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We will study the experiment of throwing m balls into n bins, each bin being chosen
independently and uniformly at random.Several questions regarding the above random process
will be examined. The analysis will use techniques developed thus far.
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The Birthday Paradox

Suppose there are 30 people in a room. Let A denote the event that some two people share a
birthday and A® denote the complement event. Which event is more likely: A or A°?

Model Assumptions

(i) Each year has exactly 365 days.

(i) Each person is equally likely to be born on any day.

(iii) No twins or triplets or multiple people sharing the same birthday, from a pre-experiment
perspective.
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Direct Counting

We count configurations in which two people do not share a birthday.
5%,

Q Total number of birthday configurations for the 30 people is 36
Q In how many ways can you choose 30 distinct days from 365 days? C(365,30).
@ In how many ways can you assign the selected 30 days to the 30 people in the room? 30!.
@ The probability that no two people share the same birthday is:
_ C(365,30) - 30!
36530

Q The required probability is therefore: (1 —q).
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Analysis

We can compute the above probability by considering one person at a time.

Consider an arbitrary order of the 30 people. Observe that the probability that the second person
has a birthday that is distinct from the first person is: (1 — 52=).

Using the intersection lemma, we know that the probability that the k™ person has a birthday that
is distinct from the first (k — 1) birthdays, assuming that the first (k — 1) people have distinct
birthdays is: (1— &2).

It follows that the probability that all 30 people have distinct birthdays is:

i
=M% (1— —
q iz( 365 )
The required probability is therefore (1 — q). Detailed calculations show q ~ 0.2987, i.e., there is
a better than 70% chance that two people share a birthday, when 30 people are in a room.
Likewise, only 23 people need to be in the room, before the probability that two people share a
birthday is more than 3.
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m—1 J ~ m—1_—=
M (1- H) = j=1 € "
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e 2:n
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~ e 2n

Hence, the value for m, at which the probability that all m people have distinct birthdays is % is

m=+2-n-In2.
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General Approach

Analysis
k
~n,when

Assuming that there are m people and n possible birthdays. Recall that 1 — E ~e
k << n. The probability that all m people have distinct birthdays is:

J

m—1 J ~ m—1_—=
M (1- H) = j=1 € "
—1
= o250
—m:(m-1)
e 2:n
—m2
~ e 2n

Hence, the value for m, at which the probability that all m people have distinct birthdays is % is
m = +/2-n-In2. Check what you get, when n = 365!
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Analysis (contd.)

Assume that the first \/n people all have distinct birthdays. What is the probability that each
succeeding person has a birthday that matches one of the first /n people? \% Hence, the

probability that the next v/n people all have different birthdays from the first v/n people is at most:
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Hence, once there are 2 - \/n people, the probability is at most % that the birthdays will be
distinct.
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Pro

@ Focus on a specific bin, say bin 1.

& What is the probability that this bin receives at least M balls? At most C(n,M)- (%)™,
(Why?)

@ But this is bounded above by (&)M.

@ Applying the union bound, we can conclude that the probability that any bin receives at
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Bucket Sort

@ Used to sort integers only.
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@ Let X; denote the number of elements in Bucket i. Therefore, the total time spent in sorting
bucket i, is ¢ - X
@ The total time spent in the second stage is i, ¢ ~Xi2.

@ The expected time spent in the second stage is

E[yex?] = cE[3 X

= c-n-E[X?]

@ But X; is a binomial random variable with parameters n and %

9 Therefore, E[XZ] =2—1 < 2.
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The Poisson Distribution

A discrete Poisson random variable X with parameter 1 > 0 is given by the following probability

distribution onj =0,1,2,...

Exercise

(i) Show that the definition leads to proper probability distribution.
(i) What is E[X], when X is a Poisson random variable?
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The sum of a finite number of independent Poisson random variables is a Poisson random
variable.
. ot
Proof.
Let X and Y denote two Poisson random variables with means {3 and L, respectively. Observe
that,
i
P(X+Y=j) = z P((X =k)N(Y =j—k))
K=0
_ i e M IJJlf ; e H2 .uéfk
F=S (i—k)!
. ) 'z j! v
j! Lokl -kt 2
—(MtH2) . i :
e . . .
= #, Binomial expansion ofpy + )"
Use induction for arbitrary number of variables. O
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Let X be a Poisson random variable with parameter [.

