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Motivation

Propositional Logic has limited expressiveness.

For instance, how would you capture the assertion, “Property P is true of every positive
number”?

P; A P> ... P is neither compact nor useful.

Basics

(i) A collection of objects called domain.

(i) Predicates are used to describe properties of objects. e.g., P(x) could stand for
the property that x is divisible by 3.

(iii) The universal quantifier (Vx)P(x) indicates that property P holds for all x in the
domain.

(iv) The existential quantifier (3x)P(x) indicates that property P holds for some x in
the domain.
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Quantifiers (contd.)

The truth value of a predicate expression depends upon the domain of interpretation!

For instance, consider the truth value of (Vx)P(x) in the following interpretations:
(i) P(x) is the property that x is divisible by 2 and the domain is the set of all even

numbers.
(i) P(x) is the property that x is divisible by 2 and the domain is the set of all positive
numbers.
Predicates can be unary, binary, and in general, n-ary, e.g., P(x,y), Q(X1, X2, - .., Xn)-

The order of quantification is crucial in determining its meaning.

For instance, (3x)(Vy)Q(x, y) does not mean the same thing as (Vy)(3x)Q(x, y).
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Interpretation

Definition

An interpretation of a predicate expression consists of the following:
(i) A collection of objects called domain of interpretation, which must be non-empty.
(i) An assignment of a property of the objects in the domain to each predicate in the
expression.

(iii) An assignment of a particular object in the domain to each constant symbol in the
expression.
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Example

Example
What is the truth value of (vVx)P(x, a)?

The question is meaningless without the interpretation!
Consider the following interpretation:

The domain is the set of natural numbers N = {0,1,...,},
P(x, y) stands for x > y and ais 0.

Clearly, in this interpretation the expression is true.

What happens when the domain is the set of all integers?
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Bound and Free variables

Consider the expression:
(M)[Q(x, ¥) = By)R(x, ¥)]
The x occurrences are bound to the (Vx) quantifier.

The first y is said to be a free variable, since it is not bound to any quantifier.

The scope of a quantifier is the portion of the predicate formula to which it applies.
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Converting English to Predicate Logic

Not an easy task!

More than one result possible, depending on semantics of English language (which is
not unambiguous).

“Hang him not, let him free” and “Hang him, not let him free”!

(i) All parrots are ugly. (Vx)[P(x) — U(x)].

)
(i) Some parrots are ugly. (3x)[P(x) A U(x)].

(iii) All dogs chase all rabbits. (Vx)[D(x) — (Vy)[R(y) — C(x, ¥)]]-
(iv) Some dogs chase all rabbits. (3x)[D(x) A (Vy)[R(y) — C(x, y)]]-
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Exercise

Let S(x) denote “x is a student”, /(x) denote “x is intelligent” and M(x) denote “x likes
music”. Give predicate wffs for:

(i) All students are intelligent.
(i) Some intelligent students like music.
(iii) Only intelligent students like music.

v

(i) (vx)[S(x) — I(x)].
(i) (3x)[S(x) A I(x) A M(x)].
(iii) (Vx)[M(x) = [S(x) A 1(X)]]-
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Validity

Definition

A predicate wff is valid, if it is true in all interpretations.

Validity in Predicate logic plays the role of tautology in propositional logic.

There cannot exist an algorithm for checking validity!

Four fundamentally valid predicate wffs

) (YX)P(x) — (3x)P(x).
(||) (VX)P(x) — P(a).
(iii) (VX)(P(x) A Q(x)) — [(VX)P(x) A (VX)Q(X)].
(iv) P(x) — [Q(x) — P(x)]-
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Examples

Are the following predicate expressions valid?
(i) (3Ix)P(x) = (Vx)P(x).
(i) (V) (P(x) v Q(x)) — [(YX)P(x) V (VX)Q(X)].




Motivation




Motivation

First order theories




Motivation

First order theories

To reason about first order theories such as number theory, set theory, theory of
relations and functions, etc.




Motivation

First order theories

To reason about first order theories such as number theory, set theory, theory of
relations and functions, etc.

The axioms of the theory will be added to the axioms of Predicate Logic and we will
reason using the tools of Predicate Logic.
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Example
From “All humans are mortal”, and “Socrates is human”,
we wish to conclude that “Socrates is mortal.”

We therefore need rules to reason about predicate expressions.

Symbolically,
[(VxX)(H(x) = M(x)) A H(s)] — M(s)
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Generalizing rules of propositional logic

Propositional to Predicate

All the rules of propositional logic work; however, two points need to be made:
(i) A single atom in a predicate expression includes the quantifier.

For instance,
[((Vx)P(x) = (VX)Q(x)) A (VX)P(x)] = (vx)Q(x)

is a valid argument in predicate logic.

