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1 Problems

1. Show using mathematical induction (3 points)
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Proof: Base case P(1):

Thus, LHS = RHS and P(1) is true.

Let us assume that P(k) is true, i.e.
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We need to show that P(k + 1) is true.
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P>+ (k+1)® (using the inductive hypothesis)

LHS=RHS. Thus, we have shown that P(k) — P(k+1); applying the principle of mathematical induction,
we conclude that the conjecture is true. O

2. Show using mathematical induction (2 points)
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Proof: Base case P(0):
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Thus, LHS = RHS and P(0) is true.

Let us assume that P(k) is true, i.e.



We need to show that P(k + 1) is true.

k+1

LHS = Y d
=0

= a®+a'+a’+... +d" +
1—akFt?
i — +a**t (using the inductive hypothesis)
—a
1—a**! + (1 — a)ak*!
1—-a
1— gh+l 4 gh+l _ gh+2

1—a
1_ak+2
1—a
1 — gk+D)+1
RHS = -—_% "~
l1—a
1_ak+2

1—a

Thus, LHS=RHS. We have shown that P(k) — P(k + 1); applying the principle of mathematical induc-
tion, we conclude that the conjecture is true. O

. Show that O(max{f(n),g(n)}) = O(f(n) + g(n)) (3 points)
Proof: We must show that if h(n) € O(max{f(n),g(n)}) then h(n) € O(f(n) + g(n)) and vice versa.
First, let h(n) € O(max{f(n),g(n)}). This implies that:
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Then, by definition of “O”, h(n) € O(f(n) + g(n)).
Now, let h(n) € O(f(n) + g(n)). This implies that:

h(n) < c¢-(f(n)+g(n))
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<
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Then, by definition of “O7”, h(n) € O(max{f(n),g(n)}).

We have thus shown that h(n) € O(f(n)+g(n)) = h(n) € O(max{f(n),g(n)}) and h(n) € O(max{f(n),g(n)}) =
h(n) € O(f(n) + g(n)), which implies that O(max{f(n),g(n)}) = O(f(n) + g(n)).
O

. Consider the experiment of throwing a pair of dice. Let A be the event that the first die shows up prime
and B be the event that the sum of the two dice is 8. Are events A and B independent? (2 points)

There are 3 possible prime numbers that can come up on the first die (A=2, A=3, or A=5). If the first die
is a 2 (A=2), in order for the sum of the two dice to equal 8 (B=8), the second die must be a 6. Similarily,



if the first die is a 3 (A=3), the second die must be a 5, and if the first die is a 5 (A=5), the second die
must be a 3.

There are 5 possible ways to get a sum of 8 i.e. {(2,6), (3,5),(4,4),(5,3),(6,2)}.

From this we have:

A = {2,3,5}
Pr(4) = 3
1
T2
B = {(27 6)7 (37 5)7 (47 4)7 (57 3)7 (67 2)}
Pr(B) = %
ANnB = {(2,6),(3,5),(5,3)}
Pr(ANB) = %
1
D)
Pr(A)-Pr(B) = % . %
5
T2

Since, % # 75—2, events A and B are not independent.



