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Recursive data structures

The theory of recursive data structures (Trps) describes a set of data structures such
as linked lists, stacks and binary trees that are ubiquitous in programming. Trps
formalizes reasoning over such structures.
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Theory of Lists

The theory of lists, Tcons, has signature:

> cons : {COHS, car, cdr, atom, :}
where,

(i) consis a binary function called the constructor: cons(a, b) is the list obtained by
concatenating a to b.

(i) caris a unary function, called the left projector: car(cons(a, b)) = a.

(iii) cdr is a unary function, called the right projector: cdr(cons(a, b)) = b.

(iv) atomis a unary predicate: atom(x) is true if and only if x is a single element list.
(v) = is a binary predicate.
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Axiom set

The axiom set of Tcons is the following:

(A1.) The axioms of reflexivity, symmetry and transitivity of Tg.

(A2.) Instantiations of the function congruence schema for cons, car, and, cdr.
(A3.) Instantiation of the predicate congruence schema for atom.

(A4.) (¥x)(vy) car(cons(x,y)) = X.

(A5.) (¥x)(vy) cdr(cons(x,y)) = y.

(A6.) (Wx) —atom(x) — cons(car(x), cdr(x)) = X.

(A7.) (Wx)(Vy) —atom(cons(x,y)).

Subramani



General Theory of RDS

Subramani



General Theory of RDS

Subramani



of Acyclic Lists
ified Atoms
th Equalit;

General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps.

Subramani



of Acyclic Lists
ified Atoms
th Equalit;

General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

Subramani



of Acyclic Lists
ified Atoms
th Equalit;

General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

(iii) One atom predicate atomc.

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

(iii) One atom predicate atomc.

Associated with each RDS is an instantiation of the following axiom schema:

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

(iii) One atom predicate atomc.

Associated with each RDS is an instantiation of the following axiom schema:

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:
(i) an n-ary constructor C.
(i) n projection functions «$, 7S, ..., 7S,
(iii) One atom predicate atomc.
Associated with each RDS is an instantiation of the following axiom schema:

(A1.) The axioms of reflexivity, symmetry and transitivity of Tg.

Subramani



General Theory of RDS

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:
(i) an n-ary constructor C.
(i) n projection functions «$, 7S, ..., 7S,
(iii) One atom predicate atomc.
Associated with each RDS is an instantiation of the following axiom schema:

(A1.) The axioms of reflexivity, symmetry and transitivity of Tg.

(A2.) Instantiations of the function congruence axiom schema for the constructor C
and the set of projectors 7$, 75, ..., 7.

Subramani



General Theory of RDS

Main points

The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

(iii) One atom predicate atomc.
Associated with each RDS is an instantiation of the following axiom schema:
(A1.) The axioms of reflexivity, symmetry and transitivity of Tg.

(A2.) Instantiations of the function congruence axiom schema for the constructor C
and the set of projectors 7$, 75, ..., 7.

(A3.) An instantiation of the predicate congruence axiom schema for atomc.

Subramani



General Theory of RDS

Main points
The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:
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Main points
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General Theory of RDS

Main points
The theory of lists, Tcons, iS an instance of the general theory of recursive data
structures, Trps. Each RDS contributes the following to the signature:

(i) an n-ary constructor C.

(i) n projection functions «$, 7S, ..., 7S,

(iii) One atom predicate atomc.
Associated with each RDS is an instantiation of the following axiom schema:
(A1.) The axioms of reflexivity, symmetry and transitivity of Tg.

(A2.) Instantiations of the function congruence axiom schema for the constructor C
and the set of projectors 7$, 75, ..., 7.

(A3.) An instantiation of the predicate congruence axiom schema for atomc.
(A4.) (Vx1)(¥%2) ... (¥Xn) wiC(C(xl,xz,...,xn)) = x; foreachi € {1,2,...,n}.
(A5.) (¥x) —atomg (x) — C(x$ (x), 75 (X), ..., 75 (X)) = X.

(AB.) (Vx1)(¥X2)...(¥Xn) —atomc (C(X1, X2, - - ., Xn)).
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(i) The theory of acyclic lists, T4, iS used to reason about structures such as
stacks, which are naturally acyclic.
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Acylic lists

(i) The theory of acyclic lists, T4, iS used to reason about structures such as
stacks, which are naturally acyclic.

(i) In addition to the axioms of Teons, it has the following axiom schema:
(A1) (Wx) car(x) # X.
(A2.) (
(A3.) (
(A4.) (
(A5.) (
(A6.)

car(cdr(x)) # X.
cdr(car(x)) # x.

)
g car(car(x)) # X.
)
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Specifying atomic behavior

The axioms of T, do not specify the behavior of cons and cdr on atoms. Adding the
axiom,
(Vx) atom(x) — [atom(car(x)) A atom(cdr(x))]

gives a new theory, viz., TEM.
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