(i) Propositional rules are not sufficient. For instance, you cannot use propositional
rules to conclude validity in the Socrates example.
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Rules of Predicate Logic

@ Universal Instantiation.
@ Existential Instantiation.
© Universal Generalization.
© Existential Generalization.
© Temporary Hypothesis.
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(i) From (Vx)P(x), you can conclude P(t), where t is any constant or variable.
(i) Rule is abbreviated as u.i. (or ui).
(iii) If t is a variable, it must not fall within the scope of a quantifier for ¢.
For instance, from (Vx)(3y)P(x, ), you cannot conclude (3y)P(y, y).
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Let us prove that the following argument is valid, using ui.

[(WO[H(x) = MO)] A H(s)] — M(s)

v

Consider the following proof sequence:
i) (YX)[H(x) — M(x)] hypothesis.
(||) H(s) — M(s) (i), ui.

(i) H(s) hypothesis.

(iv) M(s) (i), (iii), Modus Ponens.

Prove that the following argument is valid.

[(vX)[P(x) = RO)IA (R(Y))'] = (P(y))’
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Existential Instantiation

(i) From (3x)P(x), you can conclude P(a), where ais a constant symbol not used
previously in the proof sequence.

(i) Rule is abbreviated as e.i. (or ei).
(iii) Must be the first rule that introduces a.
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(i) (vx)[P(x) = Q(x)] hypothesis.

(iv) P(a) — Q(a) (iii), ui.

(v) Q(a) (i), (iv), Modus Ponens.




El example

Show that [(Vx)[P(x) — Q(x)] A (3y)P(y)] — Q(a) is valid.

Consider the following proof sequence.
(i) (3y)P(y) hypothesis.

(i) P(a) (i), ei.
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)
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v

Steps (i)-(ii) and (iii)-(iv) cannot be interchanged.
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(i) From P(x), you can conclude (Vx)P(x).
(ii) Rule is abbreviated as u.g. (or ug).
(i) P(x) has not been deduced from a hypothesis in which x is a free variable.

Also, P(x) has not been deduced using e.i. from any wff, in which x is a free
variable.
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Show that the following argument is valid.

[(")[P(x) = Q)] A (VX)P(x)] = (VX)Q(x).

Consider the following proof sequence:
(i) (Vx)[P(x) — Q(x)] hypothesis.
(i) P(x) — Q(x) (i), ui.
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Show that the following argument is valid.

[(")[P(x) = Q)] A (VX)P(x)] = (VX)Q(x).

Consider the following proof sequence:
(i) (vx)[P(x) — Q(x)] hypothesis.
(||) P(x) — Q(x) (i), ui.
(i) (Yx)P(x) hypothesis.
(iv) P(x) (iii), ui.
)
(vi)

(v) Q(x) (ii), (iv) Modus Ponens.
(vi

(Yx)Q(x) (v), ug. (Neither restriction has been violated.)
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Existential Generalization

(i) From P(x) or P(a), you can conclude (3x)P(x).
(ii) Rule is abbreviated as e.g. (or eg).
(iii) To go from P(a) to (Ix)P(x), x must not appear in P(a).
Otherwise, we could derive (3y)Q(y, y) from Q(a, y)!
The argument Q(a, y) — (3y)Q(y, y) is simply not valid. (Why?)




EG example



EG example




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)

v




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)

v

Consider the following proof sequence:




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)

v

Consider the following proof sequence:
(i) (vxX)P(x) hypothesis.




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)

v

Consider the following proof sequence:
(i) (vxX)P(x) hypothesis.
(i) P(x) (i), ui.




EG example

Show that the following argument is valid.

(VX)P(x) — (3x)P(x)

v

Consider the following proof sequence:
(i) (vxX)P(x) hypothesis.

(i) P(x) (i), ui.

(iiiy (3x)P(x) (i), eg.
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Temporary Hypothesis

@ In the midst of a proof, you can assume a suitable wff formula T.
@ T is called the “temporary hypothesis”.

© If you can deduce the wif W, as a consequence of this assumption, then this
means that the wff T — W has been deduced from the initial hypotheses.

© Observe that this method is a generalization of the Deduction Method to Predicate
Logic.

© In the Deduction Method, if the desired conclusion is of the form P — Q, then we
simply assume P and deduce Q.

© However, this cannot be done, if the conclusion is of the form: (Vx)[P(x) — Q(x)]
or (Ix)[P(x) — Q(x)].
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Temporary Hypothesis (example)

Show that the following formula is valid:

[PC) = (W) QX )] = (W) [P(x) = Q(x, y)].

Proof

Consider the following proof sequence:
(i) P(x) = (Vy)Q(x,y) hypothesis.

(i) P(x) temporary hypothesis.

(iii) (Vy)Q(x,y) (i), (i), Modus Ponens.

(iv) Q(x,y) (i), ui.

(v) P(x) — Q(x,y) temporary hypothesis discharged.
)

Vi) (VY)IP(X) = Q(x,y)]  (v), ug.
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Main points of predicate rules

(i) Strip off quantifiers.
(i) Work with separate wffs.
(iii) Insert quantifiers as necessary.
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(YX)[P(x) A Q(x)] = (VX)P(x) A (YX)Q(X).

