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Main ideas

@ Characterize the structure of an optimal solution.

© Recursively define the value of an optimal solution.

© Compute the value of an optimal solution, typically in a bottom-up fashion.
@ Construct an optimal solution from computed information.
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The Rod Cutting problem

The Problem

Given a rod of ninches, and a table of prices p;, i = 1,2, ..., n, determine the
maximum revenue rp obtainable by cutting up the rod and selling it into pieces. How
many possibilities?

v

Lengthi | 1
Price p; | 1 5 8 9 10 17 17

Dynamic Programming



The Rod Cutting problem

The Problem

Given a rod of ninches, and a table of prices p;, i = 1,2, ..., n, determine the
maximum revenue rp obtainable by cutting up the rod and selling it into pieces. How
many possibilities?

v

Lengthi | 1 | 2
Pricep; | 1 | 5 8 9 10 17 17

Compute rj, i =1,2,...6.
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Observe that once the first cut is made, you get two independent subproblems which
must be solved optimally. (Why?)

This is called the optimal substructure property. Hence, we can write,

In = max(Pn, 1 + n—1,72 + M_2,- .- f_1 + ). (1)
Unlike Divide-and-Conquer, the subproblems could overlap.
Recurrence (1) can be expressed more succinctly as:

n =
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Optimal substructure property

Recurrence

Observe that once the first cut is made, you get two independent subproblems which
must be solved optimally. (Why?)

This is called the optimal substructure property. Hence, we can write,

In = max(Pn, 1 + n—1,72 + M_2,- .- f_1 + ). (1)

Unlike Divide-and-Conquer, the subproblems could overlap.

Recurrence (1) can be expressed more succinctly as:
‘” —_ aX p ‘n_ i 2
1<i<n( ! i) @

o) 0
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Optimal substructure property

Recurrence

Observe that once the first cut is made, you get two independent subproblems which
must be solved optimally. (Why?)

This is called the optimal substructure property. Hence, we can write,

In = max(Pn, 1 + n—1,72 + M_2,- .- f_1 + ). (1)

Unlike Divide-and-Conquer, the subproblems could overlap.

Recurrence (1) can be expressed more succinctly as:

h = 12%)(”(/31' + rp_i) (2)

0

o

Why are Recurrence (1) and Recurrence (2) equivalent?
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1: if (n=0) then

2. return(0).

3: end if

4. q = —0Q.
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A recursive implementation

Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
2. return(0).
3: end if
4. q = —0Q.
5: for (i=1to n)do
6: g = max(q,p[i]+ CuT-ROD(p, n — i)).
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A recursive implementation

Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
return(0).
: end if
q = —0o0.
: for (i=1to n)do
g = max(q, p[i]+ CuT-RoD(p, n — i)).
: end for

N o oA wN

Algorithm 2.12: The recursive rod-cutting algorithm
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Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
return(0).
: end if
q = —0o0.
: for (i=1to n)do
g = max(q, p[i]+ CuT-RoD(p, n — i)).
: end for
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Algorithm 2.13: The recursive rod-cutting algorithm
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A recursive implementation

Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
return(0).
: end if
q = —0o0.
: for (i=1to n)do
g = max(q, p[i]+ CuT-RoD(p, n — i)).
: end for

N o oA wN

Algorithm 2.14: The recursive rod-cutting algorithm
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A recursive implementation

Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
return(0).
: end if
q = —0o0.
: for (i=1to n)do
g = max(q, p[i]+ CuT-RoD(p, n — i)).
: end for

N o oA wN

Algorithm 2.15: The recursive rod-cutting algorithm
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A recursive implementation

Recursive Algorithm

Function CuT-ROD(p, n)
1: if (n=0) then
return(0).
: end if
q = —0o0.
: for (i=1to n)do
g = max(q, p[i]+ CuT-RoD(p, n — i)).
: end for

N o oA wN

Algorithm 2.16: The recursive rod-cutting algorithm

1 ifn=0

T = ’
() {1 + X T(n—J), otherwise
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Analysis of the recursive algorithm

Analysis (contd.)

T(n) = 1, ifn=20
B 1+E” 1 T(k), otherwise

It is not hard to see that T(n) = 2".
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The Bottom-up approach

The bottom-up algorithm

Function BotTOM-ROD-CUT(p, n)
: Let r[0 - -n] be a new array.

r[0] = 0.
: for (j=1ton)do
g = —oo.

for (i=1toj)do
q = max(q, p[i] + rlj — ).

(S
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The Bottom-up approach

The bottom-up algorithm

Function BotTOM-ROD-CUT(p, n)
1: Let r[0 - -n] be a new array.

2: r[0] = 0.
3: for (j=1ton)do
4: g = —o0.

5. for (i=1toj)do
6: q = max(q, p[i] + rlj — 1).
7:  end for

Dynamic Programming



The Bottom-up approach

The bottom-up algorithm

Function BotTOM-ROD-CUT(p, n)
1: Let r[0 - -n] be a new array.

2: r[0] = 0.

3: for (j=1ton)do

4: g = —o0.

5. for (i=1toj)do

6: q = max(q, p[i] + rlj — 1).
7:  end for

s rll=aq.
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The Bottom-up approach

The bottom-up algorithm

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] be a new array.
2: r[0] = 0.
3: for (j=1ton)do
;. g= —oo.

4
5. for (i=1toj)do

6: q = max(q, p[i] + rlj — 1).
7:  end for

& rll=q

9:

end for
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The Bottom-up approach

The bottom-up algorithm

Function BotToM-RoD-CuUT(p, n)
: Let r[0 - -n] be a new array.
r[0] = 0.
: for (j=1ton)do
g = —oo.
for (i=1toj)do
q = max(q, p[i] + rlj — 1).
end for
] = q.
: end for
return(r[n]).

