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Shortest Superstring Problem

The Formulation of the Problem

Given a finite alphabet ¥, and a set of n strings S = {sq, ..., sSp}. The objective is to
find a shortest string that contains each s; as a substring.

Remark

| A\

Observe that without loss of generality, we can assume that no string s; is a substring
of s; for i # j.
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The Formulation of the Problem

Given a finite alphabet ¥, and a set of n strings S = {sq, ..., sSp}. The objective is to
find a shortest string that contains each s; as a substring.

v

Observe that without loss of generality, we can assume that no string s; is a substring
of s; for i # j.

v

Observe that if sy = ab and s, = ba, then the concatenation gives s = abba, while the
shortest superstring is s’ = aba.
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Shortest Superstring Problem

The Formulation of the Problem

Given a finite alphabet ¥, and a set of n strings S = {sq, ..., sSp}. The objective is to
find a shortest string that contains each s; as a substring.

v

Observe that without loss of generality, we can assume that no string s; is a substring
of s; for i # j.

v

Observe that if sy = ab and s, = ba, then the concatenation gives s = abba, while the
shortest superstring is s’ = aba.

<

The complexity of Shortest Superstring Problem

The Shortest Superstring Problem is NP-hard, in great contrast with Largest Common
Substring problem which can be solved in polynomial time with the help of dynamic
programming.

\
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Shortest Superstring Problem
A possible 2-approximation algorithm

The definition of overlap

The overlap of two strings s and t denoted by overlap(s, t) is the suffix of maximum
length of s, which is also a prefix of t.
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The definition of overlap

The overlap of two strings s and t denoted by overlap(s, t) is the suffix of maximum
length of s, which is also a prefix of t.

The Algorithm

@ Choose two strings with maximum overlap, and replace them with one obtained by
overlapping them as much as possible.
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The Algorithm

@ Choose two strings with maximum overlap, and replace them with one obtained by
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A possible 2-approximation algorithm

The definition of overlap

The overlap of two strings s and t denoted by overlap(s, t) is the suffix of maximum
length of s, which is also a prefix of t.

The Algorithm

@ Choose two strings with maximum overlap, and replace them with one obtained by
overlapping them as much as possible.

@ Repeat the above step until one string is obtained.

v

The Algorithm

This algorithm is conjectured to have performance ratio 2.

Vahan Mkrtchyan Shortest Superstring Problem
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A possible 2-approximation algorithm

The definition of overlap

The overlap of two strings s and t denoted by overlap(s, t) is the suffix of maximum
length of s, which is also a prefix of t.

The Algorithm

@ Choose two strings with maximum overlap, and replace them with one obtained by
overlapping them as much as possible.

@ Repeat the above step until one string is obtained.

v

The Algorithm

This algorithm is conjectured to have performance ratio 2. The following example
shows that the coefficient cannot be improved: ab¥, bXc, and bf+1.
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Shortest Superstring Problem
A possible 2-approximation algorithm

The definition of overlap

The overlap of two strings s and t denoted by overlap(s, t) is the suffix of maximum
length of s, which is also a prefix of t.

The Algorithm

@ Choose two strings with maximum overlap, and replace them with one obtained by
overlapping them as much as possible.

@ Repeat the above step until one string is obtained.

v

The Algorithm

This algorithm is conjectured to have performance ratio 2. The following example
shows that the coefficient cannot be improved: abX, bXc, and bX*+!. OPT = k + 3,
ALG = 2k + 3.
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Shortest Superstring Problem
2 - Hy-approximation algorithm via Set Cover

Constructing the Instance of Set Cover

@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
symbols of s;, then let o; ; x denote the string obtained by overlapping these k
positions of s; and s;.
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@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
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@ Let M be the set of all strings o; ; « for all valid choices of /, j, k.
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Constructing the Instance of Set Cover

@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
symbols of s;, then let o; ; x denote the string obtained by overlapping these k
positions of s; and s;.

@ Let M be the set of all strings o; ; « for all valid choices of /, j, k. For a string = let
set(r) be the set of all strings of S that are a substring of .

@ The instance 7 of set cover is constructed as follows:
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@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
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positions of s; and s;.

@ Let M be the set of all strings o; ; « for all valid choices of /, j, k. For a string = let
set(r) be the set of all strings of S that are a substring of .

@ The instance 7 of set cover is constructed as follows: the universal set of 7 is S,
and the specified subsets of S are the sets set(7) which correspond to all sets
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Constructing the Instance of Set Cover

@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
symbols of s;, then let o; ; x denote the string obtained by overlapping these k
positions of s; and s;.

