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Consider the statement:
() x+5=7.

This statement is true in integer arithmetic (and Peano Arithmetic), (and hence, it is
true in the theory of rationals and the theory of reals).
The statement

(I)2-x=7
is Tz-invalid. However, it is valid in the theory of rationals and the theory of reals.
The statement
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Introducton

Integers, Rationals and Reals

Consider the statement:
() x+5=7.

This statement is true in integer arithmetic (and Peano Arithmetic), (and hence, it is
true in the theory of rationals and the theory of reals).

The statement

(I)2-x=7
is Tz-invalid. However, it is valid in the theory of rationals and the theory of reals.
The statement

() x-x=2

is invalid in both integer arithmetic and the theory of rationals. It is true though, in the
theory of reals.
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(A2.) (W)(vy)(v2) [(x ZY) A (y 22)] = (x = 2).
(A3) (WX)(7y) (x Zy) V(Y = ).

(A4) (vx)(WY)(VZ) (X +Y) +Z =X+ (Y +2).
(A5.) (¥x) (x +0=x).

(AB.) (¥X) x + (—x) = 0.

(A7) (Wx)(vy) (X +y) = (¥ +X).

(A8.) (WX)(Vy)(vZ) (x 2¥) = (x +2) = (¥ +2).

Subramani



Axiom set of the Theory of Rationals

Axiom set

The axiom set of Tg is the following:
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Axiom set

The axiom set of Tg is the following:

(AL) (W)(WY) [(X ZY) A (y = X)] = (Y =X).

(A2)) (W)(WY)(VZ) [(x 2 Y) A (Y > 2)] = (X > 2).

(A3) (V)(WY) (x Zy) V(Y = x).

(A4) (WX)(WY)(VZ) (X +Y)+Z=x+(y + 2).

(A5.) (¥x) (x +0 =x).

(A6.) (Vx) x + (—x)=0.

(A7) (¥X)(VY) (X +Y) = (Y +X).

(A8.) (Vx)(WY)(VZ) (x >y) — (X +2) > (Y +2).

(A9.) (Vx) n-x =0 — x =0, for all positive integers n (torsion-free).
(A10.) (¥x)(Jy) x =n -y, for all positive integers n (divisibility).

Why cannot n be an arbitrary rational in Axioms (.49.) and (.A.10)?
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Axiom set

The axiom set of Ty, is the following:

(AL) (W)(WY) [(x 2 Y) A (y = X)] = (Y =X).
(A2) (V)(WY)(Y2) [(x 2 Y) A (Y > 2)] — (x > 2).
(A3) (V)(WY) (x Zy) V(Y = X).

(A4) (WX)(WY)(VZ) (X +Yy)+Z =X+ (Y +2).
(A5.) (Vx) (X +0 = x).

(A6.) (Vx) (x + (=x)) = 0.
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Axiom set

The axiom set of Ty, is the following:

(AL) (W)(Y) [(X 2 Y) A (Y = X)] = (¥ = X).
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Axiom set
The axiom set of Ty, is the following:
(AL) (W)(WY) [(x 2 Y) A (y = X)] = (Y =X).
(A2) (V)(WY)(Y2) [(x 2 Y) A (Y > 2)] — (x > 2).
(A3) (V)(WY) (x Zy) V(Y = X).
(A4) (WX)(WY)(VZ) (X +Yy)+Z =X+ (Y +2).
(A5.) (Vx) (X +0 = x).
(A6.) (Vx) (x + (=x)) = 0.
(A7) (V)(7Y) (X +y) = (Y +X).
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Axiom set
The axiom set of Ty, is the following:
(AL) (W)(WY) [(x 2 Y) A (y = X)] = (Y =X).
(A2) (V)(WY)(Y2) [(x 2 Y) A (Y > 2)] — (x > 2).
(A3) (V)(WY) (x Zy) V(Y = X).
(A4) (WX)(WY)(VZ) (X +Yy)+Z =X+ (Y +2).
(A5.) (Vx) (X +0 = x).
(A6.) (Vx) (x + (=x)) = 0.
(A7) (V)(7Y) (X +y) = (Y +X).
(A8.) (Vx)(WY)(VZ) (x > y) — (X +2) > (Y +2).
(A9.) (W) (VY)(Vz) (x-y)-Z=X"(y-2).

(A10.) (¥x)1-x =1.

(A11) (YX) (x #0) — (Ty) x -y = 1.
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Axiom set
The axiom set of Ty, is the following:
(AL) (W)(Y) [(X 2 Y) A (Y = X)] = (¥ = X).
(A2) (W)(WY)(V2) [(x > Y) A (Y > 2)] = (x > 2).
(A3) (W)(FY) (X 2 ¥) V(Y = X).
(A4) ()(WY)(V2) (X +Y) +2 =X + (¥ +2).
(A5.) (¥x) (x +0 =X).
(A6.) (¥x) (x + (—x)) =0.
(A7) (¥X)(VY) (X +Y) = (¥ +X).
(A8.) (WX)(Wy)(V2) (x >y) — (X +2) > (y +2).
(A9.) (X)(Wy)(V2) (X -y) - Z=xX-(y - 2).

(A10.) (¥x)1-x =1.

(A11) (VX)) (x #0) = (Fy) x -y = 1.

(A12) (YX)(VY) Xy =Y - X.
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Axiom set of the Theory of Reals

Axiom set
The axiom set of Ty, is the following:
(AL) (W)(Y) [(X 2 Y) A (Y = X)] = (¥ = X).
(A2) (W)(WY)(V2) [(x > Y) A (Y > 2)] = (x > 2).
(A3) (W)(FY) (X 2 ¥) V(Y = X).
(A4) ()(WY)(V2) (X +Y) +2 =X + (¥ +2).
(A5.) (vx) (x +0 = x).
(A6.) (¥x) (x + (—x)) =0.
(A7) (¥X)(VY) (X +Y) = (¥ +X).
(A8.) (WX)(Wy)(V2) (x >y) — (X +2) > (y +2).
(A9.) (X)(Wy)(V2) (X -y) - Z=xX-(y - 2).

(A10.) (¥x)1-x =1.

(A11) (VX)) (x #0) = (Fy) x -y = 1.

(A12) (YX)(VY) Xy =Y - X.

(A13) (WX)(VY)x >0AYy >0—x-y >0.
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Axiom set (contd.)

(A14) (F)(HY)(¥2) X - (y +2) =Xy +X - 2).
(A15.) 0 £ 1.

(A16.) (WX)(3y) x =y2V —x =y2.
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Axiom set (contd.)

(A14) (¥X)(WY)(V2) X (Y +2) =Xy +X - 2).
(A15.) 0#1.
(A16)) (Vx)(Fy) x =y2V —x =y2.
(A17.) For each odd integer n,
()EY) " +x1-y" o Xao1 -y + e = 0],
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Axiom set (contd.)

(A14) (F)(HY)(¥2) X - (y +2) =Xy +X - 2).
(A15.) 0 £ 1.

(A16.) (WX)(3y) x =y2V —x =y2.
(A17.) For each odd integer n,
(VX)@EY) [y" +x1-y"t + . Xa_1 -y + X0 = 0], where X = [x1, X2,

..Xn].
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