Consider the following proof sequence:
(i) (Vx)[P(x) A Q(x)] hypothesis.

(i) P(x) A Q(x) (i), ui.

(i) P(x) (i), Simplification.

(iv) (Yx)P(x) (iii), ug.
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Show that the following argument is valid:
(YX)[P(x) A Q(x)] — (VXx)P(x) A (VX)Q(x).

Consider the following proof sequence:
i) (Vx)[P(x) A Q(x)] hypothesis.

(||) P(x) A Q(x) (i), ui.

(i) P(x) (i), Simplification.

(iv) (Yx)P(x) (iii), ug.
v)
i)

(v) Q(x) (i), Simplification.
(Vi) (vx)Q(x) (v), ug.
(vii) (VX)P(x) A (Yx)Q(x) (iv), (vi), Conjunction.
Note that neither restriction has been violated in the ug steps.
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Example
Every microcomputer has a serial interface port.

Some microcomputers have a parallel port.
Therefore, some microcomputers have both a serial and a parallel port.
Symbolically,

[(VX)[M(x) = S A (FX)M(x) A PN — (3X)[M(x) A S(x) A P(x)]-
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Consider the following proof sequence:
i) (Ix)[M(x) A P(x)] hypothesis.
(n) M(a) A P(a) (ii), ei.

(i) (Vx)[M(x) — S(x)] hypothesis.
(iv) M(a) — S(a) (iii), ui.
(v) M(a) (iii), Simplification.

(vi) P(a) (iii), Simplification.

i)

i)

)

()

(vii) S(a) (iv), (v), Modus Ponens.

(viii)y M(a) A P(a) A S(a) (iii), (vi), (vii), Conjunction.
(ix) M(a) A S(a) A P(a) (viii), commutativity.
(X) (@) [M(x) A S(x)AP(x)] (ix), eg.




Laws of Negation

Negation




Laws of Negation

Negation
() [(BAX)]) < (Y)[AX)]'-




Laws of Negation

Negation
() [(BAX)]) < (Y)[AX)]'-
(i) [(PX)AX)]" = EX)[AX)]"-




Laws of Negation

(i) [GX)A)] < (YX)[AX)]'.
(i) [(VX)A)] < Ex)[AX)]".

The proofs of the negation rules are tedious and | do not expect you to know them.




Laws of Negation

(i) [GX)A)] < (YX)[AX)]'.
(i) [(VX)A)] < Ex)[AX)]".

The proofs of the negation rules are tedious and | do not expect you to know them.
Feel free to use the above two rules as and when you need them, without proof.
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Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .
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(Vx)3y)EHL(X, y, 1).
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What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).
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What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
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What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
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Example

What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
() (vy)(vt)
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Example

What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
E) (W) (VOL(x, y, 1)".
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What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
E) (W) (VOL(x, y, 1)".

In English, the negation is:
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What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
E) (W) (VOL(x, y, 1)".
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Example

What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
E) (W) (VOL(x, y, 1)".

In English, the negation is: There is somebody who does not love everybody,




Example of negation

Example

What is the logical negation of the statement, “Everybody loves somebody sometime.”
Solution: Let the predicate L(x, y, t) represent the property that x loves y at time .

The given English statement can therefore be represented as:
(Vx)3y)EHL(X, y, 1).

Its negation is therefore,
E) (W) (VOL(x, y, 1)".

In English, the negation is: There is somebody who does not love everybody, all the
time. O
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One more example

Establish the validity of the following statement:

(V)[P(x) v Q(x)] = [(3x)P(x) v (VX)Q(x)]
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Proof
We first rewrite the argument as: (Vx)[P(x) V Q(x)] — [[(3x)P(x)]" — (Vx)Q(x)].
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Consider the following proof sequence:
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Proof
We first rewrite the argument as: (Vx)[P(x) V Q(x)] — [[(3x)P(x)]" — (Vx)Q(x)].
Using the Deduction Method, the revised argument can be further revised to
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Proof
We first rewrite the argument as: (Vx)[P(x) V Q(x)] — [[(3x)P(x)]" — (Vx)Q(x)].
Using the Deduction Method, the revised argument can be further revised to
[(V)[P(x) v Q)] A [EX)P(X)]'] = (VX)Q(X).
Consider the following proof sequence:
i) (Vx)[P(x)V Q(x)] hypothesis.
(||) [(3x)P(x)]’ hypothesis.
(iii) (vx)[P(x)]" (i), negation.
(iv) [P(x)]" (i), ui.
(v) P(x)V Q(x) (i), ui.
( i) [P(x)]" = Q(x) (v), implication.
(vii) Q(x) (iv), (vi), Modus Ponens.
(viii) (Yx)Q(x) (vii), ug.
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