@ Let M be the set of all strings o; ; « for all valid choices of /, j, k. For a string = let
set(r) be the set of all strings of S that are a substring of .

@ The instance 7 of set cover is constructed as follows: the universal set of 7 is S,
and the specified subsets of S are the sets set(7) which correspond to all sets
m € SU M. The cost of set(r) is the length of .
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Shortest Superstring Problem
2 - Hy-approximation algorithm via Set Cover

Constructing the Instance of Set Cover

@ Fors;,s; € Sand k > 0, if the k last symbols of s; are the same as the first k
symbols of s;, then let o; ; x denote the string obtained by overlapping these k
positions of s; and s;.

@ Let M be the set of all strings o; ; « for all valid choices of /, j, k. For a string = let
set(r) be the set of all strings of S that are a substring of .

@ The instance 7 of set cover is constructed as follows: the universal set of 7 is S,
and the specified subsets of S are the sets set(7) which correspond to all sets
m € SU M. The cost of set(r) is the length of .

@ Let OPT and OPT7 denote the length of the shortest superstring of S and the
cost of an optimal solution to 7.
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@ Construct the instance 7 and solve it by the greedy algorithm.
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The description of the algorithm

@ Construct the instance 7 and solve it by the greedy algorithm. Let
set(m1), ..., set(mx) be the sets picked by this cover.
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The description of the algorithm

@ Construct the instance 7 and solve it by the greedy algorithm. Let
set(m1), ..., set(mx) be the sets picked by this cover.

@ Concatenate the strings 71,...,mx in any order.
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The description of the algorithm

@ Construct the instance 7 and solve it by the greedy algorithm. Let
set(m1), ..., set(mx) be the sets picked by this cover.

@ Concatenate the strings 71,...,mx in any order.
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2 - Hy-approximation algorithm via Set Cover

The description of the algorithm

@ Construct the instance 7 and solve it by the greedy algorithm. Let
set(m1), ..., set(mx) be the sets picked by this cover.

@ Concatenate the strings 71,...,mx in any order.
@ Output the resulting string s.

OPT < OPTr <2-OPT.
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Shortest Superstring Problem
2 - Hy-approximation algorithm via Set Cover

The description of the algorithm

@ Construct the instance 7 and solve it by the greedy algorithm. Let
set(m1), ..., set(mx) be the sets picked by this cover.

@ Concatenate the strings 71,...,mx in any order.
@ Output the resulting string s.

OPT < OPTr <2-OPT.
The above algorithm has performance ratio 2 - Hy,.
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Shortest Superstring Problem
A bound for OPT via Cycle Cover

The definition of prefix

If overlap(s;, s;) denotes the maximum overlap between s; and s;, then let prefix(s;, s;)
be the prefix of s; obtained by removing its overlap with s;.
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Shortest Superstring Problem
A bound for OPT via Cycle Cover

The definition of prefix

If overlap(s;, s;) denotes the maximum overlap between s; and s;, then let prefix(s;, s;)
be the prefix of s; obtained by removing its overlap with s;.

The definition of prefix graph

| \

The vertex set of the prefix graph is the set {1, ..., n}, and for each i, j i # j the graph
contains an arc from i to j whose weight is |prefix(s;, s;)|-
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Shortest Superstring Problem

A bound for OPT via Cycle Cover

The definition of prefix

If overlap(s;, s;) denotes the maximum overlap between s; and s;, then let prefix(s;, s;)
be the prefix of s; obtained by removing its overlap with s;.

v

The definition of prefix graph

The vertex set of the prefix graph is the set {1, ..., n}, and for each i, j i # j the graph
contains an arc from i to j whose weight is |prefix(s;, s;)|-

y

Minimum weight cycle cover can be found in polynomial time.
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A bound for OPT via Cycle Cover

The definition of prefix

If overlap(s;, s;) denotes the maximum overlap between s; and s;, then let prefix(s;, s;)
be the prefix of s; obtained by removing its overlap with s;.

v

The definition of prefix graph

The vertex set of the prefix graph is the set {1, ..., n}, and for each i, j i # j the graph
contains an arc from i to j whose weight is |prefix(s;, s;)|-

Minimum weight cycle cover can be found in polynomial time.

The actual bound

If s1,..., Sp are numbered in order of leftmost occurrence in the shortest superstring s,
then
OPT = |s|
= |prefix(s1, S2)| + ... + |prefix(sn—1, Sn)| + |prefix(sn, s1)| + |overlap(sn, s1)|
> |prefix(s1, 82)| + ... + |prefix(sp—1, sn)| + |prefix(sn, s1)|
> the length of the shortest cycle cover in prefix graph.

v
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Shortest Superstring Problem

Some definitions and notations

A notation

Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;_,, sj) - prefix(sj, si, )-
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Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;,_,, s;) - prefix(sj, s;, ). Define the weight of cycle c,

to be the length of a(c).
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Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;,_,, s;) - prefix(sj, s;, ). Define the weight of cycle c,

to be the length of a(c).