© o N o g R 0N

(=4

Algorithm 2.29: Bottom-up rod-cutting
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Analyzing the bottom-up approach

Analysis

The running time of the algorithm can be approximated by the number of times that
Line (6) is executed.

Accordingly,

T(n) _ 07 ifn=20
B SPiY 1, otherwise

It is not hard to see that T(n) = ©(n?).
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3: for (j=1ton)do
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)

: Let r[0 - -n] and s[0 - -n] be new arrays.
2: r[0] = 0.

3: for (j=1ton)do

4: g = —o0.

5. for (i=1toj)do
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
: Let r[0 - -n] and s[0 - -n] be new arrays.

r[0] = 0.
: for (j=1ton)do
q = —o0.

for (i=1toj)do
if (g < p[i]+ r[j — i]) then

o9 0ON
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.
2: r[0] = 0.
3: for (j=1ton)do
4: g = —o0.
for (i=1toj)do
if (g < p[i]+ r[j — i]) then
q = plil + rlj — .

N o a
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.
2: r[0] = 0.
3: for (j=1ton)do
g = —o0.
for (i=1toj)do
if (g < p[i]+ r[j — i]) then
q = plil + rlj - .
s[j] = i. {The unsplittable left side is recorded.}
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.

2: r[0] = 0.

3: for (j=1ton)do

4: g = —o0.

5. for (i=1toj)do

6: if (g < p[i]+ r[j — i]) then

7 q = pli]+rlj— 1.

8: s[j] = i. {The unsplittable left side is recorded.}
9: end if
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.
2: r[0] = 0.
3: for (j=1ton)do
g = —o0.
for (i=1toj)do
if (g < p[i]+ r[j — i]) then
q = plil + rlj - .
s[j] = i. {The unsplittable left side is recorded.}
end if
end for

S © N g R
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.
2: r[0] = 0.
3: for (j=1ton)do
4: g = —o0.
5. for (i=1toj)do
6: if (g < p[i]+ r[j — i]) then
7 q = pli]+rlj— 1.
8: s[j] = i. {The unsplittable left side is recorded.}
9: end if
10:  end for
11: rfj]=q.
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.

2: r[0] = 0.

3: for (j=1ton)do

4: g = —o0.

5. for (i=1toj)do

6: if (g < p[i]+ r[j — i]) then
7 q = pli]+rlj— 1.

8: s[j] = i. {The unsplittable left side is recorded.}
9: end if

10:  end for

11: rfj]=q.

12: end for
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Reconstructing the Solution

The bottom-up algorithm with solution

Function BoTTOM-ROD-CUT(p, n)
1: Let r[0 - -n] and s[0 - -n] be new arrays.

2: r[0] = 0.

3: for (j=1ton)do

4: g = —o0.

5. for (i=1toj)do

6: if (g < p[i]+ r[j — i]) then
7 q = pli]+rlj— 1.

8: s[j] = i. {The unsplittable left side is recorded.}
9: end if

10:  end for

11: rfj]=q.

12: end for

13: return(r[n]).

Algorithm 2.45: Bottom-up rod-cutting
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QOutputting the solution

Printing the Solution

Function PRINT-SOLUTION(p, n)
1: while (n > 0) do
2:  print s[n].
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QOutputting the solution

Printing the Solution

Function PRINT-SOLUTION(p, n)
1: while (n > 0) do
2:  print s[n].
3:  n=n-sn.
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QOutputting the solution

Printing the Solution

Function PRINT-SOLUTION(p, n)
: while (n > 0) do

2:  print s[n].

3:  n=n-sn.

4: end while

Algorithm 2.52: Extracting the solution
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The Matrix Chain Multiplication problem

The Problem

You are required to compute the matrix product A; - Az - - - Ap, where matrix A; has
dimensions d;_1 x d;, while minimizing the number of scalar multiplications.

Observe that,

@ The total number of scalar multiplications when multiplying two matrices of
dimensions p x gandg x risp-q-r.
@ The entries in the matrices do not affect the optimum solution.

y

Cost of enumerating all the orders

T = {1, ifn=2
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The Matrix Chain Multiplication problem

The Problem

You are required to compute the matrix product A; - Az - - - Ap, where matrix A; has
dimensions d;_1 x d;, while minimizing the number of scalar multiplications.

Observe that,

@ The total number of scalar multiplications when multiplying two matrices of
dimensions p x gandg x risp-q-r.
@ The entries in the matrices do not affect the optimum solution.

y

Cost of enumerating all the orders

T(y=4{ 0 ifn=2
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The Matrix Chain Multiplication problem

The Problem

You are required to compute the matrix product A; - Az - - - Ap, where matrix A; has
dimensions d;_1 x d;, while minimizing the number of scalar multiplications.

Observe that,

@ The total number of scalar multiplications when multiplying two matrices of
dimensions p x gandg x risp-q-r.

@ The entries in the matrices do not affect the optimum solution.

y

Cost of enumerating all the orders

T(y=4{ 0 ifn=2
T | P2 T(k) - T(n— k), otherwise

Solving the recurrence gives the ni" Catalan number whose growth is Q(%).
n2
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Optimality Substructure

Substructure

If somebody gave you the first grouping, can the problem be simplified?
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@ Object o; has weight w; and profit p;.
© You are also given a knapsack of weight capacity W.

© The goal is to select a subset of the objects which does not violate the capacity
constraint of the knapsack while maximizing the profit of the objects selected.
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Q@ The integer programming formulation is:
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x=1{0,1} Vi=1,2,...,n
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