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© The greedy algorithm for the fractional case.

@ The failure of the greedy algorithm for the binary case.

© A weight-based, pseudo-polynomial dynamic programming algorithm for exact solution.
O A profit-based, pseudo-polynomial dynamic programming algorithm for exact solution.

@ Scaling the profit-based pseudo-polynomial algorithm to develop a (1 — €) factor
approximation algorithm.
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© Pick the better of {01, 02,...,0;—1} and {o;}.

The above algorithm is a 5 —approximation algorithm.

Let Y,—} w; = S. We must have S < W.
Note that 2, 1p+ S -p > OPT.
Hence, ¥,,_} pj+p; > OPT. It follows that max{¥./_} pj,pi} > 5" O




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack



LThe greedy algorithm revisited

Recalling the FPTAS for knapsack




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define pf = L%J-




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define pj = | 2 |.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.
@ For each object o;, define pj = | 2 |.

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p} < p;.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define pj = | 2 |.

© Use dynamic programming to compute the optimal set S’ of the truncated instance.

Q Output S'. |
@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.
@ Let O denote the optimal set.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.

@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.

@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K- Yo,coP; > Locopi—n- K.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.

@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K- Yo,coP; > Locopi—n- K.
© However, S’ is the optimal set under profit assignment p'.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.

@ Let O denote the o/ptimal set. It follows that ¥.p,copi — K- Locopj < - K.
Hence, K- Y.,cob; = Xocopi—n- K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.

@ Let O denote the o/ptimal set. It follows that ¥.p,copi — K- Locopj < - K.

Hence, K- Y.,cob; = Xocopi—n- K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-
Q Itfollows that, K- Y. cs 0} > K- Yo.c0p)-




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.
@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.

Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.
@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K‘Zoieop,/' > YocoPi—n-K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-
Q Itfollows that, K- Y. cs 0} > K- Yo.c0p)-

@ Observe that,




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.
@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.

Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.
@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K‘Zoieop,/' > YocoPi—n-K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-
Q Itfollows that, K- Y. cs 0} > K- Yo.c0p)-

© Observe that, K-Yocs 0 < Yoes Pi-




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.
@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.

Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.
@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K‘Zoieop,/' > YocoPi—n-K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-
Q Itfollows that, K- Y. cs 0} > K- Yo.c0p)-

@ Observe that, K Yo B| < Lo cspi- Hence, Locsr i > K- Locob)-




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.
@ For each object o;, define p; = L%J.
© Use dynamic programming to compute the optimal set S’ of the truncated instance.

Q Output S'.

V.

@ Because of rounding down, K - p; < p;. However, p; < K- p} + K.
@ Let O denote the optimal set. It follows that Y, c0 pi — K - Xo,c0 P} < - K.
Hence, K‘Zoieop,/' =Y oeoPi—n-K.
© However, S' is the optimal set under profit assignment p'. Therefore, ¥o,cs' 0} > Yo,c00}-
Q Itfollows that, K- Y. cs 0} > K- Yo.c0p)-
© Observe that, K- Yo cq 0 < Yoes pi- Hence, Yo.cs pi > K- Yoc0p;- We conclude that,
Yoies Pi = Yoecobi—n- K.




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

Because of rounding down, K - p; < p;. However, p; < K - p} + K.

Let O denote the optimal set. It follows that Y, c0 pi — K - Yo,c0 P} < n- K.

Hence, K‘Zoieop,/' =Y oeoPi—n-K.

However, S’ is the optimal set under profit assignment p’. Therefore, Y.o,cs P} > Y.o,c0P;-
It follows that, K - Y,.c5' 0} > K - ¥,c0P)-

Observe that, K - Y,cs P} < Yoes Pi- Hence, Yo,eq pi > K- Yoc0P;- We conclude that,
Yoies Pi = Yoecobi—n- K.

Finally, observe that }.,co pi = OPT and that n- K = £- P < & OPT,

i.e.,

© 000 OO




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

Because of rounding down, K - p; < p;. However, p; < K - p} + K.

Let O denote the optimal set. It follows that Y, c0 pi — K - Yo,c0 P} < n- K.

Hence, K‘Zoieop,/' =Y oeoPi—n-K.

However, S’ is the optimal set under profit assignment p’. Therefore, Y.o,cs P} > Y.o,c0P;-
It follows that, K - Y,.c5' 0} > K - ¥,c0P)-

Observe that, K - Y,cs P} < Yoes Pi- Hence, Yo,eq pi > K- Yoc0P;- We conclude that,
Yoies Pi = Yoecobi—n- K.