Notice that each string s;, ,..., Sj, is a substring of (a(c))°°.
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Shortest Superstring Problem

Some definitions and notations

A notation

Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;,_,, s;) - prefix(sj, s;, ). Define the weight of cycle c,
to be the length of a(c).

Notice that each string s;, ,..., Sj, is a substring of (a(c))°°.

One more notation

a(c) = a(c) - s,
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Some definitions and notations

A notation

Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;,_,, s;) - prefix(sj, s;, ). Define the weight of cycle c,
to be the length of a(c).

Notice that each string s;, ,..., Sj, is a substring of (a(c))°°.

One more notation

Notice that o(c) is a superstring of s;, ..., Sj,.
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Some definitions and notations

A notation

Ifc=(ih — o — ... = iy — Iy) is a cycle in the prefix graph, then let
a(c) = prefix(sy, Sp) - ... - prefix(s;,_,, s;) - prefix(sj, s;, ). Define the weight of cycle c,
to be the length of a(c).

Notice that each string s;, ,..., Sj, is a substring of (a(c))°°.

One more notation

Notice that o(c) is a superstring of s;, ..., Sj,.

Definition

Sj

, is called the representative string for c.
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The Algorithm

@ Construct the prefix graph corresponding to strings in S.
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The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cq, ..., Cx }-
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Shortest Superstring Problem
The description of 4-approximation algorithm

The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cq, ..., Cx }-
@ Output the string o(cy) - ... - o(ck)-
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Shortest Superstring Problem
The description of 4-approximation algorithm

The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cq, ..., Cx }-
@ Output the string o(cy) - ... - o(ck)-

Observe that the algorithm constructs a superstring of strings of S.
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Shortest Superstring Problem
The analyses of the algorithm

If each string in S’ C S is a substring of t>° for a string t, then there is a cycle of weight
at most length of t in the prefix graph covering all the vertices corresponding to strings
inS'.
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Shortest Superstring Problem
The analyses of the algorithm

If each string in S’ C S is a substring of t>° for a string t, then there is a cycle of weight
at most length of t in the prefix graph covering all the vertices corresponding to strings
inS'.

v

Let c and ¢’ be two cycles inC, and let r, r' be representative strings from these
cycles.
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Shortest Superstring Problem
The analyses of the algorithm

If each string in S’ C S is a substring of t>° for a string t, then there is a cycle of weight
at most length of t in the prefix graph covering all the vertices corresponding to strings
inS'.

v

Let c and ¢’ be two cycles inC, and let r, r' be representative strings from these
cycles. Then |overlap(r,r')| < weight(c) + weight(c’).
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Shortest Superstring Problem
The analyses of the algorithm
The algorithm achieves an approximation factor 4 for the shortest superstring problem. I
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The analyses of the algorithm
The algorithm achieves an approximation factor 4 for the shortest superstring problem.

Let weight(C) = 3K . weight(c;).

i=1
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The analyses of the algorithm
The algorithm achieves an approximation factor 4 for the shortest superstring problem.

Let weight(C) = >, weight(c;). Then

k
ALG =" |o(c)]

i=1

k
weight(C) + Z |ri
i=1

K
OPT + " |ril.

=1

IN
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On the other hand,

k—1

K
OPT >> || = > _ |overlap(r;, rii+1)|
i=1 i=1

k
> > " |nil — 2 weight(C)
i=1
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The analyses of the algorithm

On the other hand,

k—1

K
OPT >> || = > _ |overlap(r;, rii+1)|
i=1 i=1

k
> > " |nil — 2 weight(C)
i=1

which implies that

k
> Inil < 2- weight(C) + OPT
i=1
<3.O0PT.
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Shortest Superstring Problem
Some definitions and notations

A notation
If X is a set of strings, then let || X|| denote the sum of lengths of strings in X.
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Shortest Superstring Problem
Some definitions and notations

A notation
If X is a set of strings, then let || X|| denote the sum of lengths of strings in X.

—

Definition

Compression achieved by a superstring s of the set of strings S is defined as ||S|| — |s|.
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Shortest Superstring Problem
Some definitions and notations

A notation
If X is a set of strings, then let || X|| denote the sum of lengths of strings in X.

—

Definition

Compression achieved by a superstring s of the set of strings S is defined as ||S|| — |s|.