Q Ifx > p, then
U (e. )
P(X ZX)SM
XX
Q Ifx < U, then

e t-(e-p)

XX
4
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Proof of Chernoff bounds

Foranyt>0andx > U,
P(X>x) = P(e™>e)
E[et
—1
Plug in the mgf of the Poisson distribution to get,
P(X >x) < eH(e'-1-xt)
Choose t = In(ﬁ) > 0, to get,

—H.(e. )
pix 2 < T

The complementary bound can be derived in similar fashion. O
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Let X, denote a binomial random variable with parameters n and p, where p is a function of n
and limp N -p = A is a constant that is independent of n. Then, for any fixed k,

et Ak
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v

9 If x| <1, (1—x%) < (1+x) <eX.
@ (1—p)k>(1—p-k),fork >0.
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P(X,=k) = C(n,k)-p*-(1—p)"¥
< ﬁ.pk_ (1-p)"
k! (1-p)¥
(n-p)< P
- k! 1—-p-k
e P (n.p) 1
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Working similarly, we can show that,

_ k
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> SO EDIE (1)
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Combining the above two inequalities gives us,

RANGE)
k! 1-p-k

e P ((n—k+1)-p)

=
o -(1—p%-n) <P(Xy=k) <

—A )k
As n tends to oo, both the lower limit and the upper limit converge to £ kl‘" . O

Subramani



me important lemm
nnection to Binomial Distribution

Outline

e The Poisson Distribution

¥ Connection to Balls and Bins

Subramani



me important lemmas
nnection to Binomial Distribution

Balls and Bins revisited




Some important lemm
Connection to Binomial Distribution

Balls and Bins revisited

Number

Subramani



ne important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number lls in a bin

What is the probability that a given bin is empty?

Subramani



e important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number alls in a bin

What is the probability that a given bin is empty? (1 — )™

n

Subramani



ne important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number lls in a bin

m
n

What is the probability that a given bin is empty? (1 — %)m ~e

Subramani



e important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number alls in a bin

What is the probability that a given bin is empty? (1 — l)m ~e n.This probability is the same

n
for all bins.

Subramani



e important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number alls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the i bin is empty and 0, otherwise.

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the ™ bin is empty and 0, otherwise.Clearly, E [X;] =

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the j'™ bin is empty and 0, otherwise.Clearly, E[X;] = (1 — £)™.

Subramani



e important lemmas
nection to Binomial Distribution

Balls and Bins revisited

Number alls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

ElX] =

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — %)m ~e n.This probability is the same

for all bins.
Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

el = e[y x)

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — l)m ~e n.This probability is the same

n
for all bins.
Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

el = e[y x)

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — l)m ~e n.This probability is the same

n
for all bins.
Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

el = e[y x)

E[Xi]

Il
M >

i=1

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — l)m ~e n.This probability is the same

n
for all bins.

Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

E[X]

E[_ixi]

E[Xi]

Il
M >

i=1

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited

Numbe lls in a bin

What is the probability that a given bin is empty? (1 — l)m ~e n.This probability is the same

n
for all bins.

Let X; be 1, if the j'" bin is empty and 0, otherwise.Clearly, E[X;] = (1— £)™. Let X be a random
variable that represents the number of empty bins.

E[X]

E[_ixi]

E[Xi]

Il
M >

i=1

~ n-e

33

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited (contd.)

Subramani



me important lemi
nnection to Binomial Distribution

Balls and Bins revisited (contd.)

Generalization

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited (contd.)

Generalization

What is the probability that a given bin has r balls?

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited (contd.)

Generalization

What is the probability that a given bin has r balls? C(m,r)- (1) (1— )™,

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited (contd.)

Generalization

What is the probability that a given bin has r balls? C(m,r)- (1) (1— )™,

This can be simplified to

Subramani



ome important lem
Connection to Binomial Distribution

Balls and Bins revisited (contd.)

Generalization

What is the probability that a given bin has r balls? C(m,r)- (1) (1— )™,

_m
e n (%)’
r! .
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Generalization

What is the probability that a given bin has r balls? C(m,r)- (%) - (1— )™,

This can be simplified to p; ~ " ( )
In other words, the number of balls |n a specmc bin is Poisson distributed with mean ™
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