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1 Problems

1. LetL be aregular language not containikgArgue that there exists a right-linear grammarfowhose productions
are restricted to the forms:

A — aB, and

A — a

whereA and B are generic variables ands a generic terminal.

Solution: In class, we showed that every regular language can be esptegsas a DFA! = (Q, %, 6, qo, F'), where
the symbols should be interpreted using the standard ctiawerSince,L is A-free, it must be the case that ¢ F'.
We construct the following Right-Linear Gramm@r= (V, T, S, P) for L:

(a) We use symball; to denote state;. V ={A4;::=0,1,...,|Q| — 1}.
(b) The set of terminal3’ is preciselyX.
(c) S = Ao.

(d) The productiong’ of G are defined as follows: For each transitié(y;, a) = ¢;, add the productiod; — aA;.
If ¢; is also a final state, then add the productibn— a.

We use induction on the number of transition steps to shotifthidgy, w) € F , then4y =* w. Likewise, we use
induction on the number of steps in a leftmost derivationstalelish that ifAq =* w, thend(qp, w) € F.
(The induction proofs are straightforward exercis€s).

2. Consider the language = {a™ : n is not a perfect squaje Prove thatl is not regularby using the Pumping
Lemma.You may not use complement properties of regular languages.
Solution: One way of showing thakL is not regular is through the following argument: Iifis regular, then so is
L¢; however, we showed in class that is not regular and henck cannot be regular. Since you were expressly
forbidden from using the complement properties of regudagliages, let us proceed to prove the non-regularity of
L, using first principles.
Assume thal is regular and leb = (Q, 3, 4, qo, F') denote the unique minimal state DFA fbrwhere the symbols
in the tuple have their usual meaning. edenote the number associated by the Pumping Lemmalwithe know
thatp = |Q|. LetG = {ap%ﬂ’ 21 =1,2,...2p}; we can think of the strings it as being indexed by their length
after subtracting the offsg. Usingw; to refer to the string?’*, we have thatw,| + 1 = |wit1].
Let R = {6(qo, w;) : w; € G}; we user; to denoted(qo, w;), w; € G.

The following observations are in order:

(i) Allthe states inR are final states.



(i) |G| = 2p and|R| < p. As per the pigeonhole principle, there must exist at leaststringsw; andw; in G,
such that(qo, w;) = 6(go, w;) = 7%, T € R.

We have thus established that there exists a string < s < p, and a state, € R, such thati(rg,a®) = ri.
LetT = {6(rg,a),6(rk,a?),...,0(rk,a*1),8(rx,a®)}; clearlyT C R. T represents a cycle of final states on
a-transitions; it follows that the DFA can never escape froia tycle towards a non-final state efiransitions. Thus

§(qo, a?"+2P+1) € T; howevera? +2r+1 = o(r+1* and should be rejected by the DFA.
We thus have the desired contradiction and it follows thatnnot be a regular language.
a

. Consider the gramma&¥ = (V, T, S, P), with productions defined by:

S — aSbhS | bSas | A

Is G ambiguous? I4.(G) ambiguous?
Solution: G is ambiguous, since the string= abab has two distinct leftmost derivations:

() S= aSbS = abSaSbS = abaSbS = ababS = abab, and
(i) S= aSbS = abS = abaSbS = ababS = abab.

L(G) is the language of strings ovés, b}, in which the number oés is equal to the number 6§. An unambiguous
grammar for this language is given b/ = (V, T, S, P), where,

(@ V={s}
(b) T ={a,b},
(c) S=5,and

(d) P is defined by:
S —aSb|bSa|S-S|A

You are required to use induction on the number of steps dfradst derivation fronS to establish that ib =7, w,
then the leftmost derivation af is unique.O

. Show that the languade= {w - w® : w € {a,b}*} is not inherently ambiguous.
Hint: Prove thatL has an unambiguous grammar.

Solution: An unambiguous grammar fdris G = (V, T, S, P), where,

@ V ={S}.
() T = {a,b}.
() S =S.

(d) The productions’ are defined by:
S — aSa|bSbh| A
In order to establish the unambiguous natur&pfve need to show that for every stringe L(G), there is precisely

one leftmost derivatiol$ =, w; this is done by using induction on the lengthuaf Before commencing the proof,
we need the following lemmata.

Lemma 1l If S =  w, then|w|is even.

Proof: Exercise. Use induction on the number of steps insth@rtesteftmost derivation ofv. O



Lemma 1.2 If w € L, then the stringv’ obtained by dropping the first and last symbolswfalso belongs td.
Proof: It is a straightforward observation (Use contradictiom).
Theorem 1.1 If S =7 w, then this derivation is unique.

Proof: We use induction on the length af, the induction will be on the set of even numbers and not orsétef
natural numbers (which is our conventional ground setjw|f= 0, thenw must be), and there is precisely one
production rule and hence one way forto be derived front, in leftmost fashion.

Assume that Theorem (1.1) is true, for all even-length g#riof length at mos? - &, k£ > 0. Now consider a string
w € L, of length2 - (k + 1). Sincew € L, it must be the case that = axa or w = bzb, with z € L (See
Lemma (1.2)). Howevelz| = 2 - k and hence: has a unique leftmost derivation frofh It therefore follows that
w has a unique leftmost derivation; for instancewif= axa, thenS =, aSa =7, axa represents the unique
leftmost derivation ofw from S. A similar argument holds whew = bzb; we can therefore apply the principle
of mathematical induction to conclude that every stringlithas a unique leftmost derivation frosy i.e., G is
unambiguous. Inasmuch @shas an unambiguous grammar, it follows thatself is unambiguousd

O

. Remove all unit productions\-productions and useless productions from the the grandimar (V, T, P, S), with
productionsP defined by:

— aA|aBB

— aaA|A

— bB|bbC

¢ — B

SO

Solution: It is important that all\-productions are deleted first, followed by the unit prodhret and finally by the
useless productions. If this order is altered, languagsepvation is not guaranteed [Lin06].

(&) Removing\-productions - The only nullable symbol i&; accordingly, applying the algorithm in [Lin06], the
removal of A\-productions results in the following set of productions:
S — aA|aBB]la
A — adA|aa
B — bB|bC
C —- B

(b) Removing unit productions - There is precisely one undidpiction, viz.,C' — B. Applying the algorithm in
[Lin06], the removal of this unit production results in thaléwing set of productions:

S — aA|aBB]|a
A — adA|aa

B — bB|bbB

(c) Removing useless productions - Observe that no ternsimamg can be derived fron®; it follows that any
production involvingB can be deleted, without affecting the language of the gramfxaordingly, the final set
of productions is:

S — dAla

A — adA|aa
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