. Once again it is easy
to see that k = dec({g},C) = dec({fo},C). Now, if f is a symmetrically continuous

function extending fy, which exists by Proposition 4.4.5, then
k =dec({fo},C) < dec({f},C) < dec(Sc,C)

proving (4.5). The proof of Theorem 4.4.2 is complete. [ |



Chapter 5

Symmetric derivative

5.1 Symmetric and ordinary derivatives

Following the ordinary analysis, symmetric analysis studies also symmetric differen-
tiation. In many cases the symmetric theory resembles the ordinary differentiation
theory on the real line. Here we present some aspects of symmetric differentiation,
stressing in particular symmetric differentiation for the functions defined on subsets
of the real line.

As expected, the symmetric derivative is defined as follows.

Definition 5.1.1 We say that a function f: R — R is symmetrically differentiable

at a point x € R if the limat

. flx+h)— flx—h)
Mo 2h

exists and is finite. (We sometimes allow also infinite values.) The value of this

limit is called the symmetric derivative of f.

Of course the symmetric differentiability is stronger then symmetric continuity. An

old theorem of Charzynski states how one condition implies another.

46
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Theorem 5.1.2 (Charzynski [T2, thm. 2.9]) Let the function f (defined on the

whole real line) satisfy at every point x the condition

lim sup fla+h) —fl@—h) < 0.
h—0 2h

Then the set of points of discontinuity of f is countable.

(We will comment on this theorem after introducing Definition 5.1.6.)

To illustrate the resemblance to the ordinary derivative we state a few mono-

tonicity theorems.

Theorem 5.1.3 [T2, cor. 5.2] Let the function f:R — R have positive symmetric
derivative everywhere. Then f is increasing on the set of its points of continuity.
More precisely there is an increasing function g such that f agrees with g on its

points of continuity.

Theorem 5.1.4 [T2, thm. 5.5] Let the function f:R — R have positive symmetric
derivative everywhere on a measurable set E. Then f is locally increasing at almost
every point of E (i.e., almost every point x of E has a neighborhood U such that
whenever y < x < z and y,z € U then f(y) < f(x) < f(2)).

Theorem 5.1.5 [T2, thm. 5.4] Let the function f:R — R have positive symmetric
derivative on a set E that has the Baire property. Then there is an open set G so

that E '\ G is meager and f is increasing on each component of G.

Now, let us turn to functions defined on subsets of R.
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Definition 5.1.6 Let A C R. We say that a function f: A — R is symmetrically
differentiable at a point x € R if the limit

o S h) Sl h)
h—0 2h

exists and is finite, taking h from the set {h € R: x+h € A}. (We assume that this

set has an accumulation point at 0.) We sometimes also allow infinite values.

Not surprisingly, in general case, all theorems for the functions on the whole
real line do not hold for the functions defined only on a subset of R. For example,
Theorem 5.1.2 fails, for if we look at Example 2.2.11, we see that there is a func-
tion f defined on a symmetric set which has symmetric derivative equal 0 but it is
discontinuous everywhere.

Moreover, by Lemma 3.1.7 (used with A = R) we have the following fact.

Fact 5.1.7 There is a set X C R such that for any function f:R — [—00, 0]
there is a function g: X — R which is symmetrically differentiable and its symmetric

derivative is equal to f.

(Note that we use here the fact that a function need not be defined at a point to be
symmetrically differentiable there.)

Proof. By Lemma 3.1.7 used with A = R we know that there is a set X which is
a union of pairwise disjoint sets U, ., {z%, 3%}, with a € R, such that the sequences

{z2},, and {y2}, are convergent to a and symmetric to each other with respect to a.

Now defining g on z¢ and y? so that %y_ﬁl — f(«) finishes the proof. [ |

Note that the set X may be additionally chosen to be of measure zero and of the

first category. This follows from the comment before Lemma 3.1.7.
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Because of such examples we will rather confine ourselves to symmetric domains
(except in Theorems 5.1.10, 5.1.9, and 5.2.4). However, even this restriction does
not help much. The dramatic failure of Theorems 5.1.4 and 5.1.5 is illustrated by
Example 2.2.11. In this example function f is defined on a symmetric set and is
symmetrically differentiable with the symmetric derivative being zero everywhere on
the domain. Yet f has only values 0 and 1 so is not monotonic in any sense. We may
easily “correct” f to have positive derivative (for example by adding the identity
function restricted to the domain of f), and obtain a nonincreasing function.

This example is actually not surprising as even for the ordinary derivative we

have the following fact.

Fact 5.1.8 For any function f:Q — R there is a differentiable function g:Q — R

(with differentiability defined in an obvious way) such that g¢' = f.

Proof. Let Q = {z,, : n € w}. Define go: Q — R by putting go(r) = (r — x¢) f(z0)
for |r — 0| < /2 and go(r) = 0 for |r — x| > V2.
We define functions g,,: Q — R inductively in the following way.

gn(r) = (r — ) f(z1) + gn—1(zy) for r so close to z,, that
o |r—m,| < =v2min{|z, — 2kl k < n},
o 1£(a)(r — )] < e min{lz, — 2l < n},
o [f(@a)(r —za)| < g5,

and ¢,,(r) = gn_1(r) for other r.
Now, the function ¢ = limg, is a desired function. To see this consider for

example the point xy. The derivative of gy at xq is obviously f(x¢) and every g,,(x¢) =
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go(zp) = 0. Fix an € > 0 and find first n € w such that |z, — 29| < e. We have
gn_1(r) = go(r) for r € (xo — 5,20+ %) We also have ¢,,—1(r) = gn(r) for r close

to zo. For r close to x, we have that g, (r) differs from g,, 1(r) = go(r) by at most

L

== min{|z, — 24| : k < n} < z=|r — 29| and for these r’s any other g, with k > n

differs from go(r) by not more then Y45, 3|1 — o| = 2=|r — 20| So

9(r) — g(zo)
r— X
differs from f(zy) not more than =.
The calculations in any other point z,, are the same. [ |

In contrast to the above, when taking the domain which is “big and nice enough,”
we do have positive results similar to Theorems 5.1.4 and 5.1.5. The following theo-

rems are generalizations of these two.