Finally, observe that }.,co pi = OPT and that n- K = £- P < & OPT,

i.e.Yoes Pi >

© 000 OO




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

Because of rounding down, K - p; < p;. However, p; < K - p} + K.

Let O denote the optimal set. It follows that Y, c0 pi — K - Yo,c0 P} < n- K.

Hence, K‘Zoieop,/' =Y oeoPi—n-K.

However, S’ is the optimal set under profit assignment p’. Therefore, Y.o,cs P} > Y.o,c0P;-
It follows that, K - Y,.c5' 0} > K - ¥,c0P)-

Observe that, K - Y,cs P} < Yoes Pi- Hence, Yo,eq pi > K- Yoc0P;- We conclude that,
Yoies Pi = Yoecobi—n- K.

Finally, observe that }.,co pi = OPT and that n- K = £- P < & OPT,

i.e.Yocs Pi > OPT —¢&-OPT

© 000 OO




LThe greedy algorithm revisited

Recalling the FPTAS for knapsack

@ Given g, compute K = E'—np, where P = max; p;.

@ For each object o, define p,'- = L%J-

© Use dynamic programming to compute the optimal set S’ of the truncated instance.
Q Output S'.

V.

Because of rounding down, K - p; < p;. However, p; < K - p} + K.

Let O denote the optimal set. It follows that Y, c0 pi — K - Yo,c0 P} < n- K.

Hence, K‘Zoieop,/' =Y oeoPi—n-K.

However, S’ is the optimal set under profit assignment p’. Therefore, Y.o,cs P} > Y.o,c0P;-
It follows that, K - Y,.c5' 0} > K - ¥,c0P)-

Observe that, K - Y,cs P} < Yoes Pi- Hence, Yo,eq pi > K- Yoc0P;- We conclude that,
Yoies Pi = Yoecobi—n- K.

Finally, observe that }.,co pi = OPT and that n- K = £- P < £ OPT,

i.e.Yocs Pi > OPT —€-OPT = (1—g)- OPT!

© 000 OO




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input.




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs)




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight).




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.

Q A problem is said to be strongly NP-hard, if it is NP-hard in the unary sense,




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.

©Q A problem is said to be strongly NP-hard, if it is NP-hard in the unary sense, i.e., numbers
do not matter.




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.

©Q A problem is said to be strongly NP-hard, if it is NP-hard in the unary sense, i.e., numbers
do not matter.

v

A strongly NP-hard problem cannot have a pseudo-polynomial algorithm, unless P=NP.




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.

©Q A problem is said to be strongly NP-hard, if it is NP-hard in the unary sense, i.e., numbers
do not matter.

v

A strongly NP-hard problem cannot have a pseudo-polynomial algorithm, unless P=NP.

Let I denote an NP-hard minimization problem. Assume, for all instances I, OPT (1) < p(|lu)-




LThe greedy algorithm revisited

Strong NP-hardness and Approximation schemes

Chief points

@ The notion of size of input. Objects (sets, graphs) and numbers (cost, weight). Measuring
input size in unary (|/,|) and binary (|/]).

@ Making an algorithm’s performance better by measuring in unary.

© An algorithm for a problem I1. is pseudo-polynomial, if it runs in time polynomial in |/,|, for
all instances, / of the problem.

©Q A problem is said to be strongly NP-hard, if it is NP-hard in the unary sense, i.e., numbers
do not matter.

v

A strongly NP-hard problem cannot have a pseudo-polynomial algorithm, unless P=NP.

Let I denote an NP-hard minimization problem. Assume, for all instances I, OPT (1) < p(|lu)-
IfT1 admits an FPTAS, then it also admits a pseudo-polynomial time algorithm.
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© Assume that I admits an FPTAS running in time g(|/|, 15), in inputs / and €, where q is
some polynomial.

Q Sete= m and run the FPTAS.

© Observe that,

A(l) < (1+€)OPT()
< OPT(l)+¢&-OPT(I)
< OPT(I)+e-p(|ls])

OPT(1)+1

The FPTAS is now forced to produce the optimal answer! Running time is g(|/|, p(|/|), which is
polynomial in |/,|, i.e., we now have a pseudo-polynomial time algorithm for 1. O

Corollary

| A\

IfT1 is an NP-hard minimization problem, as constrained above, then 'l does not admit an
FPTAS, assuming P # NP.
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