Clearly, maximum compression is achieved by the shortest superstring. I
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The description of 3-approximation algorithm

The Algorithm

@ Construct the prefix graph corresponding to strings in S.
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The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cy, ..., Cx }-
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Shortest Superstring Problem
The description of 3-approximation algorithm

The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cy, ..., Cx }-

@ Run any half-optimal-compression achieving algorithm on {o(c¢1), ..., o(ck)} and
output the resulting string, say 7.
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Shortest Superstring Problem
The description of 3-approximation algorithm

The Algorithm

@ Construct the prefix graph corresponding to strings in S.
@ Find a minimum cycle cover of the prefix graph C = {cy, ..., Cx }-

@ Run any half-optimal-compression achieving algorithm on {o(c¢1), ..., o(ck)} and
output the resulting string, say 7.

Observe that the algorithm constructs a superstring of strings of S.
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Shortest Superstring Problem
The analyses of the algorithm

A notation

Let OPT, denote the length of the shortest superstring of the strings in
SO' = {0(01 )7 0009 U(ck)}
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Shortest Superstring Problem
The analyses of the algorithm

A notation

Let OPT, denote the length of the shortest superstring of the strings in
S, ={o(c1),...,a(ck)} and let r; be the representatives string of ¢;.
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Shortest Superstring Problem
The analyses of the algorithm

A notation

Let OPT, denote the length of the shortest superstring of the strings in
S, ={o(c1),...,a(ck)} and let r; be the representatives string of ¢;.

|7| < OPT, + weight(C).
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Shortest Superstring Problem
The analyses of the algorithm

A notation

Let OPT, denote the length of the shortest superstring of the strings in
Ss = {o(c1), ...,0(ck)} and let r; be the representatives string of c;.

|7| < OPT, + weight(C).

Suppose that o(c1), ..., o(ck) appear in this order in the shortest superstring.
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Shortest Superstring Problem
The analyses of the algorithm

A notation

Let OPT, denote the length of the shortest superstring of the strings in
Ss = {o(c1), ...,0(ck)} and let r; be the representatives string of c;.

|7| < OPT, + weight(C).

Suppose that o(c1), ..., o(ck) appear in this order in the shortest superstring. Then

k—1
|1S|| — OPT, = _ |overlap(a(c;), o(Cit1))|
i=
k-1
<> |overlap(r;, riy1)|
i=
< 2 - weight(C).

O
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The analyses of the algorithm

Since the compression is half-optimal, we have ||S;|| — |7| > %(||SU|| — OPT,),
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The analyses of the algorithm

Since the compression is half-optimal, we have ||S;|| — |7| > %(||SU|| — OPT,), which
implies that

2. (|| = OPT,) < ||Ss|| — OPT»
< 2 - weight(C)
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The analyses of the algorithm

Proof.

Since the compression is half-optimal, we have ||S;|| — |7| > %(||SU|| — OPT,), which
implies that

2. (|| = OPT,) < ||Ss|| — OPT»
< 2 - weight(C)

|7| < OPT, + weight(C).
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The analyses of the algorithm

OPT, < OPT + weight(C).
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The analyses of the algorithm

OPT, < OPT + weight(C).

Let OPT;, be the length of shortest superstring of {ry, ..., rx },and assume that they
appear in this order in the shortest superstring.
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Shortest Superstring Problem
The analyses of the algorithm

OPT, < OPT + weight(C).

Proof.
Let OPT;, be the length of shortest superstring of {ry, ..., rx },and assume that they
appear in this order in the shortest superstring. Since o(c;) begins and ends with r;,

one has
[|Ss|| — OPT, > ||Sr|| — OPTy,
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Shortest Superstring Problem
The analyses of the algorithm

OPT, < OPT + weight(C).

Proof.

Let OPT;, be the length of shortest superstring of {ry, ..., rx },and assume that they
appear in this order in the shortest superstring. Since o(c;) begins and ends with r;,

one has

IS5 |l = OPTo > [IS/]| — OPT,
But [|Ss || = [|Sr|| + weight(C), which implies that

OPT, < OPT; + weight(C)
< OPT + weight(C).
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OPT, < OPT + weight(C).

Proof.

Let OPT;, be the length of shortest superstring of {ry, ..., rx },and assume that they
appear in this order in the shortest superstring. Since o(c;) begins and ends with r;,

one has
[|Ss|| — OPT, > ||Sr|| — OPTy,

But [|Ss || = [|Sr|| + weight(C), which implies that

OPT, < OPT; + weight(C)
< OPT + weight(C).

O

V.

The algorithm achieves an approximation factor 3 for the shortest superstring problem.
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