Theorem 5.1.9 Let the function f: E — R, where E has the Baire property, have
positive symmetric derivative everywhere on the set . Then there is an open set G

so that E'\ G is meager and f is increasing on each component of G.

Proof. The proof is the repetition of the proof of Theorem 2.2.7. We only need
extra condition that the intermediate points x;, i« = 1,2, 3,4 may be chosen to form

a monotonic sequence (see the comment after Theorem 2.3.6).

Let

V:{[x—t,x—I—t]: xj:tEE:>f<x+t)2_tf(x_t) >0}

be a symmetric cover relation on E. This relation satisfies assumption of Theo-
rem 2.3.6. So for almost every x € E there is a neighborhood U, so that x +t €

U. = [z,z+1t] € V° and intermediate endpoints are in E. Say that we choose t > 0.
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There are points xg = x < 1 < --- < x5 = x + t such that x; € F forv =1,2,3,4
and [x;, ;1] € V for i =0,...,4. Therefore f(z +1t) — f(z) > 0 so f is increasing

at almost every point of E. [

Theorem 5.1.10 Let the function f: E — R, where E is measurable, have positive
symmetric derivative everywhere on the set E. Then f is locally increasing at almost

every point of E.

Proof. The proof of this theorem is identical to that for Theorem 5.1.9. [ |

5.2 Measurability of symmetric derivatives

The ordinary derivative (of functions defined on R) is always a Baire 1 function. So

is the case with symmetric derivative for functions from R to R.

Theorem 5.2.1 (Larson [T2, thm. 7.18]) Let the function f:R — R be everywhere
symmetrically differentiable (allowing infinite values). Then the symmetric derivative

of f is in the first Baire class.

For symmetric domains not being the whole R we have Fact 5.1.8, but note that
in this fact the function f is Baire 1 relatively to Q. We do not know whether
symmetric derivative must be of any Borel or measurable class when defined on any

other domain.

Question 5.2.2 Let f: A — R be a symmetrically differentiable function and let A
be a symmetric set. Is the symmetric derivative of f a Borel or measurable function?

Does it depend on the size of A?
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Example 2.2.11, which served as a counterexample in many cases, fails this time.
Even though the function f defined there is nonmeasurable, it is symmetrically
differentiable and its symmetric derivative is constant equal zero everywhere on the
domain.

When the domain is measurable (we drop the assumption of symmetry), then
its symmetric derivative is measurable. This follows from a theorem of Preiss and
Thomson ([T2, thm. 7.50]) with only minor changes to the proof. In fact, much
more can be said about the symmetric derivative in this case or when the domain

has the Baire property.

Theorem 5.2.3 Let f: A — R be arbitrary function and let SDf and Df stand
for the sets of symmetric differentiability and ordinary differentiability respectively.
Then the set SDf\Df contains no measurable set of positive measure and no second

category set with the Baire property.

Proof. The proof is similar to the proof of Theorems 5.1.10 and 5.1.9.

We show that in almost every point of SD f the ordinary derivative of f is not
greater that the symmetric derivative at this point. Identical argument can be used
to show the converse inequality.

Let g(z) be the symmetric derivative of f and let h(z) be the upper limit of
difference quotients. The set {x: g(x) < h(z)} can be written as a countable union

U {z:9(z) <r < h(z)}.
reQ
By the way of contradiction assume that one of the sets in the union contains a

measurable subset of positive measure or second category subset with the Baire
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property. In particular there exists a number K with the property that the set
X = {x:g(x) < K} \ {z:h(x) < K} is either measurable of positive measure or
second category with the Baire property.

We define a symetric cover of X by
V={lr—tz+tt>0&zttec A= f(z+1t)— f(xr —1t) <2Kt}.

Then V satisfies conditons of Theorems 2.3.5 or 2.3.6. So just like in the proof
of Theorem 5.1.9 we get that almost every point x of X satisfies for ¢ > 0 and

appropriately small
rrte A= (fz+1t)— flx) < Kt & f(z)— f(x —t) < Kt).

Thus at almost every point of X in the sense of measure and category we have
h(z) < K, which contradicts our assumption of the set X being big. [

As a corollary we get that if f: A — R is symmetrically differentiable and A
is measurable (has the Baire property) then f is almost everywhere (on a residual
set) differentiable also in the ordinary sense. So we obtain a corollary which is a
counterpart to Theorem 5.2.1. We state the category theorem only as it is similar to

Theorem 5.2.1 (the measure couterpart requires different method to be proven).

Theorem 5.2.4 Let f: E — R, where EE has the Baire property, be symmetrically
differentiable (allowing infinite values). Then its symmetric derivative has the Baire
property, and there is a meager set T' C E such that the symmetric derivative re-

stricted to E'\ T is of Baire class 1.

We remark that Theorem 5.2.4 can be improved to the whole domain as Fact
5.1.7 states that on a set of measure zero and first category symmetric derivative

may be